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1. Introduction

For a real Banach space X, X* denotes its dual space, By its closed unit ball, and Sy its unit
sphere.

We begin by recalling the important notion of the fixed point property: the space X is
said to have the fixed point property (resp. weak fixed point property) if for every closed
and bounded (resp. weakly compact) convex subset C ¢ X, every nonexpansive mapping
F:C - C has a fixed point (where F is called nonexpansive if |F(x) — F(y)|| < ||x — y|| for all
X,y € C, or, in other words, if F is 1-Lipschitz continuous).
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A closed, bounded, convex subset C € X is said to have normal structure if, for each
subset B ¢ C which contains at least two elements, there exists a point x € B such that

supl|x —y|| < diam B,
yeB

where diam B denotes the diameter of B. The space X itself is said to have normal structure,
if every closed, bounded, convex subset of X has normal structure. It is well known that if
C is weakly compact and has normal structure, then every nonexpansive mapping F:C - C
has a fixed point (see, for example, [13, Theorem 2.1]), so spaces with normal structure
have the weak fixed point property.

By 6x we denote the modulus of convexity of X, i.e., forO < e < 2,
X+y
2
X is called uniformly rotund iff 5x(€) > O for each O < € < 2. It is well known that all spaces
LP(u), for any measure p and any 1 < p < oo (in particular the spaces ¢°(I) for any index set
1), are uniformly rotund.

Every uniformly rotund space has normal structure (see [2, Theorem 4.1]), and hence

Ox(€) := inf{l - ” || 1X,y € By with ||x—y|| = e}.

(since uniformly rotund spaces are also reflexive) enjoys the fixed point property. An ex-
ample of a Banach space which fails to possess the weak fixed point property is L1[O, 1]
(see [1]).

The space X is said to have the Opial property provided that

limsup ||x,|| < limsup |[x, — x||
n—00 n—00

for every weakly null sequence (x,)uey in X and every x € X'\ {0} (one could as well use
liminf instead of lim sup, or from the beginning assume that both limits exist). This property
was first considered by Opial [24] (starting from Hilbert spaces as the canonical example)
to prove a result on iterative approximations of fixed points of nonexpansive mappings. In
[24] it was shown that the spaces ¢°, for 1 < p < oo, enjoy the Opial property, while the
spaces LP[0, 1], for 1 < p < o0, p # 2, fail to have it. Note that every Banach space with the
Schur property (i. e., weak and norm convergence of sequences coincide) trivially possesses
the Opial property. Moreover, X is said to have the nonstrict Opial property if it satisfies
the definition of the Opial property with “<” instead of “<” ([30]; in [10], it is called the
weak Opial property). It is known that every weakly compact convex subset of a Banach
space with the Opial property has normal structure (see, for instance, [26, Theorem 5.4]),
and hence the Opial property implies the weak fixed point property.

Prus introduced the notion of the uniform Opial property [25]: a Banach space X has
the uniform Opial property if for every ¢ > O there is some r > 0 such that

1+ r<liminf|x, — x||
n—-oo
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holds for every x € X with ||x|| = ¢ and every weakly null sequence (x,)nen in X with
liminf||x,|| = 1. In [25] it was proved that a Banach space is reflexive and has the uniform
Opial property if and only if it has the so called (L) property (see [25] for the definition),
and that X has the fixed point property whenever X* enjoys the said (L) property.

A modulus corresponding to the uniform Opial property was defined in [21]:

ry(c) = inf{lirrp inf [}, - x|| - 1} Ve > 0,

where the infimum is taken over all x € X with ||x|| = c and all weakly null sequences (X, )nen
in X with liminf ||x,|| = 1 (if X has the Schur property we agree to set rx(c) := 1 for all ¢ > 0).
Consequently, X has the uniform Opial property iff rx(c) > O for every ¢ > 0.

In this paper, we will mostly use the following equivalent formulation of the uniform
Opial property ([17, Definition 3.1]): X has the uniform Opial property iff for every € > 0
and every R > 0O there is some n > 0 such that

N+ liminf[|x,|| < liminf ||x, — x||
n—-00 n—->00

holds for all x € X with [|x|| = € and every weakly null sequence (X,)nen in X such that
lim sup||x,|| < R.
We can also associate a modulus to this formulation in the following way:

nx(€,R) = inf{lim inf [lx, - | - limin ||x,,||} Ve,R >0,

where the infimum is taken over all x € X with ||x|| = € and all weakly null sequences (X, )nen
in X with lim sup||x,|| < R. So X has the uniform Opial property iff nx(e, R) > O forall €,R > O.
Actually, it is enough that for every € > O there exist some R > 2 with ny(e,R) > 0. More
precisely, we have the following connection between the moduli ry and ny:

1.1. Lemma. Let X be a Banach space which does not possess the Schur property.
(i) Forevery c >0 andevery R > 2 we have

min{nx(c, R), g - 1} < r(c).
(ii) Forall €,R > O with ry(e/R) > O, we have

erx(e/R) ) ¢
2 +rx(€/R) ﬁe??)i’/‘z]m'“{B’Xﬁ)v €= 23} < nx(€,R).

Proof. (i) Letc >0and R > 2. Put T := min{nx(c, R), g - 1}. Let (Xn)nen be any weakly null
sequence in X with liminf||x,|| = 1 and let x € X with ||x|| = c. By passing to a subsequence
we may assume that lim,_||X, — X|| and s := lim,_e||Xn|| exist. If s < Rthen 1 + 1 <
s+ nx(c, R) < limyLe0|[xn — X||.
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If s > Rand ||x|]| > R/2, then lim,_||X, = x|| = |IX]| > R/2 = 1 + T by the weak lower
semicontinuity of the norm. Finally, if s > Rand ||x|| < R/2, then lim_c||x, = x|| = 5 ||x]| >
R/2z1+T.

