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Some generalized double lacunary Zweier convergent sequence

spaces

Kuldip Raj and Suruchi Pandoh

Summary.We introduce generalized double lacunary Zweier convergent

sequence spaces over n-normed spaces via a sequence of Orlicz functions.

We alsomake an e×ort to study some topological properties and inclusion

relations between these spaces. Furthermore, we study the concept of

double lacunary statistical Zweier convergence over n-normed spaces.
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1. Introduction and Preliminaries

In [15], Hardy introduced the concept of a regular convergence for double sequences. So-

me important work on double sequences was also done by Bromwich [2]. By convergence

of a double sequence we mean the convergence in the Pringsheim sense, i.e., a double

sequence x = (x i j) has a Pringsheim limit L provided that given є > 0 there exists n ∈ N
such that ∣x i j − L∣ < є whenever i , j > n [21] (this is denoted by P − lim x = L). In case

L = 0, we say that the double sequence x = (x i j) is a Pringsheim null sequence.
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Fe double sequence x = (x i j) is bounded if there exists a positive integer K such

that ∣x i j ∣ < K for all i and j. We denote by l 2∞ the space of all bounded double sequences.

1.1. Definition.[25]Fe double sequence Ir ,s = {(kr , ls)} is called double lacunary if there

exist two increasing integer sequences (kr) and (ls) such that

k0 = 0, hr = kr − kr−1 →∞ as r →∞

and

l0 = 0, hs = ls − ls−1 →∞ as s →∞.

Let kr ,s = kr ls , hr ,s = hrhs , and let θr ,s be determined by

Ir ,s = {(k, l) ∶ kr−1 < k ⩽ kr and ls−1 < l ⩽ ls},

qr =
kr

kr−1
, qs =

ls

ls−1
and qr ,s = qrqs .

1.2. Definition. An Orlicz function M∶ [0,∞) → [0,∞) is a continuous, non-decreasing

and convex function such that M(0) = 0,M(x) > 0 for x > 0, andM(x) → ∞ as x →∞.

If convexity of an Orlicz function is replaced by M(x + y) ⩽ M(x) + M(y), then this

function is called a modulus function.

Lindenstrauss and Tzafriri [17] used the idea of Orlicz to define the sequence space,

ℓM = {x = (xk) ∈ w ∶
∞

∑
k=1

M(
∣xk ∣

ρ
) < ∞ for some ρ > 0}

which is known as an Orlicz sequence space. Fe space ℓM is a Banach space with the

norm

∥x∥ = inf{ρ > 0 ∶
∞

∑
k=1

M(
∣xk ∣

ρ
) ⩽ 1}.

It was shown in [17] that every Orlicz sequence space ℓM contains a subspace isomorphic

to ℓp(p ⩾ 1). An Orlicz function M can always be represented in the following integral

form

M(x) = ∫
x

0

η(t)dt,

where η, known as the kernel ofM , is right di×erentiable for t ⩾ 0, non-decreasing, η(0) =

0, η(t) > 0, and η(t) → ∞ as t →∞.

Fe notion of di×erence sequence spaces was introduced by Kızmaz [16] who studied

the di×erence sequence spaces l∞(∆), c(∆) and c0(∆). Fe notion was further generali-

zed by Et and Çolak [8] by introducing the spaces l∞(∆n), c(∆n) and c0(∆
n). Let w
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denote the set of all real or complex sequences and let m, n be non-negative integers. For

the sequence spaces Z = c, c0 and l∞, we have sequence spaces

Z(∆n
m) = {x = (xk) ∈ w ∶ (∆n

mxk) ∈ Z},

where ∆
n
mx = (∆n

mxk) = (∆n−1
m xk − ∆

n−1
m xk+m) and ∆0

mxk = xk for all k ∈ N, which is

equivalent to the following binomial representation

∆
n
mxk =

n

∑
v=0

(−1)v(n
v
)xk+mv .

Taking m = 1, we get the spaces l∞(∆n), c(∆n) and c0(∆
n) studied by Et and Çolak [8].

Taking m = n = 1, we get the spaces l∞(∆), c(∆) and c0(∆) introduced and studied by

Kizmaz [16]. Similarly, we can define di×erence operators on double sequence spaces as:

∆xk , l = (xk , l − xk , l+1) − (xk+1, l − xk+1, l+1)

= xk , l − xk , l+1 − xk+1, l + xk+1, l+1 ,

∆
nxk , l = ∆

n−1xk , l − ∆
n−1xk , l+1 − ∆

n−1xk+1, l + ∆
n−1xk+1, l+1

and

∆
n
mxk , l = ∆

n−1
m xk , l − ∆

n−1
m xk , l+1 − ∆

n−1
m xk+1, l + ∆

n−1
m xk+1, l+1 .

For more details about sequence spaces, see [1, 22, 23] and references therein.

1.3. Definition.A sequenceM= (Mk) of Orlicz functions is said to be aMusielak–Orlicz

function (see [18, 20]). A sequenceN = (Nk) defined by

Nk(v) = sup{∣v∣u −Mk(u) ∶ u ⩾ 0}, k ∈ N

is called a function complementary to the Musielak–Orlicz function (Mk). For a given

Musielak–Orlicz functionM, the Musielak-Orlicz sequence space tM and its subspace

hM are defined as follows

tM = {x ∈ w ∶ IM(cx) < ∞ for some c > 0},

hM = {x ∈ w ∶ IM(cx) < ∞ for all c > 0},

where IM is a convex modular defined by

IM(x) =
∞

∑
k=1

Mk(xk), x = (xk) ∈ w .

We consider tM equipped with the Luxemburg norm

∥x∥ = inf{k > 0 ∶ IM(
x

k
) ⩽ 1}
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or with the Orlicz norm

∥x∥0 = inf{ 1

k
(1 + IM(kx)) ∶ k > 0}.

A Musielak–Orlicz functionM = (Mk) is said to satisfy the ∆2-condition if there exist

constants a,K > 0 and a sequence c = (ck)
∞
k=1 ∈ l 1+ (the positive cone of l 1) such that the

inequality

Mk(2u) ⩽ KMk(u) + ck

holds for all k ∈ N and u ∈ R+
such that Mk(u) ⩽ a.

1.4. Definition. Let X be a linearmetric space. A function p∶X → R is called a paranorm if

(i) p(x) ⩾ 0 for all x ∈ X;

(ii) p(−x) = p(x) for all x ∈ X;

(iii) p(x + y) ⩽ p(x) + p(y) for all x , y ∈ X;

(iv) if (λn) is a sequence of scalars with λn → λ as n → ∞ and (xn) is a sequence of

vectors with p(xn − x) → 0 as n →∞, then p(λnxn − λx) → 0 as n →∞.

A paranorm p for which p(x) = 0 implies x = 0 is called a total paranorm and the pair

(X , p) is called a total paranormed space. It is well known that the metric of any linear

metric space is given by some total paranorm (see [29, Feorem 10.4.2, pp. 183]).

1.5. Definition.A sequence space E is said to be solid (or normal) if (αkxk) ∈ E whenever

(xk) ∈ E for all sequences (αk) of scalars with ∣αk ∣ < 1.

1.6. Definition.A sequence space E is said to be symmetric if (xk) ∈ E implies (xπ(k)) ∈ E,

where π is a permutation of N.

1.7. Definition. A sequence space E is said to be sequence algebra if (xk yk) ∈ E whenever

(xk), (yk) ∈ E .

1.8. Definition. A sequence space E is said to be convergence free if (yk) ∈ E whenever

(xk) ∈ E and xk = 0 implies yk = 0.

1.9. Definition. Let K = {k1 < k2 < . . . } ⊂ N and let E be a sequence space. A K-step

space of E is a sequence space λEK = {(xkn) ∈ w ∶ (xk) ∈ E}.

