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Duality and some topological properties of
vector-valued function spaces

Abstract. Let E be an ideal of L over o-finite measure space (92,%, ) and let
(X, |l - llx) be a real Banach space. Let E(X) be a subspace of the space L°(X)
of p-equivalence classes of all strongly Y-measurable functions f : Q@ — X and
consisting of all those f € LO(X), for which the scalar function f = ||f(-)|lx belongs
to E. Let E be equipped with a Hausdorff locally convex-solid topology £ and let
£ stand for the topology on F(X) associated with ¢&. We examine the relationship
between the properties of the space (F(X),€) and the properties of both the spaces
(E,€) and (X, ] -|lx)- In particular, it is proved that E(X) (embedded in a natural
way) is an order closed ideal of its bidual iff E is an order closed ideal of its bidual
and X is reflexive. As an application, we obtain that E(X) is perfect iff E is
perfect and X is reflexive.
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Key words and phrases: vector-valued function spaces, locally solid topologies, KB-
spaces, Levy topologies, Lebesgue topologies, order dual, order continuous dual,

perfectness..
1. Introduction and preliminaries. Let (E,| - ||g) be a Banach function
space (over a finite measure space) and let (X, | -||x) be a real Banach space. The

mutual relationship between the properties of the Kothe-Bochner space (E(X),
|- lz¢x)) and the properties of both the spaces (F, ||-|/z) and (X,]|-|x) has been
examined by many authors (see [3], [4], [5], [6], [7], [8], [9], [11], [12], [14]).

Let E be an ideal of LY (over o-finite measure space) with a Hausdorff locally
convex-solid topology & and let X be a real Banach space. The duality theory
of vector-valued function spaces E(X) endowed with locally solid topologies was
developed by M. Nowak in the series of papers [15], [16], [17]. Our aim is to
characterize some properties of the space (F(X),&) endowed with the so-called
associated with £ topology, in the terms of appropriate properties of (E,¢) and
X. It is proved that E(X) (embedded in a natural way) is an order closed ideal



24 Duality and some topological properties of vector-valued function spaces

of its bidual iff E has an analogous property and X is reflexive (see Corollary
3.3 below). Moreover, in case X is a reflexive Banach space the general form
of a linear, continuous functional over the space (E(X)y,|o|(E(X)y,E(X))) is
obtained (Theorem 3.4).

It is well known that (F,&) (embedded in a natural way) is an order closed ideal
of its bidual if and only if £ is a Lebesgue and Levi topology (see [1, Theorem 6.63]).
We extend this theorem to the vector-valued setting (see Theorem 4.5 below). As
an application, we obtain that the space E(X) is perfect if and only if F is perfect
and X is a reflexive Banach space (see Theorem 4.7 below).

For terminology concerning Riesz spaces and function spaces we refer to [1], [13]
and [21]. Given a topological vector space (L,7) by (L,7)* or L* we will denote
its topological dual.

Throughout the paper we assume that (Q,%, ) is a complete o-finite measure
space. Let L denote the corresponding space of p-equivalence classes of all Y-
measurable real valued functions. Let E be an ideal of L° with supp £ = Q and
let E’ stand for the Kothe dual of E, i.e.,

E’:{veLO:/|u(w)v(w)|du<oo for all uGE}.
Q

In the paper we assume that supp B/ = Q. Let E~, E’ stand for the order
dual and the order continuous dual of E resp. Then E;’ separates points of E
and it can be identified with E’ through the mapping: E' 3 v — ¢, € E;’, where

SDU(U):/Qu(w)v(w)d,u for uwe E

(see [13, Theorem 6.1.1]).

By a locally solid (resp. locally convex-solid) function space (E,&) we mean an
ideal E provided with a locally solid (resp. locally convex-solid) topology £. Recall
that a Hausdorff locally convex-solid topology & on FE is a Lebesgue topology iff
Ef C EY (see [1, Theorem 3.12]).

Now we establish terminology and some basic results concerning vector-valued
spaces E(X) and locally solid topologies on E(X) as set out in [4], [5], [6], [10],
[15], [16], [17], [18].

Let (X,||-|lx) be a real Banach space and let X* stand for the Banach dual
of X. Let Sx, Bx stand for the unit sphere and the unit ball of X. By L°(X)
we denote the set of p-equivalence classes of all strongly X-measurable functions
f:9Q — X. For f € L%X) let us set f(w) = |f(w)]. for w € Q. Let
E(X)={f € LX) : f € E}. Recall that the algebraic tensor product E®X is the
subspace of E(X) spanned by the functions of the form uv®z, (v®z)(w) = u(w)z,
where v € E, z € X. _ B

A subset H of E(X) is said to be solid whenever f; < fo and f; € E(X),
f2 € H imply f; € H. A linear topology 7 on E(X) is said to be locally solid if it
has a local base at zero consisting of solid sets. A linear topology 7 on F(X) that
is at the same time locally solid and locally convex will be called a locally convex-
solid topology on E(X). A seminorm ¢ on E(X) is called solid if o(f1) < o(f2)
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whenever fi, fo € E(X) and f1 < fo. It is known that a locally convex topology T
on E(X) is locally convex-solid iff it is generated by some family of solid seminorms
defined on E(X) (see [10]).

A locally solid topology 7 on E(X) is said to be a Lebesgue topology, whenever

for anet (fa) in E(X), fa 250 in E implies fo — 0 (see [10], [18]).

Let (E,£) be a Hausdorff locally convex-solid function space. Then one can
topologize the space E(X) as follows (see [10]). Let {p, : @ € A} be a family of
Riesz seminorms on EF that generates £. By putting

Pa(f) =pal(f) for feB(X) (a€A),

we obtain a family {P, : @ € A} of solid seminorms on E(X) that defines a
Hausdorff locally convex-solid topology & on E(X) (called the topology associated

with £). Then ¢ is a Lebesgue topology whenever ¢ is a Lebesgue topology (see
[10)).

