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Modes of (α)-convergence of sequences of functions

Abstract. In this paper we deal with continuous convergence and some related

properties of sequences of functions. We present some conditions to get uniform

convergence of the sequence involved to a constant function. As an application, we

give a result on equivalence between modes of convergence.
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1. Introduction. Continuous convergence, or α-convergence, has been investi-
gated since the beginning of the last century (see for example [6, 11]). In [10] there
are some studies concerning the main properties of α-convergence for sequences and
nets of functions, related with exhaustiveness, equicontinuity and some Ascoli-type
theorems. Such concepts and results were developed in the context of ideal conver-
gence in [1, 4, 16]. In this setting, one of the more investigated problems is to find
conditions under which the limit function of a sequence (fn)n is continuous, without
requiring continuity of the fn’s.

In this paper we focus our attention on the problem of finding conditions to get
uniform convergence of a function sequence (fn)n to a constant function, without
requiring particular properties on the fn’s, and we extend the notion of continuous
convergence, by associating it to a mode of convergence. Indeed, if (X, d), (Y, %) are
two metric spaces, f, fn ∈ Y X , n ∈ N, and σ1, σ2 are two convergences on X, Y
respectively, then we can consider the α-convergence related to σ1 and σ2, which
corresponds to the implication

[xn
σ1→ x] =⇒ [fn(xn) σ2→ f(x)],
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whenever x ∈ X and (xn)n is a sequence in X.
In order to find conditions for uniform convergence of the sequence (fn)n to a

constant function f , we introduce axiomatically the concepts of sympathetic and fine
convergence, inspired by [15] and [17]. We show that both statistical (see [8, 18]) and
almost convergence (see [9]) are fine, and we give an example of sympathetic but not
fine convergence. As an application, we obtain a result of equivalence between modes
of continuity of functions (for related topics, see also [3, 7, 12] and the bibliography
therein).

2. Sympathetic and fine convergence.

Definition 2.1 (a) Let (X, d) be a metric space. A (sequential) convergence on

X is an arbitrary nonempty subset of XN × X, where N is the set of all positive

integers (see also [15, 17]).

(b) If A is a subset of N, by #(A) we mean the cardinality of A, and by δ(A)

the asymptotic density of A. If (kn)n is a sequence in N, we denote by δ((kn)n) the

asymptotic density of the set {kn : n ∈ N}.
(c) If (xn)n is a sequence of real numbers, we say that (xn)n converges stati-

stically to x ∈ X (shortly, xn
stat→ x) iff δ({n ∈ N : d(xn, x)  ε}) = 0 for each

ε > 0.

(d) Let σ be a convergence on X. If ((xn)n, x) ∈ σ then we say that the sequence

(xn)n is σ-convergent to x and we write (σ) limn xn = x or xn
σ→ x.

We now introduce the concept of sympathetic convergence.

Definition 2.2 Let (X, d) be a metric space. We say that a convergence σ on X

is sympathetic if and only if it satisfies the following conditions.

(I) If ((xn), x) ∈ σ and ((xn)n, y) ∈ σ, then x = y.

(II) If d(xn, x)→ 0 then ((xn)n, x) ∈ σ.

(III) If ((xn)n, x) ∈ σ and (yn)n is a sequence in X such that #({n ∈ N : yn 6= xn <

+∞}), then ((yn)n, x) ∈ σ.

(IV) There is a sequence (ln)n of positive integers with

#({N\{l1, l2, ..., ln, ...}) = +∞,

such that for each ((xn)n, x) ∈ σ there exists a sequence (yn)n in X with #({n ∈
N : yln = xn}) = +∞ and ((yn)n, x) ∈ σ.

For some other axiomatic treatments of abstract convergence existing in the litera-

ture, see also [2, 5, 14].
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Example 2.3 Let σd be the convergence induced by the distance d in (X, d). We

show that σd is a sympathetic convergence.

The properties (I) and (II) are obviously satisfied. We now prove (III).

If ((xn)n, x) ∈ σd, then d(xn, x)→ 0. If (yn)n is a sequence in X such that #({n ∈
N : yn 6= xn}) < +∞, then there exists an index n0 ∈ N with yn = xn for each

n  n0. Therefore d(yn, x)→ 0 and consequently ((yn)n, x) ∈ σd. So property (III)

is satisfied.

Let now ((xn)n, x) ∈ σd and ln = 2n, n ∈ N. Observe that #(N\{2n : n ∈ N}) =

#({2n+ 1 : n ∈ N}) = +∞. Set

ym =

{
xk, if m = 2k, k ∈ N,
x, if m 6= 2k, k ∈ N.

