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A note on the order of polynomial-like iterative equations
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1. Introduction

Let n be a positive integer and I c R an interval. We are interested in the so-called poly-
nomial-like iterative equations, namely, equations of the form

anf"(x) +---+af(x)+apx =0, (1

where f* stands for the k-fold iterate of a self-mapping unknown function f:I - I, and
the coefficients ay, .. ., a1, o are fixed real numbers with ay # 0. In general, it is difficult
to find all continuous functions satisfying equation (1) even in the case n = 3; a partial solu-
tion in this case was given in [7] and the complete solution for n = 2 was presented in [3,5].
One method of finding solutions to equation (1) involves lowering its order. Such results
were obtained in [1,6,9] (see Theorem 1 below); the present paper contains a new result in
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this spirit. For a similar investigation concerning non-homogenous polynomial-like itera-
tive equations where the zero on the right-hand side is replaced by an arbitrary continuous
function (see, e.g., [8]).

We shall recall some basic properties of solutions to polynomial-like equations. As-
sume that a continuous function f:I — I satisfies equation (1). It can be easily shown that
f is injective (see, e.g. [1, Lemma 2.1]) and therefore monotone. Assuming that f(x) = rx
we obtain the so-called characteristic equation of (1):

anr" + -+ ayr+ag = 0. (2)

This equation may also be considered as the characteristic equation of the recurrence re-
lation

AnXjin + 00+ aA1Xj + AoXxj =0 (3)

in which the sequence (x;) je, is obtained in the following way: We choose x € I arbitra-
rilyand put x; = f(x;j_;) for j € N. It is easy to see that f satisfies (1) if and only if (x;) jen,
satisfies (3).

Since the function f is monotone, the sequence (x;) e, is either monotone (in the
case of increasing f) or anti-monotone (in the case of decreasing f). By anti-monotone we
mean that the expression (—1)7(x;.1 — x;) does not change its sign when j runs through
Ny. Consider yo € I and define a sequence (y;)jey, in the same way as we did for xo.
Similarly, the sequence (x; — y;) jen, has a constant sign, in the case of increasing f, or
alternates in sign, in the case of decreasing f. Let us note that the sequence (X ;41— ;) jen,
also has the same property.

In the case where f is surjective (and hence bijective) we can consider the dual equ-
ation

apf"(x)+ -+ ap_1f(x)+a,x=0. (4)

Putting f~"(x) in place of x we see that f satisfies (1) if and only if f~* satisfies (4). We can
also extend the above defined sequence (x;) jen, to the whole Z by setting x_; = f ™' (x_j41)
for j € N. Then relation (3) is satisfied for all j € Z.

For the theory of linear recurrence relations we refer the reader, for instance, to [2,
§ 3.2]. We shall recall only the most significant theorem in this matter. In order to do
this and simplify the writing we introduce the following notation: For a given polynomial
" + -+ + 17 + ¢o we denote by R(cy, ..., co) the collection {(r, k1), ..., (rp, kp)} of
all pairs of pairwise distinct (complex) roots ry, ..., r, and their multiplicities ki, ..., kp,
respectively. Here and throughout the present paper by a polynomial we mean a polyno-
mial with real coefficients. Note that in the introduced notation k; + --- + k, equals the
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degree of ¢, 7" +--- + ¢17 + ¢o and by writing (¢, k), (. k) € R(cp, ..., co) we mean y to
be non-real.

1. Theorem. Assume that

R(au,...,a9) = {(Al, 0)seos(Aps1p)s (pas )y (ph m1)s oo (pg> mg)s (g mq)}.

Then a real-valued sequence (x;) je, is a solution to (3) if and only if it is given by
P . 9 .
xj = 2 Ak + 2 (Bi(j) cos jgx + Cic(j) sin je ) el for j € No,
k=1 k=1

where Ay is a polynomial whose degree equals at most I —1for k = 1,..., p and By, Cy
are polynomials whose degrees equal at most my — 1, with ¢ being an argument of uy,
fork=1,...,q

It is worth mentioning that the above theorem is also valid for sequences defined on
the whole of Z. We shall use this fact in the proof of our main result.

2. The main result

It was observed by Matkowski and Zhang in [4] that if a polynomial b,,+™ +--- + byr + by
divides a, 1" +--- + ayr + ao and f satisfies

b f™(x) +---+bif(x) + box =0, (5)

then f satisfies also (1). One method of solving equation (1) involves a partial converse of
this statement. More precisely, we want to find a divisor of the polynomial a,r" + --- +
arr + ao such that a corresponding polynomial-like iterative equation of lower order is
satisfied. Some known results concerning the elimination of non-real roots or real roots
of opposite sign are listed below.

