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Some generalized double lacunary Zweier convergent sequence
spaces

Kuldip Raj and Suruchi Pandoh

Summary. We introduce generalized double lacunary Zweier convergent ~ Keywords
sequence spaces over n-normed spaces via a sequence of Orlicz functions.  Orlicz function;
We also make an effort to study some topological properties and inclusion ~ paranorm;
relations between these spaces. Furthermore, we study the concept of ~ Zweier space;

double lacunary statistical Zweier convergence over n-normed spaces. lacunary double sequence;
double statistical
convergence
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1. Introduction and Preliminaries

In [15], Hardy introduced the concept of a regular convergence for double sequences. So-
me important work on double sequences was also done by Bromwich [2]. By convergence
of a double sequence we mean the convergence in the Pringsheim sense, i.e., a double
sequence x = (x;;) has a Pringsheim limit L provided that given € > 0 there exists n € N
such that |x;; — L| < e whenever i, j > n [21] (this is denoted by P — limx = L). In case
L = 0, we say that the double sequence x = (x;;) is a Pringsheim null sequence.
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The double sequence x = (x;;) is bounded if there exists a positive integer K such
that |x;;| < K for all i and j. We denote by I, the space of all bounded double sequences.

1.1. Definition.[25] The double sequence I, s = {(k;, I;) } is called double lacunary if there
exist two increasing integer sequences (k,) and (I;) such that

ko=0, h,=k, —k,_i—> 00 asr— oo

and

lo=0, hy=Il-1I_;—>00 ass— o0.
Let k,; = k,I;, h, = h.hs, and let 0, ; be determined by

Ls={(k1): kysy <k<kyand I < <L},

ko
qr_kr—lj qs =

and g5 =q,qs.

1.2. Definition. An Orlicz function M: [0, c0) — [0, c0) is a continuous, non-decreasing
and convex function such that M(0) = 0, M(x) > 0 for x > 0, and M(x) — oo as x — oo.
If convexity of an Orlicz function is replaced by M(x + y) < M(x) + M(y), then this
function is called a modulus function.

Lindenstrauss and Tzafriri [17] used the idea of Orlicz to define the sequence space,
| RS
Cy=1x=(xx)ew: Y M| —] < oo forsomep >0
k=1 P

which is known as an Orlicz sequence space. The space £y is a Banach space with the

™ :inf{p 50 : iM(@) <1}.

k=1 P

It was shown in [17] that every Orlicz sequence space £, contains a subspace isomorphic
to €,(p > 1). An Orlicz function M can always be represented in the following integral
form

norm

M@x) = [T,

where 7, known as the kernel of M, is right differentiable for ¢ > 0, non-decreasing, #(0) =
0,7(t) >0,and 5(t) > oo as t - oco.

The notion of difference sequence spaces was introduced by Kizmaz [16] who studied
the difference sequence spaces o (A), c(A) and ¢y (A). The notion was further generali-
zed by Et and Colak [8] by introducing the spaces I, (A"), c(A") and ¢o(A"). Let w
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denote the set of all real or complex sequences and let 71, n be non-negative integers. For
the sequence spaces Z = ¢, ¢y and [.,, we have sequence spaces

Z(AL) = {x = (w) e w : (Alxi) € Z),
where A" x = (A" xi) = (A" 'xp — A x4y ) and A% x; = x; for all k € N, which is
equivalent to the following binomial representation

n
Aquk = Z (_l)v(:)xk+mv-
v=0

Taking m = 1, we get the spaces I (A"), c(A") and ¢y (A") studied by Et and Colak [8].
Taking m = n = 1, we get the spaces I (A), c(A) and ¢o(A) introduced and studied by
Kizmaz [16]. Similarly, we can define difference operators on double sequence spaces as:

Axpr = (%k,1 = Xk,141) = (Xks,1 = Xk, 141)
= Xk, — Xk, I+1 — Xk+1,1 T Xk+1,1+1>

n n—1 n—1 n—1 n-1
A"Xper = A" Xp 1 = AT g1 = AT Xy, + AT X1
and
Al’l _ An—l An—l An—l A}‘l—l
m¥k,l = By Xkl = By X141 = By Xkr1,1 + By X1, 141+
For more details about sequence spaces, see [1,22,23] and references therein.

1.3. Definition. A sequence M = (M) of Orlicz functions is said to be a Musielak-Orlicz
function (see [18,20]). A sequence N = (Ny) defined by

Ni(v) :sup{|v|u—Mk(u) : u;O}, keN

is called a function complementary to the Musielak-Orlicz function (Mjy). For a given
Musielak-Orlicz function M, the Musielak-Orlicz sequence space £ and its subspace
h a4 are defined as follows

th{xew : IM(cx)<ooforsomec>0},
ha ={x€w : IM(cx)<oof0rallc>0},

where Iz is a convex modular defined by
Lm(x) = ) Mi(xx),  x = (xx) ew.
k=1

We consider £ equipped with the Luxemburg norm

x| = inf{k>0: IM(%) <1}
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or with the Orlicz norm
Jx]° = inf{ £ (1+ Lp(kx)) = k> 0}.

