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1. Introduction. The Korovkin classical Theorem ([17], see also [10] ) states
the uniform convergence in C([a,b]), the space of the continuous real functions
defined in [a, ], of a sequence of positive linear operators by stating the convergence
only on three test functions {1, z,22}. This celebrated result allows us to check the
convergence with a minimum of computations. The work of Korovkin was inspired
by the Bernstein proof of the Weierstrass theorem ([9]). Here the author established
the uniform convergence of the Bernstein polynomials of the function f by stating
it only on the functions {1,z,2%}. There is also a trigonometric version of the
Korovkin theorem using the test functions {1, cosxz,sinz} ( see [18], [11]).

Later on several extensions of the Korovkin theorem were obtained in various
settings. We quote here the books [12], [20], [13] and [1] and the extensive survey
[15] which contains a wide list of references . Other interesting generalizations were
obtained in [16], [26].

Recently, versions of the Korovkin theorem were obtained in different functional
spaces, namely LP-spaces or abstract Lebesgue spaces (see e.g. [14], [25]). Note
that for LP-spaces in general is not possible to get the convergence in LP for all
LP-functions, but it is necessary to consider suitable subspaces, depending on the
form of the positive linear operators involved.
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Here we extend the Korovkin theorem in the abstract setting of the modular
spaces. These spaces were extensively studied by J. Musielak ( see [23], see also
[22]) and later on in [19]. An abstract approximation theory in modular spaces was
developed in [7] for the general case of nonlinear integral operators. This class of
spaces is very wide and contains as particular case the LP-spaces, the Orlicz spaces,
the Musielak-Orlicz spaces and others. For a general sequence of positive linear
operators (T,), defined on suitable subspaces of a modular space, we determine a
class of functions with the property that if (7,,e;) converges to e;, where e;(t) =
t', i = 0,1,2, with respect to the Luxemburg norm in the modular space, then it
converges with respect to the modular topology, on every function of the class. Key
tools for this result are a density property of the space of the continuous functions
in the modular space (see [21]) and a kind of "approximate” modular continuity
assumption on the sequence (T, )n,emn over the class. In particular we obtain, as
a special case, a version of the Korovkin theorem in LP spaces and in Orlicz or
Musielak-Orlicz spaces.

In Section 3 we give a general Korovkin theorem in abstract modular spaces while
Section 4 is devoted to the study of this theorem, in Orlicz spaces, in the special case
of particular discrete operators, including the classical Bernstein type polynomials.
In Section 5, we apply our general theory to Kantorovich type operators in Orlicz
spaces. Finally in Section 6 we give applications to a special sequence of convolution
type operators. It is important to remark that in the last two instances the subspace
of convergence is the whole Orlicz space.

Here, we will obtain a one-dimensional extension of Korovkin’s Theorem in mod-
ular spaces and we will work with a compact interval [a,b] C IR as a base space.

2. Notations and definitions. Let I = [a,b] be a bounded interval of the
real line IR, provided with the Lebesgue measure. We will denote by X (I) the space
of all real-valued measurable functions f : I — IR provided with equality a.e., by
C(I) the space of all continuous functions and by C°°(I) the space of all infinitely
differentiable functions.

A functional ¢ : X(I) — IR is said to be a modular on X (I) if
i) o(f)=0& f=0, ae. inl,
ii) o(—=f) = o(f), for every f € X(I),
iii) o(af + Bg) < o(f) + o(g), for every f,g € X(I),a,3>0,a+ =1

We will say that a modular ¢ is N-quasi convex if there is constant N > 1 such
that

o(laf +Bg) < Nao(Nf)+ NBo(Ng),

for every f,g € X(I),a, 6> 0,0+ =1.1f N =1 we will say that ¢ is convex.
By means of the functional g, we introduce the vector subspace of X (I), denoted
by Le(I), defined by

LE(T) = {f € X(I): Tim o(Af) =0},
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The subspace L2(I) is called the modular space generated by g. The subspace of
Le(I) defined by

E¢(I)={f e L°(I) : o(\f) < 400 for all A >0}

is called the space of the finite elements of L2(I), see [23].
The following assumptions on modulars will be used

a) o is monotone, i.e. for f,g € X(I) and |f| <|g| then o(f) < o(g).

b) o is finite, i.e. x; € L2(I), where x; denotes the characteristic function of
the set I.

c) o is absolutely finite, i.e. o is finite and for every € > 0, A > 0 there is
d > 0 such that p(Axp) < e for any measurable subset B C I with |B| < d.

d) o is strongly finite, i.e. x5 € E?([).

e) o is absolutely continuous, i.e. there exists @ > 0 such that for every f €
X(I), with o(f) < +o0o, the following condition is satisfied: for every £ >
0 there is 6 > 0 such that o(afxp) < &, for every measurable subset
B C I with |B| <é.