(ii) The first equality is easily verified. Now choose any 8 € (0,€/2) and put v :=
min{Brx(ﬁ), €- 2[3}. Let (Xn)nenw be a weakly null sequence in X with lim sup||x,|| < R and let
x € Xwith ||x|| = €. Again we may assume that lim,_||x, —X|| and s := lim,_||X,|| exist. By
the definition of ry we get s(1+rx(€/R)) < limy_e||X,—X||, which implies s+v < limp_ e ||X,—X||
if s> B. Butif s < B then lim,_||[X, = X|| Z ||X|]| —=s = €-B = v+B = v+s, and the proof is
finished. O

In [10], J. Garcia-Falset introduced the following coefficient of a Banach space X:
R(X) := sup{lim inf||x, + X|| : x € Bx, (Xn)nen € WN(BX)},
n—-o00

where by WN(Bx) we denote the set of all weakly null sequences in Bx. Obviously, 1 <
R(X) < 2 and R(X) = 1 if X has the Schur property (in particular if X is finite-dimensional
or X = ¢'). One has R(co) = 1 and R(¢°) = 27 for 1 < p < o (see [10, Corollary 3.2]).
In [11, Theorem 3] it was proved that the condition R(X) < 2 implies that X has the weak
fixed point property. The reflexive spaces with R(X) < 2 are precisely the so called weakly
nearly uniformly smooth spaces ([10, Corollary 4.4]) which were introduced in [18] and
include in particular all uniformly smooth spaces.

In [29] Sims introduced the notion of the WORTH (weak orthogonality) property: X is
said to have the WORTH property provided that for all weakly null sequences (x,)ney in X
and every x € X one has ||x, + x|| = ||x, — x|| = O.

Again spaces with the Schur property obviously enjoy the WORTH property. Hilbert
spaces are easily seen to have the WORTH property as well. Also, the class of spaces with
the WORTH property includes all so called weakly orthogonal Banach lattices (the notion
introduced earlier by Borwein and Sims in [4]), which in turn include in particular all spaces
() for 1 < p < o0, and co(l). However, the spaces LP[0,1] with 1 < p < 00,p # 2, do
not have the WORTH property (see the remark at the end of [30]). In [29], it was proved
that the WORTH property implies the nonstrict Opial property, and in [30] it was shown
that a space with the WORTH property, which is e-inquadrate in every direction for some
0 < € < 2 (see [30] for the definition), has the weak fixed point property (even more, every
weakly compact convex subset of such a space has normal structure). By [10, Proposition
3.6], a uniformly non-square Banach space X with the WORTH property satisfies R(X) < 2.
Recall that X is said to be uniformly non-square if there is some § > 0 such that whenever
X,¥ € By one has |[x +y|| < 2(1 - 6) or |[|x —y|| < 2(1 - &).

The degree w(X) of WORTHness of X was also introduced in [30] as the supremum of
all r = 0 such that

rlimlgf [IXn + X|| < ”L‘ll?f 1%, = x|
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holds for all x € X and all weakly null sequences (x,),en in X. Then 1/3 < w(X) < 1, and
X has the WORTH property if and only if w(X) = 1.

In this paper, we study the WORTH property and the Garcia-Falset coefficient of in-
finite absolute sums, as well as various Opial properties, specifically of infinite ¢’-sums of
Banach spaces (for normal structure in finite or infinite direct sums of Banach spaces, see
[7] and references therein; for more information on the fixed point property and normal
structure in general, see [13]). Also some Opial-type results for Lebesgue-Bochner spaces
will be obtained. The next section contains the necessary preliminaries on absolute sums.

2. Preliminaries on absolute sums

Throughout this paper, if not stated otherwise, we denote by | a (usually infinite) index set
and E a subspace of the space of all real-valued functions on I containing all functions with
finite support and endowed with an absolute, normalised norm ||-||c. The latter means that
|||l is @ complete norm on E such that the following conditions are satisfied:

(i) If (a;)ic) € Eand (b)ic) € R' such that |a;| = |b;| for alli € I, then (b;)ig; € E and ||(bi)iei||g =

[(a:)ierle-

(i) |lejlle = 1 foralli € I, where e; = (ej)jg With e; = O forj #iand e; = 1.

It is important to note that such norms are automatically monotone, i. e., we actually have

(ai)ici € E, (bi)ics € R with |bj| < |aj| Vie | = (b)) € E and l(bi)ieille < 1l(aieille-

For a proof, see, for instance, [20, Remark 2.1]. The standard examples of spaces with
absolute, normalised norm are of course the spaces ¢°(I) (with 1 < p < 00) and c(l).
If we put
£ = {lad € %' adalle = sup Y labi < oo}
(bi)ier€BE ‘jef
then (E',||-||z) is again a space with absolute, normalised norm and the map T:E' —» E*
defined by
T((ai)ier) ((bi)ier) = Zaibi V(a)ie € E', V(bi)ies € E
iel
is an isometric embedding. T is onto if span{e; : i € I} is dense in E, so in this case E* = E.
Now, given a family (X)) of Banach spaces, the absolute sum of (X;)i¢; with respect
to E is defined as the space

[@Xi]E = {(Xi)iel e [X:(Ixlle € E}
iel iel

and is endowed with the norm ||(X)is||¢ = |(I|Xi]])ie]|g- It is not hard to see that this sum is
indeed a Banach space. For E = ¢°(l) one obtains the usual p-sum.
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As for the dual space of an absolute sum, the map

s[@xi], - [Dxl;

S((X :el X: !EI XX Xi)

iel

is an isometric embedding, and it is onto if span{e; : i € I} is dense in E.