Then yln = y2n = xn for each n ∈ N and so #({n ∈ N : yln = xn}) = +∞. Since

d(xn, x)→ 0 we have d(yn, x)→ 0. Hence ((yn)n, x) ∈ σd. So σd satisfies condition

(IV).

We now deal with sympathetic convergences, fulfilling some additional conditions.

To this aim, we give the following

Definition 2.4 A sympathetic convergence σ is said to be fine iff it satisfies the

following properties.

(a) There is an element x0 ∈ X such that for all sequences (xn)n in X and (kn)n
in N there exist a subsequence (kln)n of (kn)n and a sequence (yn)n in X with

#({n ∈ N : ykln = xln}) = +∞ and ((yn)n, x0) ∈ σ.

(b) There is an element x0 ∈ X such that for each x ∈ X there exist a sequence

(xn)n in X with ((xn)n, x0) ∈ σ and a sequence (ln)n, satisfying condition (IV) of

Definition 2.2 and with ((xln)n, x) ∈ σ.

We now give some examples in which we show that some convergences often used

in the literature are fine, and we present a sympathetic but not fine convergence.

Examples 2.5 (a) Let (X, d) be a metric space, and set

σS = {((xn)n, x0) ∈ XN ×X such that xn
stat→ x0}.

We prove that the convergence σS is fine.

First of all it is obvious that the convergence σS satisfies the properties (I) and (II)

of Definition 2.2, because the statistical limit is unique and since d(xn, x0) → 0
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implies xn
stat→ x0 .

Let now ((xn)n, x0) ∈ σS . If (yn)n is a sequence in X such that

#({n ∈ N : yn 6= xn}) < +∞,

then there exists an index n0 ∈ N such that yn = xn for all n  n0. Hence yn
stat→ x0

and so ((yn)n, x0) ∈ σS . Moreover, if ((xn)n, x0) ∈ σS and if ln = 2n, n ∈ N, as in

the previous example, we set

ym =

{
xk, if m = 2k, k ∈ N
x0, if m 6= 2k, k ∈ N.

Then

#({n ∈ N : yln = xn}) = +∞ and ((yn)n, x0) ∈ σS .

So the convergence σS satisfies conditions (III) and (IV) of Definition 2.2, and hence

σS is sympathetic.

We now prove that property (a) of Definition 2.4 is satisfied.

To see this, let x0 be an arbitrary element of X, (xn)n be a sequence in X, (kn)n
be a strictly increasing sequence in N, A = {kn : n ∈ N}.
We now claim that there exists a subsequence (kln)n of (kn)n such that the asymp-

totic density of the set {kln : n ∈ N} is zero.

Since limn kn = +∞, then it is possible to find an element of A greater than 2: let

kl1 be the smallest of such elements.

At the second step, as limn kn = +∞, there exists a k2 ∈ N, which is the smallest

element of A greater than 4 · kl1 = 22 · kl1 . Note that

kl2 − kl1 > 4 kl1 − kl1 = 3 kl1 > 2 · 2 = 22,

since kl1 > 2. Proceeding by induction, suppose that kln has been defined, and let

kln+1 be the first element of A greater than 2n+1 · kln . Then, by construction, we

get

kln+1 − kln > 2n+1 · kln − kln = (2n+1 − 1)kln > 2n · 2 = 2n+1(1)

for each n ∈ N, since kln > kl1 > 2 and 2n+1 − 1 > 2n. From (1) it follows that the

asymptotic density of the set {kln : n ∈ N} is less or equal than the one of the set

of all powers of 2, which is 0, as it is well-known. Thus δ((kln)n) = 0, and so we get

the claim.

Set now

ym =

{
xln , if m = kln , n ∈ N,
x0, if m /∈ A.
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It is clear that ym
stat→ x0 and {n ∈ N : ykln = xln} = N. So ((yn)n, x0) ∈ σS .

We now prove property (b) of Definition 2.4. Let x, x0 ∈ X be arbitrary and

(ln)n be a strictly increasing sequence in N with δ((ln)n) = 0.

If ((zn)n, x0) ∈ σS , set

ym =

{
zn, if m = ln,

x0, if m 6= ln, n ∈ N.

We get that ym
stat→ x0 and #({n ∈ N : yln = zn}) = +∞. So the sequence (ln)n

satisfies condition (IV) of Definition 2.2.

Put now

xm =

{
x, if m = ln

x0, if m 6= ln, n ∈ N.

Then xm
stat→ x0, since d((ln)n) = 0, and so ((xn)n, x0) ∈ σS . Moreover, xln = x for

each n ∈ N. Hence d(xln , x)→ 0 and thus xln
stat→ x.