For the above notions see [23], [24] and [7].
Note that, since |I| < o0, if ¢ is strongly finite and absolutely continuous then
it is also absolutely finite ( see [4] ).

Classical examples of modular spaces are given by the Orlicz spaces, generated
by a p—function ¢ or more generally, by any Musielak-Orlicz space generated by
a @-function ¢ depending on a parameter, satisfying some growth conditions with
respect to the parameter, (see [23], [19], [7]). The modular functional generating the
above spaces satisfy all the previous assumptions.

We say that a sequence of functions (fy,)nernw C L2(I) is modularly convergent
to a function f € Le(I), if there exists A > 0 such that

lim o[A(fn — f)] =0.
n—-+o0o
This notion extends the norm-convergence in LP—spaces. Moreover it is weaker
than the F-norm-convergence induced by the Luxemburg F-norm generated by o and
defined by

1 £, = inf{u > 0:o(f/u) <u}.

We recall that a sequence of functions (fy,)nen is F-norm-convergent (or strongly
convergent) to f iff
lim o[A(fn— f)] =0

n—-+o0o

for every A > 0. The two notions of convergence are equivalent if and only if the
modular satisfies a A,—condition, i.e. there exists a constant M > 0 such that
o[2f] < My[f], for every f € X(I), ( see [23]). For example, this happens for
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every LP-spaces and Orlicz spaces generated by (-functions with the As-regularity
condition (see [23], [7]).

The modular convergence induces a topology on L2(I), called modular topology.
Given a subset A C L¢(I), we will denote by A the closure of A with respect to
the modular topology. Then f € A if there is a sequence (fy,)nenw C A such that
fn is modularly convergent to f.

Let us remark that C'(I) C L2(I) whenever g is monotone and finite. Indeed, for
A >0 we have

o(Af) < oAl flleox1);

and so, since x; € L¢(I), we have
li Af)=0
N 1%1 Q( ) )

that is f € Le([).
Analogously, if ¢ is monotone and strongly finite, then C(I) C E¢(I).

We have the following ( see [21] and [7]).

PROPOSITION 2.1 Let o be a monotone, absolutely finite and absolutely continuous
modular on X(I). Then C>(I) = Le(I).

3. Modular Korovkin theorem. In this section we need the following notion
of convexity for the modular p. We will say that ¢ is N-quasi-semiconvex if there
exists a constant N > 1 such that

olaf] < Nag[N f],

for every nonnegative function f € X(I) and 0 < a < 1. It is easy to see that when
o is N-quasi-semiconvex then we have the following characterization of the modular
space Le(I) :

Le(I)={f e X(I): o[Af] < +o0 for some A > 0},

see for example [23] and [7]. Clearly every N-quasi-semiconvex modular is N-quasi
convex.

Let us consider a family T = (T},)nenv of positive linear operators T,, : D — X (I),
where D C Le(I) contains L>°(I). We will assume that the family (7},),ecv satisfies
the following property (x) : there exists a subset Xy C D containing C*°(I) such
that for every function f € Xy we have

lim sup o[A(T,, f)] < Po[Af]

n—-+o0o

for every A > 0 and an absolute constant P.
We have the following lemma

LEMMA 3.1 If o is N-quasi-semiconvez, then T, f € Le(I) for sufficiently large
n  whenever f € Xp.
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PRrROOF Let f € Xy be fixed and let A > 0 such that go[A\f] < +oo. There exists
7 depending on A such that for every n >n

o[AT,f] < Po[Af]+1 < 4.