3. Results on absolute sums

WORTH property of absolute sums. By [15, Theorem 4.7], w(X &¢ Y) = min{w(X), w(Y)}
holds for all Banach spaces X and Y and every absolute, normalised norm ||-||z on R? (ac-
tually, in [15] the notion of -direct sums is used, but this is an equivalent formulation;
see Section 2 in [15]). In particular, X ®¢ Y has the WORTH property if and only if X and Y
have the WORTH property (for this, see also [15, Theorem 4.2]). It is possible to generalise
[15, Theorem 4.7] to sums of arbitrarily many Banach spaces under a mild condition on E:

3.1. Proposition. If span{e; : i € I} is dense in E and (X;)i¢) is any family of Banach spaces, then

([@x] ) inf{w(X;) :i € I}.
iel

In particular, [EB,E, ] has the WORTH property if and only if X; has the WORTH property for
everyie€l.

Proof. Let us write X = [D, Xi]E and s = inf{w(X;) : i € I}. We clearly have w(X) < s. Now
let X, = (X i)ier € X for every n € N such that (x,),en converges weakly to zero and let
x = (X;)ies € X. Without loss of generality we may assume that the limits a := lim_c|[Xn +X||¢
and b := lim,_e||X, — X||¢ exist.

Since span{e; : i € I} is dense in E, it is not hard to see that we actually have (||xi||)ie; =
Y illIxillei. Soif € > O is given, we find a finite set J < [ such that

> el = i~ Y o] < M
iel\J ieJ
By passing to an appropriate subsequence we may assume that the limits g; := lim,_q |[Xn, i+
xi|l and b; := limpse|IXni — Xi|| exist for each i € J. Since (xp i)nen is weakly convergent to

zero in X; for every i € I it follows that sa; < b; < 5_1a,~ and consequently

|la; — b;| < !

(2)
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For every n € N we have, because of (1),

10 + XIle = %0 = X1le] < [[(1%a,: + X311 = X0 = Xill )il
< (> a0l = xn = xilesl| +2[1 > IIxilles
ieJ E iel\J E
< (D Uxni +%ill = I1xni = xill)eil| + 2e.
E

ie)

So, for n - oo, we obtain

la—-b| < Z(ai —-bei|| + 2e.
ieJ E
Taking (2) into account we arrive at
1-5
|a—b| < 3 Xb,-e; + 2€.
icJ E

But [|Y i) l1%n.i — Xilleille < |Ixn — x||¢ for each n, thus ||}, bieillz < b and hence

ieJ

1

-5
S b+ 2e.

la—b| <

Letting € - O leaves us with |a — b| < (1 - s)b/s which implies sa < b, and we are done. [

Garcia-Falset coefficient of absolute sums. In [6, Theorem 7] it was proved that R((X; &
Xo ®--- @ X,)e) < 2 whenever R(X;) < 2fori =1,...,nand ||||¢ is any strictly convex,
absolute, normalised norm on R". For absolute sums of two Banach spaces a stronger
result was obtained in [15, Theorem 3.6] (in the equivalent formulation of {-direct sums):
R(X ®¢ Y) < 2 provided that R(X),R(Y) < 2 and ||-||¢ is any absolute, normalised norm on
R? with [|lle # ||:ll1- A complete characterisation of -direct sums of finitely many spaces
having Garcia-Falset coefficient less than 2 is given in [16, Theorem 6.2].

For infinite sums we have the following partial result (for J ¢ | we denote by [P, Xi];
the sum of the family whose i-th member is X; for i € J and {0} fori e I'\ J).

3.2. Theorem. If | is an infinite index set, E a subspace of R' with absolute, normalised norm
such that span{e; : i € I} is dense in E, and (X;)i¢; is a family of Banach spaces with

o= sup{R({@Xi]E) :Jc Ifinite} <2
ie)

and &¢((1 - a/2)%) > O, then R([D Xile) < 2.

Proof. Let us write X = [@D,, Xi]; for short. It is well known that & is continuous on (0, 2)

(see, for example, [12, Lemma 5.1]), sowe can find 0 < T < (1 - oz/2)2 with &g(t) > 0. Let
y := YT and choose 0 < n < min{&g(t),1/2 - v}.
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Suppose that R(X) = 2. Then there would exist a weakly null sequence (Xp)neny =
((xn,i)ier)nen in Bx and an element x = (x;)ies € Bx such that lim,_c||x, + X|[¢ > 2 - 1. We
may assume that ||x, + x||z > 2 — 2n for all n € N. Since ||(|[X, | + [IXill)ietllg = [IXn + X||¢ and
n < &g(1) it follows that

1(1all = lixlDiall < T ¥ € . (3)

Similarly,
41 =n) < 2lxq +xlg < [[(Pxaill + Il + 110 + xilDiea | < 4,
and hence
[11xa il + 1xill = [xn i + xill)iet]| < 2T Vn e N. (4)

We further have ||x||¢ = ||x, + X||[¢ —1 > 1 —2n > 2y. Since (||xi||)ies = Y i |IXille; we can find
a finite set J ¢ [ such that
> lixilles

i€l
Puty := (Xi)ics, Yo = (Xn,i)is € [Dies Xilz as well as a := ) ||xille; and ap = ) i ||xn illei. By
(3) we have

> 2y. (5)
E

llan = alle < [|(Ibxn,ill = Ixil el < T ¥n €N, (6)

which implies in particular that |||y||g = llyallg| = lllalle = llanllg] < T, hence [lyalle > llylle—T >
2y -1 > 0by (5).
Furthermore, for every n € N,

[llan + alle = llyn + ¥llg| <

’

D xall + 1ll = 1xn i + xill e

ieJ

so, because of (4), it follows that
[llan +allg = llya + vlle| <2t VneN.

Also, by (6), we have [||a, + allg = 2]|yllg| = |lla, + allg = 2|allg| < [la, —al| < T for each n.
Consequently,
lva +vlle = 2lIylle] < 3T ¥neN.

