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1. Introduction

The aim of this paper is to provide very direct and relatively elementary proofs of certain
facts concerning the quantum group SU,(2) introduced by S.L. Woronowicz in his semi-
nal paper [10]. The issues addressed in this paper are the following:
— faithfulness of the representation 7 introduced in [10, Proof of Theorem 1.2],
- determining the center of the algebras Pol(SU,(2)), C(SU,4(2)) and L*=(SU,4(2)),
as well as the commutant of 7(C(SU4(2))),

- giving direct proofs of faithfulness of Haar measure and of continuity of the counit.
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The above tasks are interrelated and relations between them will be explained in detail.

Most results of this work are taken from the first author’s BSc thesis submitted at the
Faculty of Physics, University of Warsaw. These results are known and in most cases proofs
have been published, but our approach is rather elementary and direct.

The quantum groups SU,(2) were introduced in [10] and have later been studied in
numerous papers in mathematics and theoretical physics. Apart from [10] our approach
will be based on the fundamental texts [9,12] and more specialized ones [1, 4, 5, 11]. Me-
thods of functional analysis and operator algebras are covered in textbooks such as [2,6,8].

The paper is organized as follows. In the ensuing subsections we briefly introduce
terminology and notation needed in the remainder of the paper. Section 2 is devoted to
a detailed proof of faithfulness of a particular representation of the algebra of functions on
the quantum group SU,(2) defined in [10]. In Section 3 we introduce additional structure
on the C*-algebra studied in Section 2, which defines the quantum group SU,(2). We al-
so list some objects needed for later sections and recall the formula for the Haar measure.
Section 4 provides the proof of the main result of the paper, namely that the center of the
algebra of continuous functions on SU,(2) is trivial. This is achieved by examining the
commutant of this algebra in the faithful representation studied earlier. These results are
used in Section 5 to prove that the Haar measure of SU,(2) is faithful and that its co-unit
is continuous (the latter fact is justified in two different ways). Section 6 is devoted to de-
termining the center of the von Neumann algebra generated by the image of the algebra of
continuous functions on SU,4(2) in the GNS representation for the Haar measure, i.e. the
center of the algebra L>°(SU4(2)). Finally, in Section 7 we sketch a way to use some of
our results and some major results from the literature to obtain an alternative proof of
faithfulness of 7.

1.1. Terminology and notation of compact quantum group theory. We will follow some
of the modern texts on quantum groups in declaring a compact quantum group to be
an abstract object of the category dual to the category of C*-algebras related to a unital
C*-algebra with additional structure (see e.g. [5] and Section 3). In particular, for a com-
pact quantum group G we write C(G) for the corresponding C*-algebra which we refer
to as the algebra of continuous functions on G. It is important to note that the actual set
G does not exist.

1.2. Notation for spectral subspaces and polar decompositions. In the proofs of some
of the results we will employ very useful, yet rather non-standard notation for spectral
subspaces of operators introduced in [13, Section 0] and put to use e.g. in [7, Section 3.1].
Let 7 be a Hilbert space and T a normal operator on .77 Let f be a function on the
spectrum Sp T of T with values in {true, false}. Our notation will be to write 57 (f(T))
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for the spectral subspace for T corresponding to the subset
{XeSpT|f(X) = true}. 1)

(we assume that the function f is such that the subset (1) is measurable). This notation
allows us to write e.g.

- J(T = Ay) for the spectral subspace for T corresponding to {1},
- JC(|T| > ¢) for the spectral subspace for | T| corresponding to ]e, +oo],

- J(T # Ay) for the spectral subspace for T corresponding to Sp T' \ {1}, i.e. the or-
thogonal complement of 77°(T = 1),

and many other similar expressions. Note that the Hilbert space on which the operator
acts is explicitly included in the notation. For example, if an operator S acts on a Hil-
bert space % then we accordingly use notation of the form . (f(S)), where f is again
a {true, false }-valued function. Apart from .7( --- ) we will also use the symbol y(--) to
denote the projection onto the corresponding spectral subspace.

We will also use the following convention for polar decompositions: if, as above, T is
a bounded operator on .77, we write | T| for the operator \/T*T and the partial isometry
entering the polar decomposition of T will be denoted by Phase T. Thus

T = (Phase T)|T|

will always denote the polar decomposition of T.

