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Holomorphons on spheres

Abstract. We consider Euler–Lagrange equations of families of nonnegative func-

tionals defined on tensor fields of the type (1, 1), which are equal to zero only for
complex structures tensor fields.
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1. Introduction. Let us consider a functional of the form

(1) Fk,l,αβ [t] =
∫

M

(||E + t2||2 + α||∇t2||2l + β||Nt||2k)dµ ,

where M is a Riemannian manifold, k, l ∈ N, E is the identity tensor field on M , t
is a tensor field of the type (1, 1), ∇ denotes the Riemannian covariant derivative
and Nt is the Nijenhuis tensor [1], [2] of t:

(2) Nt(X,Y ) = {(∇tXt)Y − (∇tY t)X} − t {(∇Xt)Y − (∇Y t)X} .

The functional (1) was studed in the paper [3] with β = 1. The parameter α was
not important in the case considered in the paper [3]. In the sequel we put α ≥ 0,
β = 1 and we write Fk,l,α instead of Fk,l,α,1 and Fk instead of Fk,l,0.

This functional is a nonegative one, and it reaches zero only for integrable com-
plex structure tensor fields. This is the reason that the functional is interesting
from a geometric point of view. The absolute minima of the functional (if they
exist) can be treated as ’the best approximation’ of a complex structure on M . The
stationary points of the functional (1) are called holomorphons [3], [4], and of the
functional Fk – reduced holomorphons.

We also consider the functional

(3) G[t] =
∫

M

||Nt||2dµ .
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An interesting generalisation of complex structures are f–structures, it means
tensor fields satisfying the following equation [5], [6]

(4) T 3 = −T .

The aim of the paper is to show that the special kind of f–structures multiplied
by a constant give nonzero holomorphons (Theorem 2.2) and to apply this result
to spheres. On odd dimensional spheres exists such an f–structure connected with
the embedding in R2n and with a constant orthogonal complex structure in R2n.
Moreover on the sphere S5 there exists an extra f–structure which multiplied by a
constant also gives a holomorphon.

Certainly f–structures in general do not satisfy the hypothesis of the Theorem
2.2. Some contrexamples we can obtain by a consideration of left invariant f–
structures on Lie groups.

The paper is organised as follows. In the section 2 we study which f–structures
multiplied by a nonzero constant give holomorphons (Theorem 2.2). In the section
3 we show that on any odd dimensional sphere the projection of an orthogonal
constant complex structure in R2n on the tangent bundle of the sphere is such an
f–structure. In the section 4 we define another f–structure on S5 by means of
the vector product in R6 introduced in [3], [4] and we show that it also leads to a
holomorphon.

2. General Statements. We start from the following

Theorem 2.1 The Euler–Lagrange derivative of the functional (3) is

(5)
δG

δtqr
= 4

{
(Nqijtri;j +Nl

ritli;q)− (Nirstiq +Nq
irtsi);s

}
.

If t is such a tensor field that ||Nt|| is a constant, then

(6)
δFk
δtqr

= 2
{

(E + t2)q
s
trs + (E + t2)s

r
tsq

}
+ k||Nt||2k−2 δG

δtqr
.

Moreover if ||∇t2|| is a constant, then

(7)
δFk,l,α
δtqr

= 2
{

(E + t2)q
s
trs + (E + t2)s

r
tsq

}
+

+k||Nt||2k−2 δG

δtqr
− 2αl||∇t2||2l−2(∆t2q

s
trs + ∆t2s

r
tsq) .

Proof See [3], Theorem 3.1, (it was implicity assumed there that ||Nt|| and ||∇t2||
were constant, for k, l = 1 these assumptions are not needed). �

Theorem 2.2 Let M be a compact Riemannian manifold of the dimension m. Let
T be an orthogonal f -structure on M (it means that T is an antisymmetric tensor
field of the type (1, 1) and T 3 = −T ) of the rank d. If ||NT ||2 is a constant, and

(8)
δG

δtqr
|T = −LT rq ,
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where L is a constant, then the tensor field

(9) t = u0T

is a reduced holomorphon (α = 0) on M , where u0 is a constant satisfying the
equality

(10) Au4k−2
0 + u2

0 − 1 = 0 , A := k

(
L

4

)k
dk−1.

