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Maximal abelian subalgebras of B(X)

Abstract. Let X be an infinite dimensional complex Banach space and B(X) be

the Banach algebra of all bounded linear operators on X. Żelazko [1] posed the

following question: Is it possible that some maximal abelian subalgebra of B(X) is
finite dimensional? Interestingly, he was able to show that there does exist an infinite

dimensional closed subalgebra of B(X) with all but one maximal abelian subalgebras

of dimension two.

The aim of this note is to give a negative answer to the original question and

prove that there does not exist a finite dimensional maximal commutative subal-
gebra of B(X) if dim X =∞.
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1. Preliminary Lemmas. To avoid misunderstandings recall that a subal-
gebra A ⊂ B(X) is maximal abelian if it is abelian, i.e., if any two elements from
A commute, and is not properly contained in any other commutative subalgebra
B ⊆ B(X). If a subspace Y ⊆ X is invariant for all the operators T1, . . . , Tn, we say
it is jointly invariant for T1, . . . , Tn. Note that if a subspace Y is hyperinvariant
for some operator T , it is automatically jointly invariant for any set of operators,
commuting with T .

An algebraic operator will be called unipotent, provided its spectrum consists
precisely of one point. Clearly, unipotent is a sum of a scalar and a nilpotent
operator (possibly either of them can be zero).

To avoid repetitions we will tacitly assume throughout that the underlying al-
gebra is B(X) with dim X =∞. Our first two Lemmas are well-known and we only
sketch their proofs.

Lemma 1.1 If T is algebraic then there exists a decomposition X = Y ⊕ Z into
T -hyperinvariant subspaces, such that dim Z =∞ and T |Z is unipotent.
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Proof (Sketch of the proof) Consider images of Riesz projections. �

Lemma 1.2 The kernel of any nilpotent is infinite-dimensional.

Proof (Sketch of the proof) This is easy for finite-rank nilpotents. Assume
next rkN := dim(imN) =∞. If N2 = 0 use the fact that imN ⊆ kerN . Other-
wise, use induction on nilinindex: IfNk = 0 then N := (imN) is infinite-dimensional
(possibly nonclosed) subspace, invariant for N , the restriction N |N is of nilindex at
most k − 1 and ker(N |N) = N ∩ kerN ⊆ kerN . �

Lemma 1.3 If nilpotents N1, . . . , Nk are pairwise commuting, then kerN1 ∩ · · · ∩
kerNk is infinite-dimensional.

Proof Induction on k. For k = 1 use Lemma 1.2. Assume now we have already
proven that dim(kerN1∩· · ·∩kerNk) =∞ for any commuting k-tuple of nilpotents.
To prove that the same holds for any (k + 1)-tuple, we take a nilpotent Nk+1

that commutes with N1, . . . , Nk. Then, Y := (kerN1 ∩ · · · ∩ kerNk) is invariant
for Nk+1. Its restriction N̂k+1 := Nk+1|Y : Y → Y remains to be nilpotent. But Y

is infinite-dimensional so, by Lemma 1.2, ker N̂k+1 = kerN1 ∩ · · · ∩ kerNk+1 is also
infinite-dimensional. �

2. Finite dimensional maximal commutative subalgebras.

Lemma 2.1 Let T1, . . . , Tn ∈ B(X) be a finite set of pairwise commuting algebraic
operators. Then there exists a decomposition X = Y0⊕X0 into jointly invariant sub-
spaces such that X0 is infinite dimensional and each restriction Ti|X0 is a unipotent
operator.

Proof The proof is an inductive construction. Consider T1. By Lemma 1.1 there
exists a decomposition X = Y1⊕X1 into T1-hyperinvariant subspaces, with dim X1 =
∞ and such that the restriction, T1|X1 is unipotent. Then, Ti|X1 remain commut-
ing algebraic operators on X1. Consequently, we may repeat the above procedure
by taking T2|X1 instead of T1, to obtain a decomposition X1 = Y2 ⊕ X2 into T2-
hyperinvariant subspaces with dim X2 =∞, and such that T2|X2 is unipotent. This
way, our X decomposes into

X = (Y1 ⊕ Y2)⊕ X2

of jointly invariant subspaces for T1, . . . , Tn, with both T1|X2 and T2|X2 being unipo-
tents.

We repeat this procedure still n− 2 times. At the end we are left with decom-
position

X = (Y1 ⊕ · · · ⊕ Yn)⊕ Xn,

into jointly invariant subspaces for T1, . . . , Tn. Here, however, each restriction Ti|Xn
is unipotent. We set Y0 := (Y1 ⊕ · · · ⊕ Yn) and X0 := Xn to finish the proof. �
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Lemma 2.2 Let dim Z =∞ and let a subalgebra B ⊆ B(Z) be generated by finitely
many pairwise commuting unipotents. Then there exists a rank-one operator R ∈
B(Z)\B which commutes with every element from B.

Proof Let U1, . . . , Uk be the pairwise commuting unipotent generators of B and
let Ni be the nilpotent part of Ui. Then, B is generated either by N1, . . . , Nk or
else by N1, . . . , Nk plus identity. Since Ni are pairwise commuting nilpotents, we
see that dim B <∞.

Now, by Lemma 1.3, there exists a nonzero vector x ∈ kerN1 ∩ · · · ∩ kerNk.
Note that the adjoint operators N∗1 , . . . , N

∗
k are still pairwise commuting nilpotents

on Z∗. By Lemma 1.3 again, W := kerN∗1 ∩ · · ·∩kerN∗k is infinite-dimensional. So,
we may find a nonzero functional ξ ∈W such that x⊗ ξ is not in finite-dimensional
algebra B. On the other hand, Nix = 0 and N∗j ξ = 0. In particular, R := x ⊗ ξ
commutes with every element from B. �

Theorem 2.3 Let X be an infinite-dimensional, complex Banach space. Then any
maximal abelian subalgebra of B(X) is infinite-dimensional.

Proof We argue by contradiction. So, assume erroneously that A ⊆ B(X) is a
finite-dimensional, maximal abelian subalgebra. Then it has only finitely many
generators, say T1, . . . , Tn, which are all algebraic. Clearly, they are pairwise com-
muting. Now, decompose the space X = Y0 ⊕ X0 according to Lemma 2.1. Then,
X0 is invariant for algebra A. Let B := A|X0 denote the restriction of operators
from A to jointly invariant subspace X0. Clearly, B is also an algebra. Hence, by
Lemma 2.2, applied to Z := X0 and B, there exists a continuous rank-one operator
R, acting on Z = X0, which commutes with all the restrictions Ti|X0 , but does not
belong to the algebra generated by these restrictions.

Let Q be a continuous rank-one operator on X = Y0⊕X0, defined by Q := 0⊕R.
Since Y0 and X0 are jointly invariant for T1, . . . , Tn, the operator Q commutes
with T1, . . . , Tn. On the other hand, Q does not belong to A and therefore, A

cannot be maximal abelian. Namely, otherwise the restriction of Q to X0 would
belong to the restriction of A to X0. However, A|X0 is generated by Ti|X0 — a
contradiction. �
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