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Abstract. The notions of metrical and topological vector boundedness of sets are
considered in Musielak-Orlicz spaces. The space is called right if both these notions
are equivalent. Necessary conditions of the rightness are established, and certain
sufficient conditions are found.
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1. Introduction. S. Mazur and W. Orlicz [4] have introduced the notion of
bounded set in the linear metric space (more exactly, in the F-space) in the sequence
terms. A. Kolmogorov [2] has extended this notion into topological vector spaces
(TVS). J. von Neumann [7] has stated equivalent definition in neighborhoods terms
(for details see [8]). On the other hand, the notion of a bounded set in metric spaces
is well known.

Thus, for a linear metric space we have two notions of bounded sets: in the
sense of metrical boundedness (shortly, d-boundedness) and in the sense of topo-
logical vector boundedness (TV-boundedness). Moreover, TV-boundedness implies
d-boundedness but the inverse statement is not true (in normed spaces both the
notions are equivalent).

In this paper we investigate equivalents conditions of both notions of bounded-
ness in Musielak-Orlicz spaces [6],[5] (every such space is an example of a modular
space).

In what follows, α, δ, ε denote positive numbers; k, n are positive integers; X is
a nontrivial vector space over the scalar field K = R or C.
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2. Preliminaries. It is known that an F-norm (otherwise [12], a quasi-norm)
in the vector space X is a functional ‖.‖ : X → [0,∞) satisfying the conditions:
‖x‖ = 0 if and only if x = 0; ‖ − x‖ = ‖x‖; ‖x + y‖ ≤ ‖x‖ + ‖y‖; (∀ λ ∈
K) lim
‖x‖→0

‖λx‖ = 0; (∀ x ∈ X) lim
λ→0
‖λx‖ = 0.

A space X with F-norm is called in [9] an F ∗-space. It is a metric space with the
metric d, defined by d(x, y) = ‖x − y‖ (more familiar term an "F-space"denotes
[12], [1], [10] the complete F ∗-space).

Definition 2.1 A set E in the F ∗-space (X, ‖.‖) is called TV-bounded if

∀ ε (∃ δ) : (∀ α < δ) αE ⊂ {x ∈ X : ‖x‖ < ε} .

The equivalent definition in terms of sequences ([10], Theorem 1.30): a set E ⊂ X
is TV-bounded by fulfillment of the condition:

if (∀ k) xk ∈ E, λk ∈ K with lim
k→∞

λk = 0, then lim
k→∞

‖λkxk‖ = 0.

Let us prove that in F ∗-space TV-boundedness implies d-boundedness. Really,
let a set E in F ∗-space (X, ‖.‖) be TV-bounded. Then k−1E ⊂ {x : ‖x‖ < 1} with
some k. Hence,

(∀ x ∈ E) ‖x‖ = ‖k(k−1x)‖ ≤ k‖k−1x‖ < k,

i.e. E is d-bounded.

Definition 2.2 An F ∗-space is called right if its every d-bounded set is TV-
bounded, i.e. both the notions of boundedness are equivalent.

Let us compare the notion of the right F ∗-space with the known notion (see [9],
[10]) of locally bounded TVS, i.e. possessing a TV-bounded neighborhood of zero.
It is clear that the right F ∗-space is locally bounded, but the inverse statement is
wrong (see Example 2.4 below).

Definition 2.3 A functionM : X → [0,∞] is called a gen-function if the following
conditions are satisfied:

(a) M(0) = 0;

(b) ∀ (λ ∈ K, x ∈ X) M(λx) = M(|λ|x);

(c) ∀ (x, y ∈ X,α ∈ (0, 1)) M(αx+ (1− α)y) ≤M(x) +M(y);

(d) (∀ x 6= 0) lim
α→∞

M(αx) > lim
α→0

M(αx) = 0.

(note that (a) and (c) (by setting y = 0) imply that M is nondecreasing on every
ray {βx : β ≥ 0} (x 6= 0).

Given any gen-function M the formula

(1) ‖x‖M = inf
{
a > 0 : M(a−1x) ≤ a

}
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defines in the space X an F-norm [5]. Moreover, in the F ∗-space (X, ‖.‖M ) the
vector operations are continuous (see [5], Theorem 1.5). Hence, (X, ‖.‖M ) is TVS.
Therefore, one can consider in X both notions of boundedness of the sets.