A Musielak-Orlicz function M = (M) is said to satisfy the A,-condition if there exist
constants a, K > 0 and a sequence ¢ = (¢ )2, € I% (the positive cone of I') such that the
inequality

My (2u) < KMy (u) + ¢k

holds for all k € N and u € R* such that M (u) < a.

1.4. Definition. Let X be a linear metric space. A function p: X — R s called a paranorm if
(i) p(x) > 0forall x € X;

(i) p(-x) = p(x) forall x € X;

(iii) p(x+y) < p(x)+p(y) forallx, y € X;

(iv) if (A,) is a sequence of scalars with A, — 1 as n — oo and (x,) is a sequence of
vectors with p(x, —x) = 0 as n — oo, then p(A,x, — Ax) - 0 as n — oo.

A paranorm p for which p(x) = 0 implies x = 0 is called a total paranorm and the pair
(X, p) is called a total paranormed space. It is well known that the metric of any linear
metric space is given by some total paranorm (see [29, Theorem 10.4.2, pp. 183]).

1.5. Definition. A sequence space E is said to be solid (or normal) if (at; x) ) € E whenever
(xx) € E for all sequences (ay ) of scalars with |a| < 1.

1.6. Definition. A sequence space E is said to be symmetric if (x; ) € E implies (x,(x) € E,
where 7 is a permutation of N.

1.7. Definition. A sequence space E is said to be sequence algebra if (xj yx) € E whenever
(%), (y&) € E.

1.8. Definition. A sequence space E is said to be convergence free if (y;) € E whenever
(xx) € E and x; = 0 implies yx = 0.

1.9. Definition. Let K = {k; < k; < ...} c N and let E be a sequence space. A K-step
space of E is a sequence space A% = {(xx,) € w:(x;) € E}.

1.10. Definition. The canonical preimage of a sequence (xj, ) € A% is a sequence (y;) € w

defined by
{xk, ifk e K,
Vi =

0, otherwise.
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The canonical preimage of a step space A% is the set of canonical preimages of all the
elements in AE, that is, y is in the canonical preimage of AL if and only if y is a canonical
preimage of some x € A%.

1.11. Definition. A sequence space E is said to be monotone if it contains the canonical
preimages of its step spaces.

The concept of 2-normed spaces was initially developed by Gahler [10] in mid-1960s,
while that of n-normed spaces one can trace back to Misiak [19]. Since then many other
authors have studied this concept and obtained various results, see Gunawan [11,12] and
Gunawan and Mashadi [13]. Let n € N and let X be a real linear space of dimension d,

where d > n > 2. A real-valued function on X" satisfying the following four

[RERT

conditions:
(i) [[x1,x2,...,x,| = 0ifand only if x1, x5, . .., x,, are linearly dependent in X,
(ii) |1, x2, ..., %y| is invariant under permutation,
(iii) [axi, %2, ..., x| = ||| x1, %2, ..., x| forany a € R,
(iv) [x+x", %2, xu]| < 2, %2, 5 xu ]| + X %2500 x|
is called an n-norm on X and the pair (X, |-, ...,||) is called an n-normed space over the
field R.
For example, we may take X = R” equipped with the n-norm |xy, x5, ..., x|, i.e.
the volume of the n-dimensional parallelopiped spanned by the vectors xj,x5,..., %,

which may be given explicitly by the formula

|1 225 ..o x| = | det(axij)

>

) be an

n-normed space of dimension d > n > 2 and {ay,a,...,4,} a linearly independent

where x; = (x;1,%i2,...,%in) € R” for each i = 1,2,...,n. Let (X,

set in X. Then the function |-, ..., | . on X"™! given by
%1, %25+« 5 Xn—t]loo = max{||xp, x2, ..., Xp-1, a5]| i =1,2,...,n}

defines an (n —1)-norm on X with respect to {aj, az,...,a,}.
A sequence (xy ) ina n-normed space (X, |-, ...,-|) is said to converge to some L € X
if

klim |xk = L,z1,...,2y-1] =0 foreveryz,...,z,_1 € X.
A sequence (x) in a n-normed space (X, ||,...,-|) is said to be Cauchy if

lim |xg —xp,21,...,2421| =0 foreveryz,...,z,—1 € X.
k,p—»oo
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If every Cauchy sequence in X converges to some L € X, then X is said to be complete
with respect to the n-norm. A complete n-normed space is said to be an n-Banach space.
For more details on n-normed spaces, see [14,24] and references therein.