2. The algebra of functions on the quantum group SU,(2)

Let A be the universal C*-algebra generated by two elements « and y subject to relations:

aa+yy=1, ay=qya, @
aa + @y =1, y'y=yy’,

where ¢ is a parameter in | — 1, 1[ ~\{0}. We remark that it can be easily shown that the
relation ay™ = qy* a follows from (2) (cf. [7, Sections 1.3 & 3.1]). It is a matter of simple
computation to see that relations (2) are equivalent to unitarity of the matrix

a —qy"

y ot ]
This fact immediately shows that the universal C*-algebra generated by « and y with re-
lations (2) exists. Indeed any C*-seminorm on the x-algebra generated by symbols « and
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y subject to (2) must be less or equal to 1 on entries of a unitary matrix. This implies that
for any non-commutative polynomial a in &, «*, y, y* and 1 the quantity

lall = sup[p(a)]
P

(where the supremum is taken over all *-representations of the *-algebra generated by
a and y on Hilbert spaces) is finite. This is clearly a C*-seminorm, but due to [10, The-
orem 1.2] it is in fact a norm. In the proof of this result S.L. Woronowicz introduced a spe-
cial representation 7 of the *-algebra generated by « and y which was shown to be injec-
tive. Just before statement of [10, Theorem A2.3] it is mentioned that the representation 7
is faithful on A. We will now give a proof of this result. Before proceeding, let us mention
that instead of giving a direct proof of faithfulness of 7, one can use a combination of
results of [11] or [4] and [1], together with our results, to arrive at the same conclusion
(cf. Section 7).

2.1. Faithfulness of 7. The universal property of A is the following: for any unital C*-
-algebra B containing two elements «y and y, such that

agao +yovo =1, aoyo = qyoao,

* 2. % * * (3)

%o +4qYoYo =1, Yyoyo=Yyoyo,

there is a unique unital *-homomorphism p: A — B such that
p(a) =ay and p(y) =yo. (4)

By the Gelfand-Naimark theorem this property is equivalent to a simpler one: for any
Hilbert space 7% and any pair (e, yo) of operators on 74 satisfying (3), there exists
a unique representation p of A on .74 such that (4) holds.

Following [10, Proof of Theorem 1.2], we will now introduce the representation 7

mentioned above using this universal property. Let 7 = €,(Z, x Z) and let {e,, x } nez.be
keZ
the standard orthonormal basis of .7Z. Define operators & and y on .77 by

aeqr =\1-g*" e, 1k
n
Yenk =4 €nk+1-

(5)

The operators « and y satisfy the defining relations of A, so there exists a representation
7 of A on 7 such that
m(a)=a and n(y)=y.

For future reference let us note the action of «* and y*:

“*en,k =V 1- qz(”“) €n+1,k> )

* n
Y €nk =9 €nk-1-
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Our aim is to show that 7 is faithful. Let C* (@, y) be the smallest C*-algebra of
operators on .7 containing &« and y. It is easy to see that C*(a, y) is the image of the
representation 7. Presently let us note that .77 is isomorphic to €,(Z. ) ® €,(Z) with the
isomorphism mapping e, i to e, ® ex and under this isomorphism the operators & and y

a=s\/1-gNo®1,

are transformed to

7)
y=q"®u,
where
- s is the unilateral shift
en1 n>0,
siey —> (8)
0 n=0,
- N is the unbounded self-adjoint operator of multiplication by the sequence (1,2, ...):
N:en'_)nen, n€Z+) (9)
- u is the bilateral shift
uer — €xils keZ.

In the proof of Theorem 2.1.1 below we will establish a similar decomposition for an ar-
bitrary pair of operators satisfying relations (2). Let 7 be the algebra of operators on
0,(Z,) generated by s (the Toeplitz algebra, cf. [2, Section V.1]), and similarly let I/ be
the algebra of operators on £,(7Z) generated by u. Then clearly a and y belongto 7 ® U c
B(¢2(Z,) ® £2(Z)) and consequently w(A) c T Q U.

2.1.1. Theorem. Let .74 be a Hilbert space and (o, yo) a pair of bounded operators on 73
satisfying relations (3). Then there exists a unique unital x-homomorphism p:C* (&, y) —

B(5%%) such that
p(a) =ao and p(y)=yo.
Proof. We have
YoYo = 1 - agao, (10a)
Yoy =1 - aoag. (10b)
The spectrum of (10a) is 1 — Sp(agag) = {1 -1 ‘ Ae Sp(oc(’)’oco)} while the spectrum of
(10b) is {1 -2 ‘ Ae Sp(oco(xg)}. Now recall that Sp(agao) ~ {0} = Sp(apag) ~ {0}, so
Sp(yoyo) ~ {1} = {1- A e Sp(agao) ~ {0}}
={1- 1|1 eSp(aoag) ~ {0}}
= {1 -2 ‘ Ae Sp(oco(x(’;)} ~ {1}
=" Sp(yo o) ~ {1}
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Finally, note that since |yo| < 1 (this follows easily from the relation a5 ag +ygyo = 1) and
lg| < 1, the set g Sp(y; o) is contained in [0, g?] and so it does not contain 1. It follows
that

Sp(voyo) ~ {1} = 4* Sp(y5 o).
It is now easy to see that either Sp(y;yo) = {0} (in which case yo = 0) or
Sp(y5y0) = {0} u{g™ [neZ.}.

