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Abstract. The paper is concerned with initial problems for nonlinear parabolic func-
tional differential equations. A general class of difference methods is constructed. A
theorem on the error estimate of approximate solutions for difference functional equa-
tions of the Volterra type with an unknown function of several variables is presented.
The convergence of explicit difference schemes is proved by means of consistency and
stability arguments. It is assumed that given function satisfy nonlinear estimates of
the Perron type with respect to a functional variable. Results obtained in the paper
can be applied to differential integral problems and equations with retarded variables.
Numerical examples are presented.
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1. Introduction. In recent years, a number of papers concerning numerical
methods for partial functional differential equations have been published.

Difference methods for nonlinear parabolic functional differential equations were
considered in [6], [10] - [12] [17], [18]. Numerical approximations of classical solutions
to first order partial functional differential equations were investigated in [1], [7], [8],
[13], [14]. The monograph [9] contains an exposition of recent developments of
difference methods for hyperbolic functional differential problems.

It is easy to construct an explicit or implicit Euler’s type difference method for a
nonlinear problem which satisfies the consistency condition on all sufficiently regular
solutions of a functional differential equation. The main task in these considerations
is to find a finite difference approximation of a original problem which is stable.
The method of difference inequalities or simple theorems on recurrent inequalities
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are used in the investigation of the stability of nonlinear difference functional prob-
lems. The proofs of the convergence of difference methods were also based on a
general theorem on error estimates of approximate solutions to functional difference
equations of the Volterra type with initial boundary conditions and with unknown
functions of several variables.

These considerations as a rule involved a lot of calculations to reach the conver-
gence result so the main property of the corresponding operators was not easy to
be seen. The aim of the present paper is to show that the results mentioned above
as well as many others theorems are consequences of a very simple result concerned
with an abstract nonlinear difference functional equation with unknown function of
several variables.

Now we formulate differential functional problems. For any metric spaces X and
Y we denote by C(X,Y) the class of all continuous functions from X into Y. We use
vectorial inequalities with the understanding that the same inequalities hold between
their corresponding components. Let M, «, denote the set of n x n matrices with
real element. Write

E =[0,a] xR", Ey=[—dy,0] xR", D =[-dp,0]x [—d,d]

where a > 0, dy € R, Ry = [0,+00) and d = (di,...,d,) € R’. For a function
z: EgUE — R and for a point (¢,z) € E we define a function z . : D — R as
follows: z(;4y(7,y) = 2(t + 7,2 +y), (7,y) € D. The maximum norm in the space
C(D,R) is denoted by || - ||p. Write

and suppose that F': ¥ — R and ¢ : Ey — R are given functions. We consider the
problem consisting of the functional differential equation

(1) 0p2(t, ) = F(t,2, 24 2), 0x2(t, ), Opa2(t, ) )
and the initial condition

(2) z(t,x) = ¢(t,z) on Ey

where z = (21,...,2,) and

022 = (0,2, .., 0y,2), Opgz = [5'371,37].2]1.,‘74:17”.)71.

Differential equations with deviated variables and differential integral equations
can be obtained as particular cases of (1) by suitable definitions of the operator F.
Existence and uniqueness results for classical or generalized solutions for (1), (2) are
given in [2], [3], [4], [5].

We are interested in establishing a method of approximation of classical solutions
to problem (1), (2) by means of solutions of associated difference functional problems
and in estimating of the difference between the exact and approximate solutions. The
results presented in [6], [10] - [12] [17], [18] are not applicable to (1), (2).

The paper is organized as follows. In Section 2 we propose a general method for
the investigation of the stability of difference schemes generated by initial problems
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for nonlinear functional differential equations. We prove a theorem on error estimates
of approximate solutions to functional difference equations of the Volterra type with
unknown function of several variables. The error of an approximate solution is
estimated by a solution of an initial problem for a nonlinear differential equation.
In Section 3 we apply the above general idea to the investigation of the convergence
of difference schemes for (1), (2). Numerical examples are given in the last part of
the paper.

We use in the paper general ideas for finite difference equations which were
introduced in [9], [15], [16].

2. Stability of difference functional problems. For any two sets U and
W we denote by F(U, W) the class of all functions defined on U and taking values
in W.If f: U — W and V C U then f |y is the restriction of f to the set V. Let
N and Z be the sets of natural numbers and integers respectively. We define a mesh
on Eg U E in the following way. Suppose that (hg,h’) = h, h' = (hy, ..., hy), stand
for steps of the mesh. For (r,m) € Z'*™ where m = (my,...,m,), we define nodal
points as follows:

t) = rhy, (™ = (azgml) . ,:c%m")) = (myihy,...,muhy).

