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Abstract. A new class of v rest bounded second variation sequences is defined.
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1. Introduction. Chaundy and Jolliffe [1] proved the following classical result
(see also [10]).

THEOREM 1.1 Suppose that b, > bpy1 and b, — 0. Then a necessary and sufficient
condition for the uniform convergence of the series

(1) Z by, sinnk
n=1

is nb,, — 0.
In [5] Leindler defined a new class of sequences in the following way:

DEFINITION 1.2 Let v := (v,) be a positive sequence. A null sequence ¢ := (¢,)
of real numbers satisfying the inequality

e8]
Z |cn_cn+1‘ SK(C),YTI% m = 1a27"'

n=m

with a positive constant K (¢) is said to be a sequence of v Rest Bounded Variation,
in symbol: ¢ € YRBV'S.
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If v, = ¢, and ¢, > 0, then we call the sequence ¢ the Rest Bounded Variation
Sequence; and briefly we write ¢ € RBV'S. In [6] L. Leindler introduced the class
of Mean Rest Bounded Variation Sequences (M RBV'S), where v is defined by a
certain arithmetical mean of the sequence c, e.g.,

) % > o

It is easy to see that the class M RBV' S includes the class RBV S, consequently
the classes of almost monotone and monotone sequences, too.

In [3] L. Leindler generalized above theorem to the class RBV'S. Namely, he
proved the following theorems.

THEOREM 1.3 If a sequence b = (by,) belongs to the class RBV S, then the condition
nb, — 0 as n — oo is both necessary and sufficient for the uniform convergence of
series (1).

THEOREM 1.4 If a sequence b = (by,) belongs to the class RBV S, then the condition
nb, = O (1) is both necessary and sufficient for the uniform boundedness of the
partial sums of series (1).

THEOREM 1.5 Suppose that b € RBV'S. Then a necessary and sufficient condition
for the series (1) to be the Fourier series of a continuous function is nb, — 0.

We generalized these results to the class M RBV'S and we proved that RBV S #
MRBV'S ([8] ). In [4] L. Leindler shown that Theorem 1.3 and Theorem 1.4 are
true if (b,) belongs to the class yRBVS but he proved that for the class yRBV'S
only a sufficient condition in those theorems is valid.

A nonnegative sequence c is said to be a sequence of Group Bounded Variation
(GBVYS) if there exists a natural number N such that

2m

- <
Z len — ent1] < K (¢) X
holds for all m. In [2] R. Le and S. Zhou proved that Theorem 1.1 is true if a
sequence b € GBV'S.

Moreover, for a more general class

[em]
MVBV =<a,cC: Z|anfan+1\<0 Z forsomec>1

n=[m/c]

a necessary and sufficient condition for the uniform convergence of the series were
proved in [9] and [7].
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It is clear that
MRBVS C MV BV.

Furthermore (see [9])
GBVS C MVBV

Let b, = 2+(n_21)". It is clear that nb, — 0 and by Weierstrass’s theorems the
series (1) is uniform convergence but the sequence (b,,) is not monotonic and does
not belong to none of considered classes above (see Theorem 2.1 ).

In order to formulate our new results we define another such class of sequences
that the above sequence (b,) belongs to it.

DEFINITION 1.6 Let v := (7, ) be a positive sequence. A null sequence ¢ := (¢,) of
positive numbers is called v Rest Bounded Second Variation, briefly ¢ € yRBSV'S,
if it has the property

3) > len = engal < K (€)ym

for all natural numbers m.

If v, = ¢, and ¢, > 0, then we call the sequence ¢ the Rest Bounded Second
Variation Sequence; and briefly we write ¢ € RBSV.S. Consequently, if v is defined
by (2) we shall say that the sequence c is the Mean Rest Bounded Second Variation,
briefly ¢ € MRBSV'S.

It is clear that

RBSVS C MRBSVS.

