
COMMENTATIONES MATHEMATICAE Vol. 53, No. 2 (2013), 97-99

Stefan Rolewicz

On X-convex functions
In tribute to Julian Musielak on his 85th birthday

Abstract. Let X be a Banach space. Let f(·) be a real valued function defined on
an open convex set Ω ⊂ X∗, where X∗ as usual denote the conjugate space. We say
that the function f(·) is X-convex, if there is a set Φf ⊂ X such that

f(x∗) = supx∈Φf ,r∈Rx
∗(x) + r. (1)

In the paper it will be shown that if X is separable, then the function f(·) is Fréchet
differentiable on a dense Gδ set.
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1. . Let X be a Banach space. Let f(·) be a real valued function defined on an
open convex set Ω ⊂ X∗, where X∗ as usual denote the conjugate space. We say
that the function f(·) is X-convex, if there is a set Φf ⊂ X such that

f(x∗) = supx∈Φ,r∈Rx
∗(x) + r. (1)

It is easy to give an example a continuous convex function defined on X∗ which
is not X-convex.

Example 1.1 . Let X be non-reflexive Banach. Let f(x∗) = x∗∗0 (x∗), where x∗∗0 ∈
X∗∗ but x∗∗0 /∈ X. Obviously f(·) is convex and continuous, but it is not X-convex,
since there no x ∈ X such that

x∗∗0 (x∗) ≥ x∗(x). (2)

Now we shall consider X as the set Φ of functions defined on X∗. Translating
the notions from Φ-convexity we shall call x ∈ X a X-subgradient of the function
f(x∗) at a point x∗0 if
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f(x∗)− f(x∗0) ≥ x∗(x)− x∗0(x) (3)

for all x∗ ∈ X∗.
The set of all X-subgradients of the function f(·) at a point x∗0 we shall call X-

subdifferential of the function f(·) at a point x0 and we shall denote it by ∂Xf
∣∣
x∗0
.

We say that a multifunction Γ mapping X∗ into X is monotone if for x ∈ Γ(x∗), y ∈
Γ(y∗) we have

(x∗ − y∗)(x− y) ≥ 0. (4)

It is obvious that a X-subdifferential ∂Xf
∣∣
x∗0

is a monotone multifunction.
Observe that x ∈ X cosidered as a function on X∗ is a Lipschitz function with

constant ‖x‖ and by definition there is x∗ ∈ X∗ such that

x∗(x) > k‖x∗‖‖x‖ (5)

for all k, 0 < k < 1, i.e since x ∈ X is a linear function on X∗ then considered as a
function on X∗ has k-monotonicity property.

Therefore we have as a consequence of Rolewicz [2], Rolewicz [3] ( see also
Pallaschke- Rolewicz [1] Theorem 2.4.18 we obtain

Theorem 1.2 Let (X, ‖ · ‖) be a separable Banach space. Let Ω ⊂ X∗ be an open
convex set. Let Γ be a monotone multifunction mapping Ω into X such that Γ(x∗) 6=
∅ for all x ∈ Ω. Then there exists dense Gδ set A such that Γ is single-valued and
continuous on the set A.

Thus by results of Rolewicz (1995), Rolewicz(1995b) ( see also Pallaschke- Ro-
lewicz (1997) Theorem 2.8.9 we obtain

Theorem 1.3 Let (X, ‖ · ‖) be a separable Banach space. Let Ω ⊂ X∗ be an open
convex set. Let f(x∗) be a real valued X-convex functions defined on Ω. Then there
exists dense Gδ set A such that the function f(x) is Fréchet differentiable on the set
A.
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