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K-extreme point of generalized orlicz sequence
spaces with Luxemburg norm

Abstract. In this paper,we give necessary and sufficient conditions in order that a
point u € S(l((p)) is a k-extreme point in generalized Orlicz sequence spaces equipped
with the Luxemburg norm, combing the methods used in classical Orlicz spaces and
new methods introduced especially for generalized ones. The results indicate the
difference between the classical Orlicz spaces and generalized Orlicz spaces.
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1. Introduction. It is well known that L, spaces play a basic role in the
geometric theory of Banach spaces. They have numerous application in engineering
and probability theory. While, the scale of L, spaces seems to be too narrow to
provide a good model for solving the nonlinear boundary value problem in fluid
mechanic, such as:

—div(In(1+ | vu [7) | Vu P72 vu) = =M | u P2 ut |u "2 u= f(u) inQ
u=2~0 in 09,

with p,g > 1,p+ ¢ < min{N,r}, and r < 1\71)]\7771\/;1?. In order to solve it, we need

t oconsider the function M (u) = folu‘ In(1+ | ¢ |9) | ¢t [P=2 tdt, which is different
from M(u) =| u [P (p > 1), referring to [1]. Therefore, a much richer field of
spaces is obtained by considering Orlicz spaces Lg. In 1931, W.Orlicz promoted
L, spaces to Orlicz spaces, referring to [2]. While, there appear more and more
new topics in finance, to express the ultimate loss of revenue in Lg about utility
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maximization, we need expend the range of @ from (—oo,+00) to (—oo, +00]. At

the same time, we get rid of the restrictions of @(u) > 0,Vu # 0, lim, g 4572“) =0

and limy,_, o # = oo. For example, &(u) = ioo,v 4= ul, z; i Z E i is an
Orlicz function, but not N function, referring to [3]. Therefore, the classical Orlicz
spaces developed into generalized Orlicz spaces.

SingerlI [4] introduced the concept of k-rotund spaces when he studied the best
approximate elements in Banach spaces. In the function approximation theory, the
researchers discussed the relationship between the smoothness and the degree of
approximation, at the same time the notion of k-rotund is closely related to that
of k-smooth and reflexivity, in which the number of support functionals number is
less than k, which has been discussed in [5,6]. k-extreme point property is more
meticulous than k-rotund, then k-extreme point has importantly related with qu-
ality in physics, referring to [7]. The k-extreme point of classical Orlicz spaces have
been discussed in [8]. In this paper , we study k-extreme point in generalized Orlicz
sequence space equipped with the Luxemburg norm.

Let [X, ] - |]] be a Banach space, S(X) be the unit sphere of X. u € S(X) is
called a k-extreme point provided that u = uﬁkijlu’““ and [Jul =1,(=1,---k+1)

imply that ug - - - ug41 are linearly dependent. A Banach space X is called a k-rotund
(k > 1) space provided that ||u; +- - +ugs1]| =k+1and |yl =1,(1=1,---k+1)
imply that u; - - - upy1 are linearly dependent.

Let R be the set of all real numbers, and N be the set of all nature numbers.
A function @ : ® — [0, +0o0] is called an Orlicz-function provided that, ¢ is even,
convex, left-hand side continuous on the interval (0, +oc0) and ¢(0) = 0. @ is strictly
convex provided that for any u,v € R, u # v, $(4F2) < w. An interval [a, b]
is called a structural affine interval of @ provided that @ is affine on [a, ], and it is
not affine on either [a — ¢,b] or [a,b+ €] for all £ > 0. We denote the set of strictly
convex points of @ by Sg = R\ [U;(a;, b;)]. Set

a=sup{u>0: &(u) =0}, B=sup{u>0: &(u) < oo}

Given an orlicz function @, for v = (u(1),---u(n),---) we define the modular
pa(u) => 72, ((u(i)).The Orlicz family I 4) is generated as follows

ligy ={u:3X> 0, ps(Au) < +o0}.

Endowed with the Luxemburg norm

u

[ull(#) = inf{A>0: P@(X) <1}

Due to the nature of the Orlicz function, we point out two remarks,

0, u=0

o, w0 if and only if « = 8 = 0. Thus, ls = {60}.

REMARK 1.1 &(u) = {
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REMARK 1.2 &(u) = 0 if and only if @« = 8 = +oo. Thus, l4 is the set of all real
sequences, but for all u, || u ||(4)= 0, which is not a norm.