Conversely, let 7 be a Hausdorff locally convex-solid topology on E(X) and
let {0q : @ € A} be a family of solid seminorms on E(X) that generates 7. By
putting for a fixed =z € Sx

0a(u) = 0o(u®x) for ue E (acA),

we obtain a family {o, : @ € A} of Riesz seminorms on E that defines a
Hausdorff locally convex-solid topology 7 on E.

One can show that £ = ¢ and 7 = 7 (see [10]). Thus every Hausdorff locally
convex-solid topology 7 on E(X) can be represented as the topology associated
with some Hausdorff locally convex-solid topology ¢ (=7) on E.

For a Banach function space (E,||-||g) the space E(X) provided with the norm
1fllec) = |l is usually called a Kéthe-Bochner space.

For a linear functional F' on E(X) let us put
FI(f) =sup {|F(h)| : he B(X), k< f} for feB(X).

The set
E(X)~ ={F e E(X)" :|F|(f) < oo forall fe E(X)}

will be called the order dual of E(X) (here E(X)” denotes the algebraic dual
of E(X)).

For F1,F; € E(X)~ we will write |Fi| < |F»| whenever |F1|(f) < |Fa|(f) for
all f € E(X). A subset A of E(X)™ is said to be solid whenever |Fj| < |F3]
with F} € E(X)™, F € A imply F; € A. A linear subspace I of E(X)™~ will be
called an ideal of E(X) whenever I is solid. It is known that if 7 is a locally solid
topology on E(X), then (E(X),7)* is an ideal of E(X)™ (see [15, Theorem 3.2].

From now on let I be an ideal of E(X)~. Now we recall some definitions (see
[16, Definition 1.2, Definition 1.3]).
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DEFINITION 1.1 A net (F,) in I is said to be order convergent to F € I, in

symbols F, ©), F whenever there exists a net (G,) in I such that |F, — F|(f) <
|Gs|(f) 15 0 for all fe E(X).

DEFINITION 1.2 A linear functional V' on I is said to be order continuous when-
ever F, © o1 implies V(F,) — 0. The set consisting of all order continuous

linear functionals on I will be denoted by I and called the order continuous dual
of I.

Let L°(X*, X) be the set of weak*-equivalence classes of all weak*-measurable
functions g : € — X*. One can define the so-called abstract norm ¢ :
LO(X*,X) — L° by 9(g) = sup{|g.| : # € Bx}, where g,(w) = g(w)(z) for
weN z€ X. Then for f € L°(X) and g € L°(X*, X) the function (f,g) :
Q — R defined by (f,¢)(w) = (f(w),g(w)) is measurable and |(f,g)| < fi(g).
Moreover, ¥(g) = g for g € LO9(X*).

For an ideal M of E’ let

M(X*,X)={ge L°(X*,X):9(g) € M}.

Then M(X*, X) is an ideal of E'(X*, X), i.e., M(X*, X) is a linear subspace
of F/(X*,X) and ¥(g1) < ¥(g2) with g1 € E'(X*,X), g2 € M(X*, X) imply
g1 € M(X*, X) (see [15, Definition 1.2]). Clearly M(X*) Cc M(X*, X).

The space E(X); can be identified with E’'(X* X) through the mapping

n

E'(X*,X) 39— Fy € E(X);, where

Fyf) = [ () g@) du forall f € B(X)
and moreover

F|(f) = / F(@)0(g)(w)dp for all f € B(X),

(see [4, Theorem 4.1]). It is well known that if X* has the Radon-Nikodym
property with respect to p (in particular, if X is reflexive), then E'(X* X) =
E'(X*).

Since supp E' = Q, E(X)y separates points of F(X). Moreover, a Hausdorff
locally convex-solid topology 7 on E(X) has the Lebesgue property iff F(X)* C
E(X); (see [18, Theorem 2.4]).

For F € E(X)~ and a fixed x € Sx let us set
or(u) = |Fl(u® ) =sup{|F(h)| : h € E(X), h<u} for ue E*.

Then ¢r : Et — R* is an additive mapping and ¢ has a unique positive
extension to a linear mapping from F to R (denoted by ¢p again) and given by

or(u) = ppu®) —pp(u~) foral uc E.
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For a linear functional V' on I let us put
[VI(F)=sup{|V(G)|: GelI, |G|<|F|} for Fel.

The set
I"={Vel?*: |V|(F)<oo forall FeclI}

will be called the order dual of I (here I* denotes the algebraic dual of I). For
V1, Vo € I we will write |Vi| < |Va| whenever |V4|(F) < |V2|(F) forall F e 1.

A subset K of I™ is said to be solid whenever |Vi| < |V| with Vi € I7,
Vo € K imply V; € K. A linear subspace L of I is called an ideal of I~ if L
is a solid subset of I™~. It is known that I, is an ideal of I™ (see [16, Theorem
1.2)).

Now we introduce the notion of order convergence in I™.

DEFINITION 1.3 A net (V) in I~ will be called order convergent to V in I~

(in symbols V,, ©), V) whenever there exists a net (W,) in I~ such that |V, —
VI(F) < |[W5|(F) |5 0 for all Fel.

DEFINITION 1.4 A subset K of I™ is called order closed whenever for (V) in
K, V €I~ such that V, “5 V we have V € K.

PrOPOSITION 1.1 I is an order closed ideal of 1™ .