Since [lyn/llynlle = va/lYllelle = 11 = llyalle/lIvllel < T/llylle we get

LA [ < 4t <2—T vneN, (7)
lle ~ llynlle ylle Y

where the last inequality holds because of (5). Note that (x, j).en converges weakly to zero
in X; for each i € | and thus, by the representation of the dual of [, Xi]; as [De, X{ |¢
and finiteness of J, the sequence (V,/||Ynllg)nen is also a weakly null sequence (as noted
above, (||ynl|)nen is bounded away from zero).

So, from (7) and the definition of a it follows that @ = 2(1 - t/y). But y = JT and

T<(1- a/2)2, thus 2(1 - 1/y) > a and with this contradiction the proof is complete. O

>

E
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The above theorem reduces the case of infinite sums to the one of finite sums. The con-
dition a < 2 is clearly necessary for R(X) < 2. Unfortunately, the author does not know
whether the simpler condition B := supjg R(X;) < 2 would already be enough to ensure that
a < 2. The proofs of [15, Theorem 3.6] and [16, Theorem 6.2] do not give quantitative
bounds for the Garcia-Falset coefficient of finite sums. The proof of [6, Theorem 7] shows
that when B < 2, for every finite subset J ¢ | with |J| = N one has that R([P,., Xi];) <2 -6,
where first € > O is chosen so that B(1+Ne) < 2 and then 0 < § < min{28¢(€), 2 — B(1 + Ne)},
hence it might still be that R([@D;., Xi];) tends to 2 for N — co.

Next we will discuss some applications of Theorem 3.2. First, since the Schur property
is inherited by finite sums, we get the following corollary.

3.3. Corollary. If (X;)ig is a family of Banach spaces with the Schur property (in particular,
a family of finite-dimensional Banach spaces) and span{e; : i € I} is dense in E with 6¢(1/4) > O,
then R([D,; Xi];) < 2. In particular, ([, X;],) < 2 forall 1 < p < oo,

For another application of Theorem 3.2 consider the following example.

3.4. Example. If N = 2 and I4, ..., Iy are non-empty sets at least one of which is infinite,

then N
R([@ co(lk)]p) =2 ®)
k=1

for every 1 < p < 0. Consequently, by Theorem 3.2, if (Iy)xe is any family of non-empty
sets we have

R([@ co(lk)]p) <2 forl<p<oo.

kel

Proof. To prove (8) put X := [@,’jﬂ co(lk)]p and suppose without loss of generality that
I1 is infinite. Fix a sequence (iy)nen Of distinct elements of I; and j € I,, and put x, :=
(e;,,0,...,0) € Sx as well as x := (0,¢;,0,...,0) € Sx. Then x, - 0 weakly in X and
lIxn +xIl, = 27 for each n, thus 2/ < R(X).

To prove the reverse inequality, for each n € N let x, = (X,,1,...,Xnn) € Bx be such
that x, > Oweakly and let x = (x4, ..., xy) € Bx. Without loss of generality we may suppose
that lim;,_e X, + ||, and also ay := limp_e0||Xn k|0, for each k € {1, ..., N}, exist.

Take an arbitrary € > 0. Then for each k € {1,...,N} the set Ji := {i € I, : |x(i)| > €} is
finite. Since x, - O weakly we have x, \(i) » O forall k € {1,...,N} and all i € I. It follows
that there exists ng € N such that |x, «(i)| < e forallk € {1,...,N},alli € Jyand all n > n.

But then |x, k(i) + Xk()] < |Xn k(i)] + [Xi(7)] < max{|xa ()], k()| } + € forall k € {1,...,N},

alli e I, and all n = ng. From this we conclude that

N

N
10 + X115 = ) s+ ileo < D (Max{|lxo klloo; IXilloo} + € ¥ 2 .
k=1 k=1
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For n - oo it follows that

N

lim [Ix, + XI5 < (max{ag, [Ixello} + €)°.
n—-o00 e

Letting € -» O we obtain

N N
lim (I, +xllp < 5 max{al, [Ixll%} < > (a + [Ixell%) = lim [1xq[[? + [Ix][} < 2.
n=oo ] ] n=o0

. 1
Hence lim,_o [, + x|, < 2 ' and we are done. O

A Banach space X is said to be a U-space if for any two sequences (x,)pen and (¥, )nen
in Sy and every sequence (X} )ney in Sx+ the conditions ||x, +y,|| = 2 and x;;(x,) = 1 for each
n € Nimply x;(y,) = 1. U-spaces were introduced by Lau in [19]. Uniformly rotund and
uniformly smooth spaces are examples of U-spaces. Every U-space has normal structure
([8, Theorem 3.2]). Gao [9] defined the modulus of u-convexity of X by

X+y

ux(€) = inf{l - ”TH :X,y € Sx X" € Sy x*(x) = 1,x"(y) 1 - 6}7

for 0 < € < 2. Then X is a U-space if and only if ux(e) > O for all 0 < € < 2. Obviously,
ux = &x. Itis proved in [9, Theorem 3] that even the condition ux(€) > O for some € € (O, %)
is enough to ensure that X has normal structure. In [27, Proposition 3.3] an even stronger
result was obtained: if ux(1) > 0, then X and X* have normal structure.

By [23, Theorem 5], R(X) < 2 if ux(€) > O for some 0 < € < 1.

Putting several results together, it is now possible to obtain the following corollary.

3.5. Corollary. Let (X;)ic) be a family of Banach spaces and 1 < p < o0. Suppose that there exist
four pairwise disjoint (possibly empty) subsets I1, 15, 13,14 < | such that
(i) X; has the Schur property for eachi € I4,
(i) infigi, ux,(€) > Oforall 0 < € < 2,
(i) foreachi € I3 there is a set J; with X; = co(J;).
(iv) l4 is finite and R(X;) < 2 for all i € 4.
Then R([D;c Xi],) < 2.

