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1. Introduction. Traces of function spaces of Besov-Triebel-Lizorkin type
on hyperplane in R™, n > 2, has been studied for years. The classical trace pro-
blem consists in finding spaces X and Y, as subspaces of D'(R") and D'(R"~1),
respectively, such that a trace operator Tr is a continuous, linear surjection

Tr: X —- Y.

In particular it was proved that the trace space for the space X = By (R") is

Y = B;;l/p(R”_l) if s>1/p, 1 <p < oo. We refer to Triebel’s book [17] for the
classical results and historical comments. It was a bit surprising that also in the
borderline case s = % one can find the trace space. This case was first investigated
by V. I. Burenkov and M. Goldman [2], [6] as well as by M. Frazier and B. Jawerth
[3], [4]. It was proved that the corresponding trace space is L,(R"™1).

In 1986 H. Triebel extended the definition of inhomogeneous Besov B, . and

Triebel-Lizorkin Fj spaces to a noncompact Riemannian manifold M n Wlth
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bounded geometry, cf. [16] and [18]. Trace problem for the spaces B,  (M") and
F3 (M™) on noncompact submanifolds N* was studied by one of the authors in [14].
However in that paper a strong assumption that N* is a totally geodesic submani-
fold was used. Last time N. Grofe and C. Schneider proved the trace theorem for
the function spaces defined on the manifolds for much wider class of submanifolds,
cf. [7]. Their result reads as follows. Let N* is k-dimensional submanifold that
satisfies the conditions of Definition 2.3, cf. below. Let 0 < p,q < 0o (0 < p,q < c©
or p = q = oo for F-spaces) and

—k 1
s—n >k<f—1> .
p p +
n—k

Then Tr is a linear and bounded operator from Fj (M™) onto By, 7 (N*) and
n—k
from By (M") onto Bpg 7 (NF). Just as in [14] the borderline case is not con-
sidered there. The aim of the paper is to supplement this result by adding the
limiting case. Moreover, we want to show that the approach to the trace problem
via atomic decomposition, proposed by Frazier and Jawerth in [3], works also in the
Riemannian manifold setting.
The main result of the paper asserts that if N* is a k-dimensional submanifold
that satisfies the conditions of Definition 2.3 then

n—k
Tr Byj (M™) = L,(N*) if 0<p<ooand0<qg<min{l,p}

and
n—k

Tr Fp.§ (M”):LP(N’“) if 0<p<land0<gq<oo.

)

In contrast to the Grofe and Schneider’s proof, that is based on the uniformly
localization principle, here we used an atomic decomposition of the function spaces
on Riemannian manifolds. The decomposition was constructed in [12].

We assume that the reader is familiar with the basic facts about the Besov and
Triebel-Lizorkin spaces on R™. All we need is covered by Triebel’s books [17] and
[18]. The second book contains also the information about the function spaces
on Riemannian manifolds. We also assume some basic knowledge in differential
geometry. We refer e.g. to [5] for the needed definitions. One can consult also the
books about Sobolev spaces and nonlinear analysis on manifolds [1], [8], where the
basic facts of differential geometry needed for analysis are well described.

The paper is organized as follows. In the first section we recall some notation
about Riemannian manifolds and submanifolds. In particular for the pair (M", N*),
N* being the submanifold of M", we introduce the notation of bounded geometry.
Here we used the definition of Grofe and Schneider, cf. [7]. The next section
is devoted to the principle of uniform localization. In particular we recall here
the definition of the Besov and Triebel-Lizorkin spaces on manifolds with bounded
geometry. In Section 4 we recall the atomic decomposition on manifolds and adapt
the construction of the atomic decomposition to coverings using Fermi coordinates
in a neighbourhood of the submanifolds. These coverings were introduced in [7]. In
the last section we formulated and proved the trace theorem.
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2. Manifolds and submanifolds of bounded geometry. Let (M", g)
be a n—dimensional Riemannian manifold with the Riemannian metric tensor g.
We assume that M™ is complete and connected. Then the Riemannian distance
dpr : M™ x M™ — [0,00) is well defined and the exponential map exp,, is defined
everywhere i. e. for every x € M™ and every vector v belonging to the tangent space
T, M™. We recall that the last map is given by