Therefore we always assume that there exist u; > 0 such that @(uy) > 0, and
ug > 0, such that @(uz) < 400, i.e. @ < 400 and f > 0. For convenience, we
denote that I(¢) = (ls, || - ||(#)), Which is called the Orlicz sequence space. I(4) is
Banach space (refer to [9]).

2. Main Results.

Lemma 2.1 9 pa(u) =1 then |lul|(g) = 1.

Lemma 2.2 U0 ¢ €5y, P(B) > 1] ull(a)=1 then pp(u) = 1.

THEOREM 2.3 Given an Orlicz function @ with o = 3, u € S(l(¢)) is a k-extreme
point if and only if Card{i € N:| u(i) |# 8} <k —1.

PROOF Necessity. Suppose Card{i € N :| u(i) |# 8} > k, then for some,without
loss of generality, assume thatO <| u(l) |[< a =8, ---, 0 <] u(k) |< a = B, so take
e > 0such that 0 <| u(l) | +& < -+, 0 <] w(k) | +& < o, then | u(1l) te |[< @, - - -,
| u(k) £¢ |[< a. On the other hand, ||ul|(g) = 1, there exist 4o such that | u(io) [> 0.
In the following, we discuss in two cases:

(i).For some ig > k + 1 such that u(ip) # 0, without loss of generality, assume
u(k+1) #0. Set

uy u(l)+e  u(2) u(k)  w(k+1)
Uz u(l)  w(2)+e u(k)  u(k+1)
(1) =
ug, u(1) u(2) u(k)+e u(k+1)
Ugt1 u(l)—e uw2)—e -+ wu(k)—e uk+1)
Then pg(u1) < po(u) <1,---, pa(urs1) < po(u) < 1. Therefore, [|usl[(gy) < 1, -+,
[ugsall(e) < 1and u = 252 as [lull () = 1, then [Juy[[(g) = -+ = [ugs|l(2) =

1. By uis a k-extreme point, we see that us, - - - ugy1 are linearly dependent. While
the determinant:
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u(l)+e  u(2) u(k)  u(ig)
w(l)  w(2)+e u(k)  u(ig)
u(1) u(2) o u(k) 4+ e ulio)
u(l)—e wu(2)—e -+ wulk)—e wu(ip) (k1) % (k1)
u(l)+e u(2) e u(k) u(ip)
u(1) u2)+e - u(k) u(ip)
2) =
u(1) u(2) e u(k)Fe u(ip)
(k+Du(l) (K+Du(2) -+ (K+Dulk) (k+ Du(io) (1) (k1)
€ 0 0 0
0 € 0 0
=(k+1) .. .
0 0 € 0
u(l)  wu(2) u(k) u(io) (k+1)x (k+1)
= (k + 1)e"u(io) # 0,
SO U1, - - -uUg4+1 are linearly independent, a contradiction.
(ii). For all ¢ > k + 1,u(i) = 0, then iy < k. Let
” W) e u) u(io) k) ulk+1)
Us u(1) u(2) + ¢ u(zo) u(k) u(k + 1)
Wi = u(1) u(2) u(zo) u(k) ulk+1)+e¢
Uk u(l u(2 u(io) u(k) +¢ u(k + 1)
Uk+1 u(l)—e u(2)—c¢ u(io) u(k)—e ulk+1)—c¢
Then pg(u1) < po(u) < 1, -+, pa(urt1) < pa(u) < 1. Therefore, |lusl/(g) <
1, -+, JJurgill(e) < 1, at the same time, u = %, and |ul/(g) = 1, then

luill(e)y = -+ = llurs1ll(s) = 1. Thus, uy,---upy1 are linearly dependent. While,
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we calculate the determinant:

u(l)+e  w(®2) - w(ip) -+ u(k) 0
w(l)  w@)+e -+ w(io) -+ u(k) 0
u(1) u(2) u(ig) u(k) €
(1) u(2) u(ip) u(k)+e 0
u(l)—e wu(2)—¢ u(ip) uk) —e —e (1) x (k1)
u(l)+e  u(2) 0 u(k)  wu(ip)
u(l)  w(2)+e 0 u(k)  wu(ip)
=—| u(l) w(2) - e o k) u(io)
u(1) u(2) 0 u(k) + e u(io)
u(l)—e w(2)—c¢ — u(k) —e  u(ip) (k1) % (k1)
5 0 0 0 0
0 5 0 0 0
wl) w@) - 0 - ulk) u(io) (k1) % (k1)

= —(k+1)e"ulio) #0,

then wuq, - - - upy1 are linearly independent, a contradiction.

