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Support functions and subdi×erentials

Jerzy Grzybowski, Diethard Pallaschke, and Ryszard Urbański

Summary. In this paper we studyMinkowski duality, i.e. the correspon-

dence between sublinear functions and closed convex sets in the context

of dual pairs of vector spaces.
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1. Introduction

Minkowski observed that just as there is a correspondence between points inRn
and line-

ar functionals in (Rn)∗ so there is a correspondence between nonempty compact convex

subsets of Rn
and sublinear (i.e. positively homogenous and subadditive or, equivalen-

tly, p.h. and convex) functions on Rn
. Fis correspondence, where Minkowski addition

(i.e. vector addition or algebraic addition) of sets corresponds to pointwise addition of

sublinear functions, is calledMinkowski duality. Minkowski duality proved very useful in
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nonsmooth analysis of functions of a vector variable. Subdi×erential and quasidi×erential

are basic notions in the study of nondi×erentiable functions. Fey are tightly connected

to Minkowski duality.

Hörmander [8] generalized Minkowski duality. He studied the correspondence be-

tween closed convex subsets of a locally convex topological space Xτ and sublinear func-

tions in the dual space (Xτ)∗ of linear functionals continuous in the topology τ.

On the other hand, Pallaschke and Urbański [14], and Caprari and Penot [1] con-

sidered a locally convex topological space Xτ and studied the correspondence between

*-weakly compact convex subsets of the dual space (Xτ)∗ and sublinear functionals in Xτ .

Herewe studyMinkowski duality in the context of a dual pair (X ,Y) of linear spaces.

In thiswaywe avoid first choosing a spacewith closed convex sets or a spacewith sublinear

functions.

2. Fe dual pair (X ,Y)

Let (X ,Y) be a dual pair of linear spaces over R, i.e. let (⋅, ⋅) be a bilinear function such

that the functions {(y, ⋅)}y∈Y separate points in X and the functions {(⋅, x)}x∈X separate

points in Y . We define the weak topology σ(X ,Y)(σ(Y , X)) on X(Y) as the weakest

topology in which all the functions {(y, ⋅)}y∈Y ({(⋅, x)}x∈X) are continuous.

ByC(X)we denote the family of all nonempty convex subsets of X, and byBσ(X) the

family of all nonemptyweakly bounded convex subsets of X. LetCσ(X) andBσ(X)denote
the subfamilies of all the closed sets in C(X) and Bσ(X), respectively. ByKσ(X)(K f (X))
we denote the family of all nonempty compact convex (nonempty compact convex and

finitely dimensional) subsets of X. In the space X, we can define theMackey topology µ

and the strong topology β with the help, respectively, ofweakly compact sets fromKσ(Y)
and weakly bounded sets from Bσ(Y). In that case we use the notation Cµ(X), Cβ(X),
etc.

2.1. Definition. A triple (Z ,+, ⋅), where Z is a set, +∶ Z × Z → Z and ⋅∶R+ × Z → Z, is an
abstract convex cone if (Z ,+) is a commutative semigroup with 0 and for all s, t ⩾ 0 and

x , y ∈ Z, we have s(tx) = (st)x , 1x = x , (s + t)x = sx + tx, and s(x + y) = sx + sy.

For subsets A, B ⊂ X by A+̇B we denote the closure of the set A + B = {x + y ∶ x ∈
A, y ∈ B}, and we call it theMinkowski sum of A and B.We also define tA = {tx ∶ x ∈ A}.

2.2. Proposition.Fe triples (Z ,+, ⋅),where Z ∈ {C(X), Bσ(X)}, are abstract convex cones.
Also each triple (Z , +̇, ⋅),where Z ∈ {C(X), Bσ(X), Cσ(X),Bσ(X),Kσ(X),K f (X)}, is an
abstract convex cone.

In the case of Kσ(X) and K f (X)}, we have A+̇B = A + B. Denote R∞ = R ∪ {∞}
and define 0 ⋅ ∞ = 0. Let Sub

∞(Y) and Sub
∞
σ- l sc(Y) denote, respectively, the family of
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all sublinear and all weakly lower semicontinuous sublinear functions on Y with values

in R∞. Let Sub(Y), Subσ- l sc(Y), and Subσ-c(Y) denote, respectively, the family of all

sublinear, allweakly lower semicontinuous, and allweakly continuous sublinear functions

on Y with finite values.