In the former case, the relations on «y and yo mean simply that «q is unitary. In
the latter, we find that the operator |y,| has discrete spectrum, and the space %) can be
decomposed into eigenspaces of |yy|:

S = (keryo) @ (@ﬂ%am _ |q|">).

The operator Phase y, is zero on ker yo and is unitary on @ 5%, (|yo| = |g|"). Mo-
n=0

reover, since Phase yo commutes with |y,| we see that Phase yo must map each subspace
o (Jyo| = 1g|™) into itself: indeed, for v € 5 (|yo| = |q|") we have

|yol(Phase yo )y = (Phase yo)|yoly = |q|" (Phase yo)y.
Next let us analyze the partial isometry Phase «,. Its initial projection
(Phase ag)* (Phase «g)
is the projection onto .75 (|ag| # 0) = 75(|yo| # 1), while its final projection
(Phase ag ) (Phase ap)*

is the projection onto the closure of the range of «y. Note that it follows from apag =
1 - *|yo|* that the range of ay is all of 4, so

(Phase ag ) (Phase ag) ™ = 1. (11)

2, the relation aga} = 1 — g*|yo|* can be rewritten as

Since |ag|? = 1 - |y
(Phase ag) (1 — |yo|*)(Phase a)* = 1 — g*|yo|*
which in view of (11) is
(Phase a)|yo|(Phase ap)* = g]yol- (12)
Now, multiplying (12) from the right by Phase « yields

(Phase ao)[yo| x(lyol # 1) = glyo|(Phase a),
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so on % (|yo| # 1) we have
(Phase ag)|yo| = glyo|(Phase ). (13)

It follows that Phase g maps % (|yo| = 1) to zero and JZG(|yo| = [q|") into G (|yo| =
lg|"™") for n > 0. Moreover, the map

Phase “0|(%(|),0|:|q|n):%(|y0| = |q|n) - %(|YO| = |q|n71)

is onto because the range of Phase a is all of .73.
Now let us rewrite agyo = qyoo in terms of the respective polar decompositions:

(Phase ag)\/T ~ [yo[* (Phase yo)|yo| = q(Phase yo)yo|(Phase ao)v/T ~ [yo[?
or
(Phase arg) (Phase yo ) [yol /T — [yo[2 = q(Phase yo)yo| (Phase a)\/1 = [yo .
On % (|yo| # 1) the operator /T — |y,|? is invertible, so
(Phase g ) (Phase o) |yo| = g(Phase yo)|yo|(Phase ag)
and using (13) we obtain
(Phase ag ) (Phase y9)|yo| = (Phase y, ) (Phase ) |yo
on 4 (|yo| #1). It follows that
(Phase a ) (Phase yo) = (Phase y, ) (Phase ag)
on % (|yo| # 1), while on 775 (|yo| = 1) we have Phase ag = 0, so
(Phase a ) (Phase yo) = (Phase y, ) (Phase ag)

on all of 7%

We now see that the pair (ag,yo) is specified uniquely by the normal operator y,
and a partial isometry Phase « which is zero on .75 (|yo| = 1), maps % (|yo| = |q|") onto
H5(lyol = |g|"™") for n > 0 and commutes with Phase y. As Phase y, restricts to a unitary
map

Ho(lyol =1g") — Ha(lyol = |al")

for each n, we see that all these spaces are isomorphic (the isomorphism .75 (|yo| = |9|") —
5 (lyol = |q|"*") being provided by (Phase a)*) and that the action of Phase y, on each
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of these spaces is unitarily equivalent e.g. to the one on 7% (|yo| = |q|). In particular, wri-
ting %5 for J4 (|yo| = |gq|) and ug for Phase y0| e We have a unitary operator

U: Hi(Iyol + 0) — €:(Z.) © Hy
with

UyoU* = g~ ® uy,

UagU* =s\/1-¢?N e 1

where s and N are the operators described by (8) and (9) respectively.
Now by the universal properties of the C*-algebras 7 and U ([2, Theorem V.2.2]),
there exist unique representations

po: T — B(keryo),
po:U — B(Ap),
pod — C

such that
po(s) = (Phase “0)‘keryo’
po(u) = uo
and p} (u) = 1. Now let p be the mapping
ToU> x+— ((pé@pg)(x), U"(id®p§)(x)U) € B(keryo) ®B((yo # 0)) c B(.74).
Then the restriction of p to 7(A) c T ® U satisfies

p(a) =ao and p(y) =yo.

Uniqueness of p is clear, as C* (&, y) is the smallest C*-algebra of operators on 7%
containing « and p, and the value of p on these operators is specified. O

Theorem 2.1.1 immediately implies the following corollary.

2.1.2. Corollary. The representation m is faithful. In particular, A is isomorphic to the C*-
-algebra generated by the operators a and y.