This means that T, f € Le(I). n

In the following for every s,t € I we will put g(s,t) = gs(t) = (s — t)2. Moreover
we will denote by e;(t) the functions ¢!, for i = 0,1,2 and for t € I. The main
theorem of this section is as follows

THEOREM 3.2 Let 0 be a monotone, strongly finite, absolutely continuous and N -
quasi-semiconvex modular on X (I). LetT = (Ty,)nenw be a sequence of positive
linear operators satisfying the above assumption. Then if

lim The;=¢ i=0,1,2

n—-+oo

strongly in Le(I) then
lim T,f=
m Tnf =1

modularly in Le(I) for each f € Le(I) such that f — C>(I) C Xg.

PROOF At first, we consider f € C(I). Then there exists a constant M > 0 such
that |f(t)] < M for every t € I. Given € > 0, we can choose § > 0 such that
|s —t| < & implies |f(s) — f(t)| < & where s,t € I. Tt follows easily that for all
s,tel

F(8) = F(t)] <+ 2L (s gy

0
or
o= 200 < 1) — (1) < 2 gl
Since T,, is a positive linear operator we have
—E(TnEO)(S)—QTAf(Tngs)(S) < f(8)(Theo)(s)—(Tnf)(s) < €(Tn60)(5)+257]\24(Tngs)(8)~

The above inequalities are equivalent to

[(Tnf)(8)—f(s)(Tneo)(s)] < €(Tn€o)(8)+257]\f[62(8)(Tneo)(S)—2€1(8)(Tn61)(8)+(Tn62)(8)]'
Thus

(T f)(8) = F(s)] < [(Tnf)(s) = f(8)(Tneo) (s)| + [f(8)(Tneo)(s) — f(s)

< e(Theo)(s) + 257]\;[[62(8)(Tn60)(8) —2e1(s)(Tne1)(s) + (Tnez)(s)]
+  M|[(Tneo)(s) — eo(s)]-
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Applying the modular we have

olTnf — f] < o[3eTheo] + 0[3M|(Theo) () — eo(")]]
%(62(')@&0)(') —2e1(-)(Tner) () + (Thez) ()] := J1 + J2 + J3.
Now we evaluate J3. We can write

e2(8)(Tneo)(s) — 2e1(s)(Tner)(s) + (Tnez)(s)
= e2(8)((Tneo)(s) — eo(s)) + ((Tnez)(s) — e2(s)) — 2e1(s)((Tner)(s) — ea(s)),

thus

+ o

le2(s)(Theo)(s) — 2e1(s)(Tner)(s) + (Tnea)(s)|
< leallool(Tneo)(s) — eo(s)] + [(Tnez)(s) — ea(s)] + 2llerlloc| (Tner)(s) — er(s)]-
Hence, denoting by K = max{||e2]|co, 2]|€1 |00 }

18MK 1SMK 18M
J3 < Q[T|Tn€0 —eol] + Q[T|Tn€1 —e1l] + 9[572|Tn€2 — eal].

By assumptions, we have

lim o[A(The; —e;)] =0, i=0,1,2

n—-+00

for every A > 0 and so for every constant p > 0

limsup o[(To f — f)] < Po[3peeq].

n—-+oo

Now, since ¢ is N-quasi-semiconvex and strongly finite, we have, assuming € < 1,
o[3ueeg] < Ne[3N peo].

So we deduce easily the strong convergence for the continuous function f.
As a final step, let f € L9(I) be a function such that f — C*°(I) C Xy. By
Proposition 2.1, there is a A > 0 and a sequence (fg)rerw C C°°(I) such that
o[3A\f] < 400 and
Jm o3BA(fy — )] = 0.

Let € >0 be fixed and let k& be such that for every k >k, o[3A(fx — f)] <e. Fix
now k, then we have

oMTof = )] < eBATW(f = f)l + eBMTnfip — f)l + eBAf — ).

Passing to limsup, taking into account the first part of the proof and the assumption
on the family (7,), we obtain

limsup o[M(T. f — f)] < e(P+1)

n—-+4oo

and the assertion follows from the arbitrariness of € > 0. ™
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If the modular ¢ satisfies the Ay condition then the space C*°(I) is strongly
dense in L9(I) and so we obtain T,,f — f tends to zero strongly for every f such
that f — C*(I) C Xy. Thus Theorem 3.2 becomes

THEOREM 3.3 Under the assumptions of Theorem 3.2, if moreover o satisfies a
As-condition, then the following assertions are equivalent

i) The; — e, 1=0,1,2, strongly in Le(I)

ii) T.f — f strongly in L(I), for every function f such that f — C>(I) C Xg.