2.3. Proposition. Each triple (Z ,+, ⋅), where

Z ∈ {Sub
∞(Y), Sub

∞
σ- l sc(Y), Sub(Y), Subσ- l sc(Y), Subσ-c(Y)},

is an abstract convex cone.

Let the function i∶Sub
∞
σ- l sc(Y)→ C(X) be defined by i(p) = ∂p∣0 = {x ∈ X ∶ (⋅, x) ⩽

p}.We call the set ∂p∣0 the subdi×erential of p at the origin.

Let the function j∶Cσ(X) → Sub
∞(Y) be defined by j(A) = hA = supx∈A(⋅, x). We

call the function hA the support function of the set A.

2.4. Feorem. Fe mapping i is an isomorphic bijection from the abstract convex cone

Sub
∞
σ- l sc(Y) onto the abstract convex cone Cσ(X). Femapping j is the inverse of i. More-

over, the restriction i∣Subσ- l sc(Y) is an isomorphic bijection from Subσ- l sc(Y) onto Bσ(X).

Proof. Let p ∈ Sub
∞
σ- l sc(Y). Notice that the lower semicontinuity of the function p is

equivalent to the epigraph of p being a closed subset of Y × R in the product topology.

Fere exists a closed hyperplane in Y × R separating the epigraph epi p and the point

(0,−1). Such a hyperplane is a graph of some continuous linear function (⋅, x) minus

constant ε, where ε ∈ (0, 1). For any given y ∈ Y andM > 0, we have

(y, x) − ε

M
= 1

M
((My, x) − ε) < 1

M
p(My) = p(y).

SinceM can be arbitrarily largewe obtain (y, x) ⩽ p(y), and so x ∈ ∂p∣0.Fus the subdif-

ferential ∂p∣0 is nonempty. Since

∂p∣0 = {x ∈ X ∶ (y, x) ⩽ p(y) for all y ∈ Y} = ⋂
y∈Y

{x ∈ X ∶ (y, x) ⩽ p(y)},

the subdi×erential is an itersection of closed halfspaces, which implies that it is both co-

nvex and closed.We have just proved that i(Sub
∞
σ- l sc(Y)) ⊂ Cσ(X).

If p ∈ Subσ- l sc(Y), then p takes only finite values. Consider any y ∈ Y and x ∈
∂p∣0 . Fen (y, x) ⩽ p(y), (−y, x) ⩽ p(−y). Hence (y, ∂p∣0) = {(y, x) ∶ x ∈ ∂p∣0} ⊂
[−p(−y), p(y)] for all y ∈ Y . Ferefore, the subdi×erential ∂p∣0 is weakly bounded.

Let p ∈ Sub
∞
σ- l sc(Y). For any y ∈ Y such that p(y) < ∞, and any ε > 0, there

exists a closed hyperplane separating the epigraph of p and the point (y, p(y) − ε). Such
a hyperplane is a graph of some continuous linear function (⋅, x) minus constant δ > 0,
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where p(y) − ε < (y, x) − δ and (⋅, x) − δ < p. In a similar way we obtain (⋅, x) ⩽ p. Also

p(y) − ε + δ < (y, x). Hence

sup{(y, x) ∶ x ∈ X such that (⋅, x) ⩽ p} ⩾ p(y) − ε.

Taking arbitrarily small ε, we obtain j(i(p))(y) = supx∈∂p∣0(y, x) = p(y).
For any y ∈ Y such that p(y) = ∞ and M > 0, there exists a closed hyperplane

separating the epigraph of p and the point (y,M). Again such a hyperplane is a graph of

some continuous linear function (⋅, x) minus constant δ > 0, where M < (y, x) − δ and
(⋅, x) − δ < p.We obtain (⋅, x) ⩽ p andM + δ < (y, x). Hence

sup{(y, x) ∶ x ∈ X such that (⋅, x) ⩽ p} ⩾ M .

Taking arbitrarily large M, we obtain j(i(p))(y) = supx∈∂p∣0(y, x) =∞. Hence the follo-

wing equality holds j(i(p)) = p.

