
COMMENTATIONES MATHEMATICAE Vol. 53, No. 2 (2013), 147-162

Zhongrui Shi∗, XiaoZhuo Wang

K-extreme point of generalized orlicz sequence
spaces with Luxemburg norm

Abstract. In this paper,we give necessary and sufficient conditions in order that a
point u ∈ S(l(Φ)) is a k-extreme point in generalized Orlicz sequence spaces equipped
with the Luxemburg norm, combing the methods used in classical Orlicz spaces and
new methods introduced especially for generalized ones. The results indicate the
difference between the classical Orlicz spaces and generalized Orlicz spaces.
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1. Introduction. It is well known that Lp spaces play a basic role in the
geometric theory of Banach spaces. They have numerous application in engineering
and probability theory. While, the scale of Lp spaces seems to be too narrow to
provide a good model for solving the nonlinear boundary value problem in fluid
mechanic, such as:
{
−div(ln(1+ | Ou |q) | Ou |p−2 Ou) = −λ | u |p−2 u+ | u |r−2 u = f(u) in Ω
u = θ in ∂Ω,

with p, q > 1, p + q < min{N, r}, and r < Np−N+p
N−p . In order to solve it, we need

t oconsider the function M(u) =
∫ |u|

0
ln(1+ | t |q) | t |p−2 tdt, which is different

from M(u) =| u |p (p > 1), referring to [1]. Therefore, a much richer field of
spaces is obtained by considering Orlicz spaces LΦ . In 1931, W.Orlicz promoted
Lp spaces to Orlicz spaces, referring to [2]. While, there appear more and more
new topics in finance, to express the ultimate loss of revenue in LΦ about utility
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maximization, we need expend the range of Φ from (−∞,+∞) to (−∞,+∞]. At
the same time, we get rid of the restrictions of Φ(u) > 0,∀u 6= 0, limu→0

Φ(u)
u = 0

and limu→∞
Φ(u)
u =∞. For example, Φ(u) =

{
2−

√
4− | u |, if | u |≤ 4

+∞, if | u |> 4,
is an

Orlicz function, but not N function, referring to [3]. Therefore, the classical Orlicz
spaces developed into generalized Orlicz spaces.

SingerI [4] introduced the concept of k-rotund spaces when he studied the best
approximate elements in Banach spaces. In the function approximation theory, the
researchers discussed the relationship between the smoothness and the degree of
approximation, at the same time the notion of k-rotund is closely related to that
of k-smooth and reflexivity, in which the number of support functionals number is
less than k, which has been discussed in [5,6]. k-extreme point property is more
meticulous than k-rotund, then k-extreme point has importantly related with qu-
ality in physics, referring to [7]. The k-extreme point of classical Orlicz spaces have
been discussed in [8]. In this paper , we study k-extreme point in generalized Orlicz
sequence space equipped with the Luxemburg norm.

Let [X, ‖ · ‖] be a Banach space, S(X) be the unit sphere of X. u ∈ S(X) is
called a k-extreme point provided that u = u1+···+uk+1

k+1 and ‖ul‖ = 1, (l = 1, · · · k+1)
imply that u1 · · ·uk+1 are linearly dependent. A Banach spaceX is called a k-rotund
(k ≥ 1) space provided that ‖u1 + · · ·+uk+1‖ = k+1 and ‖ul‖ = 1, (l = 1, · · · k+1)
imply that u1 · · ·uk+1 are linearly dependent.

Let < be the set of all real numbers, and N be the set of all nature numbers.
A function Φ : < → [0,+∞] is called an Orlicz-function provided that, Φ is even,
convex, left-hand side continuous on the interval (0,+∞) and Φ(0) = 0. Φ is strictly
convex provided that for any u, v ∈ <, u 6= v,Φ(u+v

2 ) < Φ(u)+Φ(v)
2 . An interval [a, b]

is called a structural affine interval of Φ provided that Φ is affine on [a, b], and it is
not affine on either [a− ε, b] or [a, b+ ε] for all ε > 0. We denote the set of strictly
convex points of Φ by SΦ , < \ [ti(ai, bi)]. Set

α , sup{u ≥ 0 : Φ(u) = 0}, β , sup{u > 0 : Φ(u) <∞}.

Given an orlicz function Φ, for u = (u(1), · · ·u(n), · · · ) we define the modular
ρΦ(u) =

∑∞
i=1 Φ((u(i)).The Orlicz family l(Φ) is generated as follows

l(Φ) = {u : ∃λ > 0, ρΦ(λu) < +∞}.

Endowed with the Luxemburg norm

‖u‖(Φ) = inf{λ > 0 : ρΦ(
u

λ
) ≤ 1}.

Due to the nature of the Orlicz function, we point out two remarks,

Remark 1.1 Φ(u) =

{
0, u = 0
∞, u 6= 0

if and only if α = β = 0. Thus, lΦ = {θ}.
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Remark 1.2 Φ(u) ≡ 0 if and only if α = β = +∞. Thus, lΦ is the set of all real
sequences, but for all u, ‖ u ‖(Φ)= 0, which is not a norm.

Therefore we always assume that there exist u1 > 0 such that Φ(u1) > 0, and
u2 > 0, such that Φ(u2) < +∞, i.e. α < +∞ and β > 0. For convenience, we
denote that l(Φ) = (lΦ , ‖ · ‖(Φ)), which is called the Orlicz sequence space. l(Φ) is
Banach space (refer to [9]).

2. Main Results.

Lemma 2.1 [9] ρΦ(u) = 1 then ‖u‖(Φ) = 1.

Lemma 2.2 [10] Φ ∈ δ2,Φ(β) ≥ 1, ‖ u ‖(Φ)= 1 then ρΦ(u) = 1.