In particular this holds for LP-spaces and Orlicz spaces generated by ¢-functions
with the As-regularity condition (see [23], [7]).

4. Application to discrete operators.

4.1. General theory.
Let (r(n))nemw be an increasing sequence of natural numbers. For every fixed
n € IN, by T'y = (Vnk)k=0,1,....r(n) € I we denote a finite sequence of points such
that
0< Ak i=Vnkt1 —Vnk <bn, k=0,1,...,r(n)—1,

where b,, are positive real numbers with lim,,_, 4, b, = 0.
Let us consider a sequence S = (Sy,)nemn of positive operators of the form

r(n)
(1) (Snf)(8) = Kn(s,vn)f(ni), n€N, sel

k=0
where (K, )new K, : I xI';, — IR is a sequence of nonnegative functions such that

r(n)
ZKn(swn’k) =1 foreveryn € IN, s€I.
k=0

Note that the domain of the operator (1) contains the space X (I), due to the nature
of the operator. Here X(I) is the space of all real valued measurable functions
which are everywhere defined in I (i.e. we distinguish two equivalent but different
functions).

For j € IN we put

r(n)

m;(Kn,8) = Kn(8, Vnk) (nk — ).
k=0

As in the previous section we denote by e;(t) the functions ¢, fori = 0,1,2 and for
t € I. According to the above assumptions we have immediately S,eq = eg = 1, for
every n € IN. We have the following
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PROPOSITION 4.1 Let o be a monotone modular on X(I). Then a necessary and
sufficient condition that

(2) lim m;(K,,-)=0, j=1,2

n—-+oo
strongly in L2(I) is that

lim Spe;=e;, 7=1,2

n—-+o0o
strongly in Le(I).

PROOF We can assume A = 1. First we prove the necessary condition. It is obvious
that (Spe1)(s) — e1(s) = mi(K,,s). Moreover

(Snea)(s) — ea(s) = ma(Ky, s) + 2e1(s)my (K, 8).
So passing to the modular we have

o[(Sne1) — e1] = o[mi(Ky, )]
o[(Snez) — e2] < 0[2ma (Ko, -)] + of4]le1 || coma (K, -)]

and so the assertion follows. For the sufficient condition, note that
ma(Kn,s) = (Snez)(s) — e2(s) — 2e1(s)((Sne1)(s) — e1(s))
and so applying the modular we obtain the assertion. n

We have the following corollary

COROLLARY 4.2 Let ¢ be a monotone, strongly finite, absolutely continuous and
N -quasi-semiconvex modular on X (I). Assume that the family (Sp)nemw  satisfies
property (x) and (2) holds. Then

lim Sof=f

n—-+oo

modularly in Le(I) for each f € Le(I) such that f — C*°(I) C Xg, where Xg is
the corresponding class given in property ().

In the next section we will describe the class Xg in some particular cases.

4.2. A description of the class Xg in Orlicz spaces. Let & be the class
of all functions ¢ : R] — IR§ such that

i) ¢ is a convex function

i) ¢(0) =0, ¢(u) >0 for u >0 and lim, 4 p(u) = +o0.
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For ¢ € ®, we define the functional

o°[f] = / o(1f(5)])ds

for every f e X(I).
As it is well known, ¢¥ is a convex modular on X (I) and the subspace

LA(I) ={f € X(I) : 0?[\f] < +oo for some A > 0}
is the Orlicz space generated by ¢, (see [23]). The subspace of L#(I), defined by
E?(I)={f e X): 0?[\f] < +o0 for every A > 0},

is called the space of finite elements of L#(I). For example every bounded function
belongs to E¥(I). Note that this modular satisfies all the assumptions listed in
Section 2.

Let us consider the operator

r(n)
(Snf)(s) = Z Ko (s, vn k) f(Vnk),
k=0
introduced in the previous section. Let us assume that

/Kn($7 Vn,k)ds S gn
I

where &, is a bounded sequence of positive numbers independent of k. For every
n € IN, we define

r(n)
o211 =Y e fvni))), f€X).
k=0

Now, let us denote by F,, the class of all functions in L¥(I) such that

limsup &, 07 [Af] < Po?[Af],

n—-+o0o

for every A > 0 and an absolute constant P > 0 independent of f and A\. We have
the following

ProrosITION 4.3 F, C Xg.