PROOF It is enough to show that I is an order closed set in I™. Fix (V,) in I,”

and V € I™ such that V, ), v in I™. Then there exists a net (Wy) in I~ such

that |V, — V|(F) < [W,|(F) ls 0 for all F € I. We will show that V € I

Choose a net (F,) in I such that F, 0. Then we can find a net (Ga) in

I such that |F,|(f) < |Gal(f) la 0 for all f € E(X). Let € > 0 be given. Fix
aq. Thus there exists g such that |[W,|(Ga,) < § for all ¢ > 0g. In particular
we have |W5,[(Ga,) < §. Moreover, there exists ag such that |V, [(F,) < § for
all @ > ag, because V,, is order continuous. Take ag such that oy > «o; and
ag > ag. Hence for all a > ag we get |Go|(f) < |Go,|(f) forall f e E(X), ie.,
|Gal < |Gayls 50 [Woo|(Ga) < [Wool(Ga,) < 5 and Vo, (Fo)| < §. Thus for all
a >« we have

[V(F)| < Voo (Fa)l + [(V = Voo ) (Fa)

< |V00(Foc)| + |V_ Voo‘(Fa)

< Voo (Fa)l + [Woo | (Fa) < Voo (Fa)| + [Wo, | (Ga)

<

This means that V(F,) — 0,s0 V € I, n
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2. Basic representations. In this section we establish the basic relationships
between various spaces representing the order continuous functionals over the spaces

(E,6), (B, (B(X),§)(E(X),)".

Let (E,¢) be a Hausdorff locally convex-solid function space with the Lebesgue
property. In view of [19, Proposition 1.1] there exists an ideal M, of E’ with
supp M = €2 such that Ef = {p, :v € M¢} and E(X)% ={F,:9€ M:(X*,X)}.
Let us consider a natural mapping

(1) igngB'UHgDUEEE.

Clearly the operator ¢ is linear and onto. Since supp ' = it is also one-to-
one. Hence the operator i¢ is a linear isomorphism onto. From [13, Theorem 6.1.1],
it follows that both operators i¢ and igl are positive. In view of [2, Theorems 7.3
and 7.9], i¢ and 2'5_1 are also order continuous Riesz isomorphisms.

Moreover, for every v € (M¢)7 the linear functional v o igl on Ef is positive,
so oz‘gl € (E7)"~.

Similarly, for every ® € (Eg)’; the linear functional ® oi¢ on M, is positive
too and consequently ® oi¢ € (M¢)~. Hence the mappings j¢ : (M¢)™ — (Ef)™
and jg @ (E7)~ — (M¢)™, where

(2)  je()=4wo igl for ¢ € (Mg)~ and ji(®) =®oie for @ e (Ef)~
are well defined, linear and the identities
(3) jé Ojg = id(M£)~ and jg Ojé = Zd(Eg)N hold .

Thus j¢ and jé are bijections and jé = jgl. Both operators i and igl are
positive, and so operators je and Je L are. It follows by [2, Theorem 7.3], that je
and jg ! are Riesz isomorphisms. In view of [2, Theorem 7.9], the operators Je
and Je L are also order continuous.

From order continuity of igl and i¢, we obtain the inclusions je((M¢)y) C
(E¢)y and ]gl((Eg);) C (My)yy, and by (1), we actually have

(4) Je((Me)y) = (Ef)y  and  jg ' ((B¢)y) = (Me)y.
For u € E let us put

() Pulp)

Then the linear functional p, on Ef is order continuous, i.e., p, € (Eg);’ (see
[2, p. 58-59]).
Let us consider the mapping

o(u) for ¢ € Ef.

(6) pE5u— p, e (B,

Then by [2, Theorems 5.4 and 5.5] p is an order contiunuous, positive linear
isomorphism (into).
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Now, let us define the mapping P : E — (M) by
(7) P=jtop.
It is clear that P is an order continuous linear isomorphism (into).
Finally, let j : Mé — (M¢)y be the mapping defined by
(8) j(w) =1 for we M{, where v,(v)= / v(w)w(w)dp for ve M.
Q

In view of [13, Theorem 6.1.1], j is a linear isomorphism onto, and both oper-
ators j and j~! are positive. Thus by [2, Theorems 7.3 and 7.9], we get that j
and j~! are order continuous Riesz isomorphisms.

Note that for u € E' we have P(u) = j(u) (E C E"” C M{). Indeed, P(u) =

jrtop)(u) = j7 (p(u)) = py oie for u € E, so for every v € M¢ we get
3 13 3 3

(P(u))(v) = (pu ©ie)(v) = pulic(v)) = pulps) = Pu(u) =

= / u(w)v(w)dp = / v(w) u(w) dp = ¥, (v) = (§(u))(v), as desired.
Q

Q

Thus j|lg = P. )~
us Jle E L (B
—1
P Je
jle
(Me)y
Hence
(9) (7o P)(u) =u =idg(u) for u€ E,

so jloP:E— Mgl is an inclusion map.

Now we pay our attention to the identities between vector-valued function
spaces. Throughout the rest of this section we will assume that X is a reflexive

Banach space.
Then E(X)% ={Fy:9€ M(X*)} (see [19, Proposition 1.2]).

Moreover, we can define a natural mapping

(10) Ig : Mg(X*) 5 g Fy € B(X)%
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It is easily seen that I is a linear isomorphism onto. In view of [16, Theorem
1.1] the linear operators I and I ! are order continuous (i.e., they map order
convergent nets into order convergent nets).

Note that for every G € M¢(X*)™,V € (E(X)g)” and go € M¢(X*) we have

|G oI |(Fyy) = sup {|[(G oIy ") (Fy)l: g€ Me(X*), |Fy| < |Fy,l}
(11) =sup{|G(g)| : g € Me(X™), g < go}

= (Gl(g0) = G (15 (Fy))
and

[V o Iel(90) =sup{|(Vole)g)|: g € Me(XT), g < go}
(12) = sup {|V(Fy)| : g € Me(X7), [Fy| < |Fy,[}
= [VI(Fg) = V] (Le(90)) -

Let us define the mappings Jg : M¢(X*)~ — (E(X)%)N and Jé (B(X)2)~ —
Me(X*)™ by

Je(G) = Goj'g1 for G e Me(X*)~ and
(13)
Ji(V)=Vols for Ve (E(X)%)N
By (11) and (12) both the mappings are well defined, linear and the following
identities hold:

(14) Jé ] Jg = idMg(X*)N and Jf (o] Jé = Zd(E(X)%)N .