Theorem 2.3 Given an Orlicz function Φ with α = β, u ∈ S(l(Φ)) is a k-extreme
point if and only if Card{i ∈ N :| u(i) |6= β} ≤ k − 1.

Proof Necessity. Suppose Card{i ∈ N :| u(i) |6= β} ≥ k, then for some,without
loss of generality, assume that0 ≤| u(1) |< α = β, · · · , 0 ≤| u(k) |< α = β, so take
ε > 0 such that 0 <| u(1) | +ε < α,· · · , 0 <| u(k) | +ε < α, then | u(1)±ε |< α, · · · ,
| u(k)±ε |< α. On the other hand, ‖u‖(Φ) = 1, there exist i0 such that | u(i0) |> 0.
In the following, we discuss in two cases:

(i).For some i0 ≥ k + 1 such that u(i0) 6= 0, without loss of generality, assume
u(k + 1) 6= 0. Set




u1

u2

· · ·
uk
uk+1




=




u(1) + ε u(2) · · · u(k) u(k + 1) · · ·
u(1) u(2) + ε · · · u(k) u(k + 1) · · ·

· · ·
u(1) u(2) · · · u(k) + ε u(k + 1) · · ·

u(1)− ε u(2)− ε · · · u(k)− ε u(k + 1) · · ·




(1)

Then ρΦ(u1) ≤ ρΦ(u) ≤ 1, · · · , ρΦ(uk+1) ≤ ρΦ(u) ≤ 1. Therefore, ‖u1‖(Φ) ≤ 1, · · · ,
‖uk+1‖(Φ) ≤ 1 and u = u1+···uk+1

k+1 , as ‖u‖(Φ) = 1, then ‖u1‖(Φ) = · · · = ‖uk+1‖(Φ) =
1. By u is a k-extreme point, we see that u1, · · ·uk+1 are linearly dependent. While
the determinant:
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∣∣∣∣∣∣∣∣∣∣

u(1) + ε u(2) · · · u(k) u(i0)
u(1) u(2) + ε · · · u(k) u(i0)
· · · · · · · · · · · · · · ·
u(1) u(2) · · · u(k) + ε u(i0)

u(1)− ε u(2)− ε · · · u(k)− ε u(i0)

∣∣∣∣∣∣∣∣∣∣
(k+1)×(k+1)

=

∣∣∣∣∣∣∣∣∣∣

u(1) + ε u(2) · · · u(k) u(i0)
u(1) u(2) + ε · · · u(k) u(i0)
· · · · · · · · · · · · · · ·
u(1) u(2) · · · u(k) + ε u(i0)

(k + 1)u(1) (k + 1)u(2) · · · (k + 1)u(k) (k + 1)u(i0)

∣∣∣∣∣∣∣∣∣∣
(k+1)×(k+1)

(2)

= (k + 1)

∣∣∣∣∣∣∣∣∣∣

ε 0 · · · 0 0
0 ε · · · 0 0
· · · · · · · · · · · · · · ·
0 0 · · · ε 0

u(1) u(2) · · · u(k) u(i0)

∣∣∣∣∣∣∣∣∣∣
(k+1)×(k+1)

= (k + 1)εku(i0) 6= 0,

so u1, · · ·uk+1 are linearly independent, a contradiction.

(ii). For all i ≥ k + 1, u(i) = 0, then i0 ≤ k. Let




u1

u2

· · ·
ui0· · ·
uk
uk+1




=




u(1) + ε u(2) · · · u(i0) · · · u(k) u(k + 1) · · ·
u(1) u(2) + ε · · · u(i0) · · · u(k) u(k + 1) · · ·

· · ·
u(1) u(2) · · · u(i0) · · · u(k) u(k + 1) + ε · · ·

· · ·
u(1) u(2) · · · u(i0) · · · u(k) + ε u(k + 1) · · ·

u(1)− ε u(2)− ε · · · u(i0) · · · u(k)− ε u(k + 1)− ε · · ·




Then ρΦ(u1) ≤ ρΦ(u) ≤ 1, · · · , ρΦ(uk+1) ≤ ρΦ(u) ≤ 1. Therefore, ‖u1‖(Φ) ≤
1, · · · , ‖uk+1‖(Φ) ≤ 1, at the same time, u = u1+···uk+1

k+1 , and ‖u‖(Φ) = 1, then
‖u1‖(Φ) = · · · = ‖uk+1‖(Φ) = 1. Thus, u1, · · ·uk+1 are linearly dependent. While,
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we calculate the determinant:
∣∣∣∣∣∣∣∣∣∣∣∣∣∣

u(1) + ε u(2) · · · u(i0) · · · u(k) 0
u(1) u(2) + ε · · · u(i0) · · · u(k) 0
· · · · · · · · · · · · · · · · · · · · ·
u(1) u(2) · · · u(i0) · · · u(k) ε
· · · · · · · · · · · · · · · · · · · · ·
u(1) u(2) · · · u(i0) · · · u(k) + ε 0

u(1)− ε u(2)− ε · · · u(i0) · · · u(k)− ε −ε

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(k+1)×(k+1)

= −

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

u(1) + ε u(2) · · · 0 · · · u(k) u(i0)
u(1) u(2) + ε · · · 0 · · · u(k) u(i0)
· · · · · · · · · · · · · · · · · · · · ·
u(1) u(2) · · · ε · · · u(k) u(i0)
· · · · · · · · · · · · · · · · · · · · ·
u(1) u(2) · · · 0 · · · u(k) + ε u(i0)

u(1)− ε u(2)− ε · · · −ε · · · u(k)− ε u(i0)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(k+1)×(k+1)

= −(k + 1)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ε 0 · · · 0 · · · 0 0
0 ε · · · 0 · · · 0 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 · · · ε · · · 0 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 · · · 0 · · · ε 0

u(1) u(2) · · · 0 · · · u(k) u(i0)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(k+1)×(k+1)