PROOF Let A > 0 be fixed. Using the Jensen inequality and the assumptions on
the kernel (K,,)nemw, we get

r(n) r(n)
0¥[AS,f] < Z CALf (Vn ) ) K (s, vk )ds < &n Z CALf (vn)]) = Enop[M ],

I'k=0 k=0

and so, passing to the limsup, we obtain immediately

lim sup o?[ASy, f] < Po?[Af],

n—-+oo

i.e. the assertion. m
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EXAMPLE 4.4 For example let us consider I = [0,1] and the operator

n
(Snf)(5) =D Kn(s,vn i) f(Vnk),

k=0

where for every n € IN, (Vpk)k=0,...n is a finite partition of [0,1] and 0 < a,, <
Un k41 — Unk < by, for every K =0,...,n — 1. Here the sequences a,, b, are
taken such that lim, 4o o= ¢ < 400 and lim, 1o b, = 0. In this case we
see that the class F, contains the space of all the Riemann integrable functions in

[0,1]. Indeed we have, with vy, p4+1 := by + 1,

lim sup &, 02 [\f] = limsup &, Z OAlf(vni)]) < ngr}rloo 2—” Z O f Wnk)|) Wnkt1—Vn k)-
™ k=0

n—-+o0o n—-+4oo k=0

But the last sum is a Riemann sum of ¢ o Af which is obviously Riemann integrable
if f is so. Then in this case we have that f € F, with P =¢.

5. Application to Kantorovich-type operators. Using the notations of the
previous section, we consider here a finite sequence I'y, = (Vn,k)k=0,1,...,r(n),r(n)+1 C
I, satisfying the following assumption:

0<an < )\n,k = Vnk+1 — Unik <bp, k=0,1,.. .T(?’L)7

where a,,,b, are positive real numbers and lim,, - b, = 0.
Let us consider a sequence U = (U, )nemw of positive operators of the form

r(n) T
(3) <Unf><s>kZOKn<s,un,k>M1J€ / f)dt, nelN, sel

Un &

where (K,)nen, Kn:IxT,, — IR, is a sequence of nonnegative functions such

that
r(n)

Z K,(s,vpy) =1 foreveryne IN, s e I.
k=0
In this case the domain of the operator U,, contains the space of all locally integrable
functions in I. In particular it easy to see that it contains L ().
We assume that

(4) lim m;(K,,-)=0, j=1,2

n—-+o0o
strongly in L?(I) and
/Kn(sayn,k)ds S En
I

where £, is a bounded sequence of positive numbers independent of k.
We begin with the following lemma
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LEMMA 5.1 Let ¢ € ®. Let us assume that £, /a, < M, for everyn € IN and an
absolute constant M > 0. Then for every f € L¥(I)

o?[Un f] < Mo”[f].

PROOF Applying twice the Jensen inequality we have
r(n)
LU <

1k ( / w(lf(t)l)dt> / Ko (s, vnp)ds
r(n)

< 38 [ st < wert)

In particular U, f € L¥(I) whenever f € L?(I). Moreover in this instance the
property (x) is satisfied with Xy = L?(I). n

Hence under the above assumptions on the kernel (K,),cy we have the following
corollary

COROLLARY 5.2 If (4) is satisfied, for every f € L¥(I) there holds

lim U,f=f

n—-+o0o
modularly in L¥(I).
ProoOF Firstly note that by assumptions, U,ey = ey. Moreover, taking e; we have

T(n)

1
(Uner)( ZK (8, Vnk) k( ﬁ,kﬂ _V?z,k)
1r(n) r(n)
= fZK (8, Unk) Wn ka1 + Vnk) = ZK (8 Vn g )Vnkt1 + 5 (S e1)(s)
k=0 k 0
= Ji+ Jo.