In the present paper we show that yRBV'S C yRBSV S but RBV'S # RBSV S
and MRBV S # MRBSVS. Moreover, we prove that Theorem 1.3, Theorem 1.4
and Theorem 1.5 are true if a sequence b belongs to M RBSV'S.

2. Main results. We have the following results:

THEOREM 2.1 The following properties are valid:

(i) yYRBVS C yRBSV'S,

(i) there exists a sequence d =: (d,,) , with the property that nd,, — 0 as n — oo,
which belongs to the class MRBSV S but it does not belong to the class MV BV .

(#i1) there exists a sequence a =: (ay,) , with the property that na, — 0 asn — oo,
which belongs to the class MRBSV'S but it does not belong to the class RBSV'S.

THEOREM 2.2 If a sequence b = (b,) belongs to the class MRBSV'S, then the
condition nb, — 0 as n — oo is both necessary and sufficient for the uniform
convergence of series (1).
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THEOREM 2.3 If a sequence b = (b,) belongs to the class MRBSV'S, then the
condition nb,, = O (1) is both necessary and sufficient for the uniform boundedness
of the partial sums of series (1).

THEOREM 2.4 Suppose that b € MRBSV S. Then a necessary and sufficient con-
dition for the series (1) to be the Fourier series of a continuous function is nb, — 0.

REMARK 2.5 By the embedding relation RBV.S C M RBSV S we can observe that
Theorem 1.3, Theorem 1.4 and Theorem 1.5 are the corollaries of Theorem 2.2,
Theorem 2.3 and Theorem 2.4, respectively.

REMARK 2.6 By Theorem 2.1 (i) we derive that the results from [8] are the corol-
laries of Theorem 2.2, Theorem 2.3 and Theorem 2.4, too.

3. Proofs of Theorems. In this section we shall prove our results.

3.1. Proof of Theorem 2.1.
(7) Let (¢,,) € YRBVS. Then for all m

[e'S) 9]
Z |cn - cn+2‘ S Z (|Cn - Cn+1| + ‘Cn-&-l - Cn+2|)

n=m n=m

<2 Z len — cnt1] < 2K (¢) ym

and (c,) € YRBSV'S.
(it) Let d,, = 2+(n;21)" It is clear that nd,, = 0 as n — oo.
Now, we show that the sequence (d,,) does not belong to the class MV BV.
Let Ay, ={n, m <n < 2m and n is even}

2m 2m n n+1
24 (-1) 24+ (1)
dp — dpt1] = -
2 el = 2 17 (n+1)?
B QZ’” dn+4+ (=1)" (2n% + 2n + 1)
= 2
= n?(n+1)
2
n€EAm n? (n + 1) n€Am, " 4m
and since
[em] [em] n [em]
|dy | c 2+ (-1) c 3 1
Y. < <= ) <,



B. Szal 71

the inequality

2m [em]

Sl —dur| < K@) Y 1D

n=m n=[m/c]
does not hold, that is, (d,,) does not belong to MV BV and consequently to RBV'S,
MRBV S and GBV'S.

Finally, we show that the sequence (d,) belongs to M RBSV'S.
For all m we have

= 24 (D) 24 (—1)"?
dn — dnso| = —~
T;n | +2‘ Z n2 (n + 2)2

n=m

_Z - )n+1<227<<7<2+(_1)m:dm

m2 — m2

and (d,) € RBSVS. Since RBSVS C MRBSVS we get that (d,) € MRBSVS.
(#i1) Denote by pi, := 2™ for m = 1,2,3, ... and define a sequence (a,) by the
following formulas a; = 1 and

14+ mA+(-1)"m
" M2l

if o, <1< g1

It is clear that nd, — 0 as n — oo. Namely, for any n > 2 there exists a natural
number m such that p,, <n < p;,4+1. Hence

1+m+(—1)"+1m< 2(1+2m) _ 6 _ 6
m2 i - m? m ~ lnn/2’

Nap < fhm41 <
Since the sequence ﬁ — 0 as n — oo, we obtain that na,, — 0 as n — oo.