Hence Je and J. are bijections and J{ = Jo'. From order continuity of

operators Ig_l and I, we easily get the inclusions: Je(M(X*)) C (E(X)g); and
ng((E(X)?;) C Me(X*)y. As before, using the identities (14), those inclusions
are actually identities, i.e.,

(15)  J(M(X)) = (BODY  and I ((BOODY) = Me(X)y.

To get order continuity of operators Jg and Jg ' it is enough to use (11) and
(12) again.

For f e E(X) let us put
(16) wf(F)=F(f) for F ¢ E(X)%
Then 7y € (E(X)%); and |77|(F) = |F|(f) for F € E(X)% (see [16, p. 220]).
Let us consider the mapping

(17) n:E(X)> fnpe (BX)D)y.
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Since FE(X )g separates points of F(X), the mapping 7 is a linear isomorphism

(into). In order to prove that 7 is order continuous, let us take a net (f,) in

E(X) such that f, ©), 0 in E. Then there exists a net (he) in E(X) such

that fa < h la 0. Since FE' is super Dedekind complete one can pick a sequence
(ha,) C (ha) such that hg, | 0. By [16, Theorem 1.3], we have |ms,| < |mp,],
i.e., for every F € E(X)g we have: |F|(fa) = |75, |(F) < |0 |(F) = |F|(ha) |
Since I¢(Me(X*)) = E(X)%, there exists g € M¢(M*) C E’(X*) such that F =
I¢(g) = F,. Butfor f € E(X) and g € E'(X*) we have |F,|(f fQ du
(see [4, Theorem 4.1]). By the Lebesgue Dominated Convergence theorem we get

lim |F|(ha,) = lim |Fy|(ha,) = lim [ hq, (w)§(w)du = 0.

Hence |F|(hq) la 0, which means that w(f,) ©) 0 in (E(X)x

g)’“, so 7 is order

continuous.

Now let us define the mapping II : E(X) — M(X*) by
(18) m=J:!

Then II is an order continuous linear isomorphism (into).
Let J: M ¢(X™) — M¢(X™)y be the mapping defined by

(19) J(k) =Ty for ke M{(X™),

where Fi(g) = [ (9( w))dp for g € Me(X™).

Thus J is a hnear operator onto (see [4, Theorem 4.1], [5, Theorem 3.5], [15,
Theorem 2.4, Remark 2.1]). Since supp M = 2, J is also one-to-one. Hence it is
a linear isomorphism onto.

Let r: X — X** stand for the canonical isometry. For h € M¢(X) let us put
#(h) = ko h. Obviously r(h) € M{(X**). Thus the mapping

(20) K M{UX)3h— rohe M{(X"™)

is a linear isomorphism onto.

Finally, let us consider the mapping J : Mg’ (X) — M¢(X™);, defined by

(21) J=Jok.
Clearly J is a linear isomorphism onto.
Moreover
(22) J(h) =F, for he Mg’(X),

where Fj(g) = [o(h(w),g(w))dp for g € Me(X*).
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Indeed, for every g € M¢(X*) we have

as we claimed.

Note, that for f € E(X) we have II(f) = J(f). (E(X) C E"(X) C M{(X))

In fact, II(f) = (ng om)(f) = ng(ﬂ(f)) =mpole for f e E(X), so for every
g € Me(X™) we get

(I())(g) = (mp o le) (9) = 77 (Ie(9)) = mp(Fy) = Fy(f)

= [ t@)st)dn= Fito) = 1)
as desired.
E(X) T (B(X)9)5
i Je!
Jex)
Me(X™)y
Thus J|g(x) = II. Hence
(23) (Lo I)(f) = f = idpeo(f) for f € B(X),

so J7loll: B(X) — M{(X) is an inclusion map.

3. Main results. In this section, applying the identities established in Sec-
tion 2, we examine the mutual relationships between the properties of the spaces
(E(X),¢) and (E,¢).

THEOREM 3.1 Let (E,&) be a locally convez-solid function space with a Lebesgue
property and let X be a reflexive Banach space. Let Mg be an ideal of E' with
supp Mg = 0 determined by . Then the following equivalences hold:

(i) The set p(E) is order closed in (Ef)~ if and only if the set P(E) is order
closed in M.

(ii) The set m(E(X)) is order closed in (E(X)Z)™ if and only if the set TI(E(X))
is order closed in Mg(X™*)™.
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PRrROOF (i) (=) Choose a net (u,) in E and ¢ in M~ in such a way that

P(uy) L), ¥ in M™~. Then p(uq) = je(P(ua)) o), Je(¥) in (Ef)™, because je
is order continuous. Since p(E) is order closed, je(v) € p(E). Thus there exists
u € E such that je(¢) = p(u). Hence ¢ = jgl(p(u)) = P(u) € P(FE), as desired.

(=) For the converse, choose a net (uq) in £ and ® € (E)™~ with p(uq) L),

o

in (EE)N Then P(u,) = jgl(p(ua)) L), jgl(q)) in M~ because jgl is order con-
tinuous. Since P(FE) is order closed, we get jgl(CI)) € P(FE). Hence jgl(@) = P(u)
for some u € E, so ® = je(P(u)) = p(u) € p(E), as desired.

(ii) (=) Let us take a net (f,) in E(X) and G € M(X*)~ such that
M(fa) <2 G in Me(X*)™. Then n(fa) = Je((fa)) <2 Je(G) i (B(X)2),
because J¢ is order continuous. By assumption J¢(G) € 7(E(X)), so Je(G) =
7(f) for some f € E(X). Hence G = ng(ﬂ'(f)) =TI(f) € H(E(X)), which proves
our assertion.