Let A ∈ Cσ(X). Fe support function hA, as the supremumof linear continuous func-

tions, is sublinear, and its epigraph is closed. Hence hA is lower semicontinuous. Notice

that i( j(A)) = {x ∈ X ∶ (y, x) ⩽ supx′∈A(y, x′) for all y}. Fen A ⊂ i( j(A)). Let x ∉ A.
From the separation theorem, there exists y ∈ Y such that (y, x) > supx′∈A(y, x′). Hence
x ∉ i( j(A)). Ferefore A = i( j(A)).

If A ∈ Bσ(X), then A is weakly bounded and for any y ∈ Y the interval (y,A) =
{(y, x) ∶ x ∈ A} is bounded. Fen the number hA(y) = supx∈A(y, x) is finite.

Obviously, i(A+̇B) = hA+̇B = hA + hB = i(A) + i(B) and i(λA) = pλA = λpA =
λi(A), λ ⩾ 0.

Notice that i preserves lattice structure, i.e. sup(hA, hB) = h
A∨B , where A ∨ B =

conv(A∪ B).
Let the polar A○ of a nonempty subset A of X be a subset of Y defined by A○ = {y ∈

Y ∶ (y, x) ⩽ 1 for all x ∈ A}. Fe polar is always nonempty, since 0 ∈ A○, weakly closed
and convex, i.e. A○ ∈ Cσ(Y). In fact, if 0 ∈ A ∈ Cσ(X) then A○○ = A.

2.5. Feorem (polar characterization). Fe support function hA of the set A ⊂ X is con-

tinuous in some topology τ in Y if and only if the polar A○ is a neighborhood of 0 in the

topology τ.

Proof. Let us assume that the function hA is τ-continuous. Since hA is positively homoge-

nous, τ-continuity at 0 is equivalent to the existence of a neighborhood U of 0 in Yτ such

that for any y ∈ U

∣hA(y)∣ = ∣ sup
x∈A

(y, x)∣ ⩽ 1.

Fen

U ⊂ h−1A ([−1, 1]) ⊂ h−1A ((−∞, 1]) = A○.
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On the other hand, let A○ be a neighborhood of 0 in Yτ . Fen A○ contains a balanced
neighborhood U of 0. Hence, for all y ∈ U we have hA(y) ⩽ 1. By the subadditivity of hA

we also obtain hA(y) ⩾ −hA(−y) ⩾ −1. Ferefore, hA(U) ⊂ [−1, 1]. Since hA is positively
homogenous, hA is τ-continuous at 0 and takes only finite values. By subadditivity, we

obtain the inequalities

−hA(−y) ⩽ hA(x + y) − hA(x) ⩽ hA(y).

Hence the τ-continuity of the function hA is equivalent to the τ-continuity at 0.

Notice that if A is not bounded in σ(X ,Y), then hA takes infinite values, is not con-

tinuous at 0, and the polar A○ is not a neighborhood of 0 in Yτ .

2.6. Proposition. Let A ∈ Cσ(X).Fe support function hA of A is continuous in the topology

σ(Y , X) in Y if and only if the set A is bounded and contained in a finite-dimensional

subspace of X, i.e. A ∈ K f (X).

Proof. By Feorem 2.5, the support function hA is continuous if and only if A○ is a neigh-
borhood of 0 with respect to the weak topology. Fe polar A○ is a neighborhood of 0 if

and only if there are x1 , . . . , xk ∈ X such that

B ∶= {y ∶ (y, x i) ⩽ 1, i = 1, . . . , k} ⊂ A○.

Let C = conv{x1 , . . . , xk}. Fen C○ = B. Fe latter inclusion is equivalent to A ⊂ C.

FeMackey topology µ in Y is the topology inwhich the polars of all sets A ∈ Kσ(X)
form a basis of neighborhoods of 0 in Y . Fe strong topology β in Y is the topology in

which the polars of all sets A ∈ Bσ(X) form a basis of neighborhoods of 0 in Y .

2.7. Proposition. Let A ∈ Bσ(X). Fen the support function hA of A is continuous in the

strong topology β in Y .

By thisproposition, finite valued σ-lower semicontinuous functions are β-continuous.

In general, however, β-continuous sublinear functions do not have to be σ-lower semicon-

tinuous.