Moreover if

(11) ∆P = L1E − L2P ,

where L1, L2 are constant, and P is a projector given by

(12) P := −T 2 ,

with a constant norm of its covariant derivative ||∇P ||, then the tensor field

(13) t = uαT

is a holomorphon for uα satisfying

(14) Au4k−2
α + αBu4l−2

α + u2
α − 1 = 0 , B := ldl−1(L2 − L1)l .

Proof From the eq. (8) and the assumption that ||Nt|| is a constant we have

(15) ||NT ||2 =
d

4
L ,

and from eqs (6, 8) we get (9, 10).
From the eq. (11) and the fact that ||∇P || is a constant we have

(16) ||∇P ||2 = −〈∆P, P 〉 = (L2 − L1)d ,

and from eqs (7, 11) we get (13, 14). �

Example 2.3 Let J be the standard almost complex structure on S6. We have
shown [3], [4] that the square of the norm of the Nijenhuis tensor N of J is constant

(17) ||N ||2 = 43 · 6

and the Euler–Lagrange derivative of the functional (3) for t = J is given by the
following formula

(18)
δG

δtqr
= −44Jrq .

From (10) we have that the tensor field

(19) t = uJ ,
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is a holomorphon on S6 for the functional (1), where u is a constant satisfying the
equality

(20) Au4k−2 + u2 − 1 = 0 , A := 43k6k−1k .

(The exponents in the formula (51) in [3] are misprinted). The question of the
existence of any integrable complex structure on S6 is an open one [7, 8]. Anyway
LeBrun showed that S6 does not admit any orthogonal integrable complex strucutre
[9].

3. Holomorphons on odd dimensional spheres. We define a tensor field
of the type (1, 1) in S2n−1 by the way

(21) T (X) = JX − 〈p, JX〉p , p ∈ S2n−1 , X ∈ TpS2n−1 ,

where J denotes the standard complex structure on R2n given by the following
formula

(22) J(X1, X2) = (−X2, X1) , X1, X2 ∈ Rn .

The vector field p 7−→ Jp is a nowhere vanishing vector field on S2n−1.
Now let us formulate some lemmas.

Lemma 3.1 The tensor field T is an orthogonal f -structure on S2n−1 of the rank
2n− 2. The kernel of T is generated by the vector field Jp.

We omite the proof as an elementary one.

Lemma 3.2 The covariant derivative of the vector field Jp is given by the following
formula

(23) ∇XJp = TX .

Proof The proof is a consequence of the fact that the Gauss form on the sphere
is expressed by the following formula

(24) α(X,Y ) = −〈X,Y 〉p .
Certainly,

(25) ∇XJp = ∂XJp+ 〈X,Jp〉p = JX − 〈p, JX〉p = TX.

Lemma 3.3 The covariant derivative, the Nijenhuis tensor of the field T and the
Laplacian of the field Jp are given by formulas

(26) (∇XT )Y = −〈p, JY 〉X − 〈X,Y 〉Jp ,

(27) NT (X,Y ) = 2〈X, JY 〉Jp ,
and

(28) ∆Jp = 2(1− n)Jp .
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Proof
(∇XT )Y = (∂XT )Y + 〈X,TY 〉p− T 〈X,Y 〉p =

−〈X, JY 〉p− 〈p, JY 〉X + 〈X,TY 〉p− 〈X,Y 〉Jp
It proves (26). The (27) follows immediately from (26) and (2). Let ei be a local
orthonormal reper on S2n−1

∆Jp = (∇eiT )ei = −〈p, Jei〉ei − 〈ei, ei〉Jp

what proves (28) (we use here and in the sequel the Einstein summation rule). �

Lemma 3.4 The square of the norm of the Nijenhuis tensor of T is a constant:

(29) ||NT ||2 = 8(n− 1) .

The Euler–Lagrange derivative of the functional (3) for t = T is expressed by the
following formula

(30)
δG

δtqr
= −16T rq .