Proof. Let us put X := [@g Xi], and Xy = [@, Xi], for k = 1,2,3,4 (or X, = {0} if
Ik = @). By Corollary 3.3 we have R(X;) < 2 and by Example 3.4 we have R(X3) < 2. Also,
by [14, Corollary 3.17] and the remarks after [14, Definition 1.5], X, is again a U-space, so
R(X5) < 2. From the aforementioned result [6, Theorem 7] it follows that R(X4) < 2 and,
since X = X1 @, Xy ®, X3 ®, X4, [6, Theorem 7] implies that R(X) < 2. O

The case of co-sums is not covered by the above results. However, it is easy to prove
the following proposition directly.
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3.6. Proposition. Let (X;); be any family of Banach spaces and X := [B, Xi] (- Then

Co
R(X) = sup R(X;).
iel
Proof. We clearly have a := supje R(X;) < R(X). To prove the reverse inequality, fix a weakly
null sequence (Xp)nen = ((Xn,i)ie)nen in Bx and x = (x;)ie € Bx. Without loss of generality we
may assume that lim,_,||Xn + X||, €Xists.

Let € > O be arbitrary. Then J := {i € | : ||x;|| = €} is finite, so by passing to an appro-
priate subsequence once more, we may also assume that lim,_e||X,; + Xi|| exists for all
iel.

Since x,; = 0 weakly for all i € I'it follows that lim,_[|x,; + Xi|| < R(X;) < a for all
i €J,50 ||xni + x|l < a+eforalli e Jand all sufficiently large n. But fori € I'\ J we have
[1Xn,i + Xi|l < [IXn,il] + |IXi]| € 1+ € < a+ e Consequently, [|x, +X||,, < o+ € for all sufficiently
large n, hence lim,_s||X, + X||., < a + €. Since € > O was arbitrary, we are done. O

Concerning ¢t-sums it was already proved in [15, Theorem 3.13] that R(X &4 Y) < 2 if
and only if both X and Y have the Schur property (in [16, Proposition 6.7] this is generalised
to finite ¢*-sums together with various other equivalent conditions). The proof of the “only
if” part from [15, Theorem 3.13] directly generalises to sums of infinitely many spaces and,
since it was proved in [31] that the ¢t-sum of any family of Banach spaces has the Schur
property if and only if each summand has the Schur property, we obtain the following
characterisation.

3.7. Proposition. Let | be any index set with at least two elements. Let (X;)ic; be a family of
Banach spaces and X := [, Xi],. Then the following assertions are equivalent:
(i) R(X) < 2.
(i) X; has the Schur property for eachi € .
(iii) X has the Schur property.
(iv) R(X)=1.

Opial properties of finite absolute sums. In this subsection we briefly consider the Opial
properties of finite sums. They are surely well known, but we will include the results and
some of the proofs here as the author was not able to find them explicitly in the literature.

Recall that an absolute, normalised norm ||-||z on R™ is said to be strictly monotone if
foralla=(as,...,an)and b = (by,...,by) € R™ we have

llalle = lIblle and |aj| <|b| Vi=1,....m = |aj|=1|b;| Vi=1,....m.
It is easy to see that strictly convex, absolute, normalised norms are strictly monotone.

3.8. Proposition. Let |||z be an absolute, normalised norm on R™ and Xj, ..., X,, Banach
spaces with the nonstrict Opial property. Then [, X;]; has the nonstrict Opial property.
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If, in addition, ||-||¢ is strictly monotone and each X; has the Opial property, then [EB,'Zl X;]E also
has the Opial property.

The proof is straightforward and will be omitted.

As is well known, every strictly monotone, absolute, normalised norm on R™ is actually
uniformly monotone in the following sense (the proof consists in an easy compactness
argument).

3.9. Lemma. Let ||-||¢ be a strictly monotone, absolute, normalised norm on R™. Let €,R > O.
Then there exists & > O such that foralla = (a4,...,am),b = (by,...,by) € R™ with ||b||¢ <R
and |a;| < |b;| fori=1...,m, we have

llblle = llalle <& = |bi —|aj] <eVi=1,....m.

Utilizing this fact, we can obtain the following

3.10. Proposition. Let ||-|| be an absolute, normalised norm on R™ which is strictly monotone
and let X4, ..., X, be Banach spaces with the uniform Opial property. Then X := [@,’21 X,~]E
also has the uniform Opial property.

Proof. Lete,R > 0and putn:= min{nxi(e/m, R):i=1,...,m}. Choose O < & < 1, according
to Lemma 3.9, corresponding to the values n and 3R + 1.

Now consider a weakly null sequence (Xp)nen = ((Xn.1, - - - s Xn.m)), ey IN X satisfying the

neN
condition limsup||x,|l < Randy = (y1,...,ym) € X with |ly|l¢ = €. Since |lylle < Y4 lvill,
there is some iy € {1,...,m} with ||y, || = €/m. There is no loss of generality in assuming

that all the limits in the subsequent calculations exist. From the definition of n we get
Jim [ o 1+ 11 < lim [ i, = i
Since each X; has in particular the nonstrict Opial property, we also have
Jim [ ill < lim [1xq ;= yil| - Vi€ {1,....m}\{io}

If |lylle € 2R+ 1, then limyse||Xn — Yl < liMpseol[Xnlle + 2R+ 1 < 3R + 1 and the choice of 6
implies |imn—>oo||Xn||E +6< Iimn—mo”Xn - YHE'

If on the other hand ||y||z > 2R+ 1, then lim, L |1X, =Ylle 2 lIYlle=liMnseolXnllg = R+1 2
lim,500|Xn]lg + 6. So X has the uniform Opial property. O

Opial properties of some infinite sums. We will first show that the Opial and the nonstrict
Opial property are preserved under infinite ¢°-sums.