FeMinkowski duality can be summarized in the following diagram:

Cσ(X) ∋ A ↦ hA ∈ Sub
∞
σ- l sc(Y)

Bµ(X) = Bσ(X) ∋ A ↦ hA ∈ Subσ- l sc(Y) ⊂ Subβ-c(Y)
Kσ(X) ∋ A ↦ hA ∈ Subµ-c(Y)
K f (X) ∋ A ↦ hA ∈ Subσ-c(Y).

Fe equality in the second line follows from the fact that weak boundedness is equivalent

to Mackey boundedness (see e.g. Feorem 20.11(7) in [10]). Fe inclusion in the second
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line is mostly proper. If a strong topology admits a β-continuous functional f which is

not weakly continuous, then the subdi×erential ∂ f ∣0 is empty.

3. Fe dual pair (Xτ , X
∗
τ )

Now let X = Xτ be a locally convex topological space, Y = X∗τ the space of τ-continuous

functionals, and (x∗, x) = x∗(x).We obtain the following diagram:

Cτ(Xτ) = Cσ(Xτ) ∋ A ↦ hA ∈ Sub
∞
σ- l sc(X∗τ )

Bµ(Xτ) = Bτ(Xτ) = Bσ(Xτ) ∋ A ↦ hA ∈ Subσ- l sc(X∗τ ) ⊂ Subβ-c(X∗τ )
Kσ(Xτ) ∋ A ↦ hA ∈ Subµ-c(X∗τ )
K f (Xτ) ∋ A ↦ hA ∈ Subσ-c(X∗τ ).

Hörmander proved theMinkowski duality from the first line of this diagram in his

Feorem 5, and from the fourth line in his Feorem 6 of [8]. In his Feorem 7, he obtained

the isomorphism i∶Bτ(Xτ) → Subβ-c(X∗τ ) from the second line of the diagram. In gene-

ral, the image of this isomorphism is not equal to Subβ-c(X∗τ ). For example, let X = ℓ1,
and τ be the topology induced by the norm ∥ ⋅ ∥1. Fen X∗τ = ℓ∞ and σ is the *-weak

topology. Moreover, the strong topology in the dual to the normed space X∥⋅∥ coincides
with the norm topology in X∗∥⋅∥. Hence, the strong topology β in ℓ∞ is induced by the

norm ∥ ⋅ ∥∞. Since the space ℓ1 is not reflexive, there exists a linear functional f on ℓ∞

which is strongly continuous but not *-weakly continuous. Such a functional is a sublinear

functionwhich is not *-weakly lower semicontinuous.Fen f does not correspond to any

closed bounded convex subset of ℓ1.

3.1. Remark. If Xτ is a semireflexive space ,then, by definition, the strong topology β in X∗τ
is equal to theMackey topology µ (see Feorem 23.3(1) in [10]). In this case, the second

and third lines in our diagram coincide:

Bτ(Xτ) = Kσ(Xτ) ∋ A ↦ hA ∈ Subµ-c(X∗τ ) = Subσ- l sc(X∗τ ) = Subβ-c(X∗τ ).

4. Fe dual pair (X∗τ , Xτ)

Now let Y = Xτ be a locally convex topological space, X = X∗τ the space of τ-continuous

functionals, and (x , x∗) = x∗(x).We obtain the following diagram:

Cσ(X∗τ ) ∋ A ↦ hA ∈ Sub
∞
σ- l sc(Xτ) = Sub

∞
τ- l sc(Xτ)

Bµ(X∗τ ) = Bσ(X∗τ ) ∋ A ↦ hA ∈ Subσ- l sc(Xτ) = Subτ- l sc(Xτ) ⊂ Subβ-c(Xτ)
Kσ(X∗τ ) ∋ A ↦ hA ∈ Subµ-c(Xτ) = Subτ-c(Xτ)
K f (X∗τ ) ∋ A ↦ hA ∈ Subσ-c(Xτ).
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Fe equality in the third line of the diagram follows from the Alaoglu–Bourbaki the-

orem (see Feorem 20.9(4) in [10]). Fe bijections from the first and the third line are

stated in Lemma 2 in [1] and in [11] in the case of a normed space Xτ .