1.10. Definition. Fe canonical preimage of a sequence (xkn) ∈ λ
E
K is a sequence (yk) ∈ w

defined by

yk =

⎧⎪⎪
⎨
⎪⎪⎩

xk , if k ∈ K ,

0, otherwise.
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Fe canonical preimage of a step space λEK is the set of canonical preimages of all the

elements in λEK , that is, y is in the canonical preimage of λEK if and only if y is a canonical

preimage of some x ∈ λEK .

1.11. Definition. A sequence space E is said to be monotone if it contains the canonical

preimages of its step spaces.

Fe concept of 2-normed spaces was initially developed by Gähler [10] in mid-1960s,

while that of n-normed spaces one can trace back to Misiak [19]. Since then many other

authors have studied this concept and obtained various results, see Gunawan [11, 12] and

Gunawan and Mashadi [13]. Let n ∈ N and let X be a real linear space of dimension d,

where d ⩾ n ⩾ 2. A real-valued function ∥⋅,⋯, ⋅∥ on Xn
satisfying the following four

conditions:

(i) ∥x1 , x2 , . . . , xn∥ = 0 if and only if x1 , x2 , . . . , xn are linearly dependent in X,

(ii) ∥x1 , x2 , . . . , xn∥ is invariant under permutation,

(iii) ∥αx1 , x2 , . . . , xn∥ = ∣α∣∥x1 , x2 , . . . , xn∥ for any α ∈ R,
(iv) ∥x + x′, x2 , . . . , xn∥ ⩽ ∥x , x2 , . . . , xn∥ + ∥x′, x2 , . . . , xn∥

is called an n-norm on X and the pair (X , ∥⋅, . . . , ⋅∥) is called an n-normed space over the

field R.
For example, we may take X = Rn

equipped with the n-norm ∥x1 , x2 , . . . , xn∥E , i.e.

the volume of the n-dimensional parallelopiped spanned by the vectors x1 , x2 , . . . , xn

which may be given explicitly by the formula

∥x1 , x2 , . . . , xn∥E = ∣det(x i j)∣,

where x i = (x i1 , x i2 , . . . , x in) ∈ Rn
for each i = 1, 2, . . . , n. Let (X , ∥⋅, . . . , ⋅∥) be an

n-normed space of dimension d ⩾ n ⩾ 2 and {a1 , a2 , . . . , an} a linearly independent

set in X. Fen the function ∥⋅, . . . , ⋅∥∞ on Xn−1
given by

∥x1 , x2 , . . . , xn−1∥∞ = max{∥x1 , x2 , . . . , xn−1 , a i∥ ∶ i = 1, 2, . . . , n}

defines an (n − 1)-norm on X with respect to {a1 , a2 , . . . , an}.

A sequence (xk) in a n-normed space (X , ∥⋅, . . . , ⋅∥) is said to converge to some L ∈ X

if

lim
k→∞

∥xk − L, z1 , . . . , zn−1∥ = 0 for every z1 , . . . , zn−1 ∈ X .

A sequence (xk) in a n-normed space (X , ∥⋅, . . . , ⋅∥) is said to be Cauchy if

lim
k ,p→∞

∥xk − xp , z1 , . . . , zn−1∥ = 0 for every z1 , . . . , zn−1 ∈ X .
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If every Cauchy sequence in X converges to some L ∈ X, then X is said to be complete

with respect to the n-norm. A complete n-normed space is said to be an n-Banach space.

For more details on n-normed spaces, see [14, 24] and references therein.

2. Lacunary strongly Zweier convergent sequence spaces

Zweier sequence spaces for single sequences were defined and studied by Şengönül [28],

Esi and Sapsızoğlu [6], Khan et. al [3, 4]. Esi and Acikgoz [7] define the double Zweier

sequence spaces [W2
, Z], [Nθ r ,s , Z]0, [Nθ r ,s , Z] and [Nθ r ,s , Z]∞ as the set of all double

sequences such that their Z−transforms are in [W2], [Nθ r ,s ]0, [Nθ r ,s ] and [Nθ r ,s ]∞, which

were introduced by Savaş in [27], Savaş and Patterson in [26].

We define the double sequence v = (v i j) andw = (w i j)which will be used througho-

ut the paper, as Z−transform of x = (x i j) and y = (y i j), respectively, i.e.,

v i j =
1

2
(x i j + x i j−1) and w i j =

1

2
(y i j + y i j−1), i , j ∈ N. (1)

Let A = (ars i j) be a nonnegative bounded regular matrix of complex numbers. We write

Ax = (A i j(x)) = ∑
∞
r ,s=1 ars i j(x i j) converges for each i , j.

Let (X , ∥⋅, . . . , ⋅∥) be an n-normed space and let W(n − X) denote the space of

X-valued sequences. LetM= (M i j) be a Musielak-Orlicz function, A = (ak l i j) a nonne-

gative four-dimensional bounded regular matrix, p = (p i j) a bounded double sequence

of positive real numbers, and u = (u i j) a double sequence of strictly positive real numbers.

In the present paper we introduce new double Zweier sequence spaces as follows:

[Nθ r ,s , Z ,M,A, ∆n
m , p, u, ∥⋅, . . . , ⋅∥]0 =

{x = (x i j) ∶ P − lim
r ,s

1

hr ,s
∑

(i , j)∈Ir ,s

M i j[u i j(∥
A i j∆

n
mv i j

ρ
, z1 , . . . , zn−1∥)]

p i j
= 0

for some ρ > 0},

[Nθ r ,s , Z ,M,A, ∆n
m , p, u, ∥⋅, . . . , ⋅∥] =

{x = (x i j) ∶ P − lim
r ,s

1

hr ,s
∑

(i , j)∈Ir ,s

M i j[u i j(∥
A i j∆

n
mv i j − L

ρ
, z1 , . . . , zn−1∥)]

p i j
= 0

for some L and ρ > 0},

[Nθ r ,s , Z ,M,A, ∆n
m , p, u, ∥⋅, . . . , ⋅∥]∞ =

{x = (x i j) ∶ sup

r ,s

1

hr ,s
∑

(i , j)∈Ir ,s

M i j[u i j(∥
A i j∆

n
mv i j

ρ
, z1 , . . . , zn−1∥)]

p i j
< ∞

for some ρ > 0},
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and

[W2
, Z ,M,A, ∆n

m , p, u, ∥⋅, . . . , ⋅∥] =

{x = (x i j) ∶ P − lim
m ,n

1

mn

m ,n

∑
i , j=1,1

M i j[u i j(∥
A i j∆

n
mv i j − L

ρ
, z1 , . . . , zn−1∥)]

p i j
= 0

for some L and ρ > 0}.

2.1. Remark. Let us consider a few special cases of the above sequence spaces:

(i) IfM i j(x) = x for all i , j ∈ N, then the above sequence spaces reduce to

[Nθ r ,s , Z ,A, ∆
n
m , p, u, ∥⋅, . . . , ⋅∥]0 , [Nθ r ,s , Z ,A, ∆

n
m , p, u, ∥⋅, . . . , ⋅∥],

[Nθ r ,s , Z ,A, ∆
n
m , p, u, ∥⋅, . . . , ⋅∥]∞ and [W2

, Z ,A, ∆n
m , p, u, ∥⋅, . . . , ⋅∥].

(ii) By taking (p i j) = 1 for all i , j ∈ N, the above spaces become

[Nθ r ,s , Z ,M,A, ∆n
m , u, ∥⋅, . . . , ⋅∥]0 , [Nθ r ,s , Z ,M,A, ∆n

m , u, ∥⋅, . . . , ⋅∥],

[Nθ r ,s , Z ,M,A, ∆n
m , u, ∥⋅, . . . , ⋅∥]∞ and [W2

, Z ,M,A, ∆n
m , u, ∥⋅, . . . , ⋅∥].