Sufficiency. For all uy,---upt1 € S(l(e)),u = % Set Ig = {i :| u(i) |=
B}, since u = %ﬁ’““, for all i € Ig, | u(i) |= B, then | w(i) |= B, for all
ie€lgl=1,---k+1. Write Card N\Ig(u) =k, then ¥’ <k — 1. By knowledge of
algebra , ui,- - up4+1 are linearly dependent,i.e u is a k-extreme point. n

THEOREM 2.4 Given an Orlicz function ¢ with 0 = o < 3, u € S(l(¢)) is a k-
extreme point if and only if

(1) polu) = 1.
(II) Card{i € N:| u(i) |e ®R\Sqs} < k.

PrROOF Necessity.

(I). Otherwise, suppose pg(u) =7 < 1, we consider in two cases:

(D-1, for all 4, | u(i) |< B, we will show that there exist Ay > 0, for all i,
Mo+ | u(i) |< B. In fact, since Y o) B(u(i)) = po(u) =r < 1, then P(u(i)) — 0,
therefore, there exist ng, such thatd - &(u(i)) < @(O‘—JZFB), then for all ¢ > ny,

i:no

| u(@) |< # =0 - B%a, take \g = mm{%,%z =1---ng} > 0, so

Aot [ u(@) [< B.
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Since || u [[(gy= 1, there exist iy such that | u(ig) [> 0. Moreover, since
Yooy D(u(i)) = pa(u) =r < 1, &(u(i)) — 0, clearly, there exist ng > i such that
Y iepor1 P(u(i)) <1 —r. Take € < Ao, such that ZZL:[’::H O(|u(i) | +e) <1-—r,

Replacing ¢ by no + 4,0 = 1,...,k, we set uy,---ugy1 as (1) in Theorem 2.3, we

have pg(u1) = P(u(l) +e)+ P(u2)+ - - <l—r+r=1, -, pa(w) < 1,1 =
2,---k+1. Then [luil|(gy < 1---[lurgill(s) < 1, at the same time, u = %,
and [|ul[() = 1, then [[us][() = - - = [[ugs1ll(#) = 1. Thus, uy, - - - ugy; are linearly

independent, which contradicts with that u is a k-extreme point.

(I)-2, there exist ig, | u(ip) |= 8. First, Cardlz < +o00. Indeed, 1 > r = pg(u) =
Yoo, P(u(i)) > Eielﬁ D(u(i)) = Zz‘elﬁ ®(), while, ¢(8) > 0, so, Cardlz < +oc.

Let ng = Cardlg, assume | u(1) |= 8, -+, | u(ng) |= B, for all i > ng, | u(i) |<
B, and pg(u) =r < 1.

We will explain that there exist Ao > 0, for all i > ng, Ao+ | u(?) |[< 5. In
fact, as #(8) < po(u) < 1, then B < +oo, since Y oo D(u(i)) = po(u) =1 < 1,

then &@(u(i)) — 0, therefore, there exist ny > ng, such that Y772 .~ ®(u(i)) <
@(aT%)’ then for all 7 > ny, we have | u(i) |< O‘Tw =g - BfTa, so there exists

0< X< B*Ta, therefore, | u(%) | +577a < B, for i > ny.

Moreover, since Y .o, ®(u(i)) = pa(u) = r < 1, then &(u(i)) — 0,clearly,
there exist ny > Cardlg = ng such that Y722~ . ®(u(i)) <1—7. Takee < o
such that Y2027 &(| (i) | +e) <1-r.

Set

u(l) -+ wuln2) wulnz+1)+e - u(ng + k) u(ne +k+1)

w(l) o u(ma)  u(na+1) o u(ne k) e u(na+k+1)
u(l) -+ wu(nz) umz+1)—e -+ ulne+k)—e une+k+1)

Then, pg(u1) = @(u(1))+- -+ P(u(no))+- - -+ P(u(ng+1)+e)+--- < 1—r+r=1.
Similarly, pg(w;) < 1,1 =2,---k+ 1. Then [jui||(g) < 1, -+, [Jurs1l/(a) < 1, at the
same time, u = %, and [Jul(g) = 1, then [Ju1(g) = - = Jur+1ll(a) = 1.
By u is a k-extrme point, we see that uq,---ug41 are linearly dependent. On the
other hand, replacing 1 by ny + 1, - -, replacing k by ns + k and replacing k + 1 by
ip in (2), calculate the determinant, we know that the determinant is not 0, which
means that g, - --ug41 are linearly independent. A contradiction.