2. Lacunary strongly Zweier convergent sequence spaces

Zweier sequence spaces for single sequences were defined and studied by Sengéniil [28],
Esi and Sapsizoglu [6], Khan et. al [3, 4]. Esi and Acikgoz [7] define the double Zweier
sequence spaces [W?,Z], [Ny, , Z]o, [Ny, ,, Z] and [Ny, ,, Z]c as the set of all double
sequences such that their Z—transforms are in [W2], [Ny, ]o, [Ne,,] and [ Ng, ], which
were introduced by Savas in [27], Savas and Patterson in [26].

We define the double sequence v = (v;;) and w = (w;;) which will be used througho-
ut the paper, as Z—transform of x = (x;;) and y = (y;;), respectively, i.e.,

Vij = %(x,'j +xij—1) and Wij = %()/,] +}/,'j_1), i,j e N. (1)

Let A = (a,ij) be a nonnegative bounded regular matrix of complex numbers. We write
Ax = (Ajj(x)) = X7%e1 Arsij(xij) converges for each i, j.

Let (X, ) be an n-normed space and let W(n — X) denote the space of
X-valued sequences. Let M = (M;;) be a Musielak-Orlicz function, A = (ak;;;) a nonne-
gative four-dimensional bounded regular matrix, p = (p;;) a bounded double sequence

EEEEEN

of positive real numbers, and u = (u;;) a double sequence of strictly positive real numbers.
In the present paper we introduce new double Zweier sequence spaces as follows:

Jo =

{x = (xis) P_hrgl hi,s (i,j)zel,,s Mij[”if(HAijianijwh e ,zn*IH)]PU =0

[Ne Z,M,AyA:‘an)u)

rs? ""’|

for some p > 0},

[No,,» Z, M, A, Al potts [0 ]] =
APy y
{x = (xij) = P-lim his (i%e:b,s Mijl:“ij("%,zl,...,zn1H):|p] =0

for some L and p > 0},

[No, ., Z, M, A, A pouts |0 ]
1

[ee]

A AN v Dpij
J 2
E Ml][ulJ(H—m ,Zl,...,Zn_lH)] < 0
S (i,j)€lrs P

{x = (xij) : sup h

for some p > 0},
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and

[WZ) Z)M)A) AZ)P, u, H) ees

]

R e R (S ) g

for some Land p > 0.

2.1. Remark. Let us consider a few special cases of the above sequence spaces:

(i) If M;j(x) = x for all i, j € N, then the above sequence spaces reduce to

“ye e “ye e

[No,..Z, A, A%, p,u, 1y [No,.»Zo A AL, pou, 1],
[No,.» Z, A, Ay potts |5 -l] . and  [W2,Z,A A0, pous |50

r,s?

(ii) By taking (p;;) =1forall i, j € N, the above spaces become

[No,.. 2, M, A, AL, u, 1y [Neyu» 2, M, A, Al u, ]
[No,» Z, ML A Ay o] and [W2Z, ML A A, |-

"y e “ye e

(iii) By taking (u;;) = 1forall i, j € N, we get

[No,,. Z, M, A, A}, p, ]0, [No,,. Z, M, A, A}, p, 1],
[No,» Z, My A AL D s osJee and [W2Z, ML A AL Dy oo

EXEEEN "y e ey

(iv) If we take M;;(x) = x, (pij) = L, (u;j) = 1forall i, j € N, then the above sequence
spaces reduce to

[Ne,.. Z, A, AL, 1y [No,..Z A AL, 11,
[No,o Z AL [eoo[]. and [W2Z, A A% .-

s ye ooy ye ey

(v) Ifwetake A = (C,1,1), M;j(x) = x, (pij) =1, (u;j) = 1forall i, j e Nand n = 0, then
the above spaces reduce to

[N@ Z ’ ]0’ [Ner,s’Z’ ’ ]’

[No,» Zo oo el] . and [W3Z, ...

s > ye ooy 3e e

(vi) Finally, if we take (p;;) = 1, (u;;) = 1for all i, j € N, then the above spaces reduce to

[Ne,..Z, M, A, AL, 1, [Ne,.»Z, M, 4,47, 1],
[No,.» Z, ML A A s e] . and [W2,Z, ML A A .0

rs? ye ey 3e e
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The following inequality will be used throughout the paper. If 0 < p;; < sup p;; = G,
D = max(1,2°7!), then

|asj + bijlPi < D(|aij|P + |byjlP7) @)

forall i, j € Nand a;;j, b;; € C. Also |alP% < max(1,|a|®) forall a € C.

The main purpose of this paper is to introduce double lacunary Zweier strongly co-
nvergent sequence spaces over n-normed spaces and study various properties of these
spaces, like linearity, existence of a paranorm, solidity, monotonicity, etc. Some inclusion
relations between these spaces are also established. Finally, we study the concept of the
double lacunary Zweier statistical convergence over #n-normed spaces.