exp, v = ¢(z,v,1), zeM" veT,M",

where ¢t — ¢(z,v,t) is a geodesic line through « in direction v. The exponential map
is a diffeomorphism of a ball B(0,7) C T,,M™ onto a geodesic ball By (x,r) in M™
if the radius r is sufficiently small. Denoting by 7, the supremum of all possible
radii of such balls we can define an injectivity radius of M™ as ry; = inf ecpn 75-
If rps > 0 then taking r € (0,7)7) we see that exp, : B,(0,r) — By(z,7) is a
diffeomorphism for any x € M™.

Using the Riemannian structure we can define a gradient V f of a sufficiently
smooth function f on M™ and the divergence div X of the vector field X on M™.
In consequence we can define a Laplace operator by

Af =div(Vf) .

The operator have the following form in the local coordinate system

Af =(1/y/g]) Zaj( 9197%0: f)

where ¢7¢ are the components of the inverse of the metric tensor g. We put also
IVEFI? = g™ P . g™V, ... Ve, [V ... Vs, ],

(Einstein’s summation convention.) So, for any bounded domain U C M™ we can
define B _ B
IAICH @) = > IV ACO)I.

0<j<k

DEFINITION 2.1 The Riemannian manifold M™ is called a manifold of bounded
geometry if the following two conditions are satisfied:

(a) ray > 0,

(b) [IV*Rux| < Cr, k=0,1,2,..., (i. e. every covariant derivative of the Rieman-
nian curvature tensor is bounded.)

REMARK 2.2 (i) Note that (a) implies that M™ is complete.

(ii) The condition (b) is equivalent to any one stated below:
(b’) for every 0 < r < rp; and every multi-index « there exist positive con-
stants C, and C such that the components of the metric tensor g;; and the
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components of its inverse ¢’ satisfy in every normal coordinate system on
By (z,7) the inequalities

[V, < Ca g™ < C.

(b”) Let us fix 0 < r < rpy and let Bys(z,7) and Bp(2',r) be two geodesic
balls with the normal coordinates y : Bp(z,7) — R™, ¢/ : By(a/,r) —
R™ such that Bps(x,7) N By (2',7) # 0. Consider the mapping y’ o y~! :
y(Bpr(z,7) N Bp(2',7)) — R™ Then for every multi-index « there is a
positive constant C,, independent of z, z’ such that the inequalities

05y oy~ < Ca

holds.
The condition (b”) is often more useful in applications than condition (b).

(iii) Examples of manifolds of bounded geometry include all compact manifolds,
all homogeneous spaces i. e. manifolds with a transitive group of isometries
(symmetric spaces, Lie groups with left (right) Riemannian structure), as well
as leaves of foliations of compact manifolds.

Let N* € M™ be an embedded submanifold, meaning, there is a k-dimensional
manifold N’ and an injective immersion f : N’ — M" with f(N') = N*, 1 <k < n.
Let 2 € N*. A normal ball B+ (x,r) centered at  with radius » > 0 is defined in
the following way

Bt (z,r) ={z € M" : dy(z,2) <1, Je,Ve < g0 dy(,2) = dur (By(2,€),2)}

with
By (z,e) = {u € N* : dy(u,z) < e},

and djs and dy denote the distance functions in M™ and N*, respectively.
The following definition of submanifolds of bounded geometry where introduced
in [7].

DEFINITION 2.3 Let (M™, g) be a Riemannian manifold with a k-dimensional em-
bedded submanifold (N*, g|x+). We say that (M™, N*) is of bounded geometry if
the following is fulfilled

(i) (M™, g) is of bounded geometry.

(ii) The injectivity radius rx of (N*, g|yk) is positive.

(iii) There is a collar around N* (a tubular neighbourhood of fixed radius), i.e.,
there is 7. > 0 such that for all z,y € N* with = # y the normal balls B*(z,7.)
and Bt (y,r.) are disjoint.