3. The quantum group SU,(2)

In [10] S.L. Woronowicz found that the algebra A described in Section 2 possesses very
rich structure. In particular, there is a unique *-homomorphism A:A - A ® A, called
a comultiplication, such that



Center of C(SU4(2)) 259

Ala)=a®@a-qgy" ®y,
A(y)=y®@a+a"®y

(the tensor product A ® A is unambiguous because A can be shown to be nuclear, cf. [10,
Appendix A2]). Moreover, one easily sees that A satisfies

(A®id)oA = (id® A)oA,

i.e. it is coassociative. The pair (A, A) satisfies the conditions of [12, Definition 2.1] so
that A is an algebra of functions on a compact quantum group. This quantum group
is denoted by the symbol SU,(2), hence the algebra A is also denoted by the symbol
C(SU4(2)).

The isomorphism 7 of C(SU,(2)) onto C*(a, y) provides a comultiplication on the
latter C*-algebra. However its existence may be proved directly without knowing that @
is faithful. In fact, existence of A on C* (&, y), together with several other results, can be
used to prove that 7 is a faithful representation (see Section 7).

The *-algebra generated by a and y with appropriate restriction of A is a Hopf *-al-
gebra, and we denote it by Pol(SU,(2)). A convenient basis of Pol(SU,(2)) is given by
the set {a®™"} 2 . nez,» where

a = (14)

k,m,n {akymy*" k 2 0’

*—k m, xn

a* ty™y k<0

([10, Theorem 1.2]). For convenience, we will denote the set Z x Z,. x Z, labeling the basis
by T.

As any other compact quantum group, the quantum group SU, (2) possesses the Haar
measure which is the unique state h on C(SU,4(2)) which satisfies

(h®id)A(a) = h(a)L = (ide h)A(a),  aeC(SU,(2)).

(see [9, 10, 12]). The state h was found by S.L. Woronowicz, who produced the explicit
formula

h(a) = (1- ¢) i P (enolaens),  aeC(SU,(2)),

where C(SU,(2)) is identified with the C*-algebra of operators on €, (Z, x Z) generated
by « and y. As noted already in [9], the Haar measure of a compact quantum group need
not be faithful. However, it is faithful for the quantum SU(2) groups, a fact whose proof
will be given in Section 5.
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4. Center of C(SU,4(2))

4.1. Commutant of C(SU,4(2)). By results of Section 2, we can identify C(SU,(2)) with
an algebra of operators on the Hilbert space €, (Z. x Z) which we will continue to denote
by €. To keep the notation lighter we will denote the set Z, x Z by A.

We need to introduce the measurable and bounded function f:

* n OHL
fisp(y™y) ={0}u{q’ |neZ+}—>C:{ . )
q" > (sgnq)",  neZs,

and the operator Phasey = f(y*y) Phasey. It is easy to see that Phasey acts on J¢ as
vertical bilateral shift:

(Phasey)e, k = €y ki1 (n,k) € A.
We begin by describing the commutant C(SU4(2))" of this algebra of operators.

4.1.1. Theorem. The commutant of C(SU,4(2)) in B(I) coincides with the von Neumann
algebra generated by Phase y.

Proof. Let T € C(SU4(2))". Define matrix elements {T:,’,’;(,}(n,k),(n,)k,)g,\ of T by

Te, k= Z T” ks (n,k) e A. (15)
(n".k")eA

Fixing (n, k) € A we compute

n n,k+1 nk+l _n
T)’en,k = Tq €nk+l = Z T n' k' q Enr k' = Z T n’ k/+1q €n’ k'+1>
(n’,k")eA (n’ k")eA

n,k _ n,
yTen,k = y Z Tn,’k,enz)k/ = Z T k’q en, k'+1-
(n’,k")eA (n’,k")eA

As T commutes with p, we obtain

T k+11q =T%k q", (n,k),(n', k") € A (16)

n' k'+ n’, k'

Similarly the computation

* n n,k—1 n,k—1 _n
Ty €nk = Tq €n,k-1= Z T 'k q Cn k' = Z T "= q €n’ k'—1>
(n’,k")eA (n’,k’)GA

* * n,k
y Ten,k =y Z an,k/en’,k’ = Z n k/q en k=15
(n’,k")eA (n’,k’)eA

and the fact that T commutes with p* give

T”,};(,llq” = T”,]j(,q , (n,k),(n', k") € A. 17)
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Now take (n, k), (n’, k") € A. Combining (16) and (17) we obtain
Tn,k (1:6) n—n' Tn,k+1 (1=7) qz(n—n')Tn,k

n’,k’ n’,k’+1 n’,k’
which implies that
T:,”};(, =0, (n,k),(n' k'Y e A, n+n'. (18)