Therefore ((xln), x) ∈ σS , and hence we get that the convergence σS is fine.

(b) Let d be the usual metric in R and x0 ∈ R be a fixed point. The convergence

given by

σd = {((xn)n, x0) ∈ RN × R : d(xn, x0)→ 0}

is sympathetic, but not fine. To see this, let xn = x0 + 1 + 1
n and kn = n, n ∈ N. If

(kln)n is a subsequence of (kn)n, and (yn)n a sequence in R such that

#({n ∈ N : ykln = xln}) = #({n ∈ N : yln = xln}) = +∞,

then d(yn, x0) 9 0, since yln = xln = x0 + 1 + 1
n for infinitely many n ∈ N. Hence

yn
d9x0 and so ((yn)n, x0) /∈ σd.

This contradicts the property (a) of Definition 2.4, and thus we get that σd is not

fine.

(c) Let (X, ‖ · ‖) be a normed space and xn, x0 ∈ X, n ∈ N. We say that the

sequence (xn)n is almost convergent to x0 iff
∥∥∥∥
xm + xm+1 + ...+ xm+n−1

n
− x0

∥∥∥∥→ 0

as n → +∞, uniformly with respect to m, and in this case we write xn
F→ x0. We

now prove that the convergence σF = {((xn)n, x0) : xn
F→ x0} is fine.

It is easy to see that:

(I) if xn
‖·‖→ x0, then xn

F→ x0;

(II) if xn
F→ x0, then the limit is unique;
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(III) if ((xn)n, x0) ∈ σF and (yn)n is a sequence in X such that #({n ∈ N : yn 6=
xn}) < +∞, then ((yn)n, x0) ∈ σF .

We now prove that the convergence σF satisfies condition (IV) of Definition 2.2.

To this aim, let ln = 2n, n ∈ N, and ((xn)n, x0) ∈ σF . Put

ym =

{
xn if m = 2n, n ∈ N,
x0 if m 6= 2n, n ∈ N.

We get: #({n ∈ N : yln = xn}) = +∞.

We now prove that yn
F→ x0. Choose arbitrarily ε > 0. Since ((xn)n, x0) ∈ σF ,

then there is an index j0 ∈ N with
∥∥∥∥
xk + xk+1 + ...+ xk+j−1

j
− x0

∥∥∥∥ ¬ ε(2)

whenever j  j0 and k ∈ N.

Let n = 2k. First of all, we observe that, if m is odd, say m = 2j − 1, then we

get
∥∥∥∥
yn + yn+1 + ...+ yn+m−1

m
− x0

∥∥∥∥ =

=
∥∥∥∥
xk + xk+1 + ...+ xk+j−1 + (j − 1)x0

2j − 1
− x0

∥∥∥∥(3)

=
∥∥∥∥
xk + xk+1 + ...+ xk+j−1 − j x0

2j − 1

∥∥∥∥

¬
∥∥∥∥
xk + xk+1 + ...+ xk+j−1

j
− x0

∥∥∥∥ ,

while if m is even, m = 2j, then
∥∥∥∥
yn + yn+1 + ...+ yn+m−1

m
− x0

∥∥∥∥ =

=
∥∥∥∥
xk + xk+1 + ...+ xk+j−1 + j x0

2j
− x0

∥∥∥∥(4)

=
∥∥∥∥
xk + xk+1 + ...+ xk+j−1 − j x0

2j

∥∥∥∥

¬
∥∥∥∥
xk + xk+1 + ...+ xk+j−1

j
− x0

∥∥∥∥ .

Let n = 2k − 1. We have
∥∥∥∥
yn + yn+1 + ...+ yn+m−1

m
− x0

∥∥∥∥ ¬
∥∥∥∥
xk + xk+1 + ...+ xk+j−1

j
− x0

∥∥∥∥(5)
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if m = 2j, and when m = 2j − 1 we get
∥∥∥∥
yn + yn+1 + ...+ yn+m−1

m
− x0

∥∥∥∥ =

=
∥∥∥∥
xk + xk+1 + ...+ xk+j−2 + jx0

2j − 1
− x0

∥∥∥∥(6)

=
∥∥∥∥
xk + xk+1 + ...+ xk+j−2 − (j − 1)x0

2j − 1

∥∥∥∥

¬
∥∥∥∥
xk + xk+1 + ...+ xk+j−2

j − 1
− x0

∥∥∥∥ .

Thus from (2), (3), (4), (5) and (6) it follows that for m large enough and for any

n ∈ N we have ∥∥∥∥
yn + yn+1 + ...+ yn+m−1

m
− x0

∥∥∥∥ ¬ ε.