3. Main Results

3.1. Theorem. Let M = (M;;) be a sequence of Orlicz functions, p = (pij) any bounded
double sequence of positive real numbers and u = (u;;) a double sequence of strictly positive
real numbers. Then the double Zweier sequence spaces

[No,.» Z ML A A pots [l s [Na, o Zo MU A A potts [,
[No,» Z, ML A Ay potts [se|] . and [W2,Z, ML A A, pous |0

are linear spaces over the field R of real numbers.

Proof. Let x = (xij),y = (yij) € [No,» Z, M, A, Ap,pothy |5 .. 5[]oos and &, B € R.
Then there exist positive real numbers p;, p, such that

supi 3 My (| )] <o

r,s r,$ (i)j)elr,s

1 A AT Wi pij
sup h Z Mz‘j[“ij(Hw,Zb...,Zn—1H)] " < o0,
s s (ij)el, P2

Let p3 = max(2|a|py,2||p2). Since M;;’s are non-decreasing and convex, by inequality
(2), we have

I e

S (i,j)elys P3
1 A A" av;;
JTm™ ")
copr T (R )
rs Fors (i j)el,

A,‘jA"m/))W,'j Pij
—’ZIJ “,Zn_l

+Ll,'j( s



Zweier convergent sequence spaces 193

< Dsup
r,s

O O { a-—

7S (i,j)el,; sz

1 1 A,'jA%W,’j Pij
+Dsup Z —“M,-j[u,-j H—,Zl)-..,Zn—IH ]
re s i jyer,, 2P0 ( p2 )

< Dsup ! Z Mij[uij("%,zl,...,zn1”)]%

s Tirss (i j)el,

1

a5 | )] <o

r,s r,s (i:j)EIr,s
Thus ax + fy € [Ngm, Z, M AN pouy s H]oo This proves that

[No,.» Z, My A A potts 0]

s

is a linear space. Similarly we can prove that

[No

]

Z, M, AN Doty sl ] s [Ne, Zo M A A, pou,
and [WZ,Z,M,A,A"m,p,u, H,,H]

are linear spaces. O

3.2. Theorem. Let M = (M;;) be a sequence of Orlicz functions, p = (pi;) a bounded
double sequence of positive real numbers, and u = (u;;) a double sequence of strictly positive
real numbers. Then the double Zweier sequence space [N, ., Z, M, A, Ay, pott, |- . o5+ [Joo
is a paranormed space with the paranorm defined by

=

ij

> Mz‘j[“ij(Hw,zl,...,zn_IH)] "<,
S (i, j)€lrs P

1

Pij
g(x) = inf{(p)H sup

for some p > O},

where 0 < p;j <sup p;j = G and H = max(1, G).

Proof. (i) Clearly, g(x) > 0 for x = (x;;) € [Ny, , Z, M, A, A}, p, u,
M;;(0) =0, we have g(0) = 0.

(i) g(=x) = g(x).

(iii) Letx = (x;;) and y = (yi;) € [Ng, >, Z, M, A, A, p,us, || ..., | ]oo- Then there exist
positive numbers p; and p; such that

1 AiiA" v Ppij
sup ; Z Mij[uij(HM,zl,...,zn,lH)] <1
rs Prs (ij)el, . P1

“yevvs|]oo- Since
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and

wpge £y fu(| )] <

r’s (i’j)EIr,S

Let p = p; + p2. By Minkowski’s inequality, we have
1 AijA:,n(Vij+Wij) Pij
sup — M;i|u;; N T
w2 M7 )]

Ay (viy + wiy)
R T (e e S

AN v
iz, bl

n .
N AijAmWij Pij
Ui\ | = >21>--+>2n-1

(ot S (| ]

+( s )Sﬁ)%’s(i,j%e:b,sMij[uij(HAijii;Wij’Zl’""Z”_IH)]Mgl

and thus

g(x+y)
=inf{(p)}2’j : sgg% > Mi;[uij(\|AijA31(vij+W""),zl,...,zn_1H)]”Jsl}

il (o0 ¥+ sup - 2y [ ([ ) ")

. Pij 1 T, A Wij
il ® g Sl A
Therefore, g(x + y) < g(x) + g().

(iv) Finally, we prove that scalar multiplication is continuous. Let A be any complex num-
ber. By definition,

Pij 1 Ai' n ii
Ax) = inf H @ —_— M;ilu;; ]—m, R
¢(ix) =in {<p)H sy 3 M| F

:inf{(|/1|l‘)l,f;j:sESphL > M,‘j[u,‘j(H¢,zl,...,zn_lu)]pHJS1}.