Let us denote by H the set of all h such that there are Ky € Zand K = (K;,...,K,) €
Z" satisfying the conditions: Kohg = dy and (K1hy,..., K hy,) = d. Write

Ry = { ("), 2™y (r,m) € 21"}

and
E,=ENR™ Eyp=FEyNR;™, Dy =DNR™.

Let Ny € N be defined by the relations: Nohg < a < (Ny + 1)hg and
E ={(t",2M)ecE,: 0<r<Ny—1}.
Set L =(Ly,...,L,) where L; = max{1,K; } fori=1,...,n and
Qp={(t",2M): —Ky<r<0, -L<m<L}

For functions w: Q, — R and z : Eyp U Ej, — R we write w(™™) = w(t(”),w(m)) on
Oy, and z(m™) = z(t(r), x(m)) on By ,UEL. If z: By, UE;, — R and (t(T),x(m)) € Ey
then the function 2z, : 2, — R is given by

2y (1,y) = 27 + 7,20 1), (1,y) € .
Then 2, ) is the restriction of z to the set
([t(7) . d07t(7-)] « [x('m) _ b,LL'("L) + b]) N R}llJrn

where b = (L1h1,...,L,h,) and this restriction is shifted to the set €y,.
Suppose that the operator Fy, : Ej x F(Q,R) — R is given. For (¢, 2™ w) €
E; x F(Qn,R) we write

Fulw] ) = By (10, 207 ).
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Given ¢, € F(Ep.n,R), we consider the functional difference equation
(3) Sr+lm) _ Fh[z(r,m) ](nm)

with the initial boundary condition

(4) Zrm) — @;Z»,m) on Eyp.

It is clear that there exists exactly one solution z, : Fy.p, U Ej, — R of (3), (4).
Suppose that the functions vy, : Fgp U Ep, — R and &, 7 : H — R, satisfy the

conditions )
o7 — Bl (0n) rmy | ™| < A(R) on B,

|(p(r,m) . v;f’m)| < a(h) on Eyy and

{ im G(h) =0, lim 5(h) = 0.

1
h—0
The function vy, satisfying the above relations is considered as an approximate so-

lution of (3), (4). We give a theorem on the estimate of the difference between the

exact and approximate solutions of (3), (4).
Write

Vi, ={(t", 2™y e Qy: r=0, -1<m; <1 for i=1,...,n}.
For a function w : Q, — R we put
I Iy I = max {[w™] : (£7,2™) € Dy )
Iy, fln = masx "™+ (£7),2) € i ).
For z : By, U B, — R we define the seminorms
|2][n.r = sup{ |z0m)| . —Ky<i<r, meZ" }, 0<r < N

Set
Ap = {tO M Ny

For 3 : Ay, — R we write 8 = (")) on A,

The following assumption will be needed throughout the paper.

Assumption H[o]. The function o : [0,a] x Ry — R, of the variables (¢,p)
satisfies the conditions:

1) o is continuous and it is nondecreasing with respect to the both variables,

2) o(t,0) =0 for t € [0,a] and the function w(t) = 0 for ¢ € [0, a] is the maximal
solution of the Cauchy problem

() =o(t,w(t), w(0)=0.

We give a theorem on the estimate of the difference between the exact and
approximate solutions to problem (3), (4).
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THEOREM 2.1 Suppose that F}, : B} x F(Q,,R) = R, ¢, : Eg.p — R and
1) up : Eo.n U Ep — R s the solution of (3), (4),
2) vy : Egp UER — R and there are ap, v : H — Ry such that

(5) ‘U;T+17m) - Fh[ (vh)(r,m) }(r,m)| < hOV(h) on E;z and }llli% V(h) =0,

(6) |g0(rm e m)| < ag(h) on Eyp, and }ILIE%J ap(h) = 0.