(iv) The mean curvature £ of N* given by

L(X,Y):=V¥Y-VYY, X, YeTN,

and all its covariant derivatives are bounded. Here, VM is the Levi-Civita connec-
tion of (M",g) and V¥ the one of (N*, g|x«).
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REMARK 2.4 (i) If the normal bundle of N* in M™ is trivial then condition
(iii) in Definition 2.3 simply means that {z € M™ : dist ps(z, N*¥) < r.} is
isomorphic to B"¥(0,7.) x N*. Then

(1) F:B"%0,r.) x N* 3 (t,2) = expM (t'v;) € M"

is a diffeomorphism onto its image, where (!, ..., t"~*) are the coordinates for
t with respect to a standard orthonormal basis on R"~* and (vq,...,vn_1)
is an orthonormal frame for the normal bundle of N* in M™. If the normal
bundle is not trivial F still exists locally, which means that for all z € N*
and € smaller than the injectivity radius of N*, the map

F:B"%0,r.) x By(x,€) 3 (t, 2) = expM (t'v;) € M"™

is a diffeomorphism onto its image. All included quantities are as in the case
of a trivial vector bundle, but v; is now just a local orthonormal frame of the
normal bundle. By abuse of notation, we suppress here and in the following
the dependence of F' on ¢ and z.

(ii) If (M™ N¥) is of bounded geometry then N* is a manifold with bounded
geometry, cf. [7].

3. Coverings, trivializations and function spaces. Following H. Triebel
[16] we define the Triebel-Lizorkin spaces F}; ,(M") via uniform localization princi-
ple and then the Besov spaces B, ,(M™) by interpolation. To simplify the notation
we assume that M™ is noncompact. The changes for compact manifold are obvious.

Let {U,}; be a covering of M™ by open bounded sets. The maximal number of
the sets with non-empty intersection in the covering is called a multiplicity of the
covering. A covering with finite multiplicity is called uniformly locally finite.

Let A = {(U;,k;)}; be an atlas of the manifold M™ and {p;}; C C5°(M™) a
resolution of unity subordinated to A. Following [7] we will call T = {(Uj, k;, ¢;)};
a trivialization of the manifold M™ if the covering {U,}; is uniformly locally finite.

Two atlases A = {(Uj;, k;)}; and A = {(Vie, ) }x of the manifold M™ are called
compatible if for any ¢ € Ny there is a constant Cp > 0 such that for all j and &
with U; N Vj # 0 and all multi-index «, |a| < £ we have

Dt omy))] < G and D7t om))| < C

Two trivializations 7 = {(Uj, K, ¢;)}; and T = {(Vi, 7, ) }& of the manifold
M™ are called compatible if the corresponding atlases A = {(U;,k;)}; and A =
{(Vi, n) }x are compatible.

REMARK 3.1 For the manifold M™ of bounded geometry there exist a number
0 < 19 < rp such that if » € (0,79) then there exists a countable uniformly
locally finite covering {Ba(x;,7)}; of M™ by balls of radius r, cf. [9, Lemma 1.2].

Let A9¢° = {(BM (zj,7),exp,, )} denotes the atlas such that the corresponding
7
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covering by geodesic balls is uniformly locally finite. Any two such atlases are
compatible.

It can be easily proved that, for the atlas A9¢° there exists a corresponding
resolution of unity {¢;} C C§°(M™) with the following properties:

0<¢; <1, supp@; CBu(z,r), j=12---, Y ¢;=1 on MY
j

for any multi-index « there exists a positive number b, with

Da((,DjoeXpwj)‘Sba’ j:1727

We will call the trivialization 79¢° = {(BM(xj,r),eprj,goj)} ~a geodesic trivali-
j
zation.

One can easily show that if 0 < r < r3,/3 then any two geodesic trivialization
are compatible.

We are ready to define the function spaces via uniform localization principle.

DEFINITION 3.2 Let 79 = {(BM (xj5,7), eXPy,, cpj)} ~be a geodesic trivalization
J
of connected manifold M™ with bounded geometry, 0 < r < rp;/3.