= −(k + 1)εku(i0) 6= 0,

then u1, · · ·uk+1 are linearly independent, a contradiction.
Sufficiency. For all u1, · · ·uk+1 ∈ S(l(Φ)), u = u1+···uk+1

k+1 . Set Iβ = {i :| u(i) |=
β}, since u = u1+···uk+1

k+1 , for all i ∈ Iβ , | u(i) |= β, then | ul(i) |= β, for all
i ∈ Iβ , l = 1, · · · k + 1. Write Card N\Iβ(u) = k′, then k′ ≤ k − 1. By knowledge of
algebra , u1, · · ·uk+1 are linearly dependent,i.e u is a k-extreme point. �

Theorem 2.4 Given an Orlicz function Φ with 0 = α < β, u ∈ S(l(Φ)) is a k-
extreme point if and only if

(I) ρΦ(u) = 1.

(II) Card{i ∈ N :| u(i) |∈ <\SΦ} ≤ k.

Proof Necessity.
(I). Otherwise, suppose ρΦ(u) = r < 1, we consider in two cases:
(I)-1, for all i, | u(i) |< β, we will show that there exist λ0 > 0, for all i,

λ0+ | u(i) |< β. In fact, since
∑∞
i=1 Φ(u(i)) = ρΦ(u) = r < 1, then Φ(u(i)) −→ 0,

therefore, there exist n0, such that
∑∞
i=n0

Φ(u(i)) < Φ(α+β
2 ), then for all i ≥ n0,

| u(i) |< α+β
2 = β − β−α

2 , take λ0 = min{β−α2 , β−|u(i)|
2 i = 1 · · ·n0} > 0, so

λ0+ | u(i) |< β.
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Since ‖ u ‖(Φ)= 1, there exist i0 such that | u(i0) |> 0. Moreover, since∑∞
i=1 Φ(u(i)) = ρΦ(u) = r < 1, Φ(u(i)) −→ 0, clearly, there exist n0 ≥ i0 such that∑∞
i=n0+1 Φ(u(i)) < 1− r. Take ε < λ0, such that

∑n0+k
i=n0+1 Φ(| u(i) | +ε) ≤ 1− r,

Replacing i by n0 + i,i = 1, ..., k, we set u1, · · ·uk+1 as (1) in Theorem 2.3, we
have ρΦ(u1) = Φ(u(1) + ε) + Φ(u(2)) + · · · ≤ 1 − r + r = 1, · · · , ρΦ(ul) ≤ 1, l =
2, · · · k + 1. Then ‖u1‖(Φ) ≤ 1 · · · ‖uk+1‖(Φ) ≤ 1, at the same time, u = u1+···uk+1

k+1 ,
and ‖u‖(Φ) = 1, then ‖u1‖(Φ) = · · · = ‖uk+1‖(Φ) = 1. Thus, u1, · · ·uk+1 are linearly
independent, which contradicts with that u is a k-extreme point.

(I)-2, there exist i0, | u(i0) |= β. First, CardIβ < +∞. Indeed, 1 > r = ρΦ(u) =∑∞
i=1 Φ(u(i)) ≥∑i∈Iβ Φ(u(i)) =

∑
i∈Iβ Φ(β), while, Φ(β) > 0, so, CardIβ < +∞.

Let n0 = CardIβ , assume | u(1) |= β, · · · , | u(n0) |= β, for all i > n0, | u(i) |<
β, and ρΦ(u) = r < 1.

We will explain that there exist λ0 > 0, for all i > n0, λ0+ | u(i) |< β. In
fact, as Φ(β) ≤ ρΦ(u) ≤ 1, then β < +∞, since

∑∞
i=1 Φ(u(i)) = ρΦ(u) = r < 1,

then Φ(u(i)) −→ 0, therefore, there exist n1 > n0, such that
∑∞
i=n1>n0

Φ(u(i)) <

Φ(α+β
2 ), then for all i > n1, we have | u(i) |< α+β

2 = β − β−α
2 , so there exists

0 < λ0 <
β−α

2 , therefore, | u(i) | +β−α
2 < β, for i ≥ n0.

Moreover, since
∑∞
i=1 Φ(u(i)) = ρΦ(u) = r < 1, then Φ(u(i)) −→ 0,clearly,

there exist n2 ≥ CardIβ = n0 such that
∑∞
i=n2+1>i0

Φ(u(i)) < 1− r. Take ε < λ0

such that
∑n2+k
i=n2+1 Φ(| u(i) | +ε) ≤ 1− r.

Set



u1

· · ·
uk
uk+1


 =




u(1) · · · u(n2) u(n2 + 1) + ε · · · u(n2 + k) u(n2 + k + 1) · · ·
· · · · · ·

u(1) · · · u(n2) u(n2 + 1) · · · u(n2 + k) + ε u(n2 + k + 1) · · ·
u(1) · · · u(n2) u(n2 + 1)− ε · · · u(n2 + k)− ε u(n2 + k + 1) · · ·




Then, ρΦ(u1) = Φ(u(1))+· · ·+Φ(u(n0))+· · ·+Φ(u(n2+1)+ε)+· · · ≤ 1−r+r = 1.
Similarly, ρΦ(ul) ≤ 1, l = 2, · · · k + 1. Then ‖u1‖(Φ) ≤ 1, · · · , ‖uk+1‖(Φ) ≤ 1, at the
same time, u = u1+···uk+1

k+1 , and ‖u‖(Φ) = 1, then ‖u1‖(Φ) = · · · = ‖uk+1‖(Φ) = 1.
By u is a k-extrme point, we see that u1, · · ·uk+1 are linearly dependent. On the
other hand, replacing 1 by n2 + 1,· · · , replacing k by n2 + k and replacing k+ 1 by
i0 in (2), calculate the determinant, we know that the determinant is not 0, which
means that u1, · · ·uk+1 are linearly independent. A contradiction.