Using this, we compute for (1, k) € A

T“*en,k = T\/ 1- qz("“) €n+lk = Z T::]l,,]f, \/ 1- qz(”“) €n+1,k’>
k

'eZ,
* Jk k
a Te,p=0a") T enk = > Te\/1- g e ks
k'€l k'€l
and using this together with (18) and (17), we get

Toh = Suw Tl = Suw To ©s (k) (n',K') € AL (19)

We are now ready to finish the proof. Denote by vN(Phasey) the von Neumann
algebra generated by Phase y. The inclusion

vN(Phase y) c C(SU,(2))’
is clear, as Phase y commutes with a and y (cf. (7)).
Now take T € C(SU,4(2))" and S € vN(Phase y)’ with matrix elements
{Sz;f(kf}(n,k),(n’,k')eA-
For kg € Nand (1, k) € A we have

k n,k+k n,k+k
S(Phasey)®e, k= > Sp ke = > St ks ko €17 K/ +ko >
(n',K"YeA (n',K"YeA
k n,k
(Phasey)“Se, = Y, Syl kr€n’ K/ +ko>
— (n".k)eA

s0, since S commutes with Phase y, we obtain
ko _ onktk
Sk = Skrake? (n, k), (n'", k") € A, ko € Z. (20)

Now (19) and (20) show that T commutes with S:

<el,sten»k>=<el,pT Z SZ",kkfen’,k’>

(n',k")eA
n.k 0,k k"
= (el,P Z Sn’,k’ Z Ty en’,k”>
(n',k")eA k"ez
_ nk 0,k"=p _ n,k 0,k—k’
- Z Sl,k’TO,O = Z Sl,k+p—k’TO,0
k'eZ k'eZ
_ n,k’ 0,k—k’
= Z Sl,p T0,0

k'eZ
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and

”
S Z T(?”(;(_k en,kn)

(el,p‘STen,k) = <€1,p

k" €eZ
0,k—k" n,k"”
=<el,p 2. Too 2 Sn’,k’e“')k'>
k' eZ (n',k")eA

,k*k" ,k"
= Z T(;),O Sln,p .
k"€l
Since S is arbitrary in vN(Phase y)’, this means that T' € vN(Phase y)" = vN(Phase y),
$0
vN(Phasey) > C(SU4(2))".

O

4.1.2. Remark. Let us point out that the proof of Theorem 4.1.1 does not depend on the ana-
lysis of the commutation relations (2) presented in the proof of Theorem 2.1.1. Using this
analysis, one can obtain information on the center of the von Neumann algebra generated
by the image of a representation of C(SU4(2)) (cf. Section 6 and Theorem 6.0.2).

4.2. Center of C(SUy(2)). Since C(SU4(2)) is a unital algebra, its center is non-zero
because it must contain all scalar multiples of the unit 1. We will show that there are no
other central elements in C(SU4(2)) or, in other words, that the center of C(SU4(2)) is
trivial.

In the proof of the next theorem we will identify C(SU,(2)) with the C*-algebra of
operators on £,(Z,. x Z) generated by a and y.

4.2.1. Theorem. The center of C(SU4(2)) is trivial.

Proof. Let T be a central element of C(SU,(2)). Since Pol(SU,4(2)) is dense is dense in
the C*-algebra, the element T can be approximated in norm by finite linear combinations
of elements of the basis (14):

— 1; A k,m,n
T = Ahm > Ciunt .
7% (k,m,n)el

Given ¢ > 0 there exists A € N such that for any A > 1y we have

A k,m,n
Z Ck’m’na - T
(k,m,n)el

< £
X 5

As in the proof of Theorem 4.1.1 we will use matrix elements {T:,’f;(,}(n,k),(n,,kr)m of T as
defined by (15).
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Take A > A and I € Z,. Using (19), (5), and (6) we obtain

(k,m,n)el

ke{o,..
m,nsZ+

|k|-1
+ Z C%,m,nql(m-'—n) H V 1_q2(l+l+i) €l+|k|,m-n
ke-N i=0
k-1
Cﬁ’m,nql(nwn) H /1- qz(li))el—k,s
i=0
\/1- 2(l+1+z))el ks

m,ne’l,

> (5
ke{l,...,1} \m,neZ,
seZ ~ m-n=s

ke-N\m,neZ,
s€Z ~ m—n=s

seZ \m,nely

m—-n=s

= Z Z Ckmn

ke{l,...,1}|m,neZ,
s, m—n=s

>

ke-Nlm,neZ,
s€Z m—n=s

>

seZ

m,ne’,
m—n=s

>

seZ

m,nely
m—n=s

Thus

Vs>0 El,leN VleZJr vseZ

so in particular

Veso Vsez dren Viez,

T)el)()

k-1
Z Ck m, nql(m+n) H V 1- q2(l—i) €l—k,m-nt
" i=0

A k,m,n
( Z Ck,m,na -

+ Z ( Z Ckm nql(ern) H

+ Z( Z C(/},m,nql(m+n) - T(?,)O_S)el,s

Z Ck mond I(WH'") H \ /1_ 2(l+1+1)
> Comad "™ = 105"