1. Let either 0 < p < 00,0 < g<00,0r p=¢g=00. Let —00 < s <oo. Then

F(M™) = {f e DA™Y : | FIES, (M) =
1/p

S llesS oospe, 1B, | < oo}
J

(with the usual modification if p = 00).
2. Let 0 <p<o0,0<qg< o0 Let —o0 < s9g<s< sy <oo. Then

By o(M") = (Fp5(M"), Fpiy (M™))

with s = (1—0)sg+6s1. Here (-,-)g,4 denotes the real method of interpolation.

The properties of Triebel-Lizorkin function spaces justify the following definition,
cf. [7].

DEFINITION 3.3 Let (M™, g) be a Riemannian manifold of bounded geometry. Mo-

reover, let a trivialization 7 = {(Uj;, k;, ¢;) }; be given. We say that 7 is admissible
if the following conditions are fulfilled:

(B1) T is compatible with a geodesic trivialization 79¢° defined in Remark 3.1.
(B2) For all £ € N there exists Cy > 0 such that for all j and all mutli-index « with
lal < ¢

(D (pj 0 kj)l < Co.
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PROPOSITION 3.4 Let —co < s < oo and either 0 < p < o0, 0 < q < o0, or
p=gq=o00. LetT = {(Uj, kj,;)}; be an admisible trivialization of the Riemannian
manifolds M™ with bounded geometry then

F(M7) = {f € DM - | fIFS, (™7 =

1/p

> i f o kil Fy (R < oo}
j

and ||f|F;7q(M")||T is an equivalent (quasi)-norm in F,; (M").

PrOOF The proposition follows immediately from the Definition 3.3, diffeomor-
phism properties and pointwise multipliers for Triebel-Lizorkin spaces, cf. [15]. n

4. Atomic decompositions on manifolds. We start with the recalling of
the definition of atoms. We follows the ideas from [12]| and [11]. For an open set
Q C M"™ and r € Ry we put rQ = {z € M"™ : dist pr(z,Q) < r}.

DEFINITION 4.1 (CF.[12]) Let s € R and 0 < p < co. Let L and K be integers
such that L > 0 and K > —1. Let » > 0 and C > 1 be positive constants. Let
Q C M™ be an open connected set with diam @ = r.

(a) A smooth function a(z) is called an 11 -atom centered in @ if

(2) supp a  C gQ,

(3) sup |Vka(y)| < C foranyk<L.
yeM™

(b) A smooth function a(z) is called an (s, p)r, x-atom centered in Q if

r

(4) supp a C §Q7
(5) sup ‘Vka(y)| < Cr " v forany k <L,
yeMn
© [ o] < e |yerng)|
holds for any ¥ € Cg°(M™).
If K = —1 then (6) means that no moment conditions are required.

To work with an atomic decomposition for p > 1 we should control location of
atoms. This can be done by the sequence of regular atlases.

DEFINITION 4.2 Let (M™, g) be a Riemannian manifold of bounded geometry. Let
0<A<landR>0.
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(i) An atlas A = {(U;, k;)},1 € T of M™ is called (A, R)-regular if it is compatible
with A49¢° and if for any ¢ € I there exist a point z; € M™ such that

BM(£EZ,>\R) cU; C BM((E“R)

(ii) Let a sequence A; = {(Uj,K;:)},1 € I;, 7 =0,1,2,... of atlases of M"™ be
given. We say that the sequence A;,7=0,1,2,...,is (A, R)-regular if the atlas A,
is (\,277 R)-regular for any j =0,1,...

Now we define the families of atom we need for the decompositions of Besov and
Triebel-Lizorkin spaces.

DEFINITION 4.3 Let A; = {(U;;,k,4)}, i € 1, 5 =0,1,..., be (A, R)-regular sequ-
ence of atlases of the manifold M™.

Let s € Rand 0 < p < co. Let L and K be integers satisfying the assumption of
Definition 4.1. A family Ai}vK of 1z-atoms and (s, p)r, x-atoms is called a building
family of atoms corresponding to the sequence {A;} if:

(a) all atoms belonging to the family are centered at the sets of the atlases A;

(b) all atoms belonging to the family satisfy the conditions (2) - (6) with the same
positive constant C,

(c) the family contains all atoms satisfying (a)-(b).

One can construct the (A, R)-regular sequence of atlases using the notations of
separations and discretizations of manidolfs, cf. [13].