(iii) By taking (u i j) = 1 for all i , j ∈ N, we get

[Nθ r ,s , Z ,M,A, ∆n
m , p, ∥⋅, . . . , ⋅∥]0 , [Nθ r ,s , Z ,M,A, ∆n

m , p, ∥⋅, . . . , ⋅∥],

[Nθ r ,s , Z ,M,A, ∆n
m , p, ∥⋅, . . . , ⋅∥]∞ and [W2

, Z ,M,A, ∆n
m , p, ∥⋅, . . . , ⋅∥].

(iv) If we take M i j(x) = x, (p i j) = 1, (u i j) = 1 for all i , j ∈ N, then the above sequence

spaces reduce to

[Nθ r ,s , Z ,A, ∆
n
m , ∥⋅, . . . , ⋅∥]0 , [Nθ r ,s , Z ,A, ∆

n
m , ∥⋅, . . . , ⋅∥],

[Nθ r ,s , Z ,A, ∆
n
m , ∥⋅, . . . , ⋅∥]∞ and [W2

, Z ,A, ∆n
m , ∥⋅, . . . , ⋅∥].

(v) If we take A = (C , 1, 1),M i j(x) = x, (p i j) = 1, (u i j) = 1 for all i , j ∈ N and n = 0, then

the above spaces reduce to

[Nθ r ,s , Z , ∥⋅, . . . , ⋅∥]0 , [Nθ r ,s , Z , ∥⋅, . . . , ⋅∥],

[Nθ r ,s , Z , ∥⋅, . . . , ⋅∥]∞ and [W2
, Z , ∥⋅, . . . , ⋅∥].

(vi) Finally, if we take (p i j) = 1, (u i j) = 1 for all i , j ∈ N, then the above spaces reduce to

[Nθ r ,s , Z ,M,A, ∆n
m , ∥⋅, . . . , ⋅∥]0 , [Nθ r ,s , Z ,M,A, ∆n

m , ∥⋅, . . . , ⋅∥],

[Nθ r ,s , Z ,M,A, ∆n
m , ∥⋅, . . . , ⋅∥]∞ and [W2

, Z ,M,A, ∆n
m , ∥⋅, . . . , ⋅∥].
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Fe following inequality will be used throughout the paper. If 0 ⩽ p i j ⩽ sup p i j = G,

D = max(1, 2G−1), then

∣a i j + b i j ∣
p i j ⩽ D(∣a i j ∣

p i j + ∣b i j ∣
p i j) (2)

for all i , j ∈ N and a i j , b i j ∈ C. Also ∣a∣p i j ⩽ max(1, ∣a∣G) for all a ∈ C.
Fe main purpose of this paper is to introduce double lacunary Zweier strongly co-

nvergent sequence spaces over n-normed spaces and study various properties of these

spaces, like linearity, existence of a paranorm, solidity, monotonicity, etc. Some inclusion

relations between these spaces are also established. Finally, we study the concept of the

double lacunary Zweier statistical convergence over n-normed spaces.

3. Main Results

3.1. Feorem. LetM = (M i j) be a sequence of Orlicz functions, p = (p i j) any bounded

double sequence of positive real numbers and u = (u i j) a double sequence of strictly positive

real numbers. Fen the double Zweier sequence spaces

[Nθ r ,s , Z ,M,A, ∆n
m , p, u, ∥⋅, . . . , ⋅∥]0 , [Nθ r ,s , Z ,M,A, ∆n

m , p, u, ∥⋅, . . . , ⋅∥],

[Nθ r ,s , Z ,M,A, ∆n
m , p, u, ∥⋅, . . . , ⋅∥]∞ and [W2

, Z ,M,A, ∆n
m , p, u, ∥⋅, . . . , ⋅∥]

are linear spaces over the field R of real numbers.

Proof. Let x = (x i j), y = (y i j) ∈ [Nθ r ,s , Z ,M,A, ∆n
m , p, u, ∥⋅, . . . , ⋅∥]∞, and α, β ∈ R.

Fen there exist positive real numbers ρ1 , ρ2 such that

sup

r ,s

1

hr ,s
∑

(i , j)∈Ir ,s

M i j[u i j(∥
A i j∆

n
mv i j

ρ1
, z1 , . . . , zn−1∥)]

p i j
< ∞

sup

r ,s

1

hr ,s
∑

(i , j)∈Ir ,s

M i j[u i j(∥
A i j∆

n
mw i j

ρ2

, z1 , . . . , zn−1∥)]
p i j

< ∞.

Let ρ3 = max(2∣α∣ρ1 , 2∣β∣ρ2). Since M i j ’s are non-decreasing and convex, by inequality

(2), we have

sup

r ,s

1

hr ,s
∑

(i , j)∈Ir ,s

M i j[u i j(∥
A i j∆

n
m(αv i j + βw i j)

ρ3

, z1 , . . . , zn−1∥)]
p i j

⩽ sup

r ,s

1

hr ,s
∑

(i , j)∈Ir ,s

M i j[u i j(∥
A i j∆

n
mαv i j

ρ3

, z1 , . . . , zn−1∥)

+ u i j(∥
A i j∆

n
mβw i j

ρ3

, z1 , . . . , zn−1∥)]
p i j



Zweier convergent sequence spaces 193

⩽ D sup

r ,s

1

hr ,s
∑

(i , j)∈Ir ,s

1

2
p i j

M i j[u i j(∥
A i j∆

n
mv i j

ρ1
, z1 , . . . , zn−1∥)]

p i j

+ D sup

r ,s

1

hr ,s
∑

(i , j)∈Ir ,s

1

2
p i j

M i j[u i j(∥
A i j∆

n
mw i j

ρ2

, z1 , . . . , zn−1∥)]
p i j

⩽ D sup

r ,s

1

hr ,s
∑

(i , j)∈Ir ,s

M i j[u i j(∥
A i j∆

n
mv i j

ρ1
, z1 , . . . , zn−1∥)]

p i j

+ D sup

r ,s

1

hr ,s
∑

(i , j)∈Ir ,s

M i j[u i j(∥
A i j∆

n
mw i j

ρ2

, z1 , . . . , zn−1∥)]
p i j

< ∞.

Fus αx + βy ∈ [Nθ r ,s , Z ,M,A, ∆n
m , p, u, ∥⋅, . . . , ⋅∥]∞. Fis proves that

[Nθ r ,s , Z ,M,A, ∆n
m , p, u, ∥⋅, . . . , ⋅∥]∞

is a linear space. Similarly we can prove that

[Nθ r ,s , Z ,M,A, ∆n
m , p, u, ∥⋅, . . . , ⋅∥]0 , [Nθ r ,s , Z ,M,A, ∆n

m , p, u, ∥⋅, . . . , ⋅∥]

and [W2
, Z ,M,A, ∆n

m , p, u, ∥⋅, . . . , ⋅∥]

are linear spaces.

3.2. Feorem. Let M = (M i j) be a sequence of Orlicz functions, p = (p i j) a bounded

double sequence of positive real numbers, and u = (u i j) a double sequence of strictly positive

real numbers.Fen the double Zweier sequence space [Nθ r ,s , Z ,M,A, ∆n
m , p, u, ∥⋅, . . . , ⋅∥]∞

is a paranormed space with the paranorm defined by

g(x) = inf{(ρ)
pi j
H ∶ sup

r ,s

1

hr ,s
∑

(i , j)∈Ir ,s

M i j[u i j(∥
A i j∆

n
mv i j

ρ
, z1 , . . . , zn−1∥)]

pi j
H
⩽ 1,

for some ρ > 0},

where 0 < p i j ⩽ sup p i j = G and H = max(1,G).