(IT). Otherwise, suppose that when 0 = a < 8, Card{i € N:| u(i) |€ R\Ss} >
k+1.

Without loss of generality, assume that w(1) € ®\Ss}, - ,u(k + 1) € R\Ss
and 0 < u(1l) <wu(2) <--- <wu(k+1). By a =0, we see that u(i) € (a;,b;), and
S(u(i)) = Aju(i)+ B, i = 1,---k+1, then 0 < A3 < Ay < -+ < Apyq, thus
for u(i), there exist ¢; > 0 such that u(i) € (a; + ¢;,b; —¢;), i = 1,---k + 1, take
e =min(c, - crt1) > 0.

Choose £1 > 0,-++ ;e > 0, &; < 55 - T and €7 > 0,--- ¢} > 0, such that

g;Ai — €l A1 = 0, then u(i) £ € (az,b)i = 1,---k and u(k + 1) + Zle S
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(ag+1,bgr1). Set

uy u(l)+e1 - u(k) u(k+1) — &} u(k + 2)
“ CU (2 B | B R
w | w(1) - u(k) + e (k+ Doch  uk+2)
Uk+1 u(l)—er -+ wu(k)—er ulk+1)+ Zf:l el ulk+2)

— uitet ey
Then u = ) ,

pa(u1)

= Pu(l)+e)+ P(u(?)+--+ d(uk)) + d(ulk+1) —e)) + d(ulk +2)) +- -

= [ 1(u(l) +e1) + Bl] + @ (u ( N+ + S(u(k)) + [Arsr (u(k + 1) — €1) + Bri1]
+®(u(k +2)) +

= Alu(l) + By + Arer + O(u(2)) + -+ D(u(k)) + Appru(k + 1) + Brp1 — Apt1el
+B(u(k +2)) +

= o(u(l))+ (())+---+@(u(k+1)+@(u(k—i—?))—i—-“:p@(u):1.

Similarly, pg(u;)) =1,1=2,--- k. And

po(Uki1)
k
= P(u(l) —e1) + B(u(2) —e2) + -+ B(u(k) —er) + Plulk +1) + D el) + -+
i=1
= [A1(u(1) —&1) + Bi] + 4 [Aw(u(k) — ex) + By
+HApt1(u +Z€ + By1] +
= [Aww(l)+ B+ + [Ak+1u(k+1)+3k+1]
+[_A151_..._Ak5k+Ak+1g’1_~_...+Ak+lg;€]+...
= O(u(l))+ P(u@2)+ -+ P(u(k+1)+ - - =pa(u) =1.
Then by Lemma 2.1, we have [luil/(¢) = --- = |Jurt1ll(s) = 1, by u is a k-

extreme point, we get wuq,---upy1 are linearly dependent. Next, we will calculate
the determinant:
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W) +er uf2) wk)  ulk+1)—g
W) u@ e o ulk)  u(k+1)—c
u(1) u(2) o u(k) 4 ex u(k+1) — Ek
u(l) —é u(2) —&2 u(k) — €k (k + 1 + Zz 185 (k+1)><(k+1)
u(l) 4+ e u(2) e u(k) u(k+1) — 81
u(1) w(2) +ex oo u(k) u(k + 1) — &b
u(1) u(2) o u(k)+er ulk+ ) — &},
(k+Du(l) (k+Du(2) -+ (k+Du(k) (E+1Du(k+1) (b )X (k+1)
€1 0 0 —eh
0 g9 - 0 —eh,
=(k+1) cee e
0 0 €k —&},
u(l) u(2) u(k) u(k+1) (k+1)x (k+1)
A1€1 0 e 0 —Ak+16/1
k +1 0 A2€2 e 0 *Ak+1€/2
A ' Ak+1 0 0 e AkEk —Ak+18;€
Alu(l) AQ’U,(2) te Aku(k‘) Ak+1u(k + 1) (k1) x (k+1)
A1€1 0 e 0 0
B e
A Ay | 0 co Aen 0
k+1 .
Alu(l) A2U(2) T Aku(k) 21:1 Alu(l) (k+1) x (k+1)
_ (bt D EkZHAU()#O.
Akt1
Then wuq, - ugy1 are linearly independent. A contradiction.
Sufficiency. For all uy, - - ug1 € S(l(a)), u = Mkiilu’““ Since,
[e’s) . k+1
ul(l) +uk+1 Z ( ))
1= ¢ <1.
B 1= enil ), R A0

Then for all i € N,

u (i) 4 - + uk1 (i)

P(ur (i) + - + P(up1(4))
k+1 '

k+1

(4) o( ) =

Denote k' = C’ard{z € N: u(i) € So}, then ¥ < k. Without loss of generality,
assume 0 < u(1) < -+ < u(k') € Sg then P(ui(i)) = Ay (i) + By, i = 1,2, K/,
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[=1,2,---k4+1. Bya=0,0< 4; < --

o g (1) = u(i), i > K+ 1.

