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Characterization of inclusion among Riesz–Medvedev variation

spaces

Wadie Aziz and Tomás Ereú

Summary. We present a characterization of inclusion among Riesz–

–Medvedev bounded variation spaces, i.e., we shall present necessary

and suÚcient conditions for the Young functions φ1 and φ2 so that

RVφ1 [a, b] ⊂ RVφ2
[a, b] or RV∗φ1 [a, b] ⊂ RV

∗

φ2
[a, b].
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1. Introduction

J. Musielak and W. Orlicz [8] established necessary and suÚcient conditions for Young

functions φ1 and φ2 (cf. [2]) so that BVφ1
[a, b] ⊂ BVφ2

[a, b]where BVφ[a, b] is the class of

all functions x ∶ [a, b] → R of bounded Riesz–Medvedev variation in the sense ofWiener.

More precisely, BVφ1
[a, b] ⊂ BVφ2

[a, b] if and only if there exist positive constants C and
T such that φ2(t) ⩽ Cφ1(t) for all 0 < t ⩽ T .

According to W. Orlicz’s classical result [3], it is known that BVφ1
[a, b] ⊂ BVφ2

[a, b]
if and only if ℓφ1

⊂ ℓφ2
where ℓφ is the class of all sequences {an}n⩾1 such that

∞
∑
n=1

φ(∣an ∣) < ∞.

H. Herda [4] found necessary and suÚcient conditions for Young functions φ1 and

φ2 so that BV∗φ1
[a, b] ⊂ BV∗φ2

[a, b], where BV∗φ [a, b] is the space generated by the class
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BVφ[a, b]. More precisely, BV∗φ1
[a, b] ⊂ BV∗φ2

[a, b] if and only if there exist positive con-
stants C and T such that φ2(t) ⩽ φ1(Ct) for all 0 < t ⩽ T . By a classical result due to

Orlicz [3], it follows that ℓ∗φ1
⊂ ℓ∗φ2

if and only if BV∗φ1
[a, b] ⊂ BV∗φ2

[a, b], where ℓ∗φ is the

space generated by the class ℓφ .

In the presentwork,we shall establish a similar characterization for the classRVφ[a, b]
of all functions x∶ [a, b] → R of bounded φ-variation in the sense of Riesz. Moreover, we

shall show that RV∗φ1
[a, b] ⊂ RV∗φ2

[a, b] if and only if there exists positive constant C and
T such that φ2(t) ⩽ φ1(Ct) for all t ⩾ T . FromW.Orlicz’s classical result [5, p. 63] we conc-

lude that BV∗φ1
[a, b] ⊂ BV∗φ2

[a, b] if and only if Lφ1
[a, b] ⊂ Lφ2

[a, b], where Lφ[a, b] is the

so-called Orlicz class. Concerning the space RV∗φ [a, b] generated by the class RVφ[a, b],
we establish the fact that RV∗φ1

[a, b] ⊂ RV∗φ2
[a, b] if and only if there exist positive con-

stants C and T such that φ2(t) ⩽ φ1(Ct) for all t ⩾ T . As a corollary one obtains that

RV∗φ1
[a, b] ⊂ RV∗φ2

[a, b] if and only if L∗φ1
[a, b] ⊂ L∗φ2

[a, b], where L∗φ[a, b] is the Orlicz

space generated by the class Lφ[a, b].

2. Preliminary

In this sectionwe introduce somedefinitions andnotation.A function φ∶ [0,∞) → [0,∞)
is called a Young function if it satisfies the following conditions: φ(t) = 0 if and only if

t = 0, φ is continuous and non-decreasing on [0,∞), and φ(t) → ∞ as t → ∞. In our

considerations the condition (∞1) is given by:

lim sup

t→∞
φ(t)

t
= ∞.