3.11. Proposition. If 1 < p < oo, | is any index set and (X;);¢ is a family of Banach spaces with
the Opial property (nonstrict Opial property), then X := [@ie, X;]p also has the Opial property
(nonstrict Opial property).
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Proof. We will only prove the strict case, the nonstrict case is treated analogously. For
every n € Nlet x, = (xn;)ier € X be such that (x,),en converges weakly to zero and let
x = (x)ie € X\ {0}. Fixip € I for which x;; # 0. We may assume that lim,_||x,|l, and
iMoo l[Xn = X||, @s well as a := limy_o|[Xq i, || and b := limp_e0|[Xn i, — X;, || €xist. Note that
(Xn.i)new is @ weakly null sequence in X; for each i € I. So, since X;, has the Opial property,
it follows that & := b” —a” > 0. Put K := sup,cy||X,||, and let O < € < 1. We can find a finite
set J ¢ I with ig € J such that

Il

||(||Xi||X1\J(i))ier||p <€, (9)

where xj\; denotes the characteristic function of I'\ J. By passing to a further subsequence,
we may assume that limp_.||X, i|| and limp,.|[X, i = Xi|| exist for all i € J. Then, using the
Opial property of each of the summands X;, the definition of §, and (9), we obtain

lim allp = > lim [l 1P+ + T [l

ie)\{io}
. . . p
< lim Sl =xill” + b =&+ lim [[(lbxo il (e
ie)\{io}
. . . 4
< lim > {lxni = ll” = &+ lim ([[(Ixn s = il lxas ()il + €)'
n—-00 iEJ n—-o00

But, since |s" — t°| < pAPl|s — t| for all O < s, t < A, we also have

JLFQO(”(HXn,i - Xi||X:\J(i))iel||p + E)p < ,!Ln;‘o||(||xn,i - Xi”XI\JU))iEI”Z
. . p
+ 1im {([[(ben s =l (i, + €)
= [ = lbes a1
< lim {15 = xillx el + oK + [, + 1 e,

It follows that
. . -1
r!mllxnllﬁ < lim I, =Xy = 8+ p(K+[Ix]|, + 1) €.

Since € € (0, 1] was arbitrary and 6 independent of €, we conclude that
lim [Ixal5 < lim [Ix, = x[[p = & < lim [|x, = x|,
n-oo n—-o00 n—-o0
and the proof is complete. O

Co is a typical example of a Banach space which has the nonstrict Opial property but
not the usual (strict) Opial property. We will see that cy-sums preserve the nonstrict Opial
property.

3.12. Proposition. Let | be an index set and let (X;)ic; be a family of Banach spaces with the
nonstrict Opial property. Then X := [EB,.G, X,-] 0 has the nonstrict Opial property.

Co
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Proof. Foreveryn e Nletx, = (X )ies € X be such that (x,)nen converges weakly to zero and
let x = (x)ies € X. Take arbitrary € > 0 and choose a finite subset J ¢ | such that ||x;|| < € for
every i € I\ J. Again, there is no loss of generality in assuming that all the limits involved in
the subsequent calculations exist. Since each X; has the nonstrict Opial property we have

lim [, ;]| < lim [|xp; = || VieJ
n—->00 n—->00
Therefore we obtain
i s = ] ma i e 1. i e el |
n—-o00 ieJ n-o00 n—o00
< maX{maX lim {[x, ; = xi[, lim ||(||Xn,i||Xl\J(i))ieI”oo}
ieJ n-—oo n—oo
< fim max] mabe = il [0, = xll Dl +
n-oo ieJ
= lim[|x, — X||o + €,
n—->00
and since € > 0 was arbitrary we are done. O

Concerning the uniform Opial property we have the following result for infinite ¢-
-sums, resembling in structure Theorem 3.2.

3.13. Theorem. Let 1 < p < oo and let | be an infinite index set. For a family (X;);; of Banach
spaces put X; := [P, X;]p for every finite J < I. Suppose that

w(e, R) := inf{ny (e, R) : J < I finite} > 0 Ve, R > 0.
Then X := [ Xi]p has the uniform Opial property.
Proof. LetO <e<1andR>0. We put
v:=min{3R+1,w(¢/2,R)} and t:=min{1,3R+1-((3R+1) - vp)l/p}.

Now consider a weakly null sequence (X)nen = ((Xn,i)iet)nen in X with limsup||x,||, < R

and let x = (x)ig € X with [|x]|, > €. As before we may assume that lim,_||x,|l, and

Il
liMpseollXn — X||, exist. Let K := supney||Xnll,- For O < a < €/2 we can find a finite subset

J €l such that
||(||Xi||XI\J(i))iel||p sa.

It follows that

> lixilles

ieJ

2 |Ix|l, - a=e€/2. (10)
p
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We may also assume that limy_,e||xn il and lim, e[|, ; — Xi|| exist for all i € J. As in the
proof of Proposition 3.11 we can show that

lim [, 15 < Tim > 1 ll” + Tim |10, = 3l X (e[}
n—->00 n—-o00 ,'EJ n—->00

+p(K + [Ix]l, + 1)° . (11)

If we put y, := (X, )iey for each n € N, and y := (x;)iej, then (y,)ney is a weakly null sequence
in X; with lim,e]|yn < Randy € X; with |ly||, > €/2 (because of (10)),

thus

< limpsel|Xn

Il Il

Tim [1all, + 1, (€/2.R) < lim [y, = vl (12)

Since (a - b)’ <a” - b’ foralla = b = 0, we can deduce from (11) and (12) that

Tim [Ixallp < lim [lyn = yll, = nx,(€/2, R)®

. H -1

+ lim [[(1¢a, = xillXns e[, + K+ 1ixll, + 1"