(II). Otherwise, suppose that when 0 = α < β, Card{i ∈ N :| u(i) |∈ <\SΦ} ≥
k + 1.

Without loss of generality, assume that u(1) ∈ <\SΦ}, · · · , u(k + 1) ∈ <\SΦ

and 0 < u(1) ≤ u(2) ≤ · · · ≤ u(k + 1). By α = 0, we see that u(i) ∈ (ai, bi), and
Φ(u(i)) = Aiu(i) + Bi, i = 1, · · · k + 1, then 0 < A1 ≤ A2 ≤ · · · ≤ Ak+1, thus
for u(i), there exist ci > 0 such that u(i) ∈ (ai + ci, bi − ci), i = 1, · · · k + 1, take
ε = min(c1, · · · ck+1) > 0.

Choose ε1 > 0, · · · , εk > 0, εi < ε
k+1 · Ai

AK+1
and ε′1 > 0, · · · , ε′k > 0, such that

εiAi − ε′iAk+1 = 0, then u(i) ± εi ∈ (ai, bi)i = 1, · · · k and u(k + 1) ±∑k
i=1 ε

′
i ∈
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(ak+1, bk+1). Set




u1

u2

· · ·
uk
uk+1


 =




u(1) + ε1 · · · u(k) u(k + 1)− ε′1 u(k + 2) · · ·
u(1) · · · u(k) u(k + 1)− ε′2 u(k + 2) · · ·

· · ·
u(1) · · · u(k) + εk u(k + 1)− ε′k u(k + 2) · · ·

u(1)− ε1 · · · u(k)− εk u(k + 1) +
∑k
i=1 ε

′
i u(k + 2) · · ·




Then u = u1+···+uk+1

k+1 ,

ρΦ(u1)

= Φ(u(1) + ε1) + Φ(u(2)) + · · ·+ Φ(u(k)) + Φ(u(k + 1)− ε′1) + Φ(u(k + 2)) + · · ·
= [A1(u(1) + ε1) +B1] + Φ(u(2)) + · · ·+ Φ(u(k)) + [Ak+1(u(k + 1)− ε′1) +Bk+1]

+Φ(u(k + 2)) + · · ·
= A1u(1) +B1 +A1ε1 + Φ(u(2)) + · · ·+ Φ(u(k)) +Ak+1u(k + 1) +Bk+1 −Ak+1ε

′
1

+Φ(u(k + 2)) + · · ·
= Φ(u(1)) + Φ(u(2)) + · · ·+ Φ(u(k + 1) + Φ(u(k + 2)) + · · · = ρΦ(u) = 1.

Similarly, ρΦ(ul) = 1, l = 2, · · · , k. And

ρΦ(uk+1)

= Φ(u(1)− ε1) + Φ(u(2)− ε2) + · · ·+ Φ(u(k)− εk) + Φ(u(k + 1) +
k∑

i=1

ε′i) + · · ·

= [A1(u(1)− ε1) +B1] + · · ·+ [Ak(u(k)− εk) +Bk]

+[Ak+1(u(k + 1) +
k∑

i=1

ε′i)) +Bk+1] + · · ·

= [A1u(1) +B1] + · · ·+ [Ak+1u(k + 1) +Bk+1]

+[−A1ε1 − · · · −Akεk +Ak+1ε
′
1 + · · ·+Ak+1ε

′
k] + · · ·

= Φ(u(1)) + Φ(u(2)) + · · ·+ Φ(u(k + 1) + · · · = ρΦ(u) = 1.

Then by Lemma 2.1, we have ‖u1‖(Φ) = · · · = ‖uk+1‖(Φ) = 1, by u is a k-
extreme point, we get u1, · · ·uk+1 are linearly dependent. Next, we will calculate
the determinant:
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∣∣∣∣∣∣∣∣∣∣

u(1) + ε1 u(2) · · · u(k) u(k + 1)− ε′1
u(1) u(2) + ε2 · · · u(k) u(k + 1)− ε′2
· · · · · · · · · · · · · · ·
u(1) u(2) · · · u(k) + εk u(k + 1)− ε′k

u(1)− ε1 u(2)− ε2 · · · u(k)− εk u(k + 1) +
∑k
i=1 ε

′
i

∣∣∣∣∣∣∣∣∣∣
(k+1)×(k+1)

=

∣∣∣∣∣∣∣∣∣∣

u(1) + ε1 u(2) · · · u(k) u(k + 1)− ε′1
u(1) u(2) + ε2 · · · u(k) u(k + 1)− ε′2
· · · · · · · · · · · · · · ·
u(1) u(2) · · · u(k) + εk u(k + 1)− ε′k

(k + 1)u(1) (k + 1)u(2) · · · (k + 1)u(k) (k + 1)u(k + 1)

∣∣∣∣∣∣∣∣∣∣
(k+1)×(k+1)

= (k + 1)

∣∣∣∣∣∣∣∣∣∣

ε1 0 · · · 0 −ε′1
0 ε2 · · · 0 −ε′2
· · · · · · · · · · · · · · ·
0 0 · · · εk −ε′k

u(1) u(2) · · · u(k) u(k + 1)

∣∣∣∣∣∣∣∣∣∣
(k+1)×(k+1)

=
k + 1

A1 · · ·Ak+1

∣∣∣∣∣∣∣∣∣∣

A1ε1 0 · · · 0 −Ak+1ε
′
1

0 A2ε2 · · · 0 −Ak+1ε
′
2

· · · · · · · · · · · · · · ·
0 0 · · · Akεk −Ak+1ε

′
k

A1u(1) A2u(2) · · · Aku(k) Ak+1u(k + 1)

∣∣∣∣∣∣∣∣∣∣
(k+1)×(k+1)

=
k + 1

A1 · · ·Ak+1

∣∣∣∣∣∣∣∣∣∣

A1ε1 0 · · · 0 0
0 A2ε2 · · · 0 0
· · · · · · · · · · · · · · ·
0 0 · · · Akεk 0

A1u(1) A2u(2) · · · Aku(k)
∑k+1
i=1 Aiu(i)

∣∣∣∣∣∣∣∣∣∣
(k+1)×(k+1)

=
(k + 1)ε1 · · · εk

∑k+1
i=1 Aiu(i)

Ak+1
6= 0.