Further, we adduce an example of a locally bounded space (X, ‖.‖M ) which is
not right. As a preliminary, we notice that in TVS every nonzero vector subspace
is not TV-bounded [10], §1.29. Besides, we make use of the convergence criterion
in the F ∗-space (X, ‖.‖M ) [5]

lim
k→∞

‖xk‖M = 0 if and only if lim
k→∞

M(αxk) = 0 for any α.

Example 2.4 Let X be a normed space with a norm | · | (in just the same way we
denote the module in K), and M(x) = |x|(1 + |x|)−1.
Evidently, M is a gen-function (in particular, the property (c) follows from the
inverse of α(1 + α)−1). Moreover, (∀x) M(x) < 1, whence (see (1)) ‖x‖M ≤ 1
(one can prove that (X = {x : ‖x‖M < 1}). Hence, the whole space (X, ‖.‖M ) is
d-bounded, but it is not TV-bounded. Thus, it is not right.

Let us prove that the ball A :=
{
x : ‖x‖M < 2−1

}
is TV-bounded. Really, (1)

implies that A ⊂
{
x : M(2x) ≤ 2−1

}
=
{
x : |x| ≤ 2−1

}
. Let (∀k) xk ∈ A, λk ∈ K

with λk → 0. Then for any α,

M(αλkxk) = α|λkxk|(1 + α|λkxk|)−1 ≤ α|λk|(2 + α|λk|)−1,

whence M(αλkxk)→ 0, i.e. ‖λkxk‖M → 0.
Hence, the ball A is TV-bounded, i.e. the space (X, ‖.‖M ) is locally bounded.

3. The properties of gen-function M , which imply that the F ∗-space
(X, ‖.‖M ) is right.
The following theorem states a necessary rightness condition.

Theorem 3.1 If the space (X, ‖.‖M ) is right, then

(2) (∀ x 6= 0) lim
α→∞

M(αx) =∞.

Proof Assume that a := lim
α→∞

M(αx0) < ∞ for some x0 6= 0 and consider the
subspace E := {λx0 : λ ∈ K}. It is not TV-bounded. On the other hand, (∀x ∈ E)
M(a−1x) = M(a−1|λ|x0) ≤ a, whence ‖x‖M ≤ a, i.e. E is d-bounded. Hence, the
space (X, ‖.‖M ) is not right. �

However, the condition (2) is not sufficient for the rightness of the space (X, ‖.‖M )
(see Remark 5.4 below).

Theorem 3.2 If a gen-function M is p-homogeneous with some p > 0, i.e.

∀(α, x) M(αx) = αpM(x),

then the space (X, ‖.‖M ) is right.
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Proof It is enough to prove the TV-boundedness of the ball Bτ := {x : ‖x‖M < τ}
for arbitrary τ > 0. So, let (∀k) xk ∈ Bτ , (λk) be a sequence in K with λk → 0.
Then

∀(α, k) M(αλkxk) = (α|λk|τ)pM(τ−1xk) ≤ (α|λk|τ)pτ,

whence M(αλkxk)→ 0, i.e. ‖λkxk‖M → 0.
Thus, any ball Bτ in (X, ‖.‖M ) is TV-bounded. Hence, (X, ‖.‖M ) is right. �

Remark 3.3 Also any convex gen-functionM generates the right space (X, ‖.‖M ).
This statement can be proved analogously to Theorem 3.2 (with a little modifica-
tion).

Example 3.4 Let X = C[a, b], M(x) =
b∫
a

|x(t)|pdt (p > 0). Then M is a p-

homogeneous gen-function (convex by p ≥ 1). Hence, the space (X, ‖.‖M ) is right.

4. The space (X, ‖.‖M ) generated by a simple gen-function. Let us
consider the special case of the gen-function M when X is a normed space with the
norm |.|, andM(x) := Φ(|x|), where the nondecreasing function Φ : [0,∞)→ [0,∞]
satisfies the condition:

lim
τ→∞

Φ(τ) > lim
τ→0

Φ(τ) = Φ(0) = 0.

Evidently, such a function M is really the gen-function, and we call it a simple
gen-function. Note that the gen-function M in Example 2.4 is simple, in contrast
to Example 3.4 (by |x| = max {|x(t)| : t ∈ [a, b]}).

Note that for any simple gen-function the condition (2) means that lim
τ→∞

Φ(τ) =
∞.

Theorem 4.1 If for a simple gen-function M the condition (2) is satisfied, then
the space (X, ‖.‖M ) is right.

Proof First, we prove that

(∀τ > 0) bτ := sup {|x| : x ∈ Bτ} <∞ (Bτ := {x : ‖x‖M < τ}).