< lim|lx, = x|I2 =V + p(K + [IxI], + 1) e
n—->00
Letting a — O, we obtain

lim [lxa|[p < lim [lx, = x|I; = V. (13)
n—o0 n—-o00

If [[x|l, = 2R + 1 then lim,o|lX, = x|l, = 2R + 1 = lim;o[IXnll, = liMyeollXnll, + 1 =
limMnseolXall, + T

Now consider the case [|x||, < 2R + 1. Define f(s) := s — (s” - V)P forall's = v. Itis
easily checked that f is decreasing. Since lim,_o X, — X||, < limyoXnll, + [IX][, < 3R+ 1
it follows from (13) that

lim [[Xq I, < lim [Ix, = x]|,, = f(lim [[x, = x]|,)
n—o00 n—-o00 n—o00
< limfjx, = x||, = (SR + 1) < lim[|x, = x|[, - T
n-oo n—-o00
(where the last inequality holds by the definition of 1) and the proof is complete. O

As a corollary, we again obtain the already known result that the ¢’ -sum of any family
of Banach spaces with the Schur property has the uniform Opial property (see [26, Example
4.23 (2)] or [28, Theorem 7]).

3.14. Corollary. Let 1 < p < oo and let (X;)ie; be a family of Banach spaces with the Schur
property. Then [P, X"]p has the uniform Opial property.

Let us remark that in [22, Theorem 3.4] it is claimed that certain spaces ZQ,(X) of vector-
-valued sequences have the uniform Opial property, where the class of sequence spaces Zﬁ,
includes in particular the spaces ¢° for 1 < p < oo but no assumptions on the Banach space
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X are made. This cannot be true since, for example, the fact that £°(X) = [,y X], has
the uniform Opial property clearly implies that X itself has the uniform Opial property. Ex-
amining the proof of [22, Theorem 3.4], one finds it implicitly assumes that X has the Schur
property.

The author does not know whether the condition infi; ny. > 0O is already enough to
ensure that [@ie, X,-]p has the uniform Opial property (the proof of Proposition 3.10 does
not give a uniform lower bound for the moduli of finite sums).

4. Some Opial-type properties in Lebesgue-Bochner spaces

We consider a complete, finite measure space (S, 4, ) and a real Banach space X. Recall
that for 1 < p < oo the Lebesgue-Bochner space L°(u, X) is defined as the space of all
Bochner-measurable functions f: S —» X (modulo equality p-almost everywhere) such that
()| € LP(u). Equipped with the norm (£, = HIFCI LP(u, X) becomes a Banach space.

As was mentioned in the introduction, even the spaces L’[0,1], 1 < p < oo,p # 2,
of scalar-valued functions do not have the Opial property. However, some results which
are in a certain sense analogous to the Opial property are available. For example, in [5]
it was shown that any bounded sequence (f,)nex in L°(1) (0 < p < o) which converges
pointwise almost everywhere to a function f € LP(u) satisfies

Tim (1Ifallp = I1f = flI5) = lIFll5.

hence

lim inf [Ig, — gl = iminf [|g, ][, + lls]I;
n—o00 n—00

for any bounded sequence (g, )nen in LP(1) which converges pointwise almost everywhere
to zero, and any g € LP(u).

In [3, Chapter 2, Lemma 3.3] it was shown that any sequence (f;)nen in Ll(u, X) (where
(S,A4, 1) is a probability space and X an arbitrary Banach space) and any f € Ll(u,X) such
that

Jim p({t € S [Ifa(t) = fit)] > €}) =0 Ve>O,

satisfy the equality
liminf{|f, - fll; + [If - gll; = liminf{|f, - g,

for every g € Ll(u, X).
We are going to consider weak convergence pointwise almost everywhere in Lebesgue-
-Bochner spaces and prove some results analogous to the Opial property in this setting.
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4.1. Theorem. Let (S, A, 1) be a complete, finite measure space, 1 < p < oo and X a Banach
space with the nonstrict Opial property. Let (f,)nen be a bounded sequence in LP(u, X) such
that (f,(t))neny converges weakly to zero for almost every t € S. Suppose further that there is
a function g € LP(u) such that ||f,(t)|| = g(t) for almost every t € S. Then,

| timinflIfyt) - RO du(®) - [, (6 du(e) < limsupllf, — I} ~ im suplfy;
holds for every f € L”(u, X) and every A € A. In particular,
lim Sup”fn”p S ||msup||fn _f”p er LP(“’X)
n—-00 n—-00
Proof. Without loss of generality we may assume that lim,_..||f.(t)|| = g(t) and f,(t) - O

weakly for every t € S and also that limy,_,.||fsll, and lim,_e||f, = fll, exist.
Note that from Fatou’s Lemma and the boundedness of (f,)nen it follows that

limiinf ||f, — fl|”
n—00

is integrable over S.

Since X has the nonstrict Opial property we have g(t) < liminf||f,(t) — f(t)|| for every
t € S. Therefore, it suffices to prove the statement for A = S.