DEFINITION 4.4 (CF. [13]) Let V be a nonempty subset of a connected Rieman-
nian manifold M™ of dimension n. Let R > 0 be a positive number, 8 =1,2,... be
a positive integer.

A subset ‘H of V is said to be R-separation of M", if the distance between any
two distinct points of # is greater than or equal to R.

A subset H of V is called an (R, 5)—discretization of M™ if it is an R-separation
of V and

V¢ |J Bul(x,8R).
zEH

The following lemma can be easily proved by the Zorn Lemma and the volume
argument, cf.[13].

LEMMA 4.5 Let M™ be a connected Riemannian manifold with bounded geometry.
Let 0 < R<rp/3 and B € N.

(a) For any connected nonempty open subset V' of the Riemannian manifold M™
there is an (R, 1)-discretization of V .

(b) Let £ be a positive integer. If H is an (R, )—discretization of M™ and £ >
then the family {Bpr(z,fR)}ren is an uniformly locally finite covering of V. with
multiplicity that can be estimated from above by constant depending on dim M"™ and
£, but independent of R.
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REMARK 4.6 Let M™ be a manifold with bounded geometry and 0 < R < 757/3.
Let {z;,} i € I; be a (277 R, 1)-discretization of the manifold M", j =0,1,2,3,....
Then the sequence A; = {(Bum (2, 2*jR),expxj‘i)}, i€l;,j=0,1,...isa (3, R)-
regular sequence of trivializations cf. [13].

For ¢ € R let [c] stand for the largest integer less than or equal to ¢ and ¢y =
max(c,0) . Moreover, for the characteristic function x;; of the set U;; we put

X;‘Z‘) = 29"/Px.. ;. Moreover we put
1 1 1
op:n<ffl) and Op,q = N | max (771;771>
p + p q "

THEOREM 4.7 ([12]) Let s€ R, 0 < g < o0, let 0 < p < o0 or p=¢q = o0 in the
case of the Fj  —scale and 0 < p < oo in the case of By ,~scale. Let L and K be
fized integers satisfying the following conditions L > ([s]+ 1)+ and

K > max([op — s],—1) (in B-case) or K >max([opq— s],—1) (in F-case).

Let Aj, j =0,1,..., be (A, R)-regular sequence of atlases of M™, 0 < R < 7.
There exists a building family of atoms Af;f corresponding to the sequence A; with

the following propertz'es
(a) each f € F; (M") (f € B, ,(M™)) can be decomposed as follows

oo o0
(7) f= Z Z sjiaj; (convergentin D'(M™)),

o (EE)

1/q
® [(Z san??)
7,1=0
with atoms belonging to ASL”Z,K .

(b) Conversely, suppose that f € D’(M") can be represented as in (7) and (8)
with atoms belonging to ALK, Then f € F5 (M™) (f € By ,(M™)).

Furthermore, the infimum of (8) with Tespect to all admzssible representations
(for fized sequence of coverings and fized integers L, K) is an equivalent norm in

Ep o(M™) (By ((M™)).

PROOF The above theorem was proved for sequences of atlases defined in Remark
4.6, but the proof can be repeated literally for (A, R)-regular sequences of atlases.g

Now we describe the sequence of regular atlases suitable for investigation the
traces of function spaces on submanifolds via atomic decomposition. We adopt the
approach via Fermi coordinates system due to N. Grofe and C. Schneider, cf. [7].
We recall that the maps F' are defined in (1).
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DEFINITION 4.8 Let (M™, N*) be of bounded geometry. Let moreover 0 < R <
min{%rN, %TM, %rc}, where ry is the injectivity radius of N* and r; the one of
M™ and r, is as in Definition 2.3. For any j =0,1,2,... we put

Uj(N*) = |J B*(,27R),
zENF
{2;.i}ier be an (277 R, 1)-discretization of the manifold N*
(with the induced metric g|y),
{zji};c; be an (277 R, 1)-discretization of the subset M™ \ U;(N*)
of the manifold M™ .

We consider the covering {U; ;} of the manifold M™ with

Uj; = DBul(zj; R) forsomeie I,
Uji = F(B"%0,2R) x By(z;,R)) for somei¢cI.