Proof. (i) Clearly, g(x) ⩾ 0 for x = (x i j) ∈ [Nθ r ,s , Z ,M,A, ∆n
m , p, u, ∥⋅, . . . , ⋅∥]∞. Since

M i j(0) = 0, we have g(0) = 0.

(ii) g(−x) = g(x).

(iii) Let x = (x i j) and y = (y i j) ∈ [Nθ r ,s , Z ,M,A, ∆n
m , p, u, ∥⋅, . . . , ⋅∥]∞. Fen there exist

positive numbers ρ1 and ρ2 such that

sup

r ,s

1

hr ,s
∑

(i , j)∈Ir ,s

M i j[u i j(∥
A i j∆

n
mv i j

ρ1
, z1 , . . . , zn−1∥)]

p i j
⩽ 1
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and

sup

r ,s

1

hr ,s
∑

(i , j)∈Ir ,s

M i j[u i j(∥
A i j∆

n
mw i j

ρ2

, z1 , . . . , zn−1∥)]
p i j

⩽ 1.

Let ρ = ρ1 + ρ2. By Minkowski’s inequality, we have

sup

r ,s

1

hr ,s
∑

(i , j)∈Ir ,s

M i j[u i j(∥
A i j∆

n
m(v i j +w i j)

ρ
, z1 , . . . , zn−1∥)]

p i j

= sup

r ,s

1

hr ,s
∑

(i , j)∈Ir ,s

M i j[u i j(∥
A i j∆

n
m(v i j +w i j)

ρ1 + ρ2

, z1 , . . . , zn−1∥)]
p i j

⩽ sup

r ,s

1

hr ,s
∑

(i , j)∈Ir ,s

M i j[u i j(∥
A i j∆

n
mv i j

ρ1 + ρ2

, z1 , . . . , zn−1∥)

+ u i j(∥
A i j∆

n
mw i j

ρ1 + ρ2

, z1 , . . . , zn−1∥)]
p i j

⩽ (
ρ1

ρ1 + ρ2

) sup

r ,s

1

hr ,s
∑

(i , j)∈Ir ,s

M i j[u i j(∥
A i j∆

n
mv i j

ρ1
, z1 , . . . , zn−1∥)]

p i j

+ (
ρ2

ρ1 + ρ2

) sup

r ,s

1

hr ,s
∑

(i , j)∈Ir ,s

M i j[u i j(∥
A i j∆

n
mw i j

ρ2

, z1 , . . . , zn−1∥)]
p i j

⩽ 1

and thus

g(x + y)

= inf{(ρ)
pi j
H ∶ sup

r ,s

1

hr ,s
∑

(i , j)∈Ir ,s

M i j[u i j(∥
A i j∆

n
m(v i j +w i j)

ρ1 + ρ2

, z1 , . . . , zn−1∥)]

pi j
H
⩽ 1}

⩽ inf{(ρ1)
pi j
H ∶ sup

r ,s

1

hr ,s
∑

(i , j)∈Ir ,s

M i j [u i j(∥
A i j∆

n
mv i j

ρ1
, z1 , . . . , zn−1∥)]

pi j
H
⩽ 1}

+ inf{(ρ2)
pi j
H ∶ sup

r ,s

1

hr ,s
∑

(i , j)∈Ir ,s

M i j[u i j(∥
A i j∆

n
mw i j

ρ2

, z1 , . . . , zn−1∥)]

pi j
H
⩽ 1}.

Ferefore, g(x + y) ⩽ g(x) + g(y).

(iv) Finally, we prove that scalar multiplication is continuous. Let λ be any complex num-

ber. By definition,

g(λx) = inf{(ρ)
pi j
H ∶ sup

r ,s

1

hr ,s
∑

(i , j)∈Ir ,s

M i j[u i j(∥
A i j∆

n
mλv i j

ρ
, z1 , . . . , zn−1∥)]

pi j
H
⩽ 1}

= inf{(∣λ∣t)
pi j
H ∶ sup

r ,s

1

hr ,s
∑

(i , j)∈Ir ,s

M i j[u i j(∥
A i j∆

n
mv i j

t
, z1 , . . . , zn−1∥)]

pi j
H
⩽ 1}.
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where t =
ρ

∣λ∣
> 0. Since ∣λ∣p i j ⩽ max(1, ∣λ∣sup p i j), we have

g(λx) ⩽ max(1, ∣λ∣sup p i j)

× inf{t
pi j
H ∶ sup

r ,s

1

hr ,s
∑

(i , j)∈Ir ,s

M i j[u i j(∥
A i j∆

n
mv i j

t
, z1 , . . . , zn−1∥)]

pi j
H
⩽ 1}.

Fe fact that scalar multiplication is continuous follows from the above inequality.

Fis completes the proof of the theorem.

3.3. Feorem. If 0 < p i j < q i j < ∞ for each i and j, then

[Nθ r ,s , Z ,M,A, ∆n
m , p, u, ∥⋅, . . . , ⋅∥]∞ ⊂ [Nθ r ,s , Z ,M,A, ∆n

m , q, u, ∥⋅, . . . , ⋅∥]∞.

Proof. Let x = (x i j) ∈ [Nθ r ,s , Z ,M,A, ∆n
m , p, u, ∥⋅, . . . , ⋅∥]∞. Fen there exists ρ > 0 such

that

sup

r ,s

1

hr ,s
∑

(i , j)∈Ir ,s

M i j[u i j(∥
A i j∆

n
mv i j

ρ
, z1 , . . . , zn−1∥)]

p i j
< ∞.

Fis implies that M i j[u i j(∥
A i j∆

n
mv i j

ρ
, z1 , . . . , zn−1∥)]

p i j
< 1 for suÚciently large values of i

and j. SinceM i j ’s are non-decreasing, we get

sup

r ,s

1

hr ,s
∑

(i , j)∈Ir ,s

M i j[u i j(∥
A i j∆

n
mv i j

ρ
, z1 , . . . , zn−1∥)]

q i j

⩽ sup

r ,s

1

hr ,s
∑

(i , j)∈Ir ,s

M i j[u i j(∥
A i j∆

n
mv i j

ρ
, z1 , . . . , zn−1∥)]

p i j
< ∞.

Fus, x = (x i j) ∈ [Nθ r ,s , Z ,M,A, ∆n
m , q, u, ∥⋅, . . . , ⋅∥]∞. Fis completes the proof.

3.4. Feorem. SupposeM = (M i j) is a sequence of Orlicz functions, p = (p i j) a bounded

double sequence of positive real numbers, and u = (u i j) a double sequence of strictly positive

real numbers. Fen

(i) If 0 < inf p i j < p i j ⩽ 1, then

[Nθ r ,s , Z ,M,A, ∆n
m , p, u, ∥⋅, . . . , ⋅∥]∞ ⊂ [Nθ r ,s , Z ,M,A, ∆n

m , u, ∥⋅, . . . , ⋅∥]∞.

(ii) If 1 ⩽ p i j ⩽ sup p i j < ∞, then

[Nθ r ,s , Z ,M,A, ∆n
m , u, ∥⋅, . . . , ⋅∥]∞ ⊂ [Nθ r ,s , Z ,M,A, ∆n

m , p, u, ∥⋅, . . . , ⋅∥]∞.
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Proof. (i). Let x = (x i j) ∈ [Nθ r ,s , Z ,M,A, ∆n
m , p, u, ∥⋅, . . . , ⋅∥]∞. Since 0 < inf p i j ⩽ 1, we

obtain the following

sup

r ,s

1

hr ,s
∑

(i , j)∈Ir ,s

M i j[u i j(∥
A i j∆

n
mv i j

ρ
, z1 , . . . , zn−1∥)]

⩽ sup

r ,s

1

hr ,s
∑

(i , j)∈Ir ,s

M i j[u i j(∥
A i j∆

n
mv i j

ρ
, z1 , . . . , zn−1∥)]

p i j
< ∞,

and hence x = (x i j) ∈ [Nθ r ,s , Z ,M,A, ∆n
m , u, ∥⋅, . . . , ⋅∥]∞.