Indeed, otherwise for some τ > 0 and xn ∈ Bτ , n = 1, 2, ..., we have |xn| →
∞. Hence, M(τ−1xn) = Φ(τ−1|xn|) → ∞ in contradiction to the inequality
M(τ−1xn) ≤ τ , which follows from (1).

Further, for arbitrary τ > 0 if (∀k) xk ∈ Bτ and λk → 0, then

(∀α) M(αλkxk) = Φ(α|λkxk|) ≤ Φ(αbτ |λk|),

whence M(αλkxk)→ 0.
Thus, any ball Bτ in (X, ‖.‖M ) is TV-bounded, i.e. (X, ‖.‖M ) is right. �
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So, in case of a simple gen-function M , condition (2) is necessary and sufficient for
the rightness of (X, ‖.‖M ).

Corollary 4.2 If dimX = 1 and a gen-function M satisfies condition (2), then
the space (X, ‖.‖M ) is right.

Proof For a fixed e ∈ X\{0} and arbitrary x = λe the equality |x| := |λ| defines
a norm in X. Let Φ(τ) := M(τe), τ ≥ 0. Then

M(x) = M(λe) = M(|λ|e) = Φ(|λ|) = Φ(|x|),

i.e. M is a simple gen-function and we can apply Theorem 4.1. �

The question arises whether the extension of Corollary 4.2 holds whenever 1 <
dimX <∞.

5. Musielak-Orlicz spaces `M of vector sequences.
A Musielak-Orlicz space `M is generated by a functionM from N×X into [0,∞]

such that for every n the function M(n, .) : X → [0,∞] is a gen-function (see for
Definition 2.3). Such a function M is also called a gen-function.

We consider the vector space XN of sequences ϕ : N→ X with the usual linear
operations. Denote by θ the zero of XN, i.e. (∀n) θ(n) = 0. For a given gen-function
M let us define

IM (ϕ) :=
∞∑

n=1

M(n, ϕ(n)), ϕ ∈ XN,

`M :=
{
ϕ ∈ XN : (∃α) IM (αϕ) <∞

}
.

It is not difficult to verify that `M is the nonzero vector subspace of XN, and
the functional IM : `m → [0,∞] is a gen-function (in the sense of Definition 2.3).
Hence, the formula

‖ϕ‖M := inf
{
a > 0 : IM (a−1ϕ) ≤ a

}

defines an F-norm in the space `M .

Theorem 5.1 If the space (`M , ‖.‖M ) is right, then

(3) ∀(n, x 6= 0) lim
α→∞

M(n, αx) =∞

(if M does not depend on n, then (3) coincides with (2)).

Proof According to Theorem 3.1, we have

(∀ϕ ∈ `M\{θ}) lim
α→∞

IM (αϕ) =∞.

Let, for a fixed n0 and x0 6= 0, ϕ(n0) = x0 and (∀n 6= n0) ϕ(n) = 0. Then
ϕ ∈ `M\{θ} and lim

α→∞
M(n0, αx0) = lim

α→∞
IM (αϕ) =∞. �
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According to Theorem 5.1, the space `M generated by gen-functionM from Example
2.4 is not right. In the same way `M is not right when M(n, x) = 2−n|x|(1 + |x|)−1.
Moreover, since (∀ϕ ∈ XN) IM (ϕ) < 1, we have `M = XN.

By analogy with Theorem 3.2, if for some p > 0 and every n the gen-function
M(n, .) is p-homogeneous on X (hence, IM is p-homogeneous on `M ), then (accor-
ding to Theorem 3.2) the space `M is right. The similar statement holds if for every
n the gen-function M(n, .) is convex on X (see Remark 3.3).

Let us present two examples which show that condition (3) is not sufficient for
the rightness of `M (even if M(n, .) is a simple gen-function).

Example 5.2 LetX = R,M(n, x) = n
√
|x|. Then (3) holds. Let further (∀k) ϕk(k) =

1 and (∀n 6= k) ϕk(n) = 0. Since (∀k) IM (ϕk) = 1, we have ‖ϕk‖M ≤ 1 (in fact
‖ϕk‖M = 1). Simultaneously, IM (k−1ϕk) =

k
√
k−1 → 1. This means that the ball

{ϕ ∈ `M : ‖ϕ‖M ≤ 1} in not TV-bounded. Hence, the space `M is not right.

Example 5.3 Let X = R, M(0) = 0, M(x) = −(ln |x|)−1 if 0 < |x| < 1 and
M(x) = ∞ if |x| ≥ 1. So, M is a simple gen-function with condition (2) which
coincides in this case with (3).