3) there exists o : [0,a] x Ry — Ry such that Assumption H[o] is satisfied and
(7) |Fn[w]™ = Fy[w]"™] < (w =) |y, [|n
oo (10, lw = @) I, ).

on E; x F(Q,R).
Then
(8) lun — vnlln, <w@® ™, h) for 0<r < Ny,
where w( -, h) : [0,a] — Ry is the mazimal solution of the Cauchy problem

W (1) = o(t,w(t) +1(R), w(0) = ao(h).
PrOOF Let us denote by S : A, — R, the solution of the difference problem
AU = 80 4 oo (¢, 87)) + hoy(h), 0 <r < N — 1,
5(0) = ao(h).

It follows easily that
(9) lun = onllnr < B for 0 <r < No.
The function w( -, h) is convex on [0, a]. Then we have

WtV R) > Wt B) + hoo (7, w(t ), b)) + hoy(h), 0<r < Ny—1.

This gives
ﬁ,(f) < w(t(”, h) for 0 <r < Np.

The above inequality and (9) imply (8). This proves the theorem. n

REMARK 2.2 If all the assumption of Theorem 2.1 are satisfied then there is « :
H — R, such that

(10) lur, — vpllnr < a(h) for 0 <r < Ny and ’llirr%) a(h) = 0.

It follows from (8) that the above condition is satisfied with a(h) = w(a, h).
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REMARK 2.3 Suppose that o(t,p) = Lop on [0,a] x Ry where Ly € Ry. Then
assumption (7) has the form

|En[w]C™ = Fy[@]"™] < ||(w = @) |y, lIn+ hoLoll(w — @) |, ||n
on E; x F(Q,R). Then assertion (10) has the form

lur — vpllnr < @&(h) for 0 <r < Ny

where

(11) a(h) = ag(h) exp[Loa] + ’y(h)emp[LI?:]_l if Lo >0,
and

(12) a(h) = ag(h) +ay(h) if Lo=0.

The above estimates are important in applications.

3. Difference schemes for parabolic functional differential equations.
We formulate a difference method for initial value problem (1), (2). Write

F={(,j)eN?: 1<ij<n, i#j}

and suppose that we have defined the sets I'y, I'_ C I' such that I'y UI'_ =T,
'y NT_ = (. In particular, it may happens that 'y = () or I'_ = (). Moreover we
assume that (¢,j) € Ty when (j,4) € T'y.

For 1 < i < n we define ¢; = (0,...,0,1,0,...,0) € R™ with 1 standing on the
i—th place. We consider the difference operators 6;" and 6;, 1 <i < n, defined by

5;&-2(7",771) — [z(r,erei) _ Z(r,m)}

1
h; ’
6_—Z(r,m) — i [z(r,m) _ Z(r,m—ei) ] ]
i h;

Let 6o and (d1,...,0,) = J be difference operators given by

5 Z(r,m) — i Z(rJrl,m) . Z(r,m)
0 [ }7

0
(Siz(r’m) — i [Z(T,m+ei) _ z(r,mfei)jl 1<i<n.
2h; , 11>
We apply the difference operators
2) _
5( ) - [52'3']1'7]':1,4“7”

defined in the following way

8,20 = 5;’ 0; Zrm =1, n,
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and

82 = [0 o5 2™ 5o 6;' z(r’m)] for (i,j) e I'_,

N |

1 - 5= (rym s
5ijz(7‘,m) — 5 [5:" 5;" Z(T,m) + 51 5_] Z( ) ) } for (Z,j) € F+.
In the same way we define the difference expressions

Sw(0:9) — (61w(0’9), e (5nw(0,9)>7 5(2),(0,0) — [5ijw(079) ]

i,j=1,....n°

where w : Q, — R and § = (0,...,0) € R™.

We need the following discrete version of the operator (t,r) — z( ). Suppose
that z : Egp, UE, — R and (t(r),x(m)) € Ep. Then zj, ) : D, — R is a function
defined by

2 (T, ) = 2t + 7,20 44, (1,y) € D.
The maximum norm in the space F(Dj,,R) is denoted by || - ||p,,-

Equation (3) contains the functional variable z(;,) which is an element of the
space C'(D,R). Since solutions of difference equations are functions defined on the
mesh then we need an interpolating operator T}, : F(Dy,R) — C(D,R).