(ii). Let p i j ⩾ 1 for each i and j, and sup p i j < ∞. Let

x = (x i j) ∈ [Nθ r ,s , Z ,M,A, ∆n
m , u, ∥⋅, . . . , ⋅∥]∞.

Fen for each 0 < є < 1 there exists a positive integer N such that

sup

r ,s

1

hr ,s
∑

(i , j)∈Ir ,s

M i j[u i j(∥
A i j∆

n
mv i j

ρ
, z1 , . . . , zn−1∥)] ⩽ є < 1 for all r, s ⩾ N .

Fis implies that

sup

r ,s

1

hr ,s
∑

(i , j)∈Ir ,s

M i j[u i j(∥
A i j∆

n
mv i j

ρ
, z1 , . . . , zn−1∥)]

p i j

⩽ sup

r ,s

1

hr ,s
∑

(i , j)∈Ir ,s

M i j[u i j(∥
A i j∆

n
mv i j

ρ
, z1 , . . . , zn−1∥)] < ∞.

Ferefore, x = (x i j) ∈ [Nθ r ,s , Z ,M,A, ∆n
m , p, u, ∥⋅, . . . , ⋅∥]∞ . Fis completes the proof.

3.5. Feorem. Let M′ = (M′
i j) andM

′′ = (M′′
i j) be two sequences of Orlicz functions.

Fen we have

[Nθ r ,s , Z ,M
′
,A, ∆n

m , p, u, ∥⋅, . . . , ⋅∥]∞ ∩ [Nθ r ,s , Z ,M
′′
,A, ∆n

m , p, u, ∥⋅, . . . , ⋅∥]∞

⊂ [Nθ r ,s , Z ,M
′ +M′′

,A, ∆n
m , p, u, ∥⋅, . . . , ⋅∥]∞.

Proof. Let

x = (x i j) ∈ [Nθ r ,s , Z ,M
′
,A, ∆n

m , p, u, ∥⋅, . . . , ⋅∥]∞∩[Nθ r ,s , Z ,M
′′
,A, ∆n

m , p, u, ∥⋅, . . . , ⋅∥]∞.

Fen

sup

r ,s

1

hr ,s
∑

(i , j)∈Ir ,s

M′
i j[u i j(∥

A i j∆
n
mv i j

ρ1
, z1 , . . . , zn−1∥)]

p i j
< ∞ for some ρ1 > 0



Zweier convergent sequence spaces 197

and

sup

r ,s

1

hr ,s
∑

(i , j)∈Ir ,s

M′′
i j[u i j(∥

A i j∆
n
mv i j

ρ2

, z1 , . . . , zn−1∥)]
p i j

< ∞ for some ρ2 > 0.

Let ρ = max{ρ1 , ρ2}. We have

sup

r ,s

1

hr ,s
∑

(i , j)∈Ir ,s

(M′
i j +M′′

i j)[u i j(∥
A i j∆

n
mv i j

ρ
, z1 , . . . , zn−1∥)]

p i j

= sup

r ,s

1

hr ,s
∑

(i , j)∈Ir ,s

M′
i j[u i j(∥

A i j∆
n
mv i j

ρ
, z1 , . . . , zn−1∥)]

p i j

+ sup

r ,s

1

hr ,s
∑

(i , j)∈Ir ,s

M′′
i j[u i j(∥

A i j∆
n
mv i j

ρ
, z1 , . . . , zn−1∥)]

p i j

⩽ D sup

r ,s

1

hr ,s
∑

(i , j)∈Ir ,s

M′
i j[u i j(∥

A i j∆
n
mv i j

ρ1
, z1 , . . . , zn−1∥)]

p i j

+ D sup

r ,s

1

hr ,s
∑

(i , j)∈Ir ,s

M′′
i j[u i j(∥

A i j∆
n
mv i j

ρ2

, z1 , . . . , zn−1∥)]
p i j

< ∞.

Ferefore, x = (x i j) ∈ [Nθ r ,s , Z ,M
′ +M′′

,A, ∆n
m , p, u, ∥⋅, . . . , ⋅∥]∞. Fis completes the

proof.

3.6. Feorem. Let M = (M i j) be a sequence of Orlicz functions, p = (p i j) a bounded

double sequence of positive real numbers, and u = (u i j) a double sequence of strictly positive

real numbers. Fen

(i) [Nθ r ,s , Z ,M,A, ∆n
m , p, u, ∥⋅, . . . , ⋅∥]0 ⊂ [Nθ r ,s , Z ,M,A, ∆n

m , p, u, ∥⋅, . . . , ⋅∥]∞.

(ii) [Nθ r ,s , Z ,M,A, ∆n
m , p, u, ∥⋅, . . . , ⋅∥] ⊂ [Nθ r ,s , Z ,M,A, ∆n

m , p, u, ∥⋅, . . . , ⋅∥]∞.

Proof. Fe proof is easy, hence it will be omitted.

3.7. Feorem. Fe double Zweier sequence space [Nθ r ,s , Z ,M,A, ∆n
m , p, u, ∥⋅, . . . , ⋅∥]∞ is

solid.

Proof. Suppose x = (x i j) ∈ [Nθ r ,s , Z ,M,A, ∆n
m , p, u, ∥⋅, . . . , ⋅∥]∞. Fen

sup

r ,s

1

hr ,s
∑

(i , j)∈Ir ,s

M i j[u i j(∥
A i j∆

n
mv i j

ρ
, z1 , . . . , zn−1∥)]

p i j
< ∞ for some ρ > 0.

Let (α i j) be a double sequence of scalars such that ∣α i j ∣ ⩽ 1 for all i , j ∈ N. Fen we get

sup

r ,s

1

hr ,s
∑

(i , j)∈Ir ,s

M i j[u i j(∥
A i j∆

n
mα i jv i j

ρ
, z1 , . . . , zn−1∥)]

p i j
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⩽ sup

r ,s

1

hr ,s
∑

(i , j)∈Ir ,s

M i j[u i j(∥
A i j∆

n
mv i j

ρ
, z1 , . . . , zn−1∥)]

p i j
< ∞.

Fis completes the proof.

3.8. Feorem. Fe double Zweier sequence space [Nθ r ,s , Z ,M,A, ∆n
m , p, u, ∥⋅, . . . , ⋅∥]∞ is

monotone.

Proof. Fe proof is trivial and will be omitted.

