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Uniformly continuous composition operators in the
space of functions of two variables of bounded
-variation in the sense of Wiener

Abstract. Assume that the generator of a Nemytskii composition operator is a
function of three variables: the first two real and third in a closed convex subset of
a normed space, with values in a real Banach space. We prove that if this operator
maps a certain subset of the Banach space of functions of two real variables of boun-
ded Wiener ¢-variation into another Banach space of a similar type, and is uniformly
continuous, then the one-sided regularizations of the generator are affine in the third
variable.
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1. Introduction. Let I” denote the rectangle [ay, b1] X [az, ba] with the vertices
a = (a1,as), b = (by,b2) € R%. Let (X,|-|), (Y,]-|) be real normed spaces and C
be a set in X. For a function h : I’ x C — Y define the Nemytskii composition
operator H : cle — vyl by

H(f)(t,s) = ht,s, f(t.5), feCl, (ts)ell,

where Cla stands for the family of all functions f : I — C. The function h is
called the generator of the composition operator H.

Let (BV, (1%, X),]| - |l,) be the Banach space of functions f € X1 which are
of bounded -variation in the sense of Wiener [9], where the norm || - ||, is defined
with the aid of Luxemburg-Nakano-Orlicz seminorm [4, 7, 8].

Assume that H maps the set of functions f € BV,,(I?, X) such that f(I?) c C
into BV (I2,Y). In the present paper we prove that, under some conditions, if
H is uniformly continuous, then the left-left, right-right, left-right and right-left
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regularizations of its generator h with respect to the two first variables are affine
functions in the third variable.

This generalizes the result of Chistyakov [2] where it is assumed that H is
Lipschitzian.

2. Preliminaries. We begin this section with some notations.
Let a = (a1, az), b= (by,bs) € R? be such that a; < b;, i = 1,2. In the sequel
1Y := [a1,b1] X [ag, by] denotes the basic rectangle. Let & = (t;)i%, and n = (s;)7_,
be partitions of [a1,b1] and [ag, ba], respectively (i.e., m,n € N, a1 = tp < t1 <
s <ty =by and ag = 59 < 1 < -+ < 8, = by). For each function f € XIZ, we
define
Avof(tiysj) = fltisj) — f(ti-1,s;)
DNoif(tiysg) = flti,s5) — f(ti,sj-1)
Avif(tiysg) = f(ti—1,85-1) = f(tim1,85) — f(ti,s5-1) + f(ti, 55)-
We denote by F the set of all non-decreasing continuous functions ¢ : [0, +00) —
[0, +00) such that ¢(t) = 0 if and only if ¢ = 0, and lim;—, o, p(t) = .

DEFINITION 2.1 (Chistyakov [2])

Let ¢ € F, X be a real normed space and f € X be a function.

(i) For x5 € [ag,bq], the Jordan ¢-variation of the function f(-,z2) in [z1,y1] C
[a1,b1], denoted vy, 2y 1(f) = Vy 2, 4,1(f(;22)), is defined by

(1) %,[zl,yl](f) = S‘?Z%’(Mmﬂtmxz)ba

i=1
where the supremum is taken over all the partitions & = (¢;)1", of [z1,y1].

(ii) For x; € [ay,by], the Jordan g-variation of the function f(x1,-) in [x2,y2] C
[az,bo] is defined by

(2) vcp,[zz,yz](f) = SHPZ‘POAOlf(xl’Sj)Dv
n j=1
where the supremum is taken over all the partitions n = (s;)}_, of [z2,y2].

(iii) The (two-dimensional) Hardy-Vitali-Wiener ¢-variation of a function f € X I,
denoted vy, 1v(f), is defined by

(3) Voo (f) == sup Y Yo (|A1f(ti, 55)])
(&m) i=1j=1

where the supremum is taken over all pairs m,n € N and (£,7n) with £ a
partition of [a1,b;] and 1 a partition of [as, by] of the above form.
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(iv) The Wiener total -variation of f € X 1. is defined by

(4) TVi(f) = TV (£, 13) 1= Vi fay 2] (£ (5 02)) + V4 fa ) (F (a1, ) + 0,1 ()
(v) A function f € X2 is of bounded Wiener total ¢-variation in IL i TV, (f) <

0.
(vi) The class of all functions f € X I. with finite Wiener total ¢-variation is

denoted by V,,(1¢, X); that is

V(1L X) = {f e Xl TV,(f) < oo}.
We denote by BV, (12, X) the vector space generated by V,,(1¢, X), i.e.
BV, (", X) = {f € X% :3A>0 such that \f € Vg,([g,X)}.

In the space BV, (I, X) we define the norm
1flle = 1£(a)] +po(f),

where
Po(f) =inf{e >0: TV, (f/e) <1}.
Some properties of p, are in the following lemma.