(«<=) For the converse, choose a net (f,) in E(X) and V € (E(X)%)N in such
a way that 7(fa) “2 V in (E(X)2)~. Then Tl(fa) = J; ' (n(fa)) <2 Jo'(V)
in M¢(X*)™, because ng is order continuous. But II(E(X)) is order closed
in M¢(X*)™, so ng(V) € II(E(X)). Thus there exists f in FE(X) such that
ng(V) =1I(f),so V = J:(II(f)) = n(f) € 7(E(X)) and we are done. n

Let M be an ideal of LY. Fix ¢ € M} and z* € Sx-. Let us put M =
{v@ax*:v € M}. Then M is a linear subspace of M (X*).
Let us consider the solid seminorm ¢ on M (X*) defined by

olg) =¢(9) for ge M(X).
and the linear functional Gy, : M — R defined by
Gyvez*) =) for ve M.
Note, that for all v € M we have
Gy(v @ a™)| = [¥(v)] < P(l]) = ¥ B 2*) = ov ® z*),

By the Hahn-Banach extension theorem, there exists an extension of Gy to a
linear functional on M (X*) (denoted by G, again) and such that

Gy(g)l < olg) forall ge M(XY).

Fix go € M(X*). Then for each g € M(X™*) such that g < gy we have
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One the other hand, for each g € M(X™*) we have
Gyl(9) = |Gul(g®@27) 2 |Gy(g @ 27)| = [¥(9)] = o(g)-
It follows that

(%) |Gyl(g) =9(g)  for each g e M(X™).

THEOREM 3.2 Let (E,§) be a Hausdorff locally convex-solid function space with a
Lebesgue property and let X be a reflexive Banach space. Let M, be an ideal of
E' with supp Mg = Q determined by §.

Then the subset II(E(X)) of M¢(X*)™ is order closed if and only if the subset
P(E) of M{ s order closed.

PROOF (=) Assume that the subset II(E(X)) of M¢(X*)™ is order closed. We
will show that the subset P(E) of M™ is order closed.

Choose a net (u,) in E and ¢ € M{ in such a way that P(ua) ), P in
M¢ . Then ¢ € (Mg)7y, because P(E) C (M), and (M)y is order closed in Mg
Hence there exists w € M{ such that ¢ = j(w) = Yy, Le., Y(v) = Jov(w)w(w) du
for v € M.

Moreover, there exists a net (1o) in (Mg)7 such that |P(ua) —%w| < Yo la 0
in Mg or equivalently [P(uq) — %w|(v) < ¢a(v) | 0 for each v € Mg‘ Note, that

for each vy € M we have
[P(1ta) — bl (v0) = sup {I(P(u) — ) (v)| : v € M, Jo] < v}

= sup {| [ (ua) = w@) o) du v € M. o] < w0}

= sup {| [ fa(w) = w) o) du] s v € Me. o] < 0

= [ Juaw) - w(w)| vo(w) du.
Q

Fix z € Sx.

Let us put fo = uq @2 (€ E(X)), h=w®az (€ M{(X)) and G, = Gy,
(€ Me(X*)™). Then J(h) = Fy, € Me(X*)y.

Note, that for each gy € M¢(X*) we have
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ITL(fa) — Frl (90) = sup{[(II(fa) — Fu)(9)|: g € Me(X™), g < go}

= sup {‘ /Q<fa(w) — h(w), g(w)>du‘ 19 € Me(X™),g9< §0}
= sup {| [ (o). w(afw) = B ]9 € Me(X7), 5 < )

— [ go@lx-
Q

- / i () — ()| Go ) s
Q

E(fo(w) = A(w))||x+ du [15, Theorem 2.4]

Hence for each g € M(X*) (g€ Mg‘) we get:
(fo) = Ful(g9) = /Q o (w) —w(W)|g(w) du = [P(ua) = Yul (9) < Palg)
< 1Gu.l(9) = [Gal(g)

with [Gal(g) = ¥a(@) | 0, so TI(fa) <% Fy in Me(X*)™. Since I(E(X)) is
order closed, Fj, € TI(E(X)). Thus there exists f € E(X) such that Fj = TI(f).
It follows that h = J='(F) = J- 1) 2 f € B(X), 50 |w| = h = f € E.
Thus w € F and for each v € M we have

P(v) = Yu(v) = /Q’U(w) w(w) dp = po(w) = pulpy) = (p(w) o ig) (v) = (P(w))(v),

which means that ¢ = P(w) € P(E). Thus the subset P(E) of M is order
closed.

(<=) Now, assume that the subset P(E) of M{" is order closed. We will show
that the subset II(E(X)) of M¢(X*)™ is order closed.

Choose a net (fy) in E(X) and G € Mg (X*)™ in such a way that
(fa) ‘2 G in Me(X*)™. Then G € Me(X*)7, because LI(E(X)) C Me(X*)>
and by Proposition 1.1 Mg(X*);’ is order closed ideal of M¢(X*)~. Hence there
exists h € M¢(X) such that G = J(h) = F, ie., G(g) = Jo(h(w), g(w)) dp for
g€ Mc(X™).

Moreover, there exists a net (G,) in M¢(X*)™ such that

[I(fa) = Ful(9) < [Gal(9) la 0 for each g€ Mc(X™).