Fe Young function φ satisfies the condition ∆2 for large t when for some constants

k > 0, t0 > 0 we have φ(2t) ⩽ kφ(t) for t ⩾ t0. If this inequality holds for t ⩾ 0 we say the

condition ∆2 is satisfied for all t. Froughout this paperF will denote the vector space of

real-valued functions x defined in a finite interval [a, b]. Let x ∈ F . For a Young function
φ, we can define the Riesz–Medvedev variation as the number

vRφ(x; [a, b]) ∶= sup

π

n
∑
i=1

φ(∣x(t i) − x(t i−1)∣
∣t i − t i−1∣

)∣t i − t i−1∣,

where supremun is taken over all partitions π ∶ a = t0 < ⋯ < tn = b of the interval [a, b].
In the literature well known is also the so-called Wiener–Young variation (cf. [2])

vφ(x; [a, b]) ∶= sup

π

n
∑
i=1

φ(∣x(t i) − x(t i−1)∣),

where supremun is taken over all partitions π of [a, b].
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Fe function x ∈ F is said to have bounded (or finite) Riesz–Medvedev variation

if vRφ(x; [a, b]) < ∞. By RVφ[a, b] we denote the class of all functions x ∈ F such that

vRφ(x; [a, b]) < ∞. By BVφ[a, b] we denote the class of all functions x ∈ F such that

vφ(x; [a, b]) < ∞. Fe space RV∗φ [a, b] of all functions x ∈ F such that vRφ(λx; [a, b]) <
∞ for some λ > 0 is the space generated by the class RVφ[a, b]. Similarly, the space

BV∗φ [a, b] of all functions x ∈ F such that vφ(λx; [a, b]) < ∞ for some λ > 0 is the

space generated by the class BVφ[a, b].
Fe spaces RV∗φ [a, b] and BV∗φ [a, b] appeared for the first time in papers [1] and [8],

respectively.

When φ(t) = tp for some p ⩾ 1, then we have the classical space RVp[a, b] of func-
tions of bounded Riesz p-variation.

Note that the assumption (∞1) in the case of a convex function φ is just

lim
t→∞

φ(t)
t

= ∞.

Moreover, as was observed in [6], if φ is a convex Young function and condition (∞1)

is not satisfied, i.e.

lim
t→∞

φ(t)
t

= r < ∞,

then RV∗φ [a, b] = BV[a, b] where BV[a, b] denotes the usual space of functions of boun-

ded variation.

If φ is a convex Young function, then the space RV∗φ [a, b] is a Banach space with the

norm

∥x∥Rφ ∶= ∣x(a)∣ + ∥x∥0φ ,

where

∥x∥0φ ∶= inf{ε > 0 ∶ vRφ(
x

ε
; [a, b]) ⩽ 1}.

Similarly, we can obtain a Banach space BV∗φ [a, b] with the following norm:

∥x∥φ ∶= ∣x(a)∣ + ∥x∥0φ ,

where

∥x∥0φ ∶= inf{ε > 0 ∶ vφ(
x

ε
; [a, b]) ⩽ 1}.

For a convex Young function φ which satisfies (∞1), some useful properties of Riesz–

–Medvedev variation are stated in the following lemma.

2.1. Lemma. Let φ be a convex Young function.
(i) (Musielak–Orlicz [8]) If x ∈ RV∗φ [a, b] and ∥x∥0φ > 0, then

vRφ(
x

∥x∥0φ
; [a, b]) ⩽ 1.
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(ii) (Maligranda–Orlicz [6]) If x ∈ RV∗φ [a, b], then x is bounded on [a, b] and

sup

t∈[a ,b]
∣x(t)∣ ⩽ Cφ(h)∥x∥0φ ,

where

Cφ(h) ∶= max{min{ 1

φ(1)
,

1

hφ(1/h)
}, h

φ−1(1/h)
}, h = b − a.

Moreover, if additionally φ satisfies the condition

lim
t→∞

φ(t)
t

= ∞,

then

∥x∥φ = sup

t∈[a ,b]
∣x(t)∣ + ∥x∥Rφ or ∥x∥φ = 2Cφ(h)∥x∥Rφ

is a normed Banach algebra.