Then u1, · · ·uk+1 are linearly independent. A contradiction.
Sufficiency. For all u1, · · ·uk+1 ∈ S(l(Φ)), u = u1+···+uk+1

k+1 . Since,

1 =

∞∑

i=1

Φ(
u1(i) + · · ·+ uk+1(i)

k + 1
) ≤

∞∑

i=1

∑k+1
l=1 Φ(ul(i))

k + 1
≤ 1.(3)

Then for all i ∈ N,

Φ(
u1(i) + · · ·+ uk+1(i)

k + 1
) =

Φ(u1(i)) + · · ·+ Φ(uk+1(i))

k + 1
.(4)

Denote k′ = Card{i ∈ N : u(i) 6∈ SΦ}, then k′ ≤ k. Without loss of generality,
assume 0 < u(1) ≤ · · · ≤ u(k′) 6∈ SΦ then Φ(ul(i)) = Aiul(i) + Bi, i = 1, 2, · · · k′,
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l = 1, 2, · · · k+1. By α = 0, 0 < A1 ≤ · · · ≤ Ak′ . By | u(i) |∈ SΦ , then u1(i) = u(i),
· · · , uk+1(i) = u(i), i ≥ k′ + 1.

(i) If k′ ≤ k− 1, by the knowledge of algebra, we set u1, · · ·uk+1 linearly depen-
dent.

(ii) If k′ = k, by (3), we have ρΦ(u1) + · · · + ρΦ(uk+1) = k + 1, and ρΦ(u1) ≤
1 · · · ρΦ(uk+1) ≤ 1. Thus, ρΦ(u1) = · · · = ρΦ(uk+1) = 1. Then we have∑k
i=1 Φ(u1(i)) · · · =

∑k
i=1 Φ(uk+1(i)) , C. Claim: any determinant of order k+1

is 0, it is enough to see: for simple sense, denote u(k + 1) = a,
∣∣∣∣∣∣∣∣∣∣

u1(1) u2(1) · · · uk+1(1)
u1(2) u2(2) · · · uk+1(2)
· · · · · · · · · · · ·
u1(k) u2(k) · · · uk+1(k)

u1(k + 1) u2(k + 1) · · · uk+1(k + 1)

∣∣∣∣∣∣∣∣∣∣
(k+1)×(k+1)

=
1

A1

∣∣∣∣∣∣∣∣∣∣

A1u1(1) A1u2(1) · · · A1uk+1(1)
u1(2) u2(2) · · · uk+1(2)
· · · · · · · · · · · ·
u1(k) u2(k) · · · uk+1(k)
a a · · · a

∣∣∣∣∣∣∣∣∣∣
(k+1)×(k+1)

=
1

A1

∣∣∣∣∣∣∣∣∣∣

A1u1(1) +B1 A1u2(1) +B1 · · · A1uk+1(1) +B1

u1(2) u2(2) · · · uk+1(2)
· · · · · · · · · · · ·
u1(k) u2(k) · · · uk+1(k)
a a · · · a

∣∣∣∣∣∣∣∣∣∣
(k+1)×(k+1)

=
1

A1A2 · · ·Ak

∣∣∣∣∣∣∣∣∣∣

∑k
i=1[Aiu1(i) +Bi] · · ·

∑k
i=1[Aiuk+1(i) +Bi]

A2u1(2) +B2 · · · A2uk+1(2) +B2

· · · · · · · · ·
Aku1(k) +Bk · · · Akuk+1(k) +Bk

a a a

∣∣∣∣∣∣∣∣∣∣
(k+1)×(k+1)

=
1

A1A2 · · ·Ak

∣∣∣∣∣∣∣∣∣∣

∑k
i=1 Φ(u1(i)) · · · ∑k

i=1 Φ(uk+1(i))
A2u1(2) +B2 · · · A2uk+1(2) +B2

· · · · · · · · ·
Aku1(k) +Bk · · · Akuk+1(k) +Bk

a · · · a

∣∣∣∣∣∣∣∣∣∣
(k+1)×(k+1)

=
C · a

A1A2 · · ·Ak

∣∣∣∣∣∣∣∣∣∣

1 · · · 1
A2u1(2) +B2 · · · A2uk+1(2) +B2

· · · · · · · · ·
Aku1(k) +Bk · · · Akuk+1(k) +Bk

1 · · · 1

∣∣∣∣∣∣∣∣∣∣
(k+1)×(k+1)

= 0.

Thus, we know that u1, · · ·uk+1 are linearly dependent.
Summarily u is a k-extreme point. �
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Theorem 2.5 Given an Orlicz function Φ with 0 < α < β, for u ∈ S(l(Φ)) with
max{| u(i) |: u(i) 6∈ SΦ} > α, u is a k-extreme point if and only if

(I) ρΦ(u) = 1.

(II) Card{i ∈ N :| u(i) |∈ <\SΦ} ≤ k.