Note, that for each gy € M¢(X*) we have
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T (fa) = Fnl(90) = sup{|(I1(fa) = Fn)(9)| : g € Me(X7), g < go}

sup {| [ (alw) = ). 9(w) du| s € Me(X*). 5 < G}

fo = h(w) go(w) dpu.
Q

Then (fa) CE, he M¢, so ]( ) = 5, € (Mg);, . Further, let us put 1, =Yg,
(€ M{). Thus for each v € Mgr and a fixed z* € Sx- we have

fa(w) = h(w)| v(w) du

PG =) = |

/m—h () dy

T(fa) = Ful (v ©27) < |Gal(v @ 2") = Pa(v)

with ¥, (v) = |Gal(v ® 2*) |o 0, so P(fa) ©), Y5, in Mg, Since P(E) is
order closed, v¢; € P(E), ie., 15 = P(u) for some u € E. This means that
h = i ;) = 57N (P(u)) = uw € E. It follows that h € E(X) and for each
g € M¢(X*) we have

G(g) = Fu(g) = /Q<h(W)7g(w)> dp = Fy(h) = mn(Fy) = (w(h) o I¢) (9) = (II(h))(9),
so G =1I(h) € II(E(X)). Thus the set (II(E(X)) of M¢(X*)™ is order closed,
which completes the proof. n

Combining Theorem 3.1 with Theorem 3.2, we obtain the following

COROLLARY 3.3 Let (E,§) be a Hausdorff locally convez-solid function space with
a Lebesgue property and let X be a reflexive Banach space. Then the set m(E(X))
is order closed in (E(X)g)” if and only if the set p(E) is order closed in (Ef)~.

Before the next theorem let us recall, that by |o|(E(X);, E(X)) we mean the
topology 7({oy : f € E(X)}) generated by the family {of : f € E(X)} of solid
seminorms defined on E(X)y by of(F) = |F|(f) for F € E(X); (see [16, §3] for
more details). For f € E(X) the linear functional m¢ : E(X); — R is defined
by 7f(F) = F(f) for F € E(X);. It is easily seen that |m¢|(F) = |F|(f) for
FeEX)y, feEX).

THEOREM 3.4 Let E be an ideal of L with supp E = supp B/ = Q and let X be
a reflexive Banach space. Then (E(X)y, |o|(E(X)y, E(X)))* ={n;: f € E(X)}.

no
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PROOF In view of [16, Theorem 3.2] we know that (E(X),|o|(E(X)y,E(X)))* =

S{ry : f € E(X)}) ={V € (E(X)y)~ : |[V]| < |ng| for some f € E(X)} C
(E(X)y)y. Thus we have only to prove that for a functional V € (E(X);’)~ such

n

that |V| < |mf| for some f € E(X) there exists h € E(X) such that V = 7.
By [15, Theorem 2.4 and Remark 2.1] we can define the natural mappings

K: E’(X*) 5 g F, € E(X)7,
where Fy(f) = [o(f w)ydp for f € E(X) and
M : E”(X**) Sk Ty € E'(XY)7,
where Fy.(g = [o(9( ))du for g € E'(X*). It is easily seen that K, M
are linear 1bomorphlsms onto
Proceeding as above (see definitions of je, j¢, Je, J¢ in Section 2) let us consider
the mappings
L:E(X")y — (BE(X))y and L': (E(X)7)y — E"(X7)7
defined by
LF)=FoK™' for FE F'(X*)y and L'(V)=VoK for Ve (EX)).

n/n

Clearly, L, L’ are well defined, linear and L'oL = sz,(X A~y Lol = id(p(x)~)x~ -
Thus L, L’ are bijections and L’ = L™, so L and L~! are linear 1somorphlsm
onto. Fix V € (E(X)y)™ such that |V| § |7¢| for some f € E(X). Obviously

V e (E(X)y)y. Since (E(X)Y)y = L(E'(X*)y), there exists a functional F €

E'(X*)y such that V = Fo K~'. But E/(X*)y = M(E"(X**)), so we can find

ke E”(X**) such that F= M(k) Fj. Moreover, for each gy € E'(X*) we have
7| (Fgo) = = Jo f(w)g(w)dp and

[VI(Fgo) =sup {|V(Fy)| : Fy € E(X)y, |[Fy| < [Fyol}
=sup {|(Fro K ")(F,)|: g€ E'(X"),§<d}
=sup {|Fi(g)| : g€ E'(X*), g < go}

=|Fil(g90) = /Qﬁo(W)E(w) du .

Thus we have
/E(w)ﬁ(w)du = |V|(Fy) < |ms|(F, / fw)g(w)du for each ge E'(X*).
Q

Since supp E' = Q, we get k < f, and so k € E(X**). Let us put h=~x"1ok.
Thus h € E(X) and for each g € F'(X*) we have

T (Fy) = Fy(h) Z/Q<h(W), g(w)>du=/g<g(w)7 r(h(w))) dp
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This means that V' = 7, which completes the proof. n

REMARK 3.5 In case F is perfect and X is reflexive, Theorem 3.4 was earlier
proved by M. Nowak in [16]. Indeed, in that case the space E(X) is perfect (see
[16, Theorem 1.4]), so by [16, Theorem 3.3] we have (E(X)Y,|o|(E(X)y, E(X)))* =
(BEX))y = Ay : f e E(X)}

Let M be an ideal of E’ with supp M = Q and let X be a reflexive Banach space.
In the next Corollary, |o|(M(X*);, M(X*)) is the topology 7({0g : g € M(X*)})
generated by the family {o,: g € M(X™*)} of solid seminorms defined on M (X*);,
by 04(F) = |F|(g) for F € M(X*); and for g € M(X*) the linear functional
g M(X*)y — R is defined by ¢4 (F) = F(g) for F € M(X*);.

As a consequence of Theorem 3.4 we get:

COROLLARY 3.6 Let M be an ideal of E' with suppM = Q and let X be a
reflexive Banach space. Then (M(X*)y, |o|(M(X*)y, M(X*))* = {@g : g €

4. Applications. We start by recalling the necessary and sufficient conditions
for a Hausdorff locally convex-solid function space (F,&) to be an (order closed)
ideal of its bidual space.