Coordinates ;; on U;; are chosen to be geodesic coordinates exp%‘i if Uj; =
B (24,277 R) with i € I and to be Fermi coordinates

(9)  kje:B"F(0,2R) x By(24,277R) 3 (t,x) + expé\ﬁpy’v s (" Vm)

if i € I. Here (t1,...,t,—) are the coordinates for t with respect to a standard
orthonormal basis on R"* (vy,...,1,_4) is an orthonormal frame for the normal
bundle of By(z;;, R) in M™, exp” is the exponential map on N* with respect to
the induced metric g|N, and \;; : RF — T, N k¥ is the choice of an orthonormal
frame on T, , N*.

PROPOSITION 4.9 Let (M™, N¥) be of bounded geometry.

(i) For any j = 0,1,2,... there is a partition of unity subordinated to the atlas
AFC = {(U;i,k;4)} introduced in Definition 4.8 fulfilling condition (B2) of
Definition 3.3.

i) Let TFC be a trivialization M™ given by the atlas AFC together with the
J J
subordinated partition of unity. Then, 7;-FC 18 an admissible trivialization.

(iii) The sequence Afc, J=0,1,2,...4s (A, R)-regular for some 0 < X\ < 1.
PROOF The points (i) and (i) were proved in [7] so it remains to prove the point
(m)'fhe couple (M™, N*) is of bounded geometry therefore there exists a constant
C > 0 such that |[Rp| < C and |£] < C. Let

(10) U = F(B"%(0,2R) x By(z,2R)), z € NF,

and R satisfies the condition of Definition 4.8. Let « be a chart for U defined as in
(9). Then there is a constant C’ > 0 depending on n, k and C but independent of



L.Skrzypczak, B.Tomasz 203

x such that the metric tensor g with respect to the maps x defined by (9) can be
estimated uniformly i.e.

lgjil <C"  and g <,

with constant C” cf. [7]. But this implies that there are constants ¢”,C"” > 0 such
that

(11) "de(0,y) < dum(z,k(y)) < C"de(0,y), yeU.

Moreover the constants are independent of U. But any set Uj;, ¢ € I is subset of
some set U and r;; is the restriction of & to the set Uj ;, therefore the last estimates
implies that the sequence Afc, j=0,1,2,...is (A, R)-regular for some 0 < A\ < 1.g

5. Traces. Let M™ be a connected Riemannian manifold with bounded geome-
try and N¥ its connected submanifold such that the pair (M™, N¥) is of bounded
geometry. If f is a continuous function on M"™ we can define its trace Tr f by
restriction

Tr f = f|N .
If f € C(M™) then of course Tr f € C(N¥). Since the spaces of test functions
Cge(M™) is dense in By (M™) and F; (M") if p < oo and ¢ < 0o we can extend
the trace operator to the whole spaces if there is a constant C' > 0 such that

1T X (NP < ClIfIA, (M), forall f e C5o(M™)
where X(N¥) is a function space on N* and Ay ,(M™) stands for By (M™) or
E (M™).

Now we prove the main result of the paper.

THEOREM 5.1 Let M™ be an n-dimensional connected Riemannian manifold and
let N* be a connected k-dimensional submanifold, 1 <k <mn — 1. Let (M™, N*) be
of bounded geometry.

(i) If 0 < p < 00, 0 < ¢ < min(1,p), and s = "Tjk then there exists a linear and

bounded trace operator Tr from B, (M™) onto L,(N*), and
Tr(B; (M")) = Ly(N").

(i) f0<p<1,0<g<oocands= ”Tjk then there exists a linear and bounded
trace operator Tr from F; (M™) onto L,(N*),

Te (F},(M™) = Ly(N¥).

PRrROOF Step 1 We prove the theorem for Besov spaces. The proof is based on
the atomic decomposition. This approach was used by Frazier and Jawerth in [3]
and [4] in the case of borderline traces on hyperplains in R™, cf. also [10]. For
Triebel-Lizorkin spaces the theorem can be proved analogously. However in that
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case one can use also the uniform localization principle as it was done in [7] for
nonlimiting traces. Please not that in contrast to the case s > 2=k now the result
for Besov spaces does not follow by interpolation from the statement for Triebel-
Lizorkin spaces.