1. Theorem.
(i) [1, Thm. 3.3] (¢f. [6, Thm. 5] and [9, Thm. 1]) Assume that

R(aps...ra0) = {(An, )5 s Aps L), (pns ka)s (k) os (pgo k) (g kg }-

If M < ..o <] < | < ... < |ugls then a continuous function f:1 — I satisfies
equation (1) if and only if it satisfies (5) with

R(bys-..nbo) = {(An, 1) ..., (A, 1) }-
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(ii) [1, Thms. 4.1 and 4.2] Assume that

R(ﬂm cees 610) = {("1, kl)’ (rz, kz)’ ()Ll’ 11); cees (A;n lp)}-

Let also |ri| < |M| < ... < [Ap| < |r2| and 1y, ry be real with riry < 0; say r; > 0
and rj < 0. Then a continuous increasing surjection f:1 — I satisfies equation (1) if
and only if it satisfies (5) with

R(bm, e ,bo) = {(Ti,ki), ()L], ll),. s (AP’ lp)}

If r; # 1, then a continuous decreasing surjection f:1 — I satisfies equation (1) if and
only if it satisfies (5) with

R(bus-..»bo) = {(rj k;), (A, ), (Ap, 1)}

If r; =1, then a continuous decreasing surjection f:1 — I satisfies equation (1) if and
only if it satisfies (5) with

R(bms--->b0) = { (L1, (715 ks (A h)s s (Aps 1) )

These results were proved by examining the asymptotic behaviour of the sequence of
consecutive iterates of the unknown function at a given point. Using a similar approach
we obtain our new result concerning the elimination of negative roots, which reads as
follows.

2. Theorem. Assume that

R(Gm .. -MO) = {(rl,kl)a ("2>k2)> (Al) 11))---’(/11» lp)}-

If |r2| < |M| < ... <|Ap| < |n| and r, 15 are real with ry < =1 < r, < 0, then a continuous
surjection f:1 — I satisfies equation (1) if and only if it satisfies equation (5) with

R(bms--->bo) = {(riski)s A 1)y ooy (Ao 1)}

wherei=1ori=2.

Proof. Choose x € I arbitrarily. Define a sequence (x;) jez by putting xo = x, x; = f(x;-1)
and x_; = f(x_j41) for j € N. Then relation (3) is satisfied for all j € Z. Therefore, by
Theorem 1, we have

xj = A(j)r] + F(j) + B(j)r) forjeZ,

where A, B are polynomials and F stands for the part of the solution to (3) for which the
roots Ay, ..., A, are responsible. We shall show that either A =0or B = 0.
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For an indirect proof, suppose that both polynomials A and B are non-zero. Denote by
sand t the degrees of A and B, respectively. Similarly, let a and b be the leading coeflicients
of A and B.

Since

(=1 (xje1 = %) = (AG + D = AG) ) Il
+ (=D (F(j+ 1) = F(j)) + (B(j + Dr2 = B(j))Iral,

we have
“D(xiy —x:
fim (D = %) ,(xf“ %) _ (-1)'(r,-1)b (6)
jomoo ]2l
and
“Di(xiy —x;
lim M =(r;-1a. (7)
jooo J5-|r1|J

This shows that the sequence (x;) jez cannot be monotone (in fact, this shows that it cannot
be monotone when either A # 0 or B # 0); consequently, f cannot be increasing. Thus f
is decreasing.

According to the above observation the expression (-1)7(x;.; — x;) has a constant
sign when j runs through Z. Combining this fact with equations (6) and (7), we conclude
that a and (~1)'b have the same sign. Further, since f? is increasing, the expression

X2j42 = X2j = (A(Zj + 2)”% - A(zj))|"1|2j
+F(2j+2) - F(2j) + (B(2j +2)r3 - B(2j))|r2|*

also has a constant sign. Similarly, we have

e I SN CEDL

oo Tafl Il
and
lim X2j+2 — X2j

_— = @ - 2 —
oo (2])5|7’1|2] (rl 1)3

As aresult, a and (-1)'b are of opposite sign: a contradiction. Therefore, A = 0 or B = 0.
Using Theorem 1 once again we conclude that the assertion holds for a fixed x € I. It
remains to show that elimination of the root 7, or r, does not depend on x.

Consider y € I'and define a sequence (y;) jez in the same way as we did for x. Suppose,
for the sake of a contradiction, that x; = A(])r{+F(]) and y; = G(j) +B(j)r£ for j € Z with
non-zero polynomials A and B (F and G stand for the terms for which the roots A;,..., 1,
are responsible). As before, let s, t be the degrees and a4, b be the leading coefficients of A
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and B, respectively. Since f monotonically decreases, the sequence (x;j - ;) jez alternates
in sign. Thus the expression

(1) (x; - yj) = A()Inl + (1) (F(j) - G(j)) - B(j)Ir2
has a constant sign. Futher, we have

lim (_l)f(xj —_)/j)
e TR

— (_1)t+1b

and ,
D (x: -y,
lim ¢ )' (5= _
jree jlnp
which means that @ and (~1)"*'b have the same sign. Repeating this reasoning with the
sequence (X1~ y;) jez we conclude that a and (-1)"*'b have opposite signs. The obtained

contradiction ends the proof. O

3. Remark. Since the equation 2f%(x) + 5f(x) + 2x = 0 is satisfied by f(x) = —2x and
f(x) = —3x, in general it cannot be decided which root, whether r| or r,, may be elimina-
ted. Therefore, Theorem 2 states that equation (1) is actually equivalent to an alternative

of two equations of lower order.

4. Remark. It is worth mentioning that if I = R, then f is necessarily bijective (see [9, Lem-
ma 1]). Therefore, the assumption of surjectivity in Theorems 1 and 2 is satisfied automa-
tically in this case.

5. Remark. Using the quoted results and Theorem 2, the order of equation (1) can be es-
sentially lowered in many important cases. However, some cases still remain open. For
instance, it is unknown whether all non-real roots may be eliminated from the characteri-
stic equation (2) without additional assumptions (cf. [1, Section 6] and [9, Section 6]).
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