Proof Necessity.
(I). Using the same argument as in the proof of (I) in Theorem 2.4, we know

that ρΦ(u) = 1 is necessity.
(II). Otherwise, suppose that when 0 < α < β, Card{i ∈ N :| u(i) |∈ <\SΦ} ≥

k+1. Without loss of generality, assume that u(i) ∈ (ai, bi), 0 ≤ u(1) ≤ u(2) ≤ · · · ≤
u(k+1) 6∈ SΦ and Φ(u(i)) = Aiu(i)+Bi, i = 1, · · · k+1, then A1 ≤ A2 ≤ · · · ≤ Ak+1,
as u(k + 1) = max{| u(i) |: u(i) 6∈ S(Φ)} > α, then Ak+1 > 0, denote i0 satisfying
0 = A1 = · · · = Ai0 < Ai0+1 ≤ · · · ≤ Ak+1, then for u(i), there exist ci > 0, such
that u(i) ∈ (ai + ci, bi − ci), i = 1, · · · k + 1, take ε = min(c1, · · · ck+1) > 0.

Choose ε1 = c1, · · · , εi0 = ci0 , ε
′
1 = 0, · · · , ε′i0 = 0; εi0+1 > 0, · · · , εk > 0, εi <

ε
k+1 · Ai

Ak+1
, i = i0 +1, · · · , k and ε′i0+1 > 0, · · · , ε′k > 0, such that εiAi−ε′iAk+1 = 0,

i = i0 + 1, · · · k, then u(i) ± εi ∈ (ai, bi)i = 1, · · · k, and u(k + 1) ±∑k
i=i0+1 ε

′
i ∈

(ak+1, bk+1). Set




u1

· · ·
ui0
ui0+1

· · ·
uk
uk+1




=




u(1) + ε1 · · · u(i0 + 1) · · · u(k) u(k + 1) · · ·
· · ·

u(1) · · · u(i0 + 1) · · · u(k) u(k + 1) · · ·
u(1) · · · u(i0 + 1) + εi0+1 · · · u(k) u(k + 1)− ε′i0+1 · · ·

· · ·
u(1) · · · u(i0 + 1) · · · u(k) + εk u(k + 1)− ε′k · · ·

u(1)− ε1 · · · u(i0 + 1)− εi0+1 · · · u(k)− εk u(k + 1) +
∑k
i=i0+1 ε

′
i · · ·




Then u = u1+···+uk+1

k+1 , ρΦ(u1) = · · · = ρΦ(ui0) = ρΦ(u) = 1.

ρΦ(ui0+1)

= Φ(u(1)) + · · ·+ Φ(u(i0 + 1) + εi0+1) + · · ·+ Φ(u(k)) + Φ(u(k + 1)− ε′i0+1) + · · ·
= Φ(u(1)) + · · ·
+ (Ai0+1(u(i0 + 1) + εi0+1) +Bi0+1) + · · ·+ (Ak+1(u(k + 1)− ε′i0+1) +Bk+1) + · · ·
= Φ(u(1)) + Φ(u(2)) + · · ·+ Φ(u(k + 1) + · · · = ρΦ(u) = 1.

· · ·
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ρΦ(uk)

= Φ(u(1)) + · · ·+ Φ(u(k − 1) + Φ(u(k)) + εk) + Φ(u(k + 1)− ε′k) + · · ·
= Φ(u(1)) + · · ·+ Φ(u(k − 1))

+ (Ak(u(k) + εk) +Bk) + (Ak+1(u(k + 1)− ε′k) +Bk+1) + · · ·
= Φ(u(1)) + Φ(u(2)) + · · ·+ Φ(u(k + 1) + · · · = ρΦ(u) = 1.

ρΦ(uk+1)

= Φ(u(i0 + 1)− εi0+1) + · · ·+ Φ(u(k)− εk) + Φ(u(k + 1) +
k∑

i=i0+1

ε′i) + · · ·

= (Ai0+1(u(i0 + 1)− εi0+1) +Bi0+1) + · · ·

+Ak+1((u(k + 1) +
k∑

i=i0+1

ε′i) +Bk+1 + · · ·

= Φ(u(i0 + 1)) + Φ(u(i0 + 2)) + · · ·+ Φ(u(k + 1) + · · · = ρΦ(u) = 1.

Thus, ‖ u1 ‖(Φ)= · · · =‖ uk+1 ‖(Φ)= 1. While we calculate the determinant:

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

u(1) + ε1 · · · u(i0 + 1) · · · u(k) u(k + 1)
· · · · · · · · · · · · · · · · · ·
u(1) · · · u(i0 + 1) · · · u(k) u(k + 1)
u(1) · · · u(i0 + 1) + εi0+1 · · · u(k) u(k + 1)− ε′i0+1

· · · · · · · · · · · · · · · · · ·
u(1) · · · u(i0 + 1) · · · u(k) + εk u(k + 1)− ε′k

u(1)− ε1 · · · u(i0 + 1)− εi0+1 · · · u(k)− εk u(k + 1) +
∑k
i=i0+1 ε

′
i

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

= (k + 1)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

u(1) + ε1 · · · u(i0 + 1) · · · u(k) u(k + 1)
· · · · · · · · · · · · · · · · · ·
u(1) · · · u(i0 + 1) · · · u(k) u(k + 1)
u(1) · · · u(i0 + 1) + εi0+1 · · · u(k) u(k + 1)− ε′i0+1

· · · · · · · · · · · · · · · · · ·
u(1) · · · u(i0 + 1) · · · u(k) + εk u(k + 1)− ε′k
u(1) · · · u(i0 + 1) · · · u(k) u(k + 1)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
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= (k + 1)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ε1 · · · 0 · · · 0 0
· · · · · · · · · · · · · · · · · ·
0 · · · 0 · · · 0 0
0 · · · εi0+1 · · · 0 −ε′i0+1