Z Cé’m’nql(rrwn) . T(;)’,o—s

2

Ik|-1

2

2
1- qz(l—i)

[k]-1

2

2

A I(m+n) 0,—s
Z CO,m,nq _TO,O <

m,nely
m—n=s

Z CO . nql(m+n) TO —s

m,nely
m—n=s

2
0,—k
= > Too ek

keZ

S

263

(21)
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Letus take s € Z \ {0}, e > 0 and let A € N be determined by (21). Since
lim > Cg,.q ™™ =0,

I 0,m,n
— 00

m,ne’l,
m—n=s

there exists [ € N such that

A I(m+n) €
Z CO,m,nq < 2
m,ne’l
m—n=s

(we can pass to the limit under the sum because only a finite number of its terms are
non-zero). Combining this with (21), we obtain

0,—s 0,—s A I(m+n) A I(m+n) €, & _
|T0,0 < TO,O - Z CO,m,nq + Z CO,m,nq < 2 + 776
m,ne’l, m,ne’,
m—n=s m—n=s

sofor s € Z\ {0} we have | Tg; *| = 0. Consequently T = Ty'g 1, which ends the proof. [
An immediate consequence of Theorem 4.2.1 is the following:
4.2.2. Corollary. The center of Pol(SU4(2)) is trivial.

Let us note that Corollary 4.2.2 can also be easily proved directly by writing any cen-
tral element of Pol(SU,(2)) as a linear combination of the basis (14) and checking the
conditions implied by commutation with the generators « and y.

5. Faithfulness of Haar measure and continuity of counit

5.1. Faithfulness of the Haar measure
5.L1. Proposition. The Haar measure of the quantum group SU 4(2) is faithful.
Proof. Recall that for a € C(SU4(2)) c B(€2(Z, x Z)) we have

h(a)=(1-4%) 3 4" (enolaeno).
n=0
Assume now that h(b*b) = 0 for some b € C(SU,4(2)). Then for all n we have ||b e, o|| = 0.
Moreover, for any k € Z we have,
Hb €n.k HZ = (b en,k‘b en,k)

= (b(Phasey)*e,.o ‘ b(Phase y)kenﬁ)

<(Phase y)¥b e, o (Phasey)*b en,o)
= (b en,o‘b 6,,,0) = Hb en,on =0
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because b commutes with Phase y (cf. Theorem 4.1.1). It follows that b is zero on all ele-
ments of the standard basis of £,(Z, x Z),so b = 0. O

5.2. The counit. The counit of SU,(2) is the *-character & of Pol(SU,(2)) determined
uniquely by ¢(a) = 1 and ¢(y) = 0. By the universal property of the C*-algebra A the co-
unit extends to a character A — C. By Theorem 2.1.1, € can be extended form the *-algebra
generated by &« and y to C*(a, y). In this section we will provide two different proofs of
this fact, independent of Theorem 2.1.1 (faithfulness of 7). This may be used to give an
alternative proof of faithfulness of the representation 7 (cf. Section 7).

5.2.1. Theorem. There exists a character € C*(a, y) — C such that
a)=1 and ¥(y)=0. (22)

Direct method. First note that we can easily determine ¢ on elements of the basis (14) of

Pol(SU,4(2)):
g(ak’”"”) _ {1 m=n=0,

0 otherwise.

Thus in order to show that the counit extends from Pol(SU,(2)) to C*(a, y) it will be
enough to exhibit a continuous linear functional w on B(%#) such that w(a*y™y*") =
Om,00n,0 = w((x*k my*™) for all k,m,n € Z,. Indeed, since the counit is multiplicative
on Pol(SU,(2)) it is easy to see that the restriction € of w to C* (&, y) is a character which
maps & to 1 and y to 0.

Define a sequence (wy ) ey of functionals on B(.7) by

wL(T)— (Zelo

Clearly, each wy is positive, and so |w | = wr (1) = 1 for all L. Standard facts about weak
topologies ([8, Chapter 1]) that there exists a subsequence (wp,)pen of (wr) ey Weak”
convergent to some w € B(.7)*:

TZelo), T e B(7).

w=w"-lim wr,

p—ooo

(moreover |w| =1). We will show that € = w satisfies (22).

C*(a,y)

5.2.2. Lemma. For k € Z ~ {0} and L € N define

H / 2(l+k i) k>0,
/1_ 2(1+1+i) k <0.

oh OMI

1=0 i=0
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Then for any k € Z. ~ {0} we have lim|_, o % =1

k,-) k>0,
Proof. Fixk e Z~ {0} and (0, +) = (k=) k>
(L+) k<o.