58 (i,5)€lrs
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where t = ﬁ > 0. Since |A|P < max(1, |A|*"PPii), we have

§(Ax) < max(L, [A[*PF)

i AN Vi W
ot syl (25 e )] )

r,s r,$ (i)j)elr,s

The fact that scalar multiplication is continuous follows from the above inequality.
This completes the proof of the theorem.
0O

3.3. Theorem. If 0 < p;; < q;j < oo for each i and j, then

[Ngr,s,Z,M,A,A"m,p,u, [ .. .,-H]M> c [Ngr’s,Z,/\/l,A,Afn,q,u, [ .. ,H]

oo

Proof. Let x = (xij) € [Ny, , Z, M, A, A, p,ut, |5 .. [ Joo. Then there exists p > 0 such
that
1 A,‘jA%V,‘j Pij
sup Yoo Mijlui( | —— 2120 < o0.
oy 2 M| ]

ATy Pij
This implies that M,-j[u,-j(” %, Zls v Znoi H)] " <1for sufficiently large values of i

and j. Since M;;’s are non-decreasing, we get

S 7 e |

1S (i,j)€ly,s

i R (e SR S

r,s r,s (i,j)EIy,s

Thus, x = (x;j) € [Ny, , Z, M, A, A}, q, u, |5 .., +| ]oo. This completes the proof. O
3.4. Theorem. Suppose M = (M;;) is a sequence of Orlicz functions, p = (pi;) a bounded

double sequence of positive real numbers, and u = (u;;) a double sequence of strictly positive
real numbers. Then

(l) IfO < 1nfp,] < pij <1, then

Z,M,A A p,u,

ye ey

ye ey

[No ] © [No,» 20 M, A Al 1,

|-

(ii) If 1< pij < sup pij < oo, then

[No,.» Z, M A Aty | oo[|] € [No,» Z, My A A pots || ]

00'
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Proof. (i). Let x = (x;j) € [Ny, ., Z, M, A, A}, p, u,
obtain the following

Joo- Since 0 < inf p;; < 1, we

“y e

Sllsp hi,s (,-’j)zdm Mijl:uij(“%,zl, - ,z,,,lH):I

st 3 (| )] <o

7,8 S (i,j)el,,
and hence x = (x;;) € [Ny, , Z, M, A, A, u, |5 5[ ] oo-

(ii). Let p;; > 1 for each i and j, and sup p;; < co. Let

x = (x;;) € [No, ., Z, M, A, A}, u,

ye e

. ]oo'

Then for each 0 < € < 1 there exists a positive integer N such that

[

supi ¥ M| F0 o) <e<t foralings

r,$ r,s (i’j)elns

This implies that

ol | e
o B,

Therefore, x = (xi;) € [Ng, ,Z, M, A, A}, p,u,

]oo . This completes the proof.
0O

rs? ""’|

3.5. Theorem. Let M" = (M};) and M" = (M]}) be two sequences of Orlicz functions.
Then we have

[No,» Z, M A N pots [ 5o ] 0 [No, o Z, M A A pots |||l
c [No, Z, M+ M", A, A potty o]

oo

Proof. Let
x = (xij) € [No,,» Z, M, A, A, potts | 5[ ]eoN[No, ,» Z, M, A AL Dyt |5+ ] oo
Then
1 AN v pij
sup Z M;j[uij(Hw,zl,...,zn,IH)] "< oo for some p; > 0

rs s (i,))el, P1
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and

sup > M,’;[M,J(H%,

s s (i,5)el, P2

pij
zl,...,zn_IH)] < oo for some p; > 0.

Let p = max{pj, p}. We have

sup 0t b [ )]

r,$ r,s (i>j)61r,s

1 , AijAnvij by
cp S (| )]
rs s (i,j)el,, P
A AN v Pij
" ijBmVij
cop s T (|25 )
rs s (i,j)el,, P
AN v pij
< Dsup > Ml{j[uij(Hw,Z], :Zn—IH)]
r,s 7,8 (l',j)EIy,s Pl
1 ANy pij
+ Dsup > M,{;[uij(Hw,zl,...,zn_IH)] < 0.
r,$ 7,8 (,-,j)dm PZ

Therefore, x = (x;;) € [Ny, , Z, M" + M", A, A}, p,u, |- ...,+|]oo. This completes the
proof. O

rs?

3.6. Theorem. Let M = (M;;) be a sequence of Orlicz functions, p = (pi;) a bounded
double sequence of positive real numbers, and u = (u;;) a double sequence of strictly positive
real numbers. Then

(0) [No,., Z, M, A AL poths [ -oe[]o © [No, o 2, MO A AL pots [ ] oo
(i) [No,,, Z, M, A AL, pots |50 [] € [No, 2, ML A AL Dot |55 ]oo