Now, we show that the sequence (a,) does not belong to the class RBSV'S.
Namely, for m > 2 we have

oo Hm+1—2 Hm41—3
Z |ag — ak2| > Z lak — akt2| = Z |ar — ak2]
k=pm+1 k=pm+1 k=pm—+1

14+2m  142(m+1)
m2,um - (erl) Hm+1
_ 2m3 4+ Tm? + 8m + 2 S 1

o om2 (m+1)% e M

+ ‘aum+1*2 = Qg ’ =

and since a,,, +1 = , the inequality

> lak = arr2| < K (a)an

k=n

does not hold, that is, (ay,) does not belong to RBSV'S.
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Next, we prove that the sequence (a,) belongs to the class M RBSV'S.
Let n > 2. Then for any n there exist m > 1 and » =0, 1, 2..., &, — 1 such that

n=fm+r.
If r < piy, — 1, then
00 %)
S wl= S e
k=2n k=pm41+2r
Hm42—3
= 2 : =2 " Oy + auﬂl+2—1 T O o+1
k=pm+1+2r
00 Hm+3+s—3
E E |ak — ak2l
s=0 k:M77L+2+s+2T
+ aum+3+s -2~ a/‘m+3+s + aum++3+5*1 - a#«m+3+s+1 ‘)

and if r = p,, — 1, then

00 00
> ak —akg2l = D lax — axia
k=2n k:/im+2—2
= a’uerQ*Q = Oppya| T aum+2*1 - aum+2+1‘

H7n+3+s_3

o0
SY e

$=0 \k=pmi24s+2r

Cpprars=2 7 Qpimisys t+la

pmttars L Dlmisistl D :

Therefore
1+2(m+1) 1+2(m+2)

(m+1) g1 (M +2)” o

o0
> lak — apso| =

k=2n
1 1
‘(er D i1 (m+2)° i
+Z<‘ 1+2(m+2+s) 1+2(m+23+s)
— m+2+s) mtots (M43 +8)" tmtsts
1 1
‘(m+2+5)2 frmizes (M4 34 9) fngass )
m+2 + = m+s+3
- (m—|—1 = ( m—|—2+s)2um+1+s
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2 J | 4
< —+— —_— =
Mgy M £ 25 MU,
Let
Apr ¢+ =Akjpm +7 <k < i1 +2r and k is even},
By ¢ ={kjpm+7r <k < pm+1 and k is even},
Crmr @ =A{k;pttms1 <k < piyms1 + 2r and k is even}.
Then
= 8 1
D lak = ko] < >
k=2n fom 7+ 1 k€A M
8 1 1
<— —— 44 —
P + 1+ 1 ke;mmum ke;mr(mw%)umﬂ
8 1 142 1+ 2( 1
T pm +r+1 izmtm 2 ). r:+1m+)
Hm KEBp, T kéc,,, ) tom 1
e BTl S S S
>~ 7 = Qg agk =~ Q.
Um +r+11\2 bt b n—+1 =
If n =1, then by (4)
e} 3 e}
Z |ag — k2| = Z lak — art2| + Z |ak — akt2
k=2 k=2 k=4
3 16 < 12
(5) §;|ak—ak+2|+§;ak<§;ak.

(4) and (5) imply that (a,) € MRBSVS.
This complete the proof. [1

3.2. Proof of Theorem 2.2.
First we prove the necessity. Setting z = -, we get

(6) Zb smnx—Zb sm >s1n72b

n=m n=m

2m

If be MRBSV S, by (3) with +1 >~ by, in place of 7,,, we have

n=m

oo

b2m S b2m + b2m+1 = Z (bn - 71+2 Z |b - bn+2|

n=2m n=2m
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2m
1
< -
(7) () n;nbn
and
b2m 1 < Z - bn+2 < Z |bn - bn+2‘ S

n=2m—1 n=2m—1

0o 1 2m
(8) n;:m by, — bppa| < K (b) — n;nbn.