The series

(1— ﬁ\/m)

is convergent to some Gy € R. Indeed, using LHopital’s rule in the first step we obtain

[k|-1
1— l—I 1- 2(l+1+911
lim
|—o0 |k| 1
1— H 1- 2(l+9¢1
k|-1
_| l ( V1 - g(ve=i) )‘qz“““’*’) log(q*)
' 2(1+1+0%))
= j=0 \ie{0,..,|[k|-1}\{j} o :
oo _|%: ( 2(l+9¢z))_q2(1+eij) log(q?)
7=0 \ie{0,....|k|-13~ {j} A
k-1 '
> 1 1- qz(l+1+9ii) B
| _ V=g 0D
Mim j=0 \ie{0,... |k|-1}\{j}
T lseo K1 ‘
oo I 1- q2(1+6ii) gD
7=0 \ie{0,...,[k|-1} {5} Vimet
li 2(1+0+j)
j=0 2
_ =g-<l1
|k|-1 -1 ’
» qz(ei])
j=0

so the series is convergent by d’Alembert’s ratio test.
Thus, for any L > |k| the numbers

L—|k| [k|-1
RL,k =Gy - (1 _ H \/1 2(l+611))

satisfy Llim Ry = 0. After simple manipulation we arrive at

[I]
i M '

\/1— 2(1+621) = [ + 1~ |k| - G* + R},

which proves the lemma.
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We can now check values of w on basic elements: choose k, m,n € Z, and L € N. We
have

wL(“k " M) %(Zel,o

L
“kymy*n Z el’,o)

1'=0
L k-1
ﬁ Z Z ( 2 ql (men) H V 1- qz(l,_i)el’—k,m—n>
i=0

L k-1
= LL Z[k +1efo,... ,L}]qz(k”)“ H\/m
I=0 i=0

k-1
= [(m =n)A(L-k>0 ]L; Z 2(k+1)n I /1— g2(k+1=i),
i=0

where [ -+ ] denotes 1 if the logical expression in the brackets is true and 0 otherwise. It
follows that for m + n

w(akymy* ") = hm wr, (aFy™y*") = 0.
When m = n > 0 we have
Ly—k k-1 oo 2kn
lim Z qz(k+l)n H /1- g2Uk+1=i) ¢ qan Z qzln _ 4 <o
P 5 i=0 1=0 1-g*

for all p, so

km*?’l km>(-7l)

w(a'y )= 11m wLP((x

k+1)n i) —
p—»w Lp+1 Z gD H\/l‘ 2k =0)

Similarly

wr (a* ymy ™) —%(i erola* ymy Zel' )
'<'"+">H\/memm >
:[m=n]LIHi[—kue{o,...,L}]qZ(k*””f[\/m
=[(m=n)A(L> k]LL <k+l>nn\/m
=[(m=n)A(L>k ]LLZ_: hm

and arguing as before we obtain w(« or (m,n) + (0,0).
d arguing as bef b Kymy*ny f
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Finally for m = n = 0 and any k € N we have by Lemma 5.2.2

w(a) = hm m H\/l— 2(1+k—i) = hm L:i’i =1,

1=0 i=0
LP k k-1 E—kL
w(a’) = hm m [T\/1-g*+1+D = lim -1
? lOzO p—»ooLp+1

Since w(1) = |w| = 1, we see that w has the same values on basic elements of Pol(SU,(2))
(embedded in C*(a, y) c B(#)) as the counit.

5.2.3. Remark. Consider now the functionals {wy } ey restricted to C* (e, y). Then the
above arguments show in fact that the sequence (w)rey converges to € in the weak”
topology on C* (&, y)*. Indeed, assuming that (w; ) ey is not convergent we could choose
a subsequence (w L ) pen all of whose elements lie outside a fixed weak™ neighborhood O
of €. But this subsequence would still have a convergent subsequence (w L, )sen Which, by
the same arguments as above, would converge to 8,,00,.0 on the elements {afy™y*"}
and {a*ky'” *""1. This, however, by density of the span of these elements in C* (&, y),
contradicts the fact that elements of (wp; ) pen lie outside O.

Another method. Instead of exhibiting a concrete sequence of vector functionals conver-
ging to an extension of € to C*(a, y), we can use the structure of the pair («, y) described
in Section 2.1 and the universal property of the Toeplitz algebra to show existence of €.
Indeed, since

=sy/1-¢*No1,
y=q"ou
(when 7 is naturally identified with £,(Z, ) ® ¢,(Z)), the C*-algebra C*(«, y) is conta-

inedin 7 ®U (cf. Section 2.1). By the universal properties of 7 and U, there are characters
¢ and y of these algebras such that ¢(s) =1 = y(u). Moreover, noting that

S sa
we obtain

(901)() = (pay)(a" ou) = p(q") = ¢(§q"s*"<n )) 0
and

(poy)(a) =9(s\/1-gN) = 9(s)p(\/1 - g*N) = p(s)g(1) = 1.