- < Apr. By | u(i) |€ S, then uy (i) = u(i),

(i) If ¥ < k—1, by the knowledge of algebra, we set uq, - - - ug41 linearly depen-

dent.

(i) It & = k, by (3), we have pa(us) + - + pa(urss) = k + 1, and pg(ur) <

Loopg(ugrr) < 1

Thus, pe(u;) = ---
SE L D(un (i) = Y Plup (i) 2

= po(ug+1) = 1. Then we have
C. Claim: any determinant of order k+1

is 0, it is enough to see: for simple sense, denote u(k + 1) = a,

uy (1) uz(1) u1(1)
u1(2) uz(2) ug+1(2)
uy (k) uz(k) U1 (k)
Ul(]i}-f— 1) UQ(k+1) uk+1(k+ 1) (k+1)x (k+1)
Alul(l) A1U,2(1) Aluk+1(1)
1| wm®@) ua(2) up41(2)
Al k) k) wira (k)
a a a (k+1) % (k+1)
Ajui(1)+ By Ayus(l) + By Ajup1(1) + By
1 us(2) uz(2) uk+1(2)
Al k) us (k) wira (F)
a a a (k+1)x (k+1)
Sl @) + Bl DAk (i) + Bl
1 Agui(2) + Bs Asup11(2) + Bs
f— A A - - A ... .« ..
1 "1 Agui(k) + By Agugi1(k) + By
a a a (k+1)x (k+1)
>y P(ua(i)) iy P(una (i)
1 A2u1(2) + B2 A2uk+1(2) + BQ
= L o
1 " Agus (k) + By Apupy1(k) + By
a a (k+1)x (k+1)
1 1
C-a AQU1(2) + B2 Aguk+1(2) + B2
- = . . = 0.
Ardz - Ay Aguq (k) + By Agugy1(k) + By
1 1 (k+1)x (k+1)

Thus, we know that uq,---ugy1 are linearly dependent.

Summarily u is a k-extreme point.
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THEOREM 2.5 Given an Orlicz function ® with 0 < o < 3, for u € S(l(¢)) with
maz{| u(i) |: u(i) € Se} > a, u is a k-extreme point if and only if

(1) po(u)=1.

(II) Card{i € N:|u(i) |e R\Sg} < k.

PROOF Necessity.

(I). Using the same argument as in the proof of (I) in Theorem 2.4, we know
that pg(u) = 1 is necessity.

(IT). Otherwise, suppose that when 0 < o < 8, Card{i € N :| u(i) |
k+1. Without loss of generality, assume that (4 ) (aiyb;),0 <wu(l) < u(2) < - <
u(k+1) & Sp and @(u(i)) = Aju(i)+Bs, i =1, - k+1,then 4; < Ap < -+ < A1,
as u(k + 1) = max{| u(@) |: u(i) ¢ S(#)} > a, then A1 > 0, denote ig satisfying
0=A; = =4;, < Ajp+1 <+ < Apq1, then for u(i), there exist ¢; > 0, such
that u(i) € (a; + ¢, b, —¢;),i=1,-- k+1, take e =min(cy, - ck+1) > 0.

Choose €1 = ¢1,+++ ,&4, = cio,e’l =0, zo =05 €941 >0,---,6, >0, <

kil'AfL’ i=ido+1,- kandéi 4 >0, e} >0, such that &;4; — s’AkH =0,

i=1d9+1,---k, then u(i) £ & € (a;,b;)i =1,---k, and u(k + 1) £ ZZ io41 Eb
(ak+1,bk+1). Set

Ui
Ui
Uig+1 =
Uk
Uk+1
u(l) +e1 - u(io + 1) u(k) u(k + 1)
u(1) u(io + 1) u(k) u(k+1)
u(1) (o +1) +eiger o0 u(k) u(k 4 1) — i1
u(1) e u(io + 1) o u(k) +ex u(k+1) — ey
u(l) — €1 - u(’io +1) — Eig4+1 - u(k) — €k u(k—i—l) +Z§:i0+1 8;
Then u = "2 oy (ug) = -+ = po(uiy) = polu) = 1.
po(tig+1)