THEOREM 4.1 (see [1, Theorem 6.62]) Let (E,§) be a Hausdorff locally convez-
solid function space. Then the following statements are equivalent:

(i) € is a Lebesgue topology.
(ii) Each order interval in E is o(E, Ef)-compact.
(iii) E (embedded in a natural way) is an ideal of its bidual.
Recall that a locally solid topology & on a Riesz space E is called a Levi topology

if every increasing ¢-bounded net of ET has a supremum in E (see [1, Definition
3.16]).

THEOREM 4.2 (see [1, Theorem 6.65]) Let (E,&) be a Hausdorff locally convez-
solid function space. Then the following statements are equivalent:

(i) € is a Lebesgue, Levi topology.

(i) p(E) = (B2

(iii) E (embedded in a natural way) is an order closed ideal of its bidual.
)

(iv) E is |o|(E, Ef)-complete.
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To give the norm-version of Theorem 4.2 recall, that a Banach lattice (E, |- || g)
is said to be a KB-space (Kantorovich-Banach space) whenever every increasing
norm bounded sequence of ET is norm convergent. It is known that a Banach
lattice (E,||-||g) is a KB-space iff || - ||z has both the o-Lebesgue property and
the o-Levi property. Moreover, in view of [13, Theorem 10.4.9], a Banach lattice
(E,|| - |g) is a KB-space iff || - |z has both the Lebesgue property and the Levi
property, i.e. the norm topology on F is a Lebesgue and Levi topology.

It is also well known, that the bidual of a Banach space (E,| - ||g) is E**, i.e.
the second Banach dual of (E, || - || g).

THEOREM 4.3 (see [2, Theorem 14.12], [1, Theorem 6.63]) For a Banach lattice
(E, |l |lg) the following statements are equaivalent:

(i) (E,|-|lg) is a KB-space.
(ii) p(E) = (E)7.
(iii) E (embedded in a natural way) is an order closed ideal of E**.

(iv) E is |o|(E, E*)-complete.

Let (E,¢) be a Hausdorff locally convex-solid function space. Then E(X )% isan
ideal of E(X)™ separating points of E(X). By ﬂ(E(X)%, E(X)) we will denote the
strong topology on E(X)% with respect to the solid dual system (E(X),E(X)%)
It is known that G(E(X )g, E(X)) is a Hausdorff locally convex-solid topology on
E(X)% (see [16, §4] for more details). By [16, Theorem 2.1], the topological dual
(E(X)%)* = (E(X)%, B(E(X)% E(X)))* is an ideal of (E(X)g)” separating points
of E(X)% The space (E(X)%); will be called the bidual of (E(X),&) (see [16,

&
§4]).
In particular, if (E, | ||g) is a Banach function space, then the strong topology
B(E(X)*,E(X)) on the Banach space E(X)* coincides with the topology of the

norm || - ||E(X)*.

Theorem 4.1 can be extended to the vector-valued setting (see [19, Theorem
2.4)).

THEOREM 4.4 Let (E,€) be a Hausdorff locally convex-solid function space and let
X be a Banach space. Then the following statements are equivalent:

(i) & is a Lebesgue topology and X is reflexive.

(ii) For each uw € Et the set Dy :={f € B(X): f <u} is o(E(X), B(X)z)-
compact.

(iil) w(E(X)) is an ideal of (E(X)g)g, i.e., E(X) (embedded in a natural way)
s an ideal of its bidual.

Now, applying the results of Section 3, we are able to prove the vector-valued
version of Theorem 4.2.
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THEOREM 4.5 Let (E, &) be a Hausdorff locally convex-solid function space and let
X be a Banach space. Then the following statements are equivalent:

(i) & is a Lebesgue, Levi topology and X is reflexive.
(i) 7(E(X)) = (E(X)p)y-
(iii) w(E(X)) is an order closed ideal of (E(X)%)*, i.e. E(X) (embedded in a

natural way) is an order closed ideal of its bidual.

(iv) E(X) s |J|(E(X),E(X)§)—complete and X s reflezive.

PROOF (i)==(ii) Let M be an ideal of E’ with supp M¢ = Q determined by
¢ (see [19, Proposition 1.1]). By Theorem 4.2, we have p(E) = (Ef);. Hence
P(E) = (7 o p)(E) = Jo ((E2)z) = (Me)y = J(M), s0 (7 o P)(E) = ML.
Since j7loP: E — M{ is an inclusion map, we have M; = E. We know that
also J~1oll: E(X) — M{(X) is an inclusion map and E(X) = M{(X), so we get
(J7hoI)(E(X)) = M{(X). Tt follows that TI(E(X)) = J(M{(X)) = Me(X*)y.
Thus 7(E(X)) = (Je e I(E(X)) = Je(Me(X™)7) = (E(X)g)7-

)7 is an order closed ideal

(ii)==-(iii) It is obvious, because m(E(X)) = (E(X)

of (E(X)%)N and 7(E(X)) C (E(X)%)[*B

(iii)==(i) In view of Theorem 4.4, ¢ is a Lebesgue topology and X is reflexive,
because m(E(X)) is an ideal of (E(X)%)E Since the set m(E(X)) is order closed in

(E(X)g);7 then by Theorem 3.1, the set II(E(X)) is order closed in M¢(X*);. In

view of Theorem 3.2, the set P(E) is order closed in (M¢);’. Hence the set p(E)
is order closed in (Ef);. Consequently, the ideal p(E) is order closed in (Ef)j, so
by Theorem 4.2 ¢ is also a Levi topology.