Step 2 In this step we prove that the trace operator can be correctly defined and

that Tr f € L,(N*) if f € B ,(M™), s = "%,

Substep 2.1 First we consider an atomic decomposition of an element f €
By (M"), s = ”Tjk and show that the decomposition leads to some trace on N*.
Let

(12) f= E g sjiaj; convergence in D'(M™),
i
1/q

with [ > () [s;alP)e/” < o0

J

be an atomic decomposition of f subordinated to the sequence of covering A5
described in Proposition 4.9. The functions

L

fr=2_% siias
[

Jj=0

are continuous so the trace Tr f; is well defined by restriction Tr f; = f|y. We
show that the sequence Tr f; converges in L,(N*).

Let I/; =LUu{ie fj such that 277U; ; N N* = (0} cf. Definition 4.8. Moreover
ifi e IAJ \ I; then 279U;; N N* C U for some U defined by (10). In consequence
(11) implies diam x(279U;; N N*) < €277, for some constant C independent of j
and ¢. The sequence of covering is uniformly locally finite therefore

4 )4
Tr (Z Z sj’iaj)i) = Z Z Sj,i Tr Qi
0 1

=0 i i=04er,

and

(.

1) <o [ (X (Swrrisio) "))

j=m 7

4 » 1/p
Z Zsm Tr aj’l-(x)’ dx)

j=m 1

1/p

Where xj,(x) is a characteristic function of the ball in N that contains the set
279U;; N N¥, i € I;. The radius of the ball is uniformly bounded by C277. But



L.Skrzypczak, B.Tomasz 205

¢ < min(1, p) therefore by monotonicity of ¢, spaces and triangle inequality we get

(/ <Z <Z|5“|p2jkxﬂ ))é)de)é
- (/N’“ (i (Z|5j,i|p2jk§<‘;($))g)§dm>},

Jj=m

(1) <o (;ﬂ (; |sj,z-|p)q”’)

Now it follows from (12) - (14) that the sequence fy|x is a Cauchy sequence in
L,(N*) so it is convergent. Moreover

, 1/q
a/p
’)

Substep 2.2 The atomic decomposition of the f € By (M"), s = === k is not unique,
therefore we should show that limy_, ., Tr f; is mdependent of the given decompo-
sition, at least for continuous function f. The rest will follow by density argument.
Let f € By (M"), s = "Tjk, be a continuous function. Let us take the atomic

(15) I Jim T L,V < O30 (Xl

decomposition of f given by (12). Arguing as in (13) and (14) we can show that

(L gminre) " se(E 2me) "

Thus f; is a Cauchy sequence in L,(M™). But it converges in D'(M™) to f so it
converges to f also in L,(M™). In consequence it contains a subsequence conver-
ging to f a.e. But all functions f, and f are continuous therefore the subsequence
converges to f everywhere. This means that the sequence Tr f,; contains the sub-
sequence converging to f|y pointwise. So Tr f, converges to f|y in L,(N*). Now
(15) implies

ITx fIL, (N < ClIfIB; 4 (MM

n

if f e B, ,(M")is a continuous function and s = %’“. Step 8 To prove that the
operator Tr is onto we construct an extension operator. We follow the ideas of [3].

Let h € L,(N ). We may assume that h is a nonnegative function since any
complex-valued function is a sum of two real-valued functions and any real-valued
function is a sum of two nonnegative functions. Once more we use the Fermi
coordinates associated to the covering AY“, j = 0,1,. .., constructed in Proposition
4.9, cf. also Definition 4.8. Let {Bn(z;,277R)}icr be a covering of N* related
to Af C. The coverings are uniformly locally finite with the uniformly bounded
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multiplicity constants therefore there exist corresponding resolutions of unity {¢; ;}:
with uniformly bounded derivatives. We may assume that the functions ¢;; are
non-negative.