= O(u(1)) + -+ P(ulio + 1) + ig1) + - + P(u(k)) + P(u(k+1) —€f 1) + -+
= d(u(1)) + -

+ (Aig+1(u(io + 1) + €ig41) + Bigt1) + -+ + (Apr1(u(k+1) — 620“) + Bg1)+ -
=O(u(l))+ P(uw(2)+---+ Pulk+ 1)+ =po(u) =1.
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P@(Uk)
=P(u(l))+-+ P(u(k — 1) + d(u(k)) +ex) + P(u(k +1) —&f) + -
=Q(u(l))+ -+ &(u(k—1))

+ (Ag(u(k) +ex) + Br) + (Aps1(u(k + 1) — ) + Bigr) + - -
=d(u(l)+ P(u2)+ -+ Plulk+1)+---=pa(u) =1.
po(U+1)

k
= ®(ulio +1) —ejpq1) + -+ P(u(k) —ex) + P(u(k + 1) + Z g) 4+

i=ip+1
= (Aigr1(ulio +1) = €ig41) + Biga) + -+
k
+ Appr((u(k +1) + Z €;) + Bry1+ -+
i=io+1
= D(u(io + 1)) + P(u(io +2)) + -+ P(u(k +1) +--- = po(u) = 1.
Thus, || u1 [|(3)= -+ = uks1 [[(#)= 1. While we calculate the determinant:
u(l)+e - u(ip + 1) e u(k) u(k+1)
u(1) e u(io + 1) e u(k) u(k+1)
u(1) o u(io+ 1) FEigpr u(k) u(k+1) —ej 4
u(1) u(io + 1) e u(k) +eg u(k+1) — ¢},
() —er o ulio+1) g o (k) —en ulh 1)+ T el
u(l)+e; .- u(io + 1) u(k) u(k+1)
() o ulig+1) (k) ulk+1)
=(k+1)]| u(l) oo u(io+ 1) FEigpr o u(k) u(k+1) — e 1y
u(1) u(ip + 1) o u(k)ter ulk+1)—¢
) o wlio+1) o ou(k) o u(kt1)
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&1 0 0 0
0 0 0 0
=(k+1]| 0 €ig+1 0 —€iot1
0 0 €k -
u(1) u(io + 1) u(k) u(k+1)
€1 0 0 0
ka1 0 0 0 0 /
e A | L et Lo e
0 0 Aksk *Ak—o—lé‘;c
u(1) Aig+1u(io + 1) Aru(k)  Agpiu(k+1)
€1 0 0 0
0 0 0 0
k+1
= - 0 Ai 1€5 0 0
Ajgr1--Apyr | L. 0+...0+1
0 0 Akgk 0
u(1) Aigrulio +1) Agu(k)  Si%5 1 Asu(i)
(k+ 1)1 - i 41 Aiuli)
= 40,
Ay

SO U1, - - Ug41 are linearly independent, which contradicts with that w is a k-extreme
point.
Sufficiency. For all uy,- - ugs1 € S(I(g)) such that u = Mkiilu’““ Since

s () e (6 e S B(w(i)
5) 1_;45(1 E+1 = )—; lk+1 =1

Then for all 7 € N,

wi (i) +---+ Uk+1(i)) _ O (@) £ -+ P(una(3))
k+1 kE+1 '

Denote k' = Card{i € N : u(i) € S¢}, then k' < k. Without loss of generality,
assume 0 < u(1) < -+ < u(k') € Sg then P(ui(i)) = Ay (i) + By, i = 1,2,--- K/,
1=1,2,---k+1and A < Ay <+ < Apr, as u(k') = max{u(i),| u(i) |€ Se} > «a,
thus Ay > 0, denote i satisfying 0 = A; =--- = A;) < Ajp41 < -+ < Apr.

(i) If ¥ < k — 1, by the knowledge of algebra, we see that uy,---ugsq linearly
dependent.