Given ¢ : Egp p, — R and the operator T}, : F(Dy,,R) — C(D,R). We approximate
classical solutions of (1), (2) with solutions of the difference functional equation

(13) Sz "™ = F (), 2™ Ty 2, 6200 622 (mm) )
with the initial condition
(14) Z(’r’,m) — @Elr’m) on E04h~

It is clear that there exists exactly one solution up : Eg.p U Ep — R of (13), (14).
We claim that the difference method (13), (14) is a particular case of (3), (4).
Let F, : B x F(Qp,,R) — R be defined by

(15) Fh[w](r’m) = w09 4 hoF(t(r)7 2 Thw, w0 | §2)qy(0:0) )

with the above defined §w(®? and §®w (9. Tt is clear that (13), (14) is equivalent
to (3), (4) with F}, defined by (15).

4. Convergence of difference methods. Our basic assumptions on F and
T}, are the following.
Assumption H[F]. The function F : ¥ — R of the variables (¢, z,w, g, s) where

q= ((Ih cee 7Qn); s = [Sij]i,jzl,...,n
is continuous and
1) the partial derivatives

0,F = (0, F,...,0q,F), 0,F = [0, F

Sij ]i,j:l,...,n

exist on ¥ and 9, f € C(X,R"), 0sF € C(E, My xn),
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2) for each P = (t,x,w, q,s) € 3 the matrix d;F(P) is symmetric and

(16) s, F(P) > 0 for (i,5) € Ty,
(17) 0s,, F(P) <O0for (i,5) €T,
1
_ - - >
(18) 1 — 2hg Z 85”F ) + ho Z o |0s,, F(P)| > 0,
(i,5)eT

(19) ias..F(P)— zn: —0s,, F(P)| —1|a F(P)|>0,1<i<n

hi e J @j 2 qi ’ ’

=g
3) there is 0 : [0,a] x Ry — Ry such that Assumption HJ[o] is satisfied and
(20) | F(tvxaw»% S) - F<ta x,w,q, 3) | < U(t7 ”w - 'LDHD) on X.

Assumption H[T,]. The interpolating operator Ty, : F(Dp,R) — C(D,R)
satisfies the conditions:

1) for w,w € F(Dy,R) we have
[Thw = Thwl[p < [lw =@,
2) if w is of class C? then there is 3 : h — Ry such that
(Tuin @l < B(h) and Jim B(h) =
where Wy, is the restriction of @ to the set Dy,.

REMARK 4.1 An example of T}, satisfying Assumption H|[T}] can be found in [9],
Chapter V.

Now we prove a theorem on the convergence of the method (13), (14).

THEOREM 4.2 Suppose that Assumption H[F] is satisfied and

1) there is ¢ > 0 such that h; < ¢h; fori, j=1,...,n

3

2) up : Eop UER — R is a solution of (18), (14) and there is oy : H — Ry such
that

(21) fgo(r’m) - @Elr’m)| < ag(h) on Epp and }llirrb ap(h) =0,
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3) v: EgUE — R is a classical solution of (1), (2) and v is of class C? on EqUE
and the function Oy,v is bounded on Eq U E.

Then there is o« : H — R such that
(22) |(vh — uh)(r’m)} < a(h) on E), and %in}) alh) =0,

where vy, is the restriction of v to the set Ey.p U E},.

PrROOF We apply Theorem 2.1 to prove (22). Suppose that F}, is given by (15). It
follows that up, : Egp U Ep — R satisfies (3), (4) and there is v : H — Ry such that
condition (5) is satisfied. From (21) we conclude that condition (6) holds.

Now we consider the difference F},[w] — F},[w] where w, w € F(Q,,R). Write

AP = by {F(t(r),x(m),Th[w D, ], 6w 52y (0:0))
_F (40,20 Ty |py ], 5w ®?, 52000 )]
It follows from Assumption H[F] that there are
Sh Eh - R Sh = (Sh.l, ceey Sh.n)a
Sh : Eh —>R:L_7 Sh = (gh.17~--7§h.7z)a

and
Qn: E;L = Mpxn, Qn= [Qh-ij}i,j=1,...,n
such that
Qi) =0 for (i,j) €T,
> Q<1 on B,
i=1
and
Fuw] ™) = Fyfa] ) = AP+ 1 ZQ&L’Z‘ - @)
+ Z S(r m) 0 €; + Z S}(LTer) (0 —eq)
¥ Z Qi [(w ) DS
(i,5)eTr—
20 QY [ = @) g (- ) O],
(4,5)€r+

Moreover we have

BCEAED SEEEED SL CEED DRCARY
i=1

(i,5)€er

where (£, 2(™) € E}.
The above relations and (20) imply (7). Thus we see that all the assumptions of
Theorem 2.1 are satisfied and the assertion (22) follows. n
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REMARK 4.3 Suppose that all the assumption of Theorem 4.2 are satisfied and
o(t,p) = Lop on [0,a] x Ry

where Ly € Ry. Then we have
| (un — vh)(r’m)| <a(h) on Ej

where & : H — Ry is given by (11), (12).