3.9. Feorem. Fe double Zweier sequence spaces

[Nθ r ,s , Z ,M,A, ∆n
m , p, u, ∥⋅, . . . , ⋅∥]0 , [Nθ r ,s , Z ,M,A, ∆n

m , p, u, ∥⋅, . . . , ⋅∥],

[Nθ r ,s , Z ,M,A, ∆n
m , p, u, ∥⋅, . . . , ⋅∥]∞ and [W2

, Z ,M,A, ∆n
m , p, u, ∥⋅, . . . , ⋅∥]

are linearly isomorphic to the double sequence spaces

[Nθ r ,s ,M,A, ∆n
m , p, u, ∥⋅, . . . , ⋅∥]0 , [Nθ r ,s ,M,A, ∆n

m , p, u, ∥⋅, . . . , ⋅∥],

[Nθ r ,s ,M,A, ∆n
m , p, u, ∥⋅, . . . , ⋅∥]∞ and [W2

,M,A, ∆n
m , p, u, ∥⋅, . . . , ⋅∥],

respectively, i.e.,

(i) [Nθ r ,s , Z ,M,A, ∆n
m , p, u, ∥⋅, . . . , ⋅∥]0 ≈ [Nθ r ,s ,M,A, ∆n

m , p, u, ∥⋅, . . . , ⋅∥]0,

(ii) [Nθ r ,s , Z ,M,A, ∆n
m , p, u, ∥⋅, . . . , ⋅∥] ≈ [Nθ r ,s ,M,A, ∆n

m , p, u, ∥⋅, . . . , ⋅∥],

(iii) [Nθ r ,s , Z ,M,A, ∆n
m , p, u, ∥⋅, . . . , ⋅∥]∞ ≈ [Nθ r ,s ,M,A, ∆n

m , p, u, ∥⋅, . . . , ⋅∥]∞,

(iv) [W2
, Z ,M,A, ∆n

m , p, u, ∥⋅, . . . , ⋅∥] ≈ [W2
,M,A, ∆n

m , p, u, ∥⋅, . . . , ⋅∥].

Proof. We consider only [Nθ r ,s , Z ,M,A, ∆n
m , p, u, ∥⋅, . . . , ⋅∥]0. We should show the exi-

stence of a linear bijection between the double sequence spaces

[Nθ r ,s , Z ,M,A, ∆n
m , p, u, ∥⋅, . . . , ⋅∥]0 and [Nθ r ,s ,M,A, ∆n

m , p, u, ∥⋅, . . . , ⋅∥]0 .

Consider the transformation Z

[Nθ r ,s , Z ,M,A, ∆n
m , p, u, ∥⋅, . . . , ⋅∥]0 → [Nθ r ,s ,M,A, ∆n

m , p, u, ∥⋅, . . . , ⋅∥]0

given by

x ↦ Zx = v , v = (v i j)

and

v i j =
1

2
(x i j + x i j−1) (i , j ∈ N).
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Fe linearity of Z is clear. Further, it is trivial that x = 0 whenever Zx = 0, hence Z

is injective. Let v = (v i j) ∈ [Nθ r ,s ,M,A, ∆n
m , p, u, ∥⋅, . . . , ⋅∥]0 and define the sequence

x = (x i j) by

x i j = 2

j

∑
k=0

(−1) j−kv i k , i ∈ N.

Fen

∥x∥[Nθr ,s ,Z ,M,A,∆n
m ,p ,u ,∥⋅, . . . ,⋅∥]0

= sup

r ,s

1

hr ,s
∑

(i , j)∈Ir ,s

M i j[u i j(∥
A i j∆

n
m

1

2
(x i j + x i j−1)

ρ
, z1 , . . . , zn−1∥)]

p i j

= sup

r ,s

1

hr ,s
∑

(i , j)∈Ir ,s

M i j[u i j(∥(A i j∆
n
m

1

2

(2
j

∑
k=0

(−1) j−kv i k

+ 2

j−1

∑
k=0

(−1)( j−1)−kv i k))(ρ)
−1
, z1 , . . . , zn−1∥)]

p i j

= sup

r ,s

1

hr ,s
∑

(i , j)∈Ir ,s

M i j[u i j(∥
A i j∆

n
mv i j

ρ
, z1 , . . . , zn−1∥)]

p i j

which implies that x = (x i j) ∈ [Nθ r ,s , Z ,M,A, ∆n
m , p, u, ∥⋅, . . . , ⋅∥]0. Additionally, we ob-

serve that ∥x∥[Nθr ,s ,Z ,M,A,∆n
m ,p ,u ,∥⋅, . . . ,⋅∥]∞

= ∥v∥[Nθr ,s ,M,A,∆n
m ,p ,u ,∥⋅, . . . ,⋅∥]∞

. Fus the transfor-

mation Z is surjective. Hence Z is a linear bijection whichmeans that the double sequence

spaces

[Nθ r ,s , Z ,M,A, ∆n
m , p, u, ∥⋅, . . . , ⋅∥]0 and [Nθ r ,s ,M,A, ∆n

m , p, u, ∥⋅, . . . , ⋅∥]0

are linearly isomorphic.Fe other linear isomorphisms can be proved similarly.Fis com-

pletes the proof.

3.10. Feorem. Let θr ,s be a double lacunary sequence. Fen

(i) [W2
, Z ,M,A, ∆n

m , p, u, ∥⋅, . . . , ⋅∥] ⊂ [Nθ r ,s , Z ,M,A, ∆n
m , p, u, ∥⋅, . . . , ⋅∥]

if lim inf qr > 1 and lim inf qs > 1;

(ii) [Nθ r ,s , Z ,M,A, ∆n
m , p, u, ∥⋅, . . . , ⋅∥] ⊂ [W2

, Z ,M,A, ∆n
m , p, u, ∥⋅, . . . , ⋅∥]

if lim sup qr < ∞ and lim sup qs < ∞;

(iii) [Nθ r ,s , Z ,M,A, ∆n
m , p, u, ∥⋅, . . . , ⋅∥] = [W2

, Z ,M,A, ∆n
m , p, u, ∥⋅, . . . , ⋅∥]

if 1 < lim inf qr < ∞ and 1 < lim sup qs < ∞.
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Proof. (i). Suppose that lim inf qr > 1 and lim inf qs > 1. Fen there exists δ > 0 such that

both qr > 1 + δ and qs > 1 + δ. Fis implies that
hr
kr

⩾ δ
1+δ

and
hs
ls
⩾ δ

1+δ
. If x = (x i j) ∈

[W2
, Z ,M,A, ∆n

m , p, u, ∥⋅, . . . , ⋅∥], then we obtain the following:

Brs =
1

hr ,s
∑

(i , j)∈Ir ,s

M i j[u i j(∥
A i j∆

n
mv i j − L

ρ
, z1 , . . . , zn−1∥)]

p i j

=
1

hr ,s

kr

∑
i=1

ls

∑
j=1

M i j[u i j(∥
A i j∆

n
mv i j − L

ρ
, z1 , . . . , zn−1∥)]

p i j

−
1

hr ,s

kr−1

∑
i=1

ls−1

∑
j=1

M i j[u i j(∥
A i j∆

n
mv i j − L

ρ
, z1 , . . . , zn−1∥)]

p i j

−
1

hr ,s

kr

∑
i=kr−1+1

ls

∑
j=1

M i j[u i j(∥
A i j∆

n
mv i j − L

ρ
, z1 , . . . , zn−1∥)]

p i j

−
1

hr ,s

ls

∑
j=ls−1+1

kr−1

∑
i=1

M i j[u i j(∥
A i j∆

n
mv i j − L

ρ
, z1 , . . . , zn−1∥)]

p i j

=
kr ls

hr ,s

(
1

kr ls

kr

∑
i=1

ls

∑
j=1

M i j[u i j(∥
A i j∆

n
mv i j − L

ρ
, z1 , . . . , zn−1∥)]

p i j
)

−
kr−1 ls−1

hr ,s

(
1

kr−1 ls−1

kr−1

∑
i=1

ls−1

∑
j=1

M i j[u i j(∥
A i j∆

n
mv i j − L

ρ
, z1 , . . . , zn−1∥)]

p i j
)

−
1

hr

kr

∑
i=kr−1+1

ls−1

hs

1

ls−1

ls−1

∑
j=1

M i j[u i j(∥
A i j∆

n
mv i j − L

ρ
, z1 , . . . , zn−1∥)]

p i j

−
1

hs

ls

∑
j=ls−1+1

kr−1

hr

1

kr−1

kr−1

∑
i=1

M i j[u i j(∥
A i j∆

n
mv i j − L

ρ
, z1 , . . . , zn−1∥)]

p i j
.