Hence, by (6), (7) and (8), and taking into account that the series (1) converges
uniformly, we obtain that mbsy,, — 0 and mbs,,_1 — 0 as m — oo, and these verify
the necessity of the condition nb,, — 0 as n — oo.

Now, we prove the sufficiency. Denote

en = supkb, and 7, ( Z by, sin k.

k>n
In view of the assumptions, we have that ¢,, — 0 as n — co. We will show that
(9) |rn (2)] < &y

also holds. Since r, (km) = 0, it suffices to prove (9) for 0 < z < .
First we show that for = # kn

1 o0
Zbksmkz = TonZoosE {Z (b — brga) (1 — cos (k + 1) z)

5 COS
k=n 2 k=n

1 1
(10) — (bn + bpy1) (1 — cosna)} + Feos b, sin (n _ 2) -

An elementary calculation gives

1 o0
Z b coskx = = Z (bg + br+1) coskx + B Z (bg — br+1) cos kx,

k n k=n
whence
lib coskx—li(b +5b )coskav—1 i bicos(k—1)x
2k:n * - 2k:n * o 2k2n+1 *

1 & 1 1
5; b + b+1) cosk:x—icosxkzn;lbkcoskx—ismxk;ﬂbksmkx.
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Thus
1 = 1 &
§(l+cosx) Z by coskx = 3 Z (b, + bg41) coskx
k=n+1 k=n

1 > 1
-5 sinx k_zﬂ b sinkx — §bn cosnx

and if z # (20 + 1) 7, then

i by cos kx

k=n-+1

1 oo oo
(11) {Z (br + bgt1) coskx —sinz Z by, sin kax — b,, cos nm} )

= z
2 cos 5

k=n k=n+1
Further
Z by sinkx = 3 Z (bg + bg+1) sinkx + 5 Z (bg — brs1) sinkz,
k=n k=n k=n
whence
I, . 1 o .
3 ’; bpsinkx = 3 g—: (bg + br41) sinkzx

1 = 1 =
—§cosx Z by sinkx + isinx Z by cos kx.

k=n-+1 k=n-+1
Using (11) we get
LS psinkr = 137 (0t be)sinke + 2SN (b 4 by cosk
= sinkr = - sin kx cos kx
2 2 k 2 2 k+ Opt1 2cos g 2o k+ Opt1

oo 3 x
1 . sin 2
—5 E bk sin kx — mbn CcOoS NI

k=n+1 2

LS oy (i
= sin — |z
2COS%k:n k kol 2

1 & _ sin Z
—5 E by sinkx — mbn cosnx
k=n-+1 2

and therefore

by sin kx = b b N
1;1 k Sin kx QCOS%;l(k—F k+1)sm< +2>x
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1 . sin 5
+=b,, sinnx — b,, cosnx
2 2cos £ 3
1 = 1 1
= ToosZ {kz_;(bk + bg41) sin <k+ 2) T + a, sin (n — 2) x} .

By Abel’s transformation we get

kz;bksmkx— 0057 {Z b — bgy2) Zsm( )

n—1
(.1 . 1
_(bn+bn+1)ZSln <Z+ 2) x+bn51n (n_ 2) x} .

=0

Since for x # 2lmr and £k =0,1,2, ...

k

1 1—cos(k+1
§$ni+fx=—4§iiif
‘ 2 2sin £
=0 2

we get (10).
First we show that (9) is valid for 0 <z < 7.
Let N = N (x) > 2 be the integer such that

T T
12 N
(12) N+1<x N
Then
2(n+N)—1 0
r(@)= Y besinkr+ Y bysinkz =) (2) + 1@ (2).
k=2n k=2(n+N)
Hence, by (12),
2(n+N)—1
(13) r(H) (m)‘ <z Z kb < 2xNe, < 2me,.
k=2n