(iii) (Medvedev [7]) vRφ(x; [a, b]) < ∞ if and only if x is absolutely continuous on [a, b]
and

∫
b

a
φ(∣x′(t)∣)dt < ∞.

In this case we also have the equality

vRφ(x; [a, b]) = ∫
b

a
φ(∣x′(t)∣)dt.

Fe purpose of this paper is to solve the inclusion problem for the class RVφ[a, b]
and the space RV∗φ [a, b]. Before presenting our main results in Feorems 3.1–3.5 below,

we briefly review what is known in the literature of the class BVφ[a, b] and the space

BV∗φ [a, b].
(i) Musielak–Orlicz [8] proved that BVφ1

[a, b] ⊂ BVφ2
[a, b] if and only if there exist

positive constants C and T such that φ2(t) ⩽ Cφ1(t) for all 0 < t ⩽ T .

(ii) Musielak–Orlicz [8] proved that BVφ[a, b] is a vector space if and only if the function
φ satisfies the condition ∆2 for small t, i.e. if there exist positive constants k and t0

such that φ(2t) ⩽ kφ(t) for all 0 < t ⩽ t0.

(iii) Herda [4] proved that BV∗φ1
[a, b] ⊂ BV∗φ2

[a, b] if and only if there exist positive con-
stants C and T such that φ2(t) ⩽ φ1(Ct) for all 0 < t ⩽ T .

(iv) According toW. Orlicz’s classical results [3], it is known that BVφ1
[a, b] ⊂ BVφ2

[a, b]
if and only if ℓφ1

[a, b] ⊂ ℓφ2
[a, b], where ℓφ[a, b] is the class of all sequences {an}n⩾1

such that ∞
∑
n=1

φ(∣an ∣) < ∞.
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(v) BV∗φ1
[a, b] ⊂ BV∗φ2

[a, b] if and only if ℓ∗φ1
[a, b] ⊂ ℓ∗φ2

[a, b],where ℓ∗φ[a, b] is the space

generated by the class ℓφ[a, b].

3. Main results

In this sectionwe shall present necessary and suÚcient conditions for the Young functions

φ1 and φ2 so that RVφ1
[a, b] ⊂ RVφ2

[a, b] or RV∗φ1
[a, b] ⊂ RV∗φ2

[a, b].

3.1.Feorem. Let φ1 , φ2 be convex Young functions which satisfy the condition (∞1). Fen

RVφ1
[a, b] ⊂ RVφ2

[a, b] if and only if there exist positive constants C and T such that

φ2(t) ⩽ Cφ1(t) for all t ⩾ T . (1)

Proof. Suppose that there exist positive constants C and T such that inequality (1) holds.

Let π ∶ a = t0 < ⋯ < tn = b be a partition of [a, b]. Let x ∈ RVφ1
[a, b] and define the set

eT by

eT ∶= {i = 0, 1, . . . , n ∶ ∣x(t i) − x(t i−1)∣
∣t i − t i−1∣

⩾ T}.

Fen the following estimate can be obtained

n
∑
i=1

φ2(
∣x(t i) − x(t i−1)∣

∣t i − t i−1∣
)∣t i − t i−1∣ ⩽ C

n
∑
i=1

φ1(
∣x(t i) − x(t i−1)∣

∣t i − t i−1∣
) + φ2(T)

n
∑
i=1

(t i − t i−1)

⩽ CvRφ1

(x; [a, b]) + φ2(T)(b − a).

Fus

vRφ2

(x; [a, b]) ⩽ CvRφ1

(x; [a, b]) + φ2(T)(b − a),

consequently RVφ1
[a, b] ⊂ RVφ2

[a, b].
Suppose now that RVφ1

[a, b] ⊂ RVφ2
[a, b] and that φ1 and φ2 does not satisfy the

inequality (1), that is, there exists a sequence {tn}n⩾1 such that tn ↑ ∞ as n →∞ and

φ2(tn) > 2
nφ1(tn), n ∈ N. (2)

Without loss of generality, we can assume that [a, b] = [0, 1]. We shall prove that there

exists x ∈ RVφ1
[0, 1] such that x /∈ RVφ2

[0, 1]. By considering subsequences, if necessary,

we may define the sequence {an}n⩾1 on [0, 1] in the following way:

an =
1

2
nφ1(tn+1)

, n ∈ N.