REMARK 4.4 Results presented in the paper can be extended on weakly coupled
differential functional systems.

5. Numerical examples. Put h = (hg, h1, he) and (") = rhg, (2(m1) y(m2)) =
(myhy1, mohs) where r € N, (N1, No) € Z?. Write
Qh = {(t(r)uw(ml)ay(mQ)) : 0 S r S NO7
(7N1 + 7, 7N2 + T) < (ml,mQ) S (Nl -, N2 — T')}

where Noh() = a, (Nlhl,Nth) = (bl,bg) and N1 > No, N2 > N().

EXAMPLE 5.1 Put n = 2. Consider the differential equation with deviated variables

(23) 8tz(t7$7y) = 8Iwz(t7m7y) + 8yyz(t’xa y) + 8wvz(t7x7y)

1
+3 sin [0y z(t, 2, y) + Oyyz(t, z,y) + 205y 2(t, z,y)]
+2(t,0.52,0.5y) — 2(0.5t,z,y) + (x —y — t2)2(t, z,y)
and the initial condition
(24) Z(vaay) =1 (xvy) € (7b1,b1) X (7b23b2)a

where by > 0, by > 0. The function v(t,z,y) = exp[t(xz — y)] is the solution of (23),
(24). Let zp, : 5, — R denote the function which is obtained by using the difference
scheme for (23), (24). Write

M(r) = [2(Ny =) + 1][2(N2 — ) + 1]

and

le’l‘ N277‘

) > e =), 0 <r < Ny,

v=—Ni+r u=—Na+r

(r) _
(25) € = W

g) are the arithmetical

where vy, is the restriction of v to the set €;,. The numbers ¢
means of the errors with fixed ¢(").
In the table we give experimental values of the function ¢; for the following

parameters: a = 0.3, by = by = 15, hg = 1073, hy = hy = 5 - 1072.
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()

0.12
0.14
0.16
0.18
0.20
0.22
0.24
0.26
0.28
0.30

The results shown in the table are consistent with our mathematical analysis.

ExAMPLE 5.2 Consider the differential integral equation

(26) O¢z(t, x,y) = arctan {sz(t, x,Y) + Oyy2(t, x,y) — Ozyz(t, z,y)

1/ ry
w2atta) g [ sAt&ndnde] + s(tp) + cosa cosy.

and the initial condition

(27) Z(O,Z‘,y) = 0, (x,y) S [7()1,()1] X [71)2,1)2}.

Table I
Eg)

0.007703351393
0.007604331355
0.006870163962
0.005711592060
0.004392285379
0.003172335124
0.002226460011
0.001608708800
0.001262877956
0.001262935748

The solution of the above problem is known, it is

v(t,z,y) = (et — 1) cosx cosy.

Let zp : 2, — R denote the function which is obtained by using the difference scheme

for (26), (27). We consider the errors ¢, defined by (25) for the above problem.

In the Table IT we give experimental values of the function €j for the following

parameters: a = 0.3, by = by = 15, hg = 1073, hy = hy = 5- 1072

()

0.12
0.14
0.16
0.18
0.20
0.22
0.24
0.26
0.28
0.30

Table II

55:')

0.009864483038
0.013089607365
0.015369589723
0.022974892126
0.028555330021
0.028097648984
0.041702538920
0.056714130083
0.031326660304
0.016250286891
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The errors presented in Table II are larger than the errors from Table I. This is due
to the fact that we have differential equation with deviated argument in Example
5.1 and we approximate the unknown function at the points

(t,0.52m1) 0.5¢(™2)) and (0.5t (M) y(m2)),

In Example 5.2 we have differential integral equation and the function z is ap-
proximated on the set

{t(r)} % [_z(mﬂ’x(ml)] ~ [_y(m2)’y(m2)]_

Difference methods considered in the paper have the following property: a large
number of previous values z(*) must be preserved because they are needed to com-
pute an approximate solution with ¢ = ¢t("t1),

Acknowledgement. The numerical computations reported in the paper were
performed at the Academic Computer Center TASK in Gdansk.
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