(ii) If ¥ = kby (5) and pg(uy) < 1---pg(ugsr) < 1, thus, pg(uy) = ---
pa(ur+1) = 1. Then we have Ef:ioﬂ D(uy (i) = -+ = Ef:ioﬂ D(up41(i)) = C.
Then, any determinant of order k+1 is 0, it is enough to investigate: for simple
sense,set u(k + 1) = a,

(6) o(
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ur(l) o (1) Uig41(1) o g (1)
ur(io) -+ wgy(io) Uig+1(i0) -+ urga(io)
uy(io +1) -+ u(io+1) wjoq1(io +1) -+ upgi(io+1)
ur(k) o (k) uigr1(k) 0 ugya(k)
a P a a P a (k_l,_l))((k_l,_l)
uy(1) e ug41(1)
1 w1 (7o) e ug+1(io)
= A A Ajgrrur(io +1) + Bigy1 -+ Ajgr1uns1(io + 1) + Big41
0 .. e P
Aguq (k) + By e Apugy1(k) + By
(1/ .. a
u(1) e up+1(1)
1 . uy (i) e . ug41(%0)
= Aio+1 Ay Zi=10+1 Aiul(i) +B; - Zi:io.l,_l Aiuk+1(i) + B;
Agui (k) + By, T Apups1(k) + By
a . e a
u1(1) T up41(1)
1 w1 (7o) e Ug+1(%0)
- - C C
Aigy1 - Ak
Aguy (k) + B -+ Apups(k) + By
a a (k+1)x (k+1)
= 0’
SO Uy, - - ug+1 are linearly dependent.
Summarily u is ak-extreme point. n

THEOREM 2.6 Given an Orlicz function ¢ with 0 < o < B3, for u € S(l(g)) with
max{| u(@) |: u(?) € Se} < «, w is a k-extreme point if and only if

(1) po(u)=1.
(II) Card{i € N:|u(i) |e R\Ss} <k —1.

PROOF Necessity.
(I). Using the same argument as in the proof of (I) in Theorem 2.4, we know
that pg(u) = 1 is necessity.
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(IT). Otherwise, suppose that, Card{i € N :| u(i) |€¢ R\Ss} > k. By max{|
u(i) |- u(@) € S¢} < a, without loss of generality, assume that | u(1) [< --- <|
u(k) |< a, therefore, take € > 0, such that 0 <| u(1) | +¢ < a, -+, 0 <| u(k) |
+e < a, then |u(l) e |<a, -, |ulk) £e|< a. As pa(u) = Y i, B(u(i)) =
@(u(k 4+ 1)) + --- = 1, then there exist i9g > k + 1, such that u(ig) # 0, without
loss of generality, assume u(k + 1) = u(ig) # 0, set uy,---urs+1 as (1), we have
u =1 and pg(un) = - = pa(upsr) = po(u) = 1, thus | uy [[g= - =||
ug+1 ||[a= 1. While, we calculate the determinant as (2), we find uq, - - ug41 are
linearly independent, which contradicts with that u is a k-extreme point.

Sufficiency. Using the same arguments as in the proof of the case k¥’ < k — 1 in
Theorem 2.5, we get that u is a k-extreme point. n

By Theorem 2.4, it follows

COROLLARY 2.7 ([8]) For an N function M, u € S(l(ar)) is a k extreme point, if
and only if

() pa(u) =1.

(II) Card{i € N:| u(i) |€ R\Sm} <k.

REMARK 2.8 [(g) is k-rotund if and only if for all u € S(l(4)) is a k-extreme point.

PROOF Necessity. Otherwise, suppose that there exist u € S(l(4)), such that u =

%jf“““, urll (@) <1, and wuy - - - ugq1 are linearly independent, then

Uy 4 -+ Uk41

- lioy< ||U1||(q>)+"'+||uk+1||(45)<1

1= [[ullce) =l ] =5

thus || u [[(y= 1, by the definition of /() is k-rotund, we know that u; - - - up41 are
linearly dependent, a contradiction.

Sufficiency. Otherwise, suppose that there exist || w [[()< 1, || ug + -+ +

ULt FUE41

ury1 |l(e)= k + 1, and uy - - - upyy are linearly independent. Let u = T ,

then || u [|(a)=| "7+ [l(sy= 1. Since u € S(I(¢)) is a k-extreme point, we
know that wuj - - - ugy1 are linearly dependent, a contradiction. n

THEOREM 2.9 Given an Orlicz function @, l gy is k-rotund if and only if
(1) o(8) > 1.

(II) a=0.

(III) & € 6,.