Let (∀k) ϕk(n) = e−k if n ≤ k and ϕk(n) = 0 if n > k. Then (∀k) IM (ϕk) =
1 whence ‖ϕk‖ ≤ 1. At the same time, (∀k) IM (e−kϕk) = 2−1, i.e. the ball
{ϕ ∈ `M : ‖ϕ‖M ≤ 1} is not TV-bounded. Hence, `M is not right.

Remark 5.4 The Examples 5.2 and 5.3 demonstrate, in particular, that the con-
dition (2) is not sufficient for the rightness of the space (X, ‖.‖M ).
Indeed, let us consider `M and IM from Example 5.2 or 5.3 as a space X and a gen-
function that is defined on X, respectively. Evidently, (∀ϕ 6= θ) lim

α→∞
IM (αϕ) =∞,

i.e. (2) holds, but the corresponding space (X, ‖.‖M ) is not right.

The following theorem (presented without any proof) suggests another sufficient
rightness condition for the space `M .

Theorem 5.5 Let X be a normed space and M be a simple gen-function on X (see
§4). If lim

τ→∞
Φ(τ) =∞ and sup{τ : Φ(τ) = 0} > 0, then the space `M is right.

6. Musielak-Orlicz spaces of vector functions. Let (T, T , µ) be a measure
space with a σ-finite complete measure (µ(T ) > 0); X be a separable Banach space;
B be the collection of all Borel sets in X; S be a set of all T -measurable functions
ϕ : T → X which are identified by the equality µ-a.e.; θ be the zero in S, i.e. θ(t) = 0
µ-a.e. in T . Further, let Λ be the σ-algebra generated by {A×B : A ∈ T ,B ∈ B},
i.e. Λ = T × B.

Definition 6.1 A function M : T × X → [0,∞] is called a gen-function if M
is Λ-measurable and for every t ∈ T , the function M(t, .) satisfies the conditions
(a)-(d) from Def. 2.3.
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Let us set IM (ϕ) =
∫
T
M(t, ϕ(t))dµ (∀ ϕ ∈ S).

Definition 6.2 Given any gen-function M , the Musielak-Orlicz function space
LM is defined as:

LM = {ϕ ∈ S : (∃α) IM (αϕ) <∞}.

One can prove that LM is a nonzero vector subspace of S. Moreover, it is not
difficult to check that IM is a gen-function on LM . Hence, the formula

‖ϕ‖M = inf{a > 0 : IM (a−1ϕ) ≤ a}

defines a F-norm in LM . Further, we make use of the following theorem (see [3],
[11]).

Theorem 6.3 If a set C ∈ Λ, then

pτTC := {t ∈ T : (∃x ∈ X) (t, x) ∈ C} ∈ T ,

and (if C 6= ∅) there exists a T -measurable function ϕ : pτTC → X, the graph of
which is contained in C.

Now, we will establish a necessary condition for the rightness of the space LM .

Theorem 6.4 If the space LM is right, then for almost every t there holds the
condition

(4) (∀x 6= 0) f(t, x) := lim
α→∞

M(t, αx) =∞.

Proof Since the function f is Λ-measurable, so

C := {(t, x) : x 6= 0, f(t, x) <∞} ∈ Λ,

and, by Theorem 6.3, E := pτTC ∈ T .
Suppose that µE > 0. Then, again by Theorem 6.3, there exists a T -measurable

function ϕ : E → X such that (∀t ∈ E) ϕ(t) 6= 0 and f(t, ϕ(t)) <∞.
Let us take a set A ⊂ E with 0 < µA < ∞ and sup{f(t, ϕ(t)) : t ∈ A} < ∞.

Now, if ψ(t) = ϕ(t) for t ∈ A and ψ(t) = 0 for t ∈ T\A, then ψ ∈ LM\{θ}, and
lim
α→∞

IM (αψ) = lim
α→∞

∫
A

M(t, αϕ(t))dµ =
∫
A

f(t, ϕ(t))dµ < ∞, which contradicts to

the rightness of LM (see Theorem 3.1).
Hence, µE = 0, i.e. the conclusion of the theorem holds. �

As `M is a special case of LM , Example 5.2 and 5.3 verify the insufficiency of
condition (4) for the rightness of LM . On the other hand, if the gen-function M is
such that for every t ∈ T the function M(t, .) is p-homogeneous (p > 0) or convex
on X, then the space LM is right.
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