(i)=(iv) Let M be an ideal of E’ with supp M = Q determined by £. By
Corollary 3.5, we know that (M(X*)y,|o|(M(X*)y, (M(X*))* = {pg : g €
M(X*)}. Note, that the topology |o|(M (X*)7, M(X™*)) is the topology of uniform
convergence on the family of all sets D, = {g € M(X*) : g < v}, where v € M.
Moreover, all the sets D, are |o|(M(X*), M(X*),)-bounded, closed and convex,
and both the topologies o(M(X*), M(X™*)y) and |o|(M(X*), M(X*)) are com-
patible (see [15, Theorem 4.4]), so they are also o(M (X*), M(X™*)>)-bounded and
closed. By the Grothendieck completeness theorem (see [20, Corollary 12.2.15]),
in order to prove that M (X*)> is |o|(M(X*)7, M(X*))-complete, it is enough to
show, that every F' € M(X*)# such that F|p, is o(M(X*), M(X*)})-continuous
for every v € M is also o(M(X*), M(X*);)-continuous, i.e. F € M(X*)>.

Fix F € M(X*)# such that F|p, is o(M(X*), M(X*)y)-continuous for every

v € M*. Choose a sequence (g,,) in M(X*) such that g, ©) 0 in M. Then

(gn) C Dy, forsome vy € M. Since |o|(M(X*), M(X*);’) is a Lebesgue topology
(see [15, Theorem 4.2], [18, Theorem 2.4]), we get g, — 0 in |o|(M(X*), M(X™*)y),
$0 gn — 0 in o(M(X™),M(X*)y). Thus Flp, (g9.) — 0 ie, F(g,) — 0.
It means that F' € M(X*) = M(X*), (see [15, Theorem 2.3]). Consequently
the space (M(X*)y, |o|(M(X*)y,M(X*))) is complete. Therefore the space

n’

*
3
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((E(X)%);, |a|((E(X)§):, E(X)%)) is complete. By (ii) we have (E(X)g); =
m(E(X)), so also the space (w(E(X)), |o|(m(E(X)), E(X)%)) is complete. But this
space is linearly homeomorphic to the space (E(X),|o|(E(X), E(X)g)), so E(X)

is |o|(E(X), E(X)g)-complete.

(iv)=(i) In view of Theorem 4.2, it is enough to prove that the topology
lo|(E, E¢) is complete.

First, let (u,) be a Cauchy net in E* for |o|(E,Ef). Fix x € Sx. Then
(uq ® x) is a Cauchy net for |o|(E(X), E(X)%) Therefore there exists f € E(X)

such that u,®x — f in |o|(E (X),E(X)%), or equivalently, |Fy|(ua®z—f) — 0

for each g € M(X*) Hence |F, \(ua@)x f@xz) — 0 for each g € M(X*), because
o — f] = |t ® 2 — f| <ty ®x — f. Thus gpv(|ua f) — 0 for each v € M,
or equivalently, |us — f| — 0 in |o|(E, EZ ), le, uq — [ in |o|(E, Ef).

Now, let (uq) be a Cauchy net in F for |cr|(E E¢). Since |o|(E, E*) is locally
solid, the nets (|uq|), (ul), (u;) of positive elements of E are also Cauchy nets for
lo1(E, Ef) (| [tay ||ty | | < [ta; —ta,| by the triangle inequality and |uf, —ut,| <
[a, — Uas|, Uy, — ug,| < |ta, — Ua,| by the Birkhoff’s inequality). Thus there
exist ut,u” € E* such that uf — u*, uy — ™ in |o|(E, Ef). Let us put
u:=u" —u". Clearly v € E and uq = uf —u, — u" —u” =u in |o|(E, Ef).
It means that the topology |o|(E, Ef) is complete, as desired. n

Combining Theorem 4.3, Theorem 4.2 and Theorem 4.5, we obtain the following
vector-valued version of Theorem 4.3.

COROLLARY 4.6 Assume that (E,||-||g) is a Banach function space and (X, ||-]|x)
18 a Banach space. Then the following statements are equaivalent:

(i)

(i) m(E(X)) = (X))
)
)

E is a KB-space and X is reflexive.

(iil) E(X) (embedded in a natural way) is an order closed ideal of E(X)**

(iv) E(X) is |o|(E(X), E(X)*)-complete and X is reflexive.

As an application of Theorem 4.5, we obtain a characterization of perfectness of
the space F(X).

Let us recall that an ideal E of L% is said to be perfect whenever a natural
embedding

p:Esur—p, € (EY)Y, pu(p) = p(u) for peEY

is onto, i.e. p(E) = (E;)y (see [2, p. 58-59]).
It is well known that E is perfect if and only if B = E.

Now we recall the notion of perfectness for vector-valued function spaces E(X)
(see [16, Definition 1.4]). For f € E(X) let us put 7y (F) = F(f) for F € E(X)}.
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Then 7y € (E(X);)y (see [16, p. 220]). The space E(X) is said to be perfect,

n’/n
whenever the natural embedding

T:E(X)3 f— 7€ (BX)Y)Y

n’/n

is onto, i.e. w(E(X)) = (E(X)y)y.
THEOREM 4.7 Assume that supp E' = Q. Then the following statements are equiv-
alent:

(i) E is perfect and X is reflexive.
(ii) E(X) is perfect.

PRrROOF (i)==(ii) It follows from [16, Theorem 1.4].
(iil)=(i) Let us consider the topology & = |o|(E, E;’). Clearly £ is a Hausdorff

locally convex-solid topology on FE. Thus the associated topology { on E(X)
is the absolute weak topology |o|(E(X), E(X)y), i.e., £ = |o|(E(X),E(X);), so

n n

E(X)% = E(X)y (see [15, Theorem 4.4]). Since E(X) is perfect we get m(E(X)) =

n

(EX)m)y = (BE(X)%)y. By Theorem 4.5, ¢ is a Lebesgue and Levi topology

n’n f n
on F and X is reflexive. But EE‘ = E, so in view of Theorem 4.2, we get
p(E) = (Ef)y = (E;)y. This means that E is perfect, which completes the
proof. n

REMARK. In case when X* has the Radon-Nikodym property the implication
(ii)==(i) of Theorem 4.7, can be found in [16, Theorem 1.4].
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