Since x = (x i j) ∈ [W2
, Z ,M,A, ∆n

m , p, u, ∥⋅, . . . , ⋅∥] the last two terms tend to zero in the

Pringsheim sense. Fus

Brs =
kr ls

hr ,s

(
1

kr ls

kr

∑
i=1

ls

∑
j=1

M i j[u i j(∥
A i j∆

n
mv i j − L

ρ
, z1 , . . . , zn−1∥)]

p i j
)

−
kr−1 ls−1

hr ,s

(
1

kr−1 ls−1

kr−1

∑
i=1

ls−1

∑
j=1

M i j[u i j(∥
A i j∆

n
mv i j − L

ρ
, z1 , . . . , zn−1∥)]

p i j
) + 0(1).

Since hr ,s = kr ls − kr ls−1 − kr−1 ls + kr−1 ls−1 we obtain the following:

kr ls

hr ,s

⩽ (
1 + δ

δ
)

2

and
kr−1 ls−1

hr ,s

⩽
1

δ
.
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Hence the terms

kr ls

hr ,s

(
1

kr ls

kr

∑
i=1

ls

∑
j=1

M i j[u i j(∥
A i j∆

n
mv i j − L

ρ
, z1 , . . . , zn−1∥)]

p i j
)

and

kr−1 ls−1

hr ,s

(
1

kr−1 ls−1

kr−1

∑
i=1

ls−1

∑
j=1

M i j[u i j(∥
A i j∆

n
mv i j − L

ρ
, z1 , . . . , zn−1∥)]

p i j
)

are both Pringsheim null sequences. Fus Br ,s is a Pringsheim null sequence. Ferefore,

x = (x i j) ∈ [Nθ r ,s , Z ,M,A, ∆n
m , p, u, ∥⋅, . . . , ⋅∥].

(ii). Suppose that lim sup qr < ∞ and lim sup qs < ∞, then there exists K > 0 such that

qr ⩽ K, qs ⩽ K for all r and s. Let x = (x i j) ∈ [Nθ r ,s , Z ,M,A, ∆n
m , p, u, ∥⋅, . . . , ⋅∥] and

є > 0. Also there exist r0 > 0 and s0 > 0 such that for every k ⩾ r0 and l ⩾ s0

B′k , l =
1

hk , l
∑

(i , j)∈Ik , l

M i j[u i j(∥
A i j∆

n
mv i j − L

ρ
, z1 , . . . , zn−1∥)]

p i j
< є.

Let N = max{B′k , l ∶ 1 ⩽ k ⩽ r0 and 1 ⩽ l ⩽ s0} and p and q be such that kr−1 < p ⩽

kr and ls−1 < q ⩽ ls . Fen we obtain the following

1

pq

p ,q

∑
i , j=1,1

M i j[u i j(∥
A i j∆

n
mv i j − L

ρ
, z1 , . . . , zn−1∥)]

p i j

⩽
1

kr−1 ls−1

kr

∑
i=1

ls

∑
j=1

M i j[u i j(∥
A i j∆

n
mv i j − L

ρ
, z1 , . . . , zn−1∥)]

p i j

⩽
1

kr−1 ls−1

r ,s

∑
p ,q=1,1

( ∑
(i , j)∈Ip,q

M i j[u i j(∥
A i j∆

n
mv i j − L

ρ
, z1 , . . . , zn−1∥)]

p i j
)

=
1

kr−1 ls−1

r0 ,s0

∑
p ,q=1,1

hp ,qB
′
p ,q +

1

kr−1 ls−1
∑

(r0<p⩽r)∪(s0<q⩽s)

hp ,qB
′
p ,q

⩽
N

kr−1 ls−1

r0 ,s0

∑
p ,q=1,1

hp ,q +
1

kr−1 ls−1
∑

(r0<p⩽r)∪(s0<q⩽s)

hp ,qB
′
p ,q

⩽
Nkr0 ls0 r0s0

kr−1 ls−1
+ ( sup

(p⩾r0)∪(q⩾s0)

B′p ,q)
1

kr−1 ls−1
∑

(r0<p⩽r)∪(s0<q⩽s)

hp ,q

⩽
Nkr0 ls0 r0s0

kr−1 ls−1
+ є

1

kr−1 ls−1
∑

(r0<p⩽r)∪(s0<q⩽s)

hp ,q

⩽
Nkr0 ls0 r0s0

kr−1 ls−1
+ єK2

.

Since kr and ls both approach infinity as both r and s approach infinity, it follows that

P − lim
p ,q

1

pq

p ,q

∑
i , j=1,1

M i j[u i j(∥
A i j∆

n
mv i j − L

ρ
, z1 , . . . , zn−1∥)]

p i j
= 0.
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Ferefore, x = (x i j) ∈ [W2
, Z ,M,A, ∆n

m , p, u, ∥⋅, . . . , ⋅∥].

(iii). Combining (i) and (ii), we can easily prove (iii).

3.11. Example. Suppose lim inf r qr = 1 or lim inf s qs = 1, and assume without loss of ge-

nerality that lim inf r qr = 1 [9]; then there exists an ordinary subsequence {kα j} of the

lacunary sequence θr such that

kα j
kα j−1

< 1 + 1

j
and

kα j−1

kα j−1
> j, where α j ⩾ α j−1 + 2. Let us

define x as follows:

x i j =

⎧⎪⎪
⎨
⎪⎪⎩

1, if i ∈ Iα j and j ∈ N
0, otherwise.

Fen clearly the rows are not in [Nθ r ,s , Z ,M,A, ∆n
m , p, u, ∥⋅, . . . , ⋅∥] but each row is such

that x is in ∣σ1,1∣ where ∣σ1,1∣ = {x ∶ P − limm ,n
1

mn ∑
m
i=1∑

n
j=1 ∣x i , j − L∣ = 0 for some L}.

Ferefore, each row is in [W2
, Z ,M,A, ∆n

m , p, u, ∥⋅, . . . , ⋅∥]. Since the double lacunary

sequence θr ,s is factorable, we have

[W2
, Z ,M,A, ∆n

m , p, u, ∥⋅, . . . , ⋅∥] /⊂ [Nθ r ,s , Z ,M,A, ∆n
m , p, u, ∥⋅, . . . , ⋅∥].

4. Lacunary Zweier statistical convergence sequence space

Fe following definition was presented by Mursaleen and Edely in [5]:

4.1. Definition. A real double sequence x = (x i j) is said to be statistically convergent to

L, provided that for each є > 0

P − lim
m ,n

1

mn
∣{(i , j) ∶ i ⩽ m, j ⩽ n, and ∣x i j − L∣ ⩾ є}∣ = 0

where the vertical bars indicate the number of elements in the enclosed set. In this case

we write st2 − limi j x i j = L and we denote the set of all P− statistically convergent double

sequences by st2.

4.2. Remark.

(i) If x is a convergent double sequence, then x is also statistically convergent to the same

number. Since there is only a finite number of bounded (unbounded) rows and/or

columns,

K(m, n) ⩽ s1m + s2n,

where s1 and s2 are finite numbers, from which one concludes that x is statistically

convergent.

(ii) If x is statistically convergent to the number L, then L is determined uniquely.
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(iii) If x is statistically convergent, then x need not be convergent. Also x is not necessarily

bounded. For example, let x = (x i j) be defined as

x i j =

⎧⎪⎪
⎨
⎪⎪⎩

i j, if i and j are squares

1, otherwise.

It is easy to see that st2 − lim x i j = 1, since the cardinality of the set {(i , j) ∶ ∣x i , j − 1∣ ⩾

є} ⩽
√
i
√

j for every є > 0 but x is neither convergent nor bounded.