Proof The formula (29) is a consequence of eq. (27). By a direct calculation of
the summands in the formula (5), in an othonormal basis, we get

(31) NqijTri;j = 〈eq, 2〈ei, Jej〉Jp〉〈er,−〈p, Jei〉ej − 〈ei, ej〉Jp〉 =

−2〈eq, Jp〉〈ei, T er〉〈p, Jei〉 = 2〈eq, Jp〉〈Jp, Ter〉 = 0 ,

and

(32) NlriTli;q = 〈N(er, ei), (∇eqT )ei〉 =

2〈er, Jei〉〈Jp,−〈p, Jei〉eq − 〈eq, ei〉Jp〉 =

2〈Jer, eq〉 = 2Tqr .

Further we have

(33) NirsTiq = 〈T (eq)), N(er, es)〉 = 2〈Jeq, Jp〉〈er, Jes〉 = 0 ,

and

(34) NqirTsi = 2〈ei, T er〉〈eq, Jp〉〈es, T ei〉 = −2〈eq, Jp〉〈Ter, T es〉 .

Consequently

(35) (NirsTiq +NqirTsi);k = 2〈Jeq, ek〉〈Ter, T es〉+

2〈eq, Jp〉(〈p, Jer〉〈ek, T es〉+ 〈p, Jes〉〈Ter, ek〉) ,
and

(36) (NirsTiq +NqirTsi);s = −2Tqr.
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By |a〉〈b| we denote the endomorphism given by |a〉〈b|c := 〈b, c〉a.

Lemma 3.5 The Laplacian of the projectors

(37) |Jp〉〈Jp| and P = −T 2

are given by the following formula

(38) ∆(|Jp〉〈Jp|) = 2E − 2(2n− 1)|Jp〉〈Jp|
and

(39) ∆P = 4(n− 1)E − 2(2n− 1)P .

Proof The eq. (37) is a consequence of the following transformations

∆(|Jp〉〈Jp|) = (∆|Jp〉)〈Jp|+ 2|∇eiJp〉〈∇eiJp|+ |Jp〉〈∆Jp| =
4(1− n)|Jp〉〈Jp|+ 2|Tei〉〈Tei| .

The eq. (38) follows immediately from (37) and the equality

(40) |Jp〉〈Jp|+ P = E.

Theorem 3.6 Let T be a tensor field on S2n−1 defined by eq. (21). Then

(41) tα = uαT

is a holomorphon, where uα is a constant satisfying eq.(14) for
m = 2n− 1, d = 2n− 2, L = 16, L1 = 4(n− 1), L2 = 2(2n− 1).

The proof is a consequence of the Theorem 2.2 and Lemmas 3.1, 3.4, 3.5.

4. An example of holomorphon in S5. Let us define the vector product
×6 in R6 in the following way [3]

(42) (X1, X2)×6(Y1, Y2) = (X1 × Y1 −X2 × Y2,−X1 × Y2 −X2 × Y1) ,

where Xi, Yi ∈ R3, i = 1, 2. The vector product is antibilinear with respect to the
complex structure:

(43) X×6(JY ) = (JX)×6Y = −J(X×6Y )

for X,Y ∈ R6, where J(X1, X2) = (−X2, X1). The mixed product satisfied such
the commutation relation

(44) 〈X,Y×6Z〉 = 〈X×6Y,Z〉 .
The double vector product satisfies the identity:

(45) X×6(Y×6Z) = 〈X,Z〉Y − 〈X,Y 〉Z − 〈X, JZ〉JY + 〈X, JY 〉JZ .

We can also define the vector product in TpS
5 by the way

(46) X×pY = X×6Y − 〈p,X×6Y 〉p , X, Y ∈ TpS5 .
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Lemma 4.1 Let (ei) be an orthonormal basis in R6. Then the following formula

(47) 〈X×6ei, Y×6ei〉 = 4〈X,Y 〉

is fulfilled for any X,Y ∈ R6.

The proof is given in [3].

Lemma 4.2 Let (ei) be an orthonormal basis in TpS
5. Then the following formula

(48)
5∑

i=1

〈X×pei, Y×pei〉 = 2〈X,Y 〉+ 2〈p, JX〉〈p, JY 〉

is fulfilled for any X,Y ∈ TpS5.