LEMMA 2.2 (Chistyakov [2]) For f € BV,(I2, X), we have

(a) if (t,s),(t',s') € I, then |f(t,5) — f(t',s")] < 4™ (1)py(f);
(b) if py(f) >0 then TV, (%m) <1

(c) if A >0 then

(c1) po(f) <A ifand only if TV, ({) <L

(c2) if TV, (f/A)=1 then p,(f)=A\ (]

THEOREM 2.3 (Chistyakov [2]) If ¢ € F is convex and X is a Banach space, then
(BV,(12),] - ||p) is a Banach space. ]

In the sequel we will use the notions of left-left regularization and the left-
left continuity of a function of two variables. Let f : I® — X. If the function
f~: I* — X given by

hmyl_>$; f(y17y2) for (.’11'173}2) € (a17b1] X (G/Q,bz],
Y2 Ty
lim, - f(y1,y2) for a1 € (a1,b1] and 22 = as,

! 1
T

f_(xlan) = . Y2z
hmylﬁaf f(y1,y2) for &1 =a; and x5 € (as, b,

Y2 T,

limylﬂaf fly1,y2) for x1 =ay and zo = as.

yzﬂa;—
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is well defined, that is, if all the above limits exist, then f~ is called the left-left
regularization of f.

REMARK 2.4

It is to be noted that (yi,42) — (27,75) means that (yi,ya) € IZ,
yi < a0 =1,2, and (y1,y2) — (21, 22) in R?, and similarly for the other limits.

REMARK 2.5

In a similar way we can define the right-right, left-right, right-left regularizations
of a function f € BV, (1%, X).

DEFINITION 2.6 A function f: I? — X is said to be left-left continuous if

( )lign )f(:c,y) = f(t,s) forall (t,s) € (a1,b1] X (az,bs].
z,y)—(t—,s~

LEMMA 2.7 (Chistyakov [2]) If f € BV,(I%,X) then f~ exists, f~ € BVS;(I(ZL’,X)
and f~ is left-left continuous. ]

REMARK 2.8

The respective counterparts of Lemma 2.7 for the right-right, left-right and
right-left regularizations hold also true.

We denote by BV, (12, X) the subspace of BV,,(1}, X) of those functions which
are left-left continuous on (a1, b1] x (az, ba).

3. Main result. Denote by A(X,Y) the space of all additive mappings A :
X — Y and by £(X,Y) the space of all continuous linear mappings A: X — Y.
The main result of this section reads as follows:

THEOREM 3.1 Let I C R? be rectangle, (X,| - |) be a real normed space,
(Y,| - |) be a real Banach space, C' be a closed convex subset in X and assume
that ¢, € F. If the composition operator H generated by h : I x C' — Y maps
BV, (It,C) into BV, (12,Y), and is uniformly continuous, then there exist functions
A: TP — A(X,Y) and B:I’ — Y such that

h=(t,s,x) = A(t,s)z + B(t,s), (t,s)cI’, xcC,

where h~ is the left-left regularization of the function (¢,s) — h(t, s,z). Moreover,
if 0 € C and intC # (), then A: I’ — £(X,Y) and B € BVJ(IZ,Y).
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PRrOOF For every z € C, the constant function I’ > (t,s) — = belongs to
BV,(I2,C). Since H maps BV, (I2,C) into BV,,(1%,Y), the function I > (¢, s) —
h(t,s, =) belongs to BV, (1,Y). Now Lemma 2.7 implies the existence of the left-
left regularization A~ of function (t,s) — h(t, s,x). By assumption, H is uniformly
continuous on BV, (I5,C). Let w : RT — RT be the modulus continuity of H,
that is

w(p) = sup {|[H(f1) = H(f2)lls : Ifs = follo < 3 f1, fo € BVo(Ia,C)}, for p>0.
Hence we get
() 1H(f1) = H(f)lp <w (Ifr = f2llp) . for  fi, f2 € BV, (13, 0).
From the definition of the norm || - ||, we obtain
6)  py (H(f1) = H(f2) <IIH(f1) = H(f2)|, for fi, fo € BV, (I3, C).
From Lemma 2.2(c1) and (6), if w (|| f1 — f2||x) > 0, then

(H(f1) — H(f2)) (-, a2) w
™ “”’*“”’”( o (s~ Fally) ><TW< )“'

w(llfi = fallp)

Therefore, for any o =a1 <1 <ag <[P < < Q< Bn=0b; a=a <
By <ty <Py < < @m<fB,=>b, mc N the definitions of the operator H
and the funct10nal Uy Ja1,be](+ @2), imply that

(8)