Fen an ↓ 0 as n →∞, and the series

∞
∑
n=1

tn+1 − tn

2
nφ1(tn+1)

(3)
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is convergent. Indeed, since the function φ1 is convex and the function t ↦ t/φ1(t) is

non-increasing, we have

∣tn+1 − tn ∣
2
nφ1(tn+1)

⩽ 1

2
n (

tn+1
φ1(tn+1)

+ tn

φ1(tn+1)
) ⩽ 1

2
n

tn+1
φ1(tn+1)

⩽ 1

2
n

t2

φ1(t2)
,

for all n ∈ N. Consequently the series (3) is convergent.

Consider the set sequence {In}n⩾1 given by

I1 = [a1 , 1] and In = [an , an−1), n = 2, 3, . . .

Fen Im ∩ In = ∅ (n,m ∈ N, n ≠ m) and

∞
⋃
n=1

In = (0, 1].

Define the function x∶ [0, 1] → R in the following way:

x(τ) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

tnτ −
∞
∑
i=n

t i+1 − t i

2
iφ1(t i+1)

, τ ∈ In ,

0, τ = 0.

We claim that x ∈ RVφ1
[0, 1], but x /∈ RVφ2

[0, 1]. Indeed, the function x is continuous and

di×erentiable in the interior of In , n ⩾ 1, and since

lim
τ↑an
x(τ) = lim

τ↑an
(tn+1τ −

∞
∑

i=n+1

t i+1 − t i

2
iφ1(t i+1)

)

= tn+1
2
nφ1(tn+1)

−
∞
∑

i=n+1

t i+1 − t i

2
iφ1(t i+1)

= tn

2
nφ1(tn+1)

−
∞
∑
i=n

t i − t i−1
2
i−1φ1(t i)

= lim
τ↓an
x(τ),

the function x is continuous on (0, 1]. Nextwe shall prove that the function x is continuous

at τ = 0.

Let {sn}n⩾1 be a sequence in (0, 1] such that sn ↓ 0 as n →∞. Since an ↓ 0 as n →∞,

for all n ∈ N there exists a positive number mn such that sn ∈ Imn , and consequently

0 ⩽ lim
n→∞ x(sn) = lim

n→∞(tmn amn−1 −
∞
∑
i=mn

t i+1 − t i

2
iφ1(t i+1)

)

= lim
n→∞

tmn

2
mnφ1(tmn)

−
∞
∑
i=mn

t i+1 − t i

2
iφ1(t i+1)
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= lim
n→∞

tmn

2
mnφ1(tmn)

− lim
n→∞

∞
∑
i=mn

t i+1 − t i

2
iφ1(t i+1)

= 0.

Fus x(sn) → 0 as n →∞ for every sequence {sn}n⩾1 in (0, 1] such that sn ↓ 0. Consequ-
ently x is continuous at τ = 0.

Since x is continuous on [0, 1] and di×erentiable in the interior of In , n ⩾ 1, x is

absolutely continuous on [0, 1].
Next we shall prove that x ∈ RVφ1

[0, 1]. By the definition of the function x and Lem-

ma 2.1, we get the following estimate:

vRφ1

(x; [0, 1]) =
∞
∑
n=1

φ1(tn)(an+1 − an)

=
∞
∑
n=1

φ1(tn)(
1

2
n−1φ1(tn)

− 1

2
nφ1(tn+1)

)

⩽
∞
∑
n=1

1

2
n−1 +

∞
∑
n=1

φ1(tn)
2
nφ1(tn+1)

⩽ 3.

Consequently x ∈ RVφ1
[0, 1].