Proof. The proof is easy, hence it will be omitted. O

3.7. Theorem. The double Zweier sequence space [Ny, , Z, M, A, Ay, p,u, || ..., ]oo is
solid.

Proof. Suppose x = (x;j) € [Ny, ,Z, M, A, A}, p, u,

]oo. Then

“ye e

1

2 | )] <o torsomep o

sup
r,s hT,S (i)j)elr,s

Let (a;;) be a double sequence of scalars such that |«;;| < 1for all i, j € N. Then we get

sup Z Mij[uij(“%,zl,...,znIH)]pij

r,s r,s (i,j)ely’s
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1 A AN v Pij
<sup Z Mijl:uij(“%le,---,Zn—lH)] ' < oo.
r,s

frss (i jyer.,
This completes the proof. O
3.8. Theorem. The double Zweier sequence space [Ng, ., Z, M, A, Al p,u, |- .| ]oo is
monotone.
Proof. The proof is trivial and will be omitted. O

3.9. Theorem. The double Zweier sequence spaces

“ye e

[No,.. Z, M, A, A}, p,u, lo [N, 2, M, A A, p,u, IR
[Noo» Z, My A A potts [0l and [W2Z, ML A A potts [0 ]

are linearly isomorphic to the double sequence spaces

[No,,, M, A, A potts [0 ]
[No,,, M, A, A}, pu, |

o [No, ., M, A, A, potts [ e
]oo and [WZ,M,A,A:,Z,p,MJ

)

respectively, i.e.,
(i) [Ne,,,Z, M, A Ay, potty |- Jo ~ [Ne,,» My A AL pous |5l o,
(i) [Ny, ., Z, M, A, AL, pouts | s||] = [Ng, » M, A AL potty |05 []

(iii) [Ne,,,Z, M, A, AL, pott |5 [Joo ® [No, ., M, A AL Doy ||
(iv) [WHZ, M, A AN potty |osenns| ] & [WH M A A o |- ...l

Proof. We consider only [Ny, ,Z, M, A, A}, p,u,|-...,-|]o. We should show the exi-
stence of a linear bijection between the double sequence spaces

Joos

rs?

[Ne,..Z, M, A, A}, pyu,

r,s2 3000 ey

|, and [Ne,,M,A A, pu,

lo-
Consider the transformation Z

[No,.. Z, M, A, A}, p,u,

1], = [No,.o M, A, ALy, pyu,

Jo

r,s? 200

given by

x> Zx=v, v=(vij)

and

v,-j=%(x,-j+x,-j,1) (l,_]EN)
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The linearity of Z is clear. Further, it is trivial that x = 0 whenever Zx = 0, hence Z
is injective. Let v = (v;;) € [Ne, ., M, A, A}, p,u, || ...,-|]o and define the sequence
x = (xij) by

j .
Xij=2 Z(—l)l_kvik, ieN.
k=0
Then

%0t 2 M, 4,800 oo 10

ANt Y(xii+ xi500) Pij

J7mp\"] ij-1 J

= sup E M,»j[u,»j(H ,Zl,...,Zn_IH):I
rs Mrs (i,j)el,, P

1’5 (i,gezl,,s Mij[uij(H (AijAnm%(Z Z;)(_l)j_k"ik

= sup 2
j1 4 bi
£2 3 (D50 () 212 )
k=0

R

which implies that x = (x;;) € [Ny, , Z, M, A, A}, p,u, |-, ..., -||]o. Additionally, we ob-
serve that | x| [(Noy o ZMAAL Do oo = HV”[Ne,,s,M,A,A;’,,,p,u,l\-,...,‘H]m- Thus the transfor-
mation Z is surjective. Hence Z is a linear bijection which means that the double sequence
spaces

[Ne, » Z, M, A, AL, pstts |50 Jo and  [Ng, , ML, A AL pous .05 o

are linearly isomorphic. The other linear isomorphisms can be proved similarly. This com-
pletes the proof. O

3.10. Theorem. Let 0, ; be a double lacunary sequence. Then
(1) [WZ)Z)M)A) A:ln)p> u, H)) :| c [N@r’s,Z,M,A, A:ln)p) u,
if liminf g, > 1 and liminf g > 1;
(11) [NG,)S)Z)MaAa A:IWP; u, H’ .o )”] c [Wz)Za M)A) A:,l/pp; u, Ha .. )”]
if lim sup g, < oo and lim sup g; < oo;
(iii) [N, Z, M, A AL, potty .1 = [WR Z, M A AL Doy [ se[]
if 1<liminf g, < co and 1 < limsup g, < oo.