Now one can find for sufficiently large j; € N a sequence A;, ; of positive numbers
such that the function

(16) 61(.73) = Z /\jl,icpjhi(x) s x e Nk,
el

satisfies the following inequality
(17) 1h = ex| Ly(N®)|| < 27 P ||| L, (R™)]]

Moreover (16) and (17) and the properties of the covering imply

, 1/p
(S2* )" < Cllealn, (b))
el
< C(IRE(NO)] + b = ex] Ly(N9)])
(18) < 02_max(1’1/p)(1+Qmax(l’l/p))Hh‘Lp(Nk)||,

where the constant C' depends on the multiplicity of the covering and the constant
from (quasi)-triangle inequality.
Next we can find jo > j; such that the function es defined in the way similar to
e1 satisfies
Ih = ex — ea| Ly (N*)|| < 2720 VP)||p| L, (R™)]].

and

1/p o max
p) < Cllea|Ly(N¥)|| < € 272maxBUR) | L, (N))])

(ZQ_jzkl/\jz,z‘

iel

By induction we find the sequence of positive integers j; < jo < ... < jp < ..., and
the sequence of positive numbers A;, such that the functions

el(z) = ZAjg,i@jg,i(x)a x e Nk,

il
satisfy
¢
(19) Ih =" el Lp(NF)|| < 27D | L, (R™) |
i=1
and

. 1/p
(20) (3027 al) < ClledLy(VH)| < €2 tme D, (V)
iel
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Let us fix n € C°(R™*), supp n € B"~*(0, R), n(0) = 1 such that

(21) / n(y)y“dy =0 for any multi-index |o| < K.
Rn—Fk
We put
e B B _
(22) aj,i(x) =2 n(20my 0 k5N (@) @i (me 0 k), (X)), Qe

where 7, is the orthogonal projection onto R"~* in R™ and 5 is the orthogonal
projection onto R¥ in R™. It is not hard to prove that the functions aj,.; belongs to
a family .ASI:’I,K for s = ”Tjk and suitable L and K, cf. Definition 4.3. The conditions

(2) - () are clear, so it remains to prove the moment condition (6). We have
(23)

[ nst@wtalds| = €| [ et el <
2”’?/ (Pje,i(y//)</ | 77(2“y’)¢(f€je,i(y’,y”))\/Igl(y'vy”)dy’)dy”
Supp ¢j,.i Bn—k(0,277¢ R)

for any ¢ € CK+1(M™). Using the Taylor expansion of the function B(y,y") =
Y(Kj,i (Y, y"))V1g|(y', y") with respect to the origin and (21) we can easily prove
that

‘ / - BWLY")
Bn—k(0,2/¢ R)

1 ;o K+1 o /
e G . o @ 98 0l <

Co IS gk (Br=R(0,2-7TR) )|

Now (23) - (24) and the boundedness of the geometry of the manifolds imply

Thus a;, ; is the (”Tjk,p) - atom on M™ satisfying K moment conditions.
We defined

(25) =327\, 0a5,4(z),  w e NE.
el

‘/ a5, (@)ble)da| < C2HOTEERD GO (37T, )

Then fy is a continuous function and f;|y = ey.
It follows from (20) that

1/q
(26) (Z(Z? ) ) < ClAILy (NP,

el
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for any positive g. Now it follows from Theorem 4.7 that the series
F=Y "1
¢
n—k
converge in D'(M") and f € Bp§ (M™), cf. (22)-(26). Moreover,
¢ ¢
= li ;=1 v =Tr in L,(N*
h eg(r)lo;ez @Eﬁlo;fl“v f (convergence in L, (N")),

cf. (19). This finishes the proof. =

REMARK 5.2 1. We proved a bit more that stated in the theorem. Namely it
follows from the Step 3 of the proof that there exists a bounded extension operator

n—=k

Ext : L,(N*) — B,5 (M"™),

such that Tr o Ext = id.

2. The theorem seems to be new also for noncompact k-dimensional hypersurfa-
ces in R™, that satisfies the conditions of Definition 2.3, this means the submanifolds
of bounded geometry and with bounded means curvature and it derivatives.

3. The method used in the proof works also for the traces of Besov and Triebel-
Lizorkin spaces with smoothness s > ”Tjk described in [7].
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