(IV) & € SCJ0, 8~ (1))
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Proor Sufficiency. For all u € S(l(4)), by (/) and (/II), by Lemma 2.2, we
know that pg(u) = 1. Set I’ = {i € N :| u(¢) |€ R\Ss}, then by (IV), for all
iel,|u@@)|> ¢ (k%‘_l) Then CardI’ < k. In fact, suppose Cardl’ = k + 1,
then pg(u) > >, @(u(i)) > (k+ 1)@(@’1(%‘_1)) = 1, which contradicts with
pe(u) = 1. Thus, by Theorem 2.4, we know that u € S(I(¢)) is a k-extreme point,
then [(¢) is k-rotund.

Necessity. (I). Suppose #(8) < 1, then 0 < 8 < +o00, set u = (3,0,0---), then
| wll(#y= 1, but pge(u) = &(B) < 1, by Theorem 2.3 and Theorem 2.4, we have
u € S(l(4)) is not a k-extreme point, a contradiction.

(IT). Otherwise, suppose o > 0, since $(3) > 1, There exist ¢ > 0, such that

—
P(c) = 1. Set u = (0,0,---0,¢,0,0---). Then pg(u) = &(c) = 1 and Card{i €
N:| u(i) |€ ®\Se} > k. By Theorem 2.4, u € S(I(¢)) is not a k-extreme point, a
contradiction.

(III). Otherwise, suppose @ ¢ dy, with the same method as in the proof of [11]
, we can deduce that there exist u € [(¢), such that || u ||(g)= 1, while pg(u) < 1.
By Theorem 2.4, u € S(I(g)) is not a k-extreme point, a contradiction.

(IV). Otherwise, suppose there exist structural affine interval [a, b] C (0, @~ (25 ))
Since (k+1)®(b) < 1, choose ¢ € (a,b) and d > 0, such that (k+1) ®(c)+ ¢(d) =
k41

Define v = (¢,¢,---¢,d,0,0---), then pg(u) = 1 and Card{i € N :| u(i) |€
M\Ss} = k+ 1. By Theorem 2.4, u € S(I(4)) is not a k-extreme point, a con-
tradiction. -

COROLLARY 2.10 ([8]) For an N function M, l(nry) is k-rotund if and only if
(I) b € 0.
(1) & € SC[0, 2 (717)]-

REFERENCES

[1] Mihai M and Vicentiu R. Existence and multiplicity of solutions for quasilinear nonhomoge-
neous problems: An Orlicz-Sobolev space setting. J. Math. Anal. Appl, 330 (2007), 416-432.

[2] Birnbaum Z W and Orlicz W. Uber die Verallgemeinerung des Begriffes der zueinander Kon-
jugierten Potenzen. J. Studia Mathematica, 3 (1931), 1-67.

[3] Biang S and Frittelli M. A unified framework for utility maximiztion prblems: an Orlicz space
approach. J. The Annals of Applied Probability, 18(3) (2008), 929-966.

[4] Singer I. On the set of best approximation of an element in normed linearly space. J. Rev.
Roum. Math. Pree. Appl, 5 (1960), 23-35.

[5] Sullivan F. A generalization of uniformly rotund Banach spaces, Canad, J. Math, 31 (1979),
628-636.

[6] Nan C X and Wang J H. K-rotundity and K-smoothy. Chinese Annals of Mathematics, 3
(1990), 321-324.



162

k-extreme point of generalized orlicz spaces

(7]

18]

(9]
[10]

[11]

Carathéodory C. Uber den Variabilitéitsbereich der Fourier’schen Konstanten von positiven
harmonischen Funktionen. Rend. Circ. Mat. Palermo, 32 (1911), 193-217.

Zhong T Y, Zhang Y F and Cui Y A. k-rotundity and k-smooth in Orlicz sequence spaces.
Journal of Harbin Engineering University, 19 (1998), 93-98.

Chen S T. Geometry of Orlicz spaces, Dissertationes Mathematicae, 356 (1996), 1-204.

Hudzik H and Pallaschke D. On some Convexity properties of Orlicz sequence spaces Equip-
ped with the Luxemburg Norm, J. Math. Nachr, 186 (1997), 167-185.

Wang Z Q. Extreme point in Orlicz sequence spaces, Journal of Daqing petroleum institute,
17 (1983), 112-121.

ZHONGRUI SHI

DEPARTMENT OF MATHEMATICS, SHANGHAI UNIVERSITY
SHANGHAI 200444, P.R.CHINA

FE-mail: zshi@shu.edu.cn

X1aoZuuvo WANG

DEPARTMENT OF MATHEMATICS, SHANGHAI UNIVERSITY
SHANGHAI 200444, P.R.CHINA

E-mazil: 475789627@qq. com

(Received: 11.10.2013)