Clearly, the restriction of ¢ ® y to C*(a, y) is the extension of the counit of SU,(2).
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6. The GNS representation for h and center of L*°(SU,(2))

We begin this section with a concrete realization of the GNS representation of C(SU,4(2))
for the Haar measure. Recall that

h(a) = (1- ¢?) i P (enolaens),  acC(SUy(2)).

Let (3, Qn, ) be the GNS triple for h. We already know that k is faithful on C(SU,4(2)),
hence 7, is faithful.
As before, we write S for the carrier Hilbert space of the distinguished representa-

tion 7 considered in Section 2.1. Consider .37 = @ 7 and the vector
n=0

qoeo,o
1
Q=1/1-¢? 6]261,0 e .
q-€2,0

We have a representation 7 of C(SU4(2)) on A

a

7E(a) =

The subspace & = {ﬁ(a)ﬁ ‘ ae C(SUq(Z))}_ is invariant under the action of
C(SU,4(2)) and the resulting representation of C(SU,4(2)) is equivalent to 7. The ap-
propriate unitary operator .73, — %  is given by

mh(a)Qp — 7(a)Q, a € C(SU4(2)).
As an immediate corollary we thus get the following:
6.0.1. Proposition. The operator mt,(y) has zero kernel.

Proof. Since kery = {0}, we have ker77(y) = {0} and 7, (y) is unitarily equivalent to
the restriction of 77(y) to the subspace #". O

The algebra L*°(SU,(2)) is, by definition, strong closure of
11 (C(SUq(2))) < B(4).

It is a von Neumann algebra and is referred to as the algebra of essentially bounded func-
tions on the quantum group SU4(2).
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Recall that in Section 4 we introduced the function f:

* n 0’—>1,
f:Sp(mn(y Y)):{O}U{qz |neZ+}—>(C: ) )
q" ~ (sgnq)",  neZ,.

Let us define the operator Phase 77, (y) = f (7, (y*y)) Phase 7, (y) € L=(SU4(2)).

6.0.2. Theorem. The center of L*(SUy(2)) is the von Neumann subalgebra of L*°(SU4(2))
generated by Phase ().

Proof. Let ap and yo be images of « and y in the representation 7;,. We know already that
ker yo = {0}, hence by the reasoning presented in the proof of Theorem 2.1.1 we have

Uy U™ =qN®uo,
UagU* =s\/1-¢g*N®1,

where U is a unitary operator ¢, — £,(Z,) ® %, for some Hilbert space .#; and u,
a unitary operator on ;.

Consequently, the algebra generated by Phase yo = U* (1 ® 1)U is contained in the
center of the von Neumann algebra generated by «, and y,.

On the other hand, if T € B(¢,(Z+) ® #5) = B(¢2(Z.)) ® B(#,) commutes with
UaoU* and Uy, U* then it must commute with g?¥ ® 1 and s1/1 — g>N @ 1. However, the
C*-algebra generated by these two operators is IC ® 1 where K is the algebra of compact
operators on £5(Z, ). It follows that T € 1 ® B(.77).

It follows that the center of YN(UaoU*, Uy,U*) is the von Neumann algebra gene-
rated by 1 ® uy, which is obviously contained in vN(UaoU*, Uy,U*). Consequently, the
center of vN(ay, o) is generated by U* (1 ® uy) U = Phase y,. O

7. Another proof of faithfulness of 7

In this section we outline an alternative way to prove faithfulness of the representation 7
considered in Section 2.1.
First, let us note the following facts:

- misan epimorphism from the universal C*-algebra A generated by « and y satisfying
(2) onto C*(a, y) acting on .7 = €,(Z, x Z);

- the Haar functional on A factorizes through 7 and the faithful functional
hora — (1- qz) Z qZ” (en,0]aeno)
n=0

on C*(a,y) (Proposition 5.1.1);
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- there exists a comultiplication on C* (&, y) which agrees with the comultiplication on
A (this follows from results of either [11] or [4] and is rather non-trivial); in particular,
C* (@, y) with this comultiplication carries the structure of an algebra of functions
on a compact quantum group G;

— the functional h is the Haar measure of this quantum group;

- the map 7 is injective on the %-algebra Pol(SU,(2)) generated inside A by « and y
([10, Theorem 1.2]); in particular, we may view C*(a, y) as a completion of
Pol(SU,4(2)) for a quantum group norm [3, Definition 7.1];

- the algebra C* (&, y) admits a character which is a counit for Gy.

By results of [1], a Hopf *-algebra which admits a completion with continuous co-
unit and faithful Haar measure admits a unique compact quantum group completion. In
particular, A and C* (&, y) must be the same and consequently 7 must be faithful.
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