As a result of the definition of the function x, inequality (2) and Lemma 2.1, we get

the following estimate:

vRφ2
(x; [0, 1]) =

∞
∑
n=1

φ2(tn)(an+1 − an)

=
∞
∑
n=1

φ2(tn)
2
n−1 ( 1

φ1(tn)
− 1

2φ1(tn+1)
)

⩾
∞
∑
n=1

2φ1(tn)(
1

φ1(tn)
− 1

2φ1(tn+1)
)

⩾
∞
∑
n=1

(2 − φ1(tn)
φ1(tn+1)

) = ∞.

Fus x ∈ RVφ1
[0, 1] and x /∈ RVφ2

[0, 1], which is a contradiction.

FromW. Orlicz’s classical result [5, p. 63], we obtain the following corollary.

3.2. Corollary. Let φ1 , φ2 be convex Young functions which satisfy the condition (∞1).Fen

RVφ1
[a, b] ⊂ RVφ2

[a, b] if and only if Lφ1
[a, b] ⊂ Lφ2

[a, b] where Lφ[a, b] is the so-called

Orlicz class.

In the following theorem we shall establish a necessary and suÚcient condition for

Young functions φ1 and φ2 so that

RV∗φ1
[a, b] ⊂ RV∗φ2

[a, b].
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3.3.Feorem. Let φ1 , φ2 be convex Young functions which satisfy the condition (∞1). Fen

RV∗φ1
[a, b] ⊂ RV∗φ2

[a, b] if and only if there exist positive constants C and T such that

φ2(t) ⩽ φ1(Ct), t ⩾ T . (4)

Proof. Suppose that there exist positive constants C and T such that inequality (4) holds.

Let x ∈ RV∗φ1
[a, b]. Fen by Lemma 2.1 and the definition of the space RV∗φ1

[a, b]we have
that the function x is absolutely continuous on [a, b] and there exists λ > 0 such that

vRφ1

(λx; [a, b]) = ∫
b

a
φ1(λ∣x′(t)∣)dt < ∞.

Define the set eT ,λ by

eT ,λ ∶= {t ∈ [a, b] ∶ λ∣x′(t)∣ > CT}.

Fe following estimate can be obtained

∫
b

a
φ2(

λ

C
∣x′(t)∣)dt = ∫

eT ,λ
φ2(

λ

C
∣x′(t)∣)dt + ∫[a ,b]/eT ,λ

φ2(
λ

C
∣x′(t)∣)dt

⩽ ∫
eT ,λ

φ1(λ∣x′(t)∣)dt + φ2(T)(b − a) < ∞,

consequently x ∈ RV∗φ2
[a, b].

Suppose now that RV∗φ1
[a, b] ⊂ RV∗φ2

[a, b] and that φ1 and φ2 do not satisfy inequali-

ty (4), hence there exists a sequence {tn}n⩾1 such that tn ↑ ∞ as n →∞, and

φ2(tn) > 2
nφ1(tn) n ∈ N. (5)

Without loss of generality we can assume that [a, b] = [0, 1]. We shall prove that there

exists x ∈ RV∗φ1
[a, b] such that x /∈ RV∗φ2

[a, b]. Define a sequence {an}n⩾1 in [0, 1] by

an =
1

2
nφ1((n + 1)2tn+1)

n ∈ N.

Fen an ↓ 0 as n →∞, and the series

∞
∑
n=1
an((n + 1)tn+1 − ntn)

is convergent. Indeed, since φ1 is a convex function and the function t ↦ t/φ1(t) is non-
-increasing, the following estimate can be obtained:

an((n + 1)tn+1 − ntn) ⩽ 2(n + 1)tn+1an

= (n + 1)tn+1
2
n−1φ1((n + 1)2tn+1)
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⩽ (n + 1)tn+1
2
n−1(n + 1)2φ1(tn+1)

⩽ tn+1
2
n−1φ1(tn+1)

⩽ 1

2
n−1

t2

φ1(t2)
.

Fus the series ∞
∑
n=1
an((n + 1)tn+1 − ntn)

is convergent.

Consider the set sequence In , n ⩾ 1, given by

I1 = [a1 , 1] and In = [an , an−1), n = 2, 3, . . .