Now, by assumptions on the moments of the kernel (K, ),cn, using Proposition

4.1, we get Jo — %61 strongly. Next we can write

r(n)

(S 61) ZK S, Vn, k)(Vn k+1 — Un, k)
k 0

The last term in the right hand side of the previuous relation is estimated by

r(n)

7b ZK S, Un.k) ;b
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which tends to zero. This easily implies that J; — %el stronlgy and so finally
U,e1 — ey strongly. Let us take now the function e5. We have
r(n) 1 Vi, k+1 )
(Unes)(s) = ZK”(S,V”,,C))\—/ t2dt

k=0 ok Sk
1 r(n)
= 3 > Kn($,vnn) (Va1 + Vi A+ VnkiaVnk) = 1+ Ja + Js.
k=0

According to the assumptions on the kernel (K, ),eny we have Jy — %62. Next

r(n)
1
Jl = g kZOKn(S, Vn,k)yg’]ﬁkl

1 r(n) r(n)

- 3 Z Ky (s, Vn,k)VrQL,k + 3 Z Ko (s, Vn,k)(l/?z,k+1 - Vg,k)
k=0 k=0
r(n)

1
= g(Sne2)(s) + 3 > K (8, Vnk) Unkt1 = Vik) (Unb1 + Vik)-
k=0

The last term in the previuous relation is estimated by

r(n)
2b,, max{|al, |b|} 2b, max{|al, [b]}
B e D
k=0
which tends to zero. So we get J; — %62 strongly. Finally

r(n)

1
J3 = E(SnGQ)(S) + g ;Kn(sa Vn,k)”n,k(yn,k+1 - Vn,k)
and as before the last term tends to zero. So J3 — %62 strongly and hence U,ey —
ey strongly. The assertion follows from Theorem 3.2. ™

A classical particular case is given by the Bernstein-Kantorovich operator (see
[3]), defined by:

"/ (k+1)/(n+1)
(Unf)(s) = ( L ) sF(1—s)""*(n+ 1)/k ftdt, seI=][0,1].

Here we put 7(n) =n, vy = 31 and

Ko (8, Vni) = ( . )sm —5)" k1),

for every s € I = [0,1] and &k = 0,1,...n. It is well-known that in this instance,
(Uneo)(s) = eg(s) for every s € I and
_s(l—s)

my(Kp,s) =0, mao(Ky,,s)= -
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(see [20], [13], [3]) and so we can apply our previous theory to this operator.

6. Application to moment-type operators. Let us consider I = [O 1] an
(Kn)nen beasequence of kernel functions K, : I — IR§ with K,,(t)t~* € L1(I) and
the following properties

1 1
/ K,(t)dt =1 and / K.t tdt <W
0 0

for every n € IN and where W is an absolute constant.
Let ¢ € & be fixed and let L¥(I) be the corresponding Orlicz space (see the
previous section). For any function f € L¥(I) we define the positive linear operator

/K fis)dt, sel.

A typical example of such operators is generated by the ”moment” kernel defined by
K, (t) = (n+ 1)t"™, t € I. The properties of this operator were studied extensively
by several authors ( see e.g. [2], [8]). A first result on these operators is given by
the following proposition ( see also [8]).

PROPOSITION 6.1 T, f € L¥(I) whenever f € L¥(I) and
o?[Tnf] < Wo?[f].

Proor Using the Jensen inequality and the Fubini-Tonelli theorem, we have

#[Tf] < /K [/ o(12s)as|
/K Do [fldt < Welf]. .

We define the integral moments mj(K,,s) and ms(K,,s) on putting

K,,s —S/K )t —1)dt

ma (K, s) = 32/0 Ko (t)(t — 1)2dt.

As in the discrete case we have

and

PROPOSITION 6.2 A necessary and sufficient condition that

lim m;(Ky,-)=0, j=1,2

n—-+o00
strongly in L¥([0,1]) is that

hm T,Lej =ej, j=12

n—-+

strongly in L¥(]0, 1]).
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PROOF The proof follows from the identities

and

ml(Kn, S) = (Tnel - €1>(S)

ma(Ky, s) = (Thea — e2)(s) — 28 my (K, s).

As a consequence we get the following corollary

COROLLARY 6.3 If the moments my(K,-) and ma(K,,-) are strongly convergent
to zero then

lim T,f=f

n—-+4oo

modularly in L?(I) for each f € L¥(I).

PrOOF We only remark that in this instance by Proposition 6.1 Xy = L¥(I). nm
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