So yn
F→ x0, and hence we get that almost convergence is sympathetic.

We now prove the fineness. We begin with property (a) of Definition 2.4.

Take x0 = 0, and choose arbitrarily two sequences (xn)n and (kn)n, in X and

in N. Put ln = n, n ∈ N, let A := {kn : n ∈ N}, and set

ym =

{
xn, m = kn,

0, m /∈ A :

we have #({n ∈ N : ykln = xln}) = #({(n ∈ N : ykn = xn}) = +∞. We now prove

that yn
F→ x0 = 0.

Pick arbitrarily m, n ∈ N. If {kl, ..., kl+j−1} := {n, ..., n+m− 1} ∩A, then we get
∥∥∥∥
yn + yn+1 + ...+ yn+m−1

m

∥∥∥∥ =
∥∥∥∥
xl + xl+1 + ...+ xl+j−1

m

∥∥∥∥ ¬
∥∥∥∥
xl + xl+1 + ...+ xl+j−1

j

∥∥∥∥ .(7)

Since xn
F→ 0, from (7) it follows easily that yn

F→ 0. Hence ((yn)n, x0) ∈ σF .

We now prove the property (b) of Definition 2.4. Take x0 = 0 and x ∈ X arbitrarily,

and set xn = (−1)n x, n ∈ N. It is not difficult to see that ((xn)n, 0) ∈ σF (see also

[3]) and that the sequence lk = 2k, k ∈ N, satisfies condition (IV) of Definition 2.2

for the sequence (xn)n. Then ((xlk)k, x) ∈ σF , since xlk = x2k = x for all k ∈ N.

3. Convergences related to the α-convergence. Let (X, d), (Y, %) be metric
spaces, f , fn ∈ Y X , n ∈ N, and set

Xs(resp. Xφ) := {σ ⊂ XN ×X : σ is a sympathetic (resp. fine) convergence}.
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Definition 3.1 (a) Let σ ∈ Xs. A sequence (fn)n σ-α-converges to f (shortly,

fn
σ−α→ f) iff fn(xn)

%→ f(x) for each ((xn)n, x) ∈ σ. Moreover we say that f is a

sympathetic-α-limit of the sequence (fn)n if and only if there exists a sympathetic

convergence σ on X such that the sequence (fn)n σ-α-converges to f .

(b) We say that the convergences σ, σ′ ∈ Xs are equivalent (shortly, σ ∼ σ′),

iff fn
σ−a→ f ⇐⇒ fn

σ′−a→ f . (Note that it is readily seen that ∼ is a relation of

equivalence.)

We now prove that every two fine convergences are equivalent.

Theorem 3.2 Let (X, d), (Y, %) be metric spaces. If σ, σ′ ∈ Xφ, then σ ∼ σ′.

To prove Theorem 3.2, we first state the following lemmas.

Lemma 3.3 Let (X, d), (Y, %) be metric spaces and f , fn ∈ Y X , n ∈ N. If σ ∈ Xφ,

(fn)n σ-α-converges to f and (ln)n is any sequence in N satisfying condition (IV)

of Definition 2.2, then the subsequence (fln)n σ-α-converges to f too.

Proof Let σ ∈ Xφ and (ln)n be as in the hypotheses. Then #(N\{l1, l2, . . .}) =

+∞, and for each ((xn)n, x0) ∈ σ there exists a sequence (yn)n inX with ((yn)n, x0) ∈
σ and #({n ∈ N : yln = xn}) = +∞. Since fn

σ−a→ f , then fn(yn)
%→ f(x0). There-

fore fln(yln)
%→ f(x0) and consequently fln(xn)

%→ f(x0).

Lemma 3.4 Let (X, d), (Y, %) be metric spaces, f , fn ∈ Y X , n ∈ N, and σ ∈ Xφ.

Then the following are equivalent:

(i) The sequence (fn)n σ-α-converges to f ,

(ii) The function f is constant and the sequence (fn)n converges uniformly to f .

Proof (i) ⇒(ii). We first prove that f is constant. For this, let σ be a fine co-

nvergence. By the property (b) of Definition 2.4 there exists x0 ∈ X such that for

every x ∈ X there exists a sequence (xn)n in X with ((xn)n, x0) ∈ σ, and there is

a sequence (ln)n of positive integers, satisfying condition (IV) of Definition 2.2 and

with ((xln)n, x) ∈ σ.

Now suppose that the sequence (fn)n σ-α-converges to f . Then fn(xn)
%→ f(x0)

and therefore

fln(xln)
%→ f(x0).(8)

By Lemma 3.3 the subsequence (fln)n σ-α-converges to f , and consequently

fln(xln)
%→ f(x), since ((xln)n, x) ∈ σ.(9)
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Taking into account (8) and (9), there exists x0 ∈ X with f(x) = f(x0) for each

x ∈ X. So f is constant.