Proof Let us observe that
5∑

i=1

〈X×pei, Y×pei〉 =
5∑

i=1

〈X×6ei, Y×6ei〉 − 〈X×6p, Y×6p〉 ,

where (ei)i=0,...,5 is a such orthonormal basis in R6, that e0 = p. So

5∑

i=1

〈X×pei, Y×pei〉 =
5∑

i=0

〈X×6ei, Y×6ei〉 − 2〈X×6p, Y×6p〉 .

Let us rearrange the last summand

〈X×6p, Y×6p〉 = 〈X,Y 〉 − 〈p, JX〉〈p, JY 〉 ,

so by means of (47) we get (48). �

Let V be a tensor field on S5 given by

(49) Vp(X) = p×6X p ∈ S5, X ∈ TpS5 .

Lemma 4.3 V is an orthogonal f -structure on S5 of the rank 4. The kernel of V
is generated by the vector field Jp. Moreover

(50) V 2 = −P ,

where P is the projector defined by eq. (12).

Lemma 4.4 The covariant derivative of the structure V is

(51) (∇XV )(Y )p = X×pY ,

and the Nijenhuis tensor of V is

(52) NV (X,Y ) = −3p×6(X×pY )− 2〈X,JY 〉Jp .
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Proof The formula (51) is a consequence of (24). Further from (2) we have

NV (X,Y ) = −〈X,Y 〉p− 〈Y, Jp〉JX + 〈Y, JX〉Jp+

〈X,Y 〉p+ 〈X, Jp〉JY − 〈X, JY 〉Jp− 2p×6(X×pY ) =

−3p×6(X×pY )− 2〈X, JY 〉Jp.

Lemma 4.5 Let Φ and Ψ be three times covariant tensor fields on S5 given by

(53) Φp(X,Y, Z) = 〈X×pY,Z〉

and

(54) Ψp(X,Y, Z) = 〈X×pY, Jp〉〈Z, Jp〉

for p ∈ S5, X,Y, Z ∈ TpS5. Then their covariant derivative are equal to

(55) (∇UΦ)(X,Y, Z) = −〈p,X×6Y 〉〈U,Z〉−

〈p, Y×6Z〉〈U,X〉 − 〈p, Z×6X〉〈U, Y 〉
and

(56) (∇UΨ)(X,Y, Z) = 〈Z, JU〉〈X×6Y, Jp〉+

〈Z, Jp〉〈X×6Y, JU〉
for U ∈ TpS5.

Lemma 4.6 In any orthonormal reper the following equalities

(57) Φrsq;s = −3Vrq

and

(58) Ψrsq;s = −Vrq
are fulfilled.

Proofs of Lemmas 4.3, 4.5, 4.6 were omitted as elementary ones.

Lemma 4.7 The square of the norm of the Nijenhuis tensor of V is a constant:

(59) ||NV ||2 = 88 .

The Euler–Lagrange derivative of the functional (3) for t = V is given by the fol-
lowing formula

(60)
δG

δtqr
= −88V rq .
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Proof The formula (59) is a consequence of eq. (52) and the fact that for any
vector A, p×6A is orthogonal to Jp. Using (48) we get

(61) NqijVri;j = (−3〈eq, p×6(ei×pej)〉 − 2〈eq, Jp〉〈ei, Jej〉)

〈er, ej×pei〉 = −6Vrq

(62) NlriVli;q = (−3〈el, p×6(er×pei)〉 − 2〈el, Jp〉〈er, Jei〉)

〈el, eq×pei〉 = −5Trq .

Further

(63) NirsViq = −3〈er×6es, eq〉+ 3〈er×6es, Jp〉〈Jp, eq〉

and

(64) NqirVsi = 3〈er, Jp〉〈Jp, eq×6es〉 − 2〈eq, Jp〉〈Jp, er×6es〉 .

So

(65) NirsViq +NqirVsi = −3Φrsq + Ψrsq + 3Ψqsr .

Finally

(66) (NirsViq +NqirVsi);s = 11Vrq.

From the Theorem 2.2 and Lemmas 3.5, 4.3, 4.7 we get the following theorem.

Theorem 4.8 Let V be a tensor field on S5 defined by the following formula

(67) V (X) = p×6X ,

where ×6 denotes the vector product in R6. Then

(68) tα = uαV

is a holomorphon, where uα is a constant satisfying eq.(14) for
m = 5, d = 4, L = 88, L1 = 8, L2 = 10.
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