Now let O < € < 1. By the equi-integrability of finite subsets of Ll(u) there exists 6 > 0
such that

BeA uB)<s = [ ht)du(t) <foreach h e {If0)°.g iminflfy() - I’} (14

By Egorov’s theorem, there exists C € A with u(S \ C) < & such that lim,_||fa(t)||” = g(t)°
uniformly in t € C, which implies

: p _ p
tim [ (61 dut) = | (e e (15)
We can find a subsequence such that
tim [ 11, (&)~ A1 e
exists. Now we can calculate, using (15),
. p_ p ; p
tim Il = f_(tP dult)+ fim [ W (01P dutt
= [ timinf (&) - FOI dut)
p [ p . p
+ [ (a0 ~iminflfo) ~ 01 du(t) + fim [ (0P dutr. (16)
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| [ ster auty - [ st du\/g P du(t) (17)

because of u(S\ C) < 6 and (14). Analogously,

But

/ lim inf [[£(£) - f(O]I° du(t) < €. (18)
S\C h-oo
Putting (16), (17) and (18) together we obtain
Sim Il < f_iminf Ifoe) = A1 cuft)+ fim, | (01 dat
+ [ [steP = timinf a6 - FOIP) due) + 2¢
< Jim [ 1 (0= FOIP (e + fim [ 15 0P ()
+ [ [ster ~ timinf 1f(6) - 0P ) + 2¢. (19)

where we used Fatou'’s lemma in the second step.
Since u(S\ C) < 6 we have js\cllf(t)Hp du(t) < €, by (14). Hence,

1/p p
tin [ U 01F dute) < i [ 1 0= AP dute)] 4 ]

Since |s” - t°| < pAP|s — t| forall O < s, t < A, we obtain as in the proof of Proposition 3.11
that

fim . e (01 dut) < fim [ 15, (6= AP dute) + oL (20)

where L := [[f]|, + 1 + suppen|lfall,-
From (19) and (20) it follows that

i a1 < fim [ 1 (6) = A ct) + pL7 e
. /5 (s(6 = timinf I, (6)  F)1P) cuat) + 2¢
= lim [Ifo = fll; +pL" """ + 2¢
+ [ [s(ef ~ timinf ifa(6) - 1) e
Letting € —» 0 yields the desired inequality. O
If X has the Opial property, we have the following corollary.

4.2. Corollary. Let (S, A, 1) be a complete, finite measure space, 1 < p < oo and X a Banach
space with the Opial property. Let (f,)nex be a bounded sequence in LP(u, X) such that (f,(t))exn
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converges weakly to zero for almost every t € S. Suppose further that there is a function g €
LP(u) such that ||f,(t)|| = 8(t) for almost every t € S. Then

lim supl|fyll, < limsupl|f, = fll, ¥feL(1,X)\{0}.

Proof. Put A := {t € S: f(t) # O} in Theorem 4.1. Then p(A) > 0 and since X has the Opial
property we have liminf||f,(t) — f(t)]| < g(t) for every t € A, so the result follows from
Theorem 4.1. O

In the case when X has even the uniform Opial property, we have the following two
results.

4.3. Theorem. Let (S, A4, 1) be a complete, finite measure space, 1 < p < oo and X a Banach
space with the uniform Opial property. Let M,R > O and f € LP(u, X)\ {0}. Then there exists n >
0 such that the following holds: Whenever (f,)nen is a sequence in LP (u, X) with supyey ||fa| p SR
such that (f,(t)),en converges weakly to zero and lim,,_,o. || (t)|| < M for almost every t € S, then

lim sup [|fall, +n < limsup ||f, = fll,-
n—-o00 n—-o0

Proof. We define 1 := ||f||p(2u(5))_1/p and A = {t e S:||f(t)]| = T}. If u(A) = O, then we
would obtain ||fll; < (S \ A)t” < ||fll;/2, contradicting the fact that f € L”(u, X) \ {0}. Thus
u(A) > 0.

Next we put w := ny(t, M), § := min{(3R + 1)°, u(AW"}, w := R+ 1 — (R + 1)° - 6)*'”,
and finally n := min{w, 1}.

Let (f,)nen be as above. Without loss of generality we may assume that

8(t) = lim I, (0] < M
and f,,(t) » O weakly for every t € S. The definition of ny implies that
liminf||fa(t) - fit)l| - g(t) = nx(t. M) =w VYt €A
Since (a—b)° <d” - b’ foralla = b = 0, it follows that
liminf [|fa(t) - A" - g(t)" >w” vteA.
Combinig this with Theorem 4.1 yields
lim sup lf, - fll; - lim sup lIfall} = pAW’ = 6.

As in the proof of Theorem 3.13, by distinguishing the cases |[f]|, = 2R+1 and [|f]|, < 2R+1,
we deduce that

lim sup [|fall, +n < lim sup [|f, —fll,.
n—o00 n—-o0
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4.4, Theorem. Let (S, A4, 1) be a complete, finite measure space, 1 < p < oo and X a Banach
space with the uniform Opial property. Let p < r < coand €, M,R, K > Q. Then there existsn > O
such that the following holds: Whenever (f,)nen is a sequence in L”(u, X) with sup,ey||fall, < R
such that (f,(t))nen converges weakly to zero and lim, . ||fn(t)]| < M for almost every t € S,
and f € L'(u,X) € L”(u, X) such that ||f||, < Kand ||fl, > €, then

limsup [|f,ll, +n < limsup [|f, —fll,-
n—-0o n—-00

Proof. We puts:=r/p € (1,00]. Lets' € [1,00) be such that 1/s'+ 1/s = 1. Choose 0 < T <
eu(S) ™7 and put Q := (€ — u(S)T) K. Let w := ny(t,M) and & := min{Qw’, (3R + 1)},
where w and n are defined as in the preceding proof.

Now let (f,)nen and f be as above. For A := {t € S : |[f(t)|| = T} we have

@ < = [ 0N dutt)+ [ NP oute)

< /A IF(E)11° du(t) + w(S \ A)® < w(A) ™ [IFIIE + w(S)?”
< AR + u(S)P,

where we used Holder’s inequality in the second line. It follows that u(A) = Q. As in the
preceding proof we deduce that

lim sup |[f, — fll5 — lim sup 1o} > pAW > Qw’ > 5,
n—-o0 n-o00
and from there we come to
limsup [[fall, +n < limsup [If, - fl],
n—->00 n—->00

as in the proof of Theorem 3.13. O
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