Seeell]
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Proof. (i). Suppose that liminf ¢, > 1 and liminf g, > 1. Then there exists § > 0 such that

T T it 7 1= ) <

T (e &
:ﬁggmwmﬁ%¥i@m@wW“
e S [P )]
e S )
S 2 S| )]
O [ SN )
Al (S S ([ e )])
—%j;%ﬁgmwmﬂ%lﬁmMMM“
R e XA (s CeC )

Since x = (x;;) € [W%,Z, M, A, A}, p,u, |-...,|] the last two terms tend to zero in the
Pringsheim sense. Thus

o= (B S |2 )]
_k I;ll —1(k _111 - ki; :Mj[u,-j(”A JAnmPV"J L z z _1H)] ) +0(1)
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Hence the terms

and

kr* lsf .. v — ii
e (o £ S| e )])

are both Pringsheim null sequences. Thus B, ; is a Pringsheim null sequence. Therefore,
x = (xij) € [No, ., Z, M, A, A potty [+ ]]-
(ii). Suppose that limsup g, < oo and limsupg; < oo, then there exists K > 0 such that
gr < K, q; < Kforall rand s. Let x = (x;;) € [Ng,,Z, M, A A}, p,u, ] and
€ > 0. Also there exist ry > 0 and s > 0 such that for every k > rg and [ > s
1 Ai'An ‘V,"—L Pij
B;(l:_ Z Ml] Ujj L,Zl,...,zn_l <E.
ey o, Ml )
Let N = max{B; ; :1 < k <rgpand1 < I < 5o} and p and q be such that k, ; < p <
k, and [;_; < q < I;. Then we obtain the following

EEEEEN

1 P4 A A"y — L pij
o7, 2 Milus(| ===
P4 i3 P
1 kr s A,"An ‘V,"—L Pij
S M[u HL)ZI)"')Z _IH ]
ol 2 M i P =)
1 L AN v;i— L pij
o 2l 2 ([ FE R a1
r=1%=1 pog=L1 (i,j)elpq P
1 e , 1 ,
= ko 11 Z hP’qu,q + ko 1l Z hP:‘ZBp,q
r=1ts—1 p,g=1,1 r—1ks—1 (ro<p<r)u(so<qs<s)
N e 1 ,
Skl Mot "B
r=1ts=1 p,g=1,1 r=1%5=1 (ro<p<r)u(so<qs<s)
Nk, s, 1os 1
g 0% sup B;)q)— hp.q
kr—lls—l (pzro)u(gzso) kT—llS—l (ro<p<r)u(so<qss)
< Nk,»olSOTOS() ‘e 1 hp’q
kr—lls—l kr—lls—l (fo<P$f)U(So<q<$)
< NkrOZSOT’OS() +€K2.
krfllsfl

Since k, and I; both approach infinity as both r and s approach infinity, it follows that

Pt 58 (| )] o
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].

(iii). Combining (i) and (ii), we can easily prove (iii). O

s

Therefore, x = (x;;) € [W?, Z, M, A, A%, p, u,

3.11. Example. Suppose liminf, g, = 1 or liminf g; = 1, and assume without loss of ge-

nerality that liminf, g, = 1 [9]; then there exists an ordinary subsequence {kq,} of the
ke, ka1
J

i 1 s i ; :
o1 <1+ j and Fo 1 > j, where a; > aj; + 2. Let us

lacunary sequence 6, such that
define x as follows:
v - {1, ificl, andjeN

0, otherwise.

Then clearly the rows are not in [Ny, , Z, M, A, A}, p, u, |-, ..., -||] but each row is such
that x is in |o1,1| where |o11] = {x : P = limy, » - 31, Y lxi,j — L| = 0 for some L}.
Therefore, each row is in [W?, Z, M, A, A", p, u,
sequence 0, ; is factorable, we have

]. Since the double lacunary

EXEEEN

[W?,Z, M, A, A}, pou,

] ¢ [Ner,s’Z’M’A7 A:ln: p, u,

"y e ey “ye ey ].

4. Lacunary Zweier statistical convergence sequence space
The following definition was presented by Mursaleen and Edely in [5]:

4.1. Definition. A real double sequence x = (x;;) is said to be statistically convergent to
L, provided that for each € > 0

1
P-lim—|{(i,j):i<m,j<n, and |x;j— L| > €}| =0
m,n mmn
where the vertical bars indicate the number of elements in the enclosed set. In this case
we write st; — lim;; x;; = L and we denote the set of all P statistically convergent double
sequences by st,.

4.2. Remark.

(i) Ifxisaconvergent double sequence, then x is also statistically convergent to the same
number. Since there is only a finite number of bounded (unbounded) rows and/or
columns,

K(m,n) < sym + syn,

where s; and s, are finite numbers, from which one concludes that x is statistically
convergent.

(ii) If x is statistically convergent to the number L, then L is determined uniquely.
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(iii) Ifx is statistically convergent, then x need not be convergent. Also x is not necessarily
bounded. For example, let x = (x;;) be defined as

{i j, if i and j are squares
x']‘ =

1, otherwise.

It is easy to see that st; —lim x;; = 1, since the cardinality of the set { (i, j) :[x; ; —1| >
e} <Vi \/3 for every € > 0 but x is neither convergent nor bounded.