4.1. Remark. Fe second line in the diagram is essential. It does not merge with the third

line. Consider the dual pair (X , X), where X is a space of finite-coordinate vectors x =
(x1 , . . . , xn , 0, 0, . . . ), with the bilinear function (y, x) = ∑∞

i=1 y ix i . Let Xτ be X with the

weak topology σ . Fen X∗τ is also equal to X. A bounded set A from Bσ(X∗τ ) is a subset

of X such that {x i ∶ x ∈ A} is bounded for each i. For this example our diagram looks like

this:

Cσ(X∗σ ) ∋ A ↦ hA ∈ Sub
∞
σ- l sc(Xσ)

Bµ(X∗σ ) = Bσ(X∗σ ) ∋ A ↦ hA ∈ Subσ- l sc(Xσ) ⊂ Subβ-c(Xσ)
Kσ(X∗σ ) = K f (X∗σ ) ∋ A ↦ hA ∈ Subσ-c(Xσ) = Subµ-c(Xσ).

Notice that the third and the fourth linemerge. Hence, not all σ-bounded subsets of

X∗σ are compact, since compact subsets of X∗τ are finite-dimensional. Let us also note that

the inclusion from the second line is proper. Take for example the mapping Xσ ∋ x ↦
p(x) = ∑∞

i=1 2
−ix i ∈ R. Fe function p is linear and bounded on a β-neighborhood U of

0, U = {x ∈ Xσ ∶ ∣x i ∣ ⩽ 1, i ∈ N}. Fen p ∈ Subβ-c(Xσ) ∖ Subσ- l sc(Xσ).

5. Fe dual pair of Banach spaces (X∗∥⋅∥, X∥⋅∥)

Now letY = X∥⋅∥ be a Banach space, X = X∗∥⋅∥ the dual space of ∥⋅∥-continuous functionals,

and (x , x∗) = x∗(x).We obtain the following diagram:

Cσ(X∗∥⋅∥) ∋ A ↦ hA ∈ Sub
∞
σ- l sc(X∥⋅∥) = Sub

∞
∥⋅∥- l sc(X∥⋅∥)

Bµ(X∗∥⋅∥) = Bσ(X∗∥⋅∥) =
B∥⋅∥(X∗∥⋅∥) = Kσ(X∗∥⋅∥) ∋ A ↦ hA ∈ Subσ- l sc(X∥⋅∥) = Sub∥⋅∥-c(X∥⋅∥)

K f (X∗∥⋅∥) ∋ A ↦ hA ∈ Subσ-c(X∥⋅∥).

Since in the case of a Banach space X∥⋅∥, *-weakly bounded subsets of X∗∥⋅∥ coinci-
de with ∥ ⋅ ∥-bounded subsets, we have Bσ(X∗∥⋅∥) = B∥⋅∥(X∗∥⋅∥) (see e.g. Feorem 8.1.3

in [9]). By the Alaoglu–Bourbaki theorem (see Feorem 20.9(4) in [10]) the polars of

∥ ⋅∥-neighborhoods of 0 in X∥⋅∥ are *-weakly compact. Since the strong β-topology in X∥⋅∥
coincideswith the norm topology (andwith theMackey topology),we obtainB∥⋅∥(X∗∥⋅∥) =
Kσ(X∗∥⋅∥).
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6. Conclusions

Fe interplay between convex sets and sublinear functions is of great importance in nonli-

near analysis. However, it is not always clear towhat extent the 1-1 correspondence applies.

Fis paper attempts to clarify how closed convex sets, closed bounded convex sets, and

compact convex sets can be embedded into function spaces.Fis way the abstract convex

conesBσ(X) andKσ(X) are embedded into the vector spaces Subσ- l sc(Y)−Subσ- l sc(Y)
andSubµ-c(Y)−Subµ-c(Y), and the coneCσ(X) into the coneSub

∞
σ- l sc(Y)−Subσ- l sc(Y).

From this paper follow certain limitations on Minkowski duality. For example, the

cone Bτ(X) can be embedded in a topological vector space [20], but in the case of spa-

ces which are not locally convex Minkowski duality seems useless. Radström [17] in his

attempt to embed B∥⋅∥(X) could have used Minkowski duality. However, the reality of

convex sets is richer than that andMinkowski duality is not suÚcient to describe it ade-

quately.
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