· · · · · · · · · · · · · · · · · ·
0 · · · 0 · · · εk −ε′k

u(1) · · · u(i0 + 1) · · · u(k) u(k + 1)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

=
k + 1

Ai0+1 · · ·Ak+1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ε1 · · · 0 · · · 0 0
· · · · · · · · · · · · · · · · · ·
0 · · · 0 · · · 0 0
0 · · · Ai0+1εi0+1 · · · 0 −Ak+1ε

′
i0+1

· · · · · · · · · · · · · · · · · ·
0 · · · 0 · · · Akεk −Ak+1ε

′
k

u(1) · · · Ai0+1u(i0 + 1) · · · Aku(k) Ak+1u(k + 1)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

=
k + 1

Ai0+1 · · ·Ak+1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ε1 · · · 0 · · · 0 0
· · · · · · · · · · · · · · · · · ·
0 · · · 0 · · · 0 0
0 · · · Ai0+1εi0+1 · · · 0 0
· · · · · · · · · · · · · · · · · ·
0 · · · 0 · · · Akεk 0

u(1) · · · Ai0+1u(i0 + 1) · · · Aku(k)
∑k+1
i=i0+1Aiu(i)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

=
(k + 1)ε1 · · · εk

∑k+1
i=i0+1Aiu(i)

Ak+1
6= 0,

so u1, · · ·uk+1 are linearly independent, which contradicts with that u is a k-extreme
point.

Sufficiency. For all u1, · · ·uk+1 ∈ S(l(Φ)) such that u = u1+···+uk+1

k+1 . Since

1 =
∞∑

i=1

Φ(
u1(i) + · · ·+ uk+1(i)

k + 1
) ≤

∞∑

i=1

∑k+1
l=1 Φ(ul(i))

k + 1
≤ 1.(5)

Then for all i ∈ N,

Φ(
u1(i) + · · ·+ uk+1(i)

k + 1
) =

Φ(u1(i)) + · · ·+ Φ(uk+1(i))

k + 1
.(6)

Denote k′ = Card{i ∈ N : u(i) 6∈ SΦ}, then k′ ≤ k. Without loss of generality,
assume 0 ≤ u(1) ≤ · · · ≤ u(k′) 6∈ SΦ then Φ(ul(i)) = Aiul(i) + Bi, i = 1, 2, · · · k′,
l = 1, 2, · · · k+ 1 and A1 ≤ A2 ≤ · · · ≤ Ak′ , as u(k′) = max{u(i), | u(i) |6∈ SΦ} > α,
thus Ak′ > 0, denote i0 satisfying 0 = A1 = · · · = Ai0 < Ai0+1 ≤ · · · ≤ Ak′ .

(i) If k′ ≤ k − 1, by the knowledge of algebra, we see that u1, · · ·uk+1 linearly
dependent.

(ii) If k′ = k,by (5) and ρΦ(u1) ≤ 1 · · · ρΦ(uk+1) ≤ 1, thus, ρΦ(u1) = · · · =

ρΦ(uk+1) = 1. Then we have
∑k
i=i0+1 Φ(u1(i)) = · · · =

∑k
i=i0+1 Φ(uk+1(i)) , C.

Then, any determinant of order k+1 is 0, it is enough to investigate: for simple
sense,set u(k + 1) = a,
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∣∣∣∣∣∣∣∣∣∣∣∣∣∣

u1(1) · · · ui0(1) ui0+1(1) · · · uk+1(1)
· · · · · · · · · · · · · · · · · ·

u1(i0) · · · ui0(i0) ui0+1(i0) · · · uk+1(i0)
u1(i0 + 1) · · · ui0(i0 + 1) ui0+1(i0 + 1) · · · uk+1(i0 + 1)
· · · · · · · · · · · · · · · · · ·
u1(k) · · · ui0(k) ui0+1(k) · · · uk+1(k)
a · · · a a · · · a

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(k+1)×(k+1)

=
1

Ai0+1 · · ·Ak

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

u1(1) · · · uk+1(1)
· · · · · · · · ·

u1(i0) · · · uk+1(i0)
Ai0+1u1(i0 + 1) +Bi0+1 · · · Ai0+1uk+1(i0 + 1) +Bi0+1

· · · · · · · · ·
Aku1(k) +Bk · · · Akuk+1(k) +Bk

a · · · a

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

=
1

Ai0+1 · · ·Ak

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

u1(1) · · · uk+1(1)
· · · · · · · · ·

u1(i0) · · · uk+1(i0)∑k
i=i0+1Aiu1(i) +Bi · · ·

∑k
i=i0+1Aiuk+1(i) +Bi

· · · · · · · · ·
Aku1(k) +Bk · · · Akuk+1(k) +Bk

a · · · a

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

=
1

Ai0+1 · · ·Ak

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

u1(1) · · · uk+1(1)
· · · · · · · · ·

u1(i0) · · · uk+1(i0)
C · · · C
· · · · · · · · ·

Aku1(k) +Bk · · · Akuk+1(k) +Bk
a · · · a

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(k+1)×(k+1)

= 0,

so u1, · · ·uk+1 are linearly dependent.
Summarily u is ak-extreme point. �

Theorem 2.6 Given an Orlicz function Φ with 0 < α < β, for u ∈ S(l(Φ)) with
max{| u(i) |: u(i) 6∈ SΦ} < α, u is a k-extreme point if and only if

(I) ρΦ(u) = 1.

(II) Card{i ∈ N :| u(i) |∈ <\SΦ} ≤ k − 1.