Zm 1/} |h(as,ag, f1 (o, 0%)) —h(a,ai, f2 (s, a7)) —h (i, Ba, f1 (i ,Bs) ) +h(ai,Bi, f2 (i, 8:))
i=1 w(llfi=r2lle)
—h(Bi,a7, f1(B:,00)) +7(Bi .07, f2(Bi ;@) + (B Bis f1(B8i.Bi)) =P (Bi Bi, f2(Bi,Bi))] )
w(llfi=f2lle)

< L

For «a,8 € R, a < 3, we define functions 74,4 : R — [0,1] by

0 if t<a«
(9) Na,5(t) == é:—‘jy if ag<t<p

1 if g<t.
We first fix t € (al, b1], s € (az2,b2], m € N. For arbitrary finite sequence a; < a1 <
,81<042<62< <C¥m<ﬂm<t a2<a1<ﬂ1<a2<,6’2 <C¥m<ﬁ <

s and z1,x9 € C’ 1 # x9, the functions fi, fo : Ig — X deﬁned by
(10)

1
fZ(Tv 7) = 5 {(ﬂaiﬁi(ﬂ + n&i,ﬁi (’7) - 1) (xl - 1‘2) +x¢+ 22|, (7—77) € Igv {= 172a

belong to BV, (12, C). From (10) we have

€Tl — T2

hi—fa= 7
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therefore
r1 — T2
Ifi = fallp = 2 ;
and, moreover,
_ _ x1 + 3z —x1 + 3z
fl(aiaai) = T2; f2(ai,0¢i) = A; fl(@,az) = T2; f2(5u041) = %3
- - x +ac T+
Fu(Bir B2) = wvs F2(Bi i) = =5 falo, Br) = =5 falou, i) = w2

Using (8), we hence get

m ’h(ozi,OTi7 z2) — h(oy, ag, ﬂlfﬁzz) — (o, Bi, %) + h(ai, Bi, w2)
(11) Zw( w([Ifi — falle)

_h(ﬂiaOT’h ‘772) + h(ﬂz,OT” ﬂlf%) + h(ﬂiaEv‘rl) - h(ﬂza@a %)’
w(l[fr = f2lle)

< L

Since, for any = € C, the constant function I? 5 (t,s) — z belongs to BV,,(1¢,C)
and H maps BV,(I%,C) into BVy(I2,Y), the function I2 3 (t,s) — h(t,s, ) is in
BV, (1%,Y) for any fixed x € C. From continuity of ¢ and the left-left continuity of
h~ (Lemma 2.7), letting (a1, @) tend to (¢, s) from the left in (11), we obtain

iw |h=(t,8,21) — 2h~ (tl s, l”) +htsea)|) 1
r1—x
o (=)

that is

" ‘h_(t,s,xl) —2h~ (t,s, %) + h_(t,S,Ig)’ o 1

w (|3?1;7?2|) S m’

Hence, since m € N is arbitrary,

" |h=(t, s,@1) — 2h™ (t, s, 2522) + h™(t, 5, 22)| _ 0

|z1—@2|
W ( =

As i € F, we obtain
h=(t,s,21) — 2h~ (t, s, xl—gx2> + h™(t,s,22) = 0.

Therefore

B 1+ T2 h=(t,s,x1) + h™(t, s, x2)
12 =
(12) v (ns5) !
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for all (t,s) € (a1,b1] X (az,bs], and for all =z, zo € C.

For t € (a1,b1] and s = ag, let us fix a1 < a1 < f1 < g < f2 <+ < apy <
Om < tand as < @y < Bl < g < Bz << A < Bm < bs. Proceeding as above
we get (11). Taking the limit as (a1, 3,,) — (t7,a3) and by (11), we get, again
(12). The cases when t = a; and s € (ag,bs] or t = a; and s = as can be treated
similarly. Consequently,

b (t,s, 1 ;m) _ h=(t,s, 1) ; h=(t,s,22)

is valid for all (t,s) € I? and all z1, z € C.

Therefore, the function h~(t, s, -) satisfies the Jensen functional equation in C,
for each (¢,s) € IY. Adapting the standard argument (cf. Kuczma [3]), we conclude
that, for each (t,s) € I? there exist an additive function A(t,s) and B(t,s) € Y
such that

(13) h=(t,s,x) = A(t,s)x + B(t,s), x€C, (ts)cl’.

The “moreover part”, follow from the uniform continuity of the operator
H : BV,(I},C) — BVy(I%,Y) and intC # ) imply the continuity of the func-
tion A(t, s), consequently A(t,s) € L(X,Y).

Since 0 € C, putting = 0 in (13), we get

h™(t,s,0) = B(t,s), (t,s) €I’

which shows that B € BV, (18,Y). n

REMARK 3.2 The counterparts of Theorem 3.1 for the right-right, right-left and
left-right regularizations are also valid.

REMARK 3.3 The uniformly continuous composition operators for functions of
bounded variation in a single variable were considered in [5].
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