Recently, in [27], Savas defined double lacunary statistical convergence as follows:

4.3. Definition. A real double sequence x = (x;;) is said to be Sy, -convergent to L, pro-
vided that for each e > 0

.1 -
Potim o {(i) € I iy = L > €} 0.

4.4. Definition. A real double sequence x = (x;;) is said to be double lacunary Zweier
statistical convergent to L provided that for each € > 0

P - lim %)J{(i,j) €l :|vij—L|>ef|=0
where v;; is of the form (1).
4.5. Theorem. Let 0, ; be a double lacunary sequence. If
xij = L([No,., Z, A, A%,

1D-

S

1D

“ye e

then x;j — L([Se, ., Z, A, AlL,

rs?

ye ey ”

Proof. Ife > 0 and x;; — L([Ny, ., Z, A, A}, |-
{(l,])‘|A,]AZ1%(X,] +Xi]’_1) —L,Zl,...,Zn_lu > E}

|]) then we can write, where S(¢) =

1

”‘ii‘A:‘nli' L’Zl""’Zn—IH
8 (i,j)elrs

1
Zh > |AijALvii - Loz, za|

rS (i,j)el,,snS(e)

Ly, \
>+ {(z,J) €l |AijALvii—Lzi,. .. 20| > €}|

r,s
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It follows that x;; — L([Se,,,Z, A, A}, |- 1), that is, [Ny, ., Z, A, A%, ] c
[Se,,»Z, A, A%, || ..., ] and the inclusion is strict. To show the latter, we establish an
example as follows.

rs?

4.6. Example. Let v;; be of the form (1) and defined as follows:

1 2 3 . [¥/hes] 0 0
2 2 3 . [¥/hs] 0 0
T /] [ [/h.] 0 0

(=)
o
- O
(=)
o

It is clear that x = (x;;) is an unbounded double sequence. By taking A = (C,1,1), n = 0,
for € > 0 and for every zy, ..., z,-1 € X we have

1

P-1li
im -

r,s

{(i,j) €Lgt ALY~ Lziy. .. Zu| 2 e}‘ = P-lim

r,s

Therefore, x;; - 0([Sq, > Z, A, Ap, |- ...,-[|]]). But

¥ hrs \3/ hrs \3/ hrs +1 1
P-lim Z |‘AijA21Vij’zl" -->Zn—lH = P-li [ : ]([ 2}4]([ : ] )) = E
[ [ rs

1S (i,j)els

Therefore x;; + 0([Ng, ., Z, A, A}, |- ...,-[]). This completes the proof.

rs?

4.7. Theorem. Let 0, be a double lacunary sequence. If x = (x;j) € 12, and Xij —
L([Se,,» Z, A, ALy |- o0 []), then xij — L([Ny, ., Z, A, AL, |- . .5 []).

s>

Proof. Suppose that x = (x;;) € IZ. Then there exists a positive integer K such that
|AijAhvii = L,z1,...,2a-| < K for all i, j € N. For every e > 0 we have, where as be-
fore S(e) = {(i, )+ |AijAp2(xij + xij) = Loz1,...» 2| > €} and S'(e) = {(i, ) :
A AR S (xij+Xijo1) = Liz1, ..o s Zaa | <€}

P -1lim

r,s

Y. AiAyvii— Loz, ze|

S (i,j)elrs

1

= h Z HAl'jAZ/lvij_L>Z1,-.-,Zn,1H
ns (i,j)elnS(e)

1

+

Z ”AijA:ln‘Vij—L,Zl,...,Zn_1H
S (i,j)el,,snS’ (&)
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K
< h—‘{(i,j) €Ls: A ALY = L2ty s zp| > e}‘ +e.
r,s

Therefore, x = (x;;) € IZ and x;; > L([Sy, ., Z, A, AL, | .., ]) implies

xij > L([No,..» Z, A, A, [ 7[11)-

O
4.8. Corollary. Let 0, ; be a double lacunary sequence. Then
[No,» Zo A, Al s | ] 012 = [S6,00 2o As Ay [ o] N 12,
Proof. It follows directly from Theorem4.5 and Theorem 4.7. O

4.9. Theorem. For any sequence of Orlicz functions M, [Ny, ,Z, M, A, A}, |- ....-|] c
(0,00 20 A Al [

Proof. Letx = (xij) € [No,., Z, M, A, A%, |- ...,-||]. Thenfore > 0andall z;,..., 2,1 €
X, where as before S(&) = {(i, ) : |AijAR 3 (xij + xij<1) = Ly z1, ..., 2o || 2 €}

ANl vii— L
o B [
ANt vii—L
’ hi’s (i,j)EI,,snS(f\)/Iij[H % e ’Z”‘IH]
> iMij(g)H(i,]’) €l s [AijARvii—Lizi, .. Zpa| 2 e}’
This shows that

e

x = (xi;) € [Se,,» Z, A, A},
O
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