If (b,) € MRBSVS, then using (10), the inequality 22 < sin% (z € (0,7)) and
(12) we obtain

1 o0
Py R—— by, — b b b
( )‘ 2sin £ cos ¢ Z | k k+2| + 2(n+N) + 2(n+N)+1
2C085 k=2(n+N)
b <! §:|b busal + ———b
2cosg “"N 7 singcos g k=2(n+N) FEE  cos g Y
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s > 1
b, — b —b
~ zcos T Z 1B = brego] + 2cos & 2N
4 k=2(n+N) 4
< (N+1) Z b — brt2| + ba(nyn)
k=2(n+N)
By (7) we get
2(n+N)
N+1
@ (@) <2 () D0 b
r) (z k
n+N+1 N
1 2(n+N)
14 <2K (b)) ———— kb, < 2K (b)ey,.
(1) SO () s S K< 2K (1)
k=n+N
Now, we prove (9) for § <z < 7.
Let M := M (z) > 2 be the integer such that
7r ™
1 - < _ .
(15) T ST<T-4p 1
Then
2(n+M)—1 o0
o () = Z by, sin kx + Z b sinkz = (z) + D (z).
k=2n k=2(n+M)

Using the inequality sinz < 7 —z (z € (0,7)) and (15) we get

2(n+M)—1
16)  [r® (x)‘ < |r® (:17)‘ <(m—z) S kb <2(m—a)Me, < 21e,.
k=2n

If (b,) € MRBSVS, then using (10), the inequality 1 — 2z < cos £ (z € (0, 7)) and
(15) we obtain

o0

1
(4) E _
"n (x)’ = 2sin § cos § [0k, = bital + ba(ntar) + ba(nan+1
k=2(n-+M)
by £ % §O br — brya| + ! ba(ntM)
2cos § T sin g cos § b3t M) 2cos §
1 > 1
A D W § b — bry2| + 1< b2(n+1r)
1 A T 1
(1 — ;x) sin 7 k=2 A) 2 (1 — ;x)

< (M +1) Z b — br2| + bagngar)
k=2(n+M)
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Thus, by (7) we get
M1 2(n+M)

Tl 2 b
n+M+1k:n+M

r) ()] < 2k (8)

2(n+M)

Z kb, < 2K (b) ey,.
k=n+M

1
1 <2K (b)) ————
(17) ()n+M+1

From the estimations (13), (14), (16) and (17)we obtain the uniform convergence
of series (1) and thus the proof is complete.

3.3. Proof of Theorem 2.3.
The proof of Theorem 2.3 goes analogously as the proof of Theorem 2.2. Now,

we have )
> by <K

Hence, applying (7) and (8) we obtain that mba,, < K and mba,,—1 < K.
In the proof of sufficiency, the only difference is that &, should be replaced by a
positive constant.

3.4. Proof of Theorem 2.4.

If nb, — 0 as n — oo, by Theorem 2.2, we obtain that series (1) is uniformly
convergent. From this and by the Fejér’s theorem we obtain that the series (1) is
the Fourier series of a continuous function.

Now, we prove the necessity of the condition nb,, — 0. If series (1) is the Fourier
series of a continuous function, then the (C, 1) —means

S k
k=1

of this series converges uniformly. In particular

(18) Oam (%) — 0 as m — oo.

, g] we obtain that

i k i ko 2kz
(19) Oam () 321 by (1 v 1) sin kx > E by (1 yrens 1) -

k=1

Using the inequality sinxz > %x in [0

for z € [0, &|. Hence, by (19) and (7),

o (Z) 2 Son (1o E )
m\8m/) =t 4m+1) 4m
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1 & k 12m 1
> — 1——)k>= >
= im ;ﬂbk( 4m+1)k_ 81;%”’“— 8K(b)mb2m

and by (18), nb, — 0 as n — co. Thus the proof is complete.

1]
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