Fen Im ∩ In = ∅ (n,m ∈ N, n ≠ m) and
∞
⋃
n=1

In = (0, 1].

Define the function x∶ [0, 1] → R in the following way:

x(τ) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

ntnτ −
∞
∑
i=n
a i((i + 1)t i+1 − it i), τ ∈ In

0, τ = 0.

We claim that x ∈ RV∗φ1
[0, 1] but x /∈ RV∗φ2

[0, 1]. Indeed, the function x is continuous and

di×erentiable in the interior of In , n ⩾ 1, and since

lim
τ↑an
x(τ) = lim

τ↑an
((n + 1)tn+1τ −

∞
∑

i=n+1
a i((i + 1)t i+1 − it i))

= ntn+1an −
∞
∑
i=n
a i−1(it i − (i − 1)t i−1)

= lim
τ↓an
x(τ),

the function x is continuous on (0, 1]. Nextwe shall prove that the function x is continuous

at τ = 0.

Let {sn}n⩾1 be a sequence in (0, 1] such that sn ↓ 0 as n →∞. Since an ↓ 0 as n →∞,

for all n ∈ N there exists a positive number mn such that sn ∈ Imn and consequently

0 ⩽ lim
n→∞ x(sn) ⩽ lim

n→∞(mn tmn amn−1 −
∞
∑
i=mn

a i((i + 1)t i+1 − it i))

= lim
n→∞

mn tmn

2
mn−1φ1(mn tmn−1)

= 0.
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Fus x(sn) → 0 as n →∞ for all sequences {sn}n⩾1 in (0, 1] such that sn ↓ 0. Consequently,
x is continuous at τ = 0.

Since x is continuous on [0, 1] and di×erentiable in the interior of In , n ⩾ 1, x is

absolutely continuous on [0, 1].
Next we shall prove that x ∈ RV∗φ1

[0, 1]. By the definition of the function x and Lem-

ma 2.1, we get the following estimate:

vRφ1

(x; [0, 1]) =
∞
∑
n=1

φ1(ntn)(an−1 − an)

=
∞
∑
n=1

φ1(ntn)(
1

2
n−1φ1(n2tn)

− 1

2
nφ1((n + 1)2tn+1)

)

⩽
∞
∑
n=1

1

2
n−1 +

∞
∑
n=1

1

2
n = 3.

Consequently x ∈ RV∗φ1
[0, 1]. By the definition of the function x, inequality (5) and Lem-

ma 2.1, for all λ > 0 we get the following estimate:

vRφ2

(λx; [0, 1]) =
∞
∑
n=1

φ2(λntn)(an−1 − an) ⩾
∞
∑
n⩾ 1

λ

φ2(tn)(an−1 − an)

=
∞
∑
n⩾ 1

λ

φ2(tn)
2
n−1 ( 1

φ1(n2tn)
− 1

2φ1((n + 1)2tn+1)
)

⩾
∞
∑
n⩾ 1

λ

φ1(n2
2
n tn)

2
n−1 ( 1

φ1(n2tn)
− 1

2φ1((n + 1)2tn+1)
)

⩾
∞
∑
n⩾ 1

λ

2
nφ1(n2tn)

2
n−1 ( 1

φ1(n2tn)
− 1

2φ1((n + 1)2tn+1)
)

⩾
∞
∑
n⩾ 1

λ

(2 − φ1(n2tn)
φ1((n + 1)2tn+1)

) = ∞.

Fus x ∈ RV∗φ1
[0, 1] and x /∈ RV∗φ2

[0, 1], which is a contradiction.

FromW. Orlicz’s classical result [5, p. 110], we obtain the following corollary.

3.4. Corollary. Let φ1 , φ2 be convex Young functions which satisfy condition (∞1). Fen

RV∗φ1
[a, b] ⊂ RV∗φ2

[a, b] if and only if L∗φ1
[a, b] ⊂ L∗φ2

[a, b] where L∗φ[a, b] is the Orlicz

space generated by the class Lφ[a, b].

Now we present equivalent conditions for inequality (4).