Proof Necessity.
(I). Using the same argument as in the proof of (I) in Theorem 2.4, we know

that ρΦ(u) = 1 is necessity.
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(II). Otherwise, suppose that, Card{i ∈ N :| u(i) |∈ <\SΦ} ≥ k. By max{|
u(i) |: u(i) 6∈ SΦ} < α, without loss of generality, assume that | u(1) |≤ · · · ≤|
u(k) |< α, therefore, take ε > 0, such that 0 <| u(1) | +ε < α,· · · , 0 <| u(k) |
+ε < α, then | u(1) ± ε |< α, · · · , | u(k) ± ε |< α. As ρΦ(u) =

∑∞
i=1 Φ(u(i)) =

Φ(u(k + 1)) + · · · = 1, then there exist i0 ≥ k + 1, such that u(i0) 6= 0, without
loss of generality, assume u(k + 1) = u(i0) 6= 0, set u1, · · ·uk+1 as (1), we have
u = u1+···+uk+1

k+1 , and ρΦ(u1) = · · · = ρΦ(uk+1) = ρΦ(u) = 1, thus ‖ u1 ‖Φ= · · · =‖
uk+1 ‖Φ= 1. While, we calculate the determinant as (2), we find u1, · · ·uk+1 are
linearly independent, which contradicts with that u is a k-extreme point.

Sufficiency. Using the same arguments as in the proof of the case k′ ≤ k − 1 in
Theorem 2.5, we get that u is a k-extreme point. �

By Theorem 2.4, it follows

Corollary 2.7 ([8]) For an N function M , u ∈ S(l(M)) is a k extreme point, if
and only if

(I) ρM (u) = 1.

(II) Card{i ∈ N :| u(i) |∈ <\SM} ≤ k.

Remark 2.8 l(Φ) is k-rotund if and only if for all u ∈ S(l(Φ)) is a k-extreme point.

Proof Necessity. Otherwise, suppose that there exist u ∈ S(l(Φ)), such that u =
u1+···+uk+1

k+1 , ‖ul‖(Φ) ≤ 1, and u1 · · ·uk+1 are linearly independent, then

1 = ‖u‖(Φ) =‖ u1 + · · ·+ uk+1

k + 1
‖(Φ)≤

‖ u1 ‖(Φ) + · · ·+ ‖ uk+1 ‖(Φ)

k + 1
≤ 1,

thus ‖ ul ‖(Φ)= 1, by the definition of l(Φ) is k-rotund, we know that u1 · · ·uk+1 are
linearly dependent, a contradiction.

Sufficiency. Otherwise, suppose that there exist ‖ ul ‖(Φ)≤ 1, ‖ u1 + · · · +
uk+1 ‖(Φ)= k + 1, and u1 · · ·uk+1 are linearly independent. Let u = u1+···+uk+1

k+1 ,
then ‖ u ‖(Φ)=‖ u1+···+uk+1

k+1 ‖(Φ)= 1. Since u ∈ S(l(Φ)) is a k-extreme point, we
know that u1 · · ·uk+1 are linearly dependent, a contradiction. �

Theorem 2.9 Given an Orlicz function Φ, l(Φ) is k-rotund if and only if

(I) Φ(β) ≥ 1.

(II) α = 0.

(III) Φ ∈ δ2.

(IV) Φ ∈ SC[0,Φ−1( 1
k+1 )].
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Proof Sufficiency. For all u ∈ S(l(Φ)), by (I) and (III), by Lemma 2.2, we
know that ρΦ(u) = 1. Set I ′ = {i ∈ N :| u(i) |∈ <\SΦ}, then by (IV ), for all
i ∈ I ′, | u(i) |> Φ−1( 1

k+1 ). Then CardI ′ ≤ k. In fact, suppose CardI ′ = k + 1,
then ρΦ(u) ≥ ∑i∈I′ Φ(u(i)) > (k + 1)Φ(Φ−1( 1

k+1 )) = 1, which contradicts with
ρΦ(u) = 1. Thus, by Theorem 2.4, we know that u ∈ S(l(Φ)) is a k-extreme point,
then l(Φ) is k-rotund.

Necessity. (I). Suppose Φ(β) < 1, then 0 < β < +∞, set u = (β, 0, 0 · · · ), then
‖ u ‖(Φ)= 1, but ρΦ(u) = Φ(β) < 1, by Theorem 2.3 and Theorem 2.4, we have
u ∈ S(l(Φ)) is not a k-extreme point, a contradiction.

(II). Otherwise, suppose α > 0, since Φ(β) ≥ 1, There exist c > 0, such that

Φ(c) = 1. Set u = (

k︷ ︸︸ ︷
0, 0, · · · 0, c, 0, 0 · · · ). Then ρΦ(u) = Φ(c) = 1 and Card{i ∈

N :| u(i) |∈ <\SΦ} ≥ k. By Theorem 2.4, u ∈ S(l(Φ)) is not a k-extreme point, a
contradiction.

(III). Otherwise, suppose Φ 6∈ δ2, with the same method as in the proof of [11]
, we can deduce that there exist u ∈ l(Φ), such that ‖ u ‖(Φ)= 1, while ρΦ(u) < 1.
By Theorem 2.4, u ∈ S(l(Φ)) is not a k-extreme point, a contradiction.

(IV). Otherwise, suppose there exist structural affine interval [a, b] ⊂ (0,Φ−1( 1
k+1 )).

Since (k+1)Φ(b) < 1, choose c ∈ (a, b) and d > 0, such that (k+1)Φ(c)+Φ(d) = 1.

Define u = (

k+1︷ ︸︸ ︷
c, c, · · · c, d, 0, 0 · · · ), then ρΦ(u) = 1 and Card{i ∈ N :| u(i) |∈

<\SΦ} = k + 1. By Theorem 2.4, u ∈ S(l(Φ)) is not a k-extreme point, a con-
tradiction. �

Corollary 2.10 ([8]) For an N function M , l(M)) is k-rotund if and only if

(I) Φ ∈ δ2.

(II) Φ ∈ SC[0,Φ−1( 1
k+1 )].
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