Recently, in [27], Savaş defined double lacunary statistical convergence as follows:

4.3. Definition. A real double sequence x = (x i j) is said to be Sθ r ,s -convergent to L, pro-

vided that for each є > 0

P − lim
r ,s

1

hr ,s

∣{(i , j) ∈ Ir ,s ∶ ∣x i j − L∣ ⩾ є}∣ = 0.

4.4. Definition. A real double sequence x = (x i j) is said to be double lacunary Zweier

statistical convergent to L provided that for each є > 0

P − lim
r ,s

1

hr ,s

∣{(i , j) ∈ Ir ,s ∶ ∣v i j − L∣ ⩾ є}∣ = 0

where v i j is of the form (1).

4.5. Feorem. Let θr ,s be a double lacunary sequence. If

x i j → L([Nθ r ,s , Z ,A, ∆
n
m , ∥⋅, . . . , ⋅∥]),

then x i j → L([Sθ r ,s , Z ,A, ∆
n
m , ∥⋅, . . . , ⋅∥]).

Proof. If є > 0 and x i j → L([Nθ r ,s , Z ,A, ∆
n
m , ∥⋅, . . . , ⋅∥]) then we can write, where S(ε) =

{(i , j) ∶ ∥A i j∆
n
m

1

2
(x i j + x i j−1) − L, z1 , . . . , zn−1∥ ⩾ є}

1

hr ,s
∑

(i , j)∈Ir ,s

∥A i j∆
n
mv i j − L, z1 , . . . , zn−1∥

⩾
1

hr ,s
∑

(i , j)∈Ir ,s∩S(ε)

∥A i j∆
n
mv i j − L, z1 , . . . , zn−1∥

⩾
1

hr ,s

∣{(i , j) ∈ Ir ,s ∶ ∥A i j∆
n
mv i j − L, z1 , . . . , zn−1∥ ⩾ є}∣.
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It follows that x i j → L([Sθ r ,s , Z ,A, ∆
n
m , ∥⋅, . . . , ⋅∥]), that is, [Nθ r ,s , Z ,A, ∆

n
m , ∥⋅, . . . , ⋅∥] ⊂

[Sθ r ,s , Z ,A, ∆
n
m , ∥⋅, . . . , ⋅∥] and the inclusion is strict. To show the latter, we establish an

example as follows.

4.6. Example. Let v i j be of the form (1) and defined as follows:

v i j =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 2 3 . . . [ 3

√
hr ,s] 0 0 . . .

2 2 3 . . . [ 3

√
hr ,s] 0 0 . . .

⋮ ⋮ ⋮ ⋱ ⋮ ⋮ ⋮ ⋮

2 [ 3

√
hr ,s] [ 3

√
hr ,s] . . . [ 3

√
hr ,s] 0 0 . . .

0 0 0 . . . 0 0 0 . . .

⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

It is clear that x = (x i j) is an unbounded double sequence. By taking A = (C , 1, 1), n = 0,

for є > 0 and for every z1 , . . . , zn−1 ∈ X we have

P − lim
r ,s

1

hr ,s

∣{(i , j) ∈ Ir ,s ∶ ∥A i j∆
n
mv i j − L, z1 , . . . , zn−1∥ ⩾ є}∣ = P − lim

r ,s

1

hr ,s

[ 3

√
hr ,s]

hr ,s

= 0.

Ferefore, x i j → 0([Sθ r ,s , Z ,A, ∆
n
m , ∥⋅, . . . , ⋅∥]). But

P−lim
r ,s

1

hr ,s
∑

(i , j)∈Ir ,s

∥A i j∆
n
mv i j , z1 , . . . , zn−1∥ = P−lim

r ,s

[ 3

√
hr ,s]([

3

√
hr ,s]([

3

√
hr ,s] + 1))

2hr ,s

=
1

2

.

Ferefore x i j ↛ 0([Nθ r ,s , Z ,A, ∆
n
m , ∥⋅, . . . , ⋅∥]). Fis completes the proof.

4.7. Feorem. Let θr ,s be a double lacunary sequence. If x = (x i j) ∈ l 2∞ and x i j →

L([Sθ r ,s , Z ,A, ∆
n
m , ∥⋅, . . . , ⋅∥]), then x i j → L([Nθ r ,s , Z ,A, ∆

n
m , ∥⋅, . . . , ⋅∥]).

Proof. Suppose that x = (x i j) ∈ l 2∞. Fen there exists a positive integer K such that

∥A i j∆
n
mv i j − L, z1 , . . . , zn−1∥ < K for all i , j ∈ N. For every є > 0 we have, where as be-

fore S(ε) = {(i , j) ∶ ∥A i j∆
n
m

1

2
(x i j + x i j−1) − L, z1 , . . . , zn−1∥ ⩾ є} and S′(ε) = {(i , j) ∶

∥A i j∆
n
m

1

2
(x i j + x i j−1) − L, z1 , . . . , zn−1∥ < є}

P − lim
r ,s

1

hr ,s
∑

(i , j)∈Ir ,s

∥A i j∆
n
mv i j − L, z1 , . . . , zn−1∥

=
1

hr ,s
∑

(i , j)∈Ir ,s∩S(ε)

∥A i j∆
n
mv i j − L, z1 , . . . , zn−1∥

+
1

hr ,s
∑

(i , j)∈Ir ,s∩S′(ε)

∥A i j∆
n
mv i j − L, z1 , . . . , zn−1∥
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⩽
K

hr ,s

∣{(i , j) ∈ Ir ,s ∶ ∥A i j∆
n
mv i j − L, z1 , . . . , zn−1∥ ⩾ є}∣ + є.

Ferefore, x = (x i j) ∈ l
2

∞ and x i j → L([Sθ r ,s , Z ,A, ∆
n
m , ∥⋅, . . . , ⋅∥]) implies

x i j → L([Nθ r ,s , Z ,A, ∆
n
m , ∥⋅, . . . , ⋅∥]).

4.8. Corollary. Let θr ,s be a double lacunary sequence. Fen

[Nθ r ,s , Z ,A, ∆
n
m , ∥⋅, . . . , ⋅∥] ∩ l 2∞ = [Sθ r ,s , Z ,A, ∆

n
m , ∥⋅, . . . , ⋅∥] ∩ l 2∞.

Proof. It follows directly from Feorem4.5 andFeorem 4.7.

4.9. Feorem. For any sequence of Orlicz functionsM, [Nθ r ,s , Z ,M,A, ∆n
m , ∥⋅, . . . , ⋅∥] ⊂

[Sθ r ,s , Z ,A, ∆
n
m , ∥⋅, . . . , ⋅∥].

Proof. Let x = (x i j) ∈ [Nθ r ,s , Z ,M,A, ∆n
m , ∥⋅, . . . , ⋅∥]. Fen for є > 0 and all z1 , . . . , zn−1 ∈

X, where as before S(ε) = {(i , j) ∶ ∥A i j∆
n
m

1

2
(x i j + x i j−1) − L, z1 , . . . , zn−1∥ ⩾ є}

1

hr ,s
∑

(i , j)∈Ir ,s

M i j[∥
A i j∆

n
mv i j − L

ρ
, z1 , . . . , zn−1∥]

⩾
1

hr ,s
∑

(i , j)∈Ir ,s∩S(ε)

M i j[∥
A i j∆

n
mv i j − L

ρ
, z1 , . . . , zn−1∥]

>
1

hr ,s

M i j(
є

ρ
)∣{(i , j) ∈ Ir ,s ∶ ∥A i j∆

n
mv i j − L, z1 , . . . , zn−1∥ ⩾ є}∣.

Fis shows that

x = (x i j) ∈ [Sθ r ,s , Z ,A, ∆
n
m , ∥⋅, . . . , ⋅∥].
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