3.5.Feorem. Let φ1 , φ2 be convex Young functions which satisfy the condition (∞1). Fen

the following conditions are equivalent:
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(i) there exist positive constants C and T such that

φ1(t) ⩽ φ2(Ct), t ⩾ T ,

(ii) there exist positive constants C and T such that

φ1(Ct) ⩽ φ2(t), t ⩾ T ,

(iii) there exist positive constants C1 , C2 and T such that

φ1(t) ⩽ C1φ2(C2t), t ⩾ T ,

(iv) there exist positive constants n ∈ N and T such that

φ1(t) ⩽ φ2(nt), t ⩾ T ,

(v) there exist positive constants n,m ∈ N and T such that

φ1(t) ⩽ mφ2(nt), t ⩾ T ,

(vi) there exist positive constants C and r such that

lim sup

t→∞
φ1(t)
φ2(Ct)

= r < ∞,

(vii) there exist positive constants C and r such that

lim inf
t→∞

φ2(Ct)
φ1(t)

= r > 0,

(viii) there exist a constant n ∈ N such that

nRV∗φ2
[a, b] ⊂ RV∗φ1

[a, b].

From this theorem we obtain the following corollary.

3.6. Corollary.
(i) If there exists a positive constant C such that

lim
t→∞

φ2(Ct)
φ1(t)

> 0, then RV∗φ2
[a, b] ⊂ RV∗φ1

[a, b],

(ii) If there exists a positive constant C such that

0 < lim
t→∞

φ2(Ct)
φ1(t)

< ∞, then RV∗φ2
[a, b] = RV∗φ1

[a, b],
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(iii) RVφ2
[a, b] = RVφ1

[a, b] if and only if there exists a positive constant C such that

0 < lim
t→∞

φ1(t)
tp

< ∞ if and only if RV∗φ1
[a, b] = RVp[a, b].

Now we present a necessary and suÚcient condition on the Young function φ so that

the class RVφ[a, b] is a vector space.

3.7. Feorem. Let φ be a convex Young function which satisfies the condition (∞1). Fe

class RVφ[a, b] is a vector space if and only if the function φ satisfies the condition ∆2 for

large t, i.e. if there exist positive constants k and t0 such that

φ(2t) ⩽ kφ(t) for all t ⩾ t0 .

Proof. Similar to the proof of Feorem 1.12, p. 14 in [8].

3.8. Remark.

(i) Let φ1 , φ2 be convex Young functions which satisfy the condition (∞1). If the inequ-
ality (1) holds for all t ⩾ 0, then

– Lip[a, b] ⊂ RVφ1
[a, b] ⊂ RVφ2

[a, b],
– BVφ1

[a, b] ⊂ BVφ2
[a, b]. Moreover, if additionally φ1 satisfies the following con-

dition: there exists a positive constant C1 such that φ1(t) ⩽ C1t for all t ⩾ 0,

then

– Lip[a, b] ⊂ RVφ1
[a, b] ⊂ RVφ2

[a, b] ⊂ BV[a, b] ⊂ BVφ1
[a, b] ⊂ BVφ2

[a, b].
(ii) Let φ1 , φ2 be convex Young functions which satisfy the condition (∞1). If the inequ-

ality (4) holds for all t ⩾ 0, then

– Lip[a, b] ⊂ RV∗φ1
[a, b] ⊂ RV∗φ2

[a, b],
– BV∗φ1

[a, b] ⊂ BV∗φ2
[a, b]. Moreover, if additionally φ1 satisfies the following con-

dition: there exists a positive constant C1 such that φ1(t) ⩽ C1t for all t ⩾ 0,

then

– Lip[a, b] ⊂ RV∗φ1
[a, b] ⊂ RV∗φ2

[a, b] ⊂ BV[a, b] ⊂ BV∗φ1
[a, b] ⊂ BV∗φ2

[a, b].
(iii) If the φ-function φ satisfies the condition ∆2 for all t ⩾ 0, then the classes RVφ[a, b]

and BVφ[a, b] are vector spaces.
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