Now we suppose that the sequence (fn)n does not converge uniformly to f . Then

there exists a positive real ε such that for each n ∈ N there are kn  n and xn ∈ X
with

%(fkn(xn), f(xn))  ε.(10)

Since σ is a fine convergence, by the property (a) of Definition 2.4 there exists an

element x0 ∈ X such that in correspondence with (xn)n and (kn)n there exist a

subsequence (kln) of (kn)n and a sequence (yn)n in X such that

((yn)n, x0) ∈ σ and #({n ∈ N : ykln = xln}) = +∞.

Taking into account that the sequence (fn)n σ-α-converges to f , we get

fn(yn)
%→ f(x0), and so fkln (ykln )

%→ f(x0).

But ykln = xln for infinitely many n in N. Hence there exists a subsequence (lmn)n
of (ln)n such that yklmn = xlmn for all n ∈ N, and then

fklmn (yklmn )
%→ f(x0), since fkln (ykln )

%→ f(x0).(11)

By virtue of (10) and (11) we get

ε ¬ %(fklmn (xlmn ), f(xn)) = %(fklmn (yklmn ), f(xn))

= %(fklmn (yklmn ), f(x0)) < ε(12)

for some n ∈ N large enough, a contradiction. Therefore (fn)n converges uniformly

to f . �

Theorem 3.2 is an easy consequence of Lemmas 3.3 and 3.4. 2

As an application, we give the following result on equivalence between modes of

continuity.

Corollary 3.5 Let (X, d), (Y, %) be metric spaces, f, fn ∈ Y X , n ∈ N, and (xn)n
be a sequence in X. Then the following are equivalent:

(i) [xn
stat→ x0] =⇒ [fn(xn)

%→ f(x0)];

(ii) [xn
F→ x0] =⇒ [fn(xn)

%→ f(x0)];

(iii) the function f is constant and the sequence (fn)n converges uniformly to f .
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Proof It is a consequence of Theorem 3.2 and the fact that both statistical and

almost convergence are fine (see Examples 2.5 (a) and (c) ). �

Definition 3.6 (a) If σ ∈ XS , θ ∈ YS and f, fn ∈ Y X , n ∈ N we say that the

sequence (fn)n σ-α-θ-converges to f (shortly, fn
σ−α−θ→ f) iff fn(xn) θ→ f (x) for

each ((xn)n, x) ∈ σ. Moreover we say that f is a bilateral sympathetic-α-limit of

the sequence (fn)n if and only if there exist sympathetic convergences σ, θ on X,Y

respectively such that the sequence (fn)n σ-α-θ-converges to f .

(b) In analogy of Definitions 3.1 (b), if σ, σ′ ∈ XS , θ ∈ YS and f, fn ∈ Y X , n ∈ N
we say that σ, σ′ are θ-equivalent (shortly, σ θ∼ σ′), if and only if fn

σ−α−θ→ f ⇐⇒
fn

σ′−α−θ→ f .

Remark 3.7 It is easy to see that, if a sequence (fn)n σ-α-converges to f , then

(fn)n also σ-α-θ-converges to f , where σ, θ are two sympathetic convergences on

X,Y respectively.

In a similar way as in Definitions 3.6 we can formulate the following

Definition 3.8 (a) Let θ ∈ YS and f , fn ∈ Y X , n ∈ N. The sequence (fn)n α-θ-

converges to f (shortly, fn
α−θ→ f) iff fn (xn) θ→ f (x) whenever xn

d→ x. Moreover

we say that f is a right sympathetic-α-limit of the sequence (fn)n iff there exists a

sympathetic convergence θ on Y such that the sequence (fn)n α-θ-converges to f .

(b) The convergences θ, θ′ ∈ YS are said to be right equivalent (shortly, θ
right∼ θ′)

iff fn
α−θ→ f ⇐⇒ fn

α−θ′→ f .

Remark 3.9 Note that σ-α-θ-convergence of a sequence (fn)n to f implies the α-θ

convergence of (fn)n to f , where σ, θ are two sympathetic convergences on X,Y

respectively.

Open problems:
(a) Find some conditions under which the notions of σ-α-, σ-α-θ- and α-θ-

convergence are equivalent.
(b) If σ, σ′ ∈ Xφ and θ ∈ Yφ, can we get σ θ∼ σ′?
(c) If θ, θ′ ∈ Yφ, can we get θ

right∼ θ′?
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