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Abstract. The purpose of this paper is to present strong maximum principles for

infinite systems of parabolic differential-functional inequalities with initial inequali-

ties in relatively arbitrary (n+1)-dimensional time-space sets more general than the
cylindrical domain.
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1. Introduction. In this paper we shall consider an infinite system of parabolic
type differential-functional inequalities of the form

(1) uit (x, t) ≤ Fi
(
x, t, ui (x, t) , uix (x, t) , uixx (x, t) , u

)
(i ∈ N) ,

where x = (x1, ..., xn), (x, t) ∈ D and D ⊂ Rn × (t0, t0 + T ].
The symbol u denotes the mapping

u : N× D̃ 3 (i, x, t) −→ ui (x, t) ∈ R,

where D̃ is an arbitrary set such that

D ⊂ D̃ ⊂ Rn × (−∞, t0 + T ].

The right-hand sides Fi (i ∈ N) of system (1) are functionals of u, uix(x, t) =
gradxu

i(x, t) and uixx(x, t) denote the matrices of second order derivatives with
respect to x of ui(x, t) (i ∈ N).
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In this paper we give theorems on strong maximum principles for problems with
inequalities (1) and with the initial inequalities uj(x, t0) ≤ Kj for x ∈ St0 ,
j ∈ N, where Ki (i ∈ N) are constant functions such that (K1,K2, ...) ∈ l∞ and
St0 = int{x ∈ Rn : (x, t0) ∈ D}.

Some ideas of the paper are patterned on those introduced by Walter [12] and
[13],by Besala [1], by Szarski [9] and [10], by Byszewski [2] and [3].

Comparison theorems for infinite systems of parabolic functional-differential equa-
tions were considered by D. Jaruszewska-Walczak in [4]. The results obtained in [4]
are in the case when the solutions are defined on bounded sets. In this paper, the
situation is different. Consequently, the assumptions on the right- hand sides of the
equations and inequalities, in this paper, are different than in [4].

Infinite and finite systems of hyperbolic functional differential inequalities were
considered by Z. Kamont in [5] and [6]. The monograf [5] is a self-contained ex-
position of hyperbolic functional differential inequalities and their applications, on
which topic the present author initiated research. It aims to give a systematic and
unified presentation of recent developments in the following problems: functional
differential inequalities generated by initial and mixed problems; existence theory
of local and global solutions; functional integral equations generated by hyperbolic
equations; numerical methods of lines for hyperbolic problems; and difference meth-
ods for initial and initial-boundary value problems. Besides classical solutions, some
classes of weak solutions are also treated, such as Carathéodory solutions for quasi-
linear equations, entropy solutions and viscosity solutions for nonlinear problems,
and solutions in the Friedrichs sense for almost linear equations. The theory of
difference and differential difference equations generated by original problems and
its applications to the construction of numerical methods for functional differential
problems is also discussed.

In paper [6], Z. Kamont presents general comparison theorems for hyperbolic
functional-differential infinite systems. He gives an estimate of functions of several
variables satisfying an infinite system of functional differential inequalities by means
of solutions of suitable systems of ordinary functional-differential equations. As a
consequence he obtains a general theorem of the Perron type on the uniqueness of
classical solutions of initial value problems. Next he proves a comparison result for
infinite systems with initial-boundary value conditions. A general uniqueness result
with nonlinear estimates of the Perron type is also obtained.

2. Preliminaries. We shall use the following notations:

N = {1, 2, ...}, x = (x1, ..., xn) ∈ Rn (n ∈ N).

By l∞ we denote the Banach space of real sequences ξ = (ξ1, ξ2, ...) such
that sup{

∣∣ξj
∣∣ : j = 1, 2, ...} < ∞ and ‖ξ‖l∞ =sup{

∣∣ξj
∣∣ : j = 1, 2, ...}. For

ξ = (ξ1, ξ2, ...), η = (η1, η2, ...) ∈ l∞ we write ξ ≤ η in the sense ξi ≤ ηi (i ∈ N).
By Mn×n(R) we denote the space of real square symmetric matrices r = [rjk]n×n.
We write r ≥ 0 if

n∑

j,k=1

rjkλjλk ≥ 0
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for all (λ1, ..., λn) ∈ Rn.
Let t0 be an arbitrary real finite number and let T ∈ (0,∞).
A set D ⊂ {(x, t) : x ∈ Rn, t0 < t ≤ t0 + T} is called a set of type (P) if:
(a) The projection of the interior of set D on the t-axis is the interval (t0, t0 +T ).
(b) For every

(
x̃, t̃
)
∈ D there exists a positive number r = r

(
x̃, t̃
)

such that
{

(x, t) :
n∑

i=1

(xi − x̃i)2 +
(
t− t̃

)2
< r, t < t̃

}
⊂ D.

(c) All the boundary points
(
x̃, t̃
)

of D for which there is a positive number
r = r

(
x̃, t̃
)

such that
{

(x, t) :
n∑

i=1

(xi − x̃i)2 +
(
t− t̃

)2
< r, t ≤ t̃

}
⊂ D

belong to D.
For any t ∈ [t0, t0 + T ] we define the following sets:

St =
{
int{x ∈ Rn : (x, t0) ∈ D} for t = t0,
{x ∈ Rn : (x, t) ∈ D} for t 6= t0,

σt =
{
int[D ∩ (Rn × {t0})] for t = t0,
D ∩ (Rn × {t}) for t 6= t0.

Let D̃ be an arbitrary set such that

D ⊂ D̃ ⊂ Rn × (−∞, t0 + T ].

We introduce the following sets:

∂pD := D̃\D and Γ := ∂pD \ σt0 .

For an arbitrary fixed point
(
x̃, t̃
)
∈ D, we denote by S−

(
x̃, t̃
)

the set of points
(x, t) ∈ D, that can be joined to

(
x̃, t̃
)

by a polygonal line contained in D along
which the t-coordinate is weakly increasing from (x, t) to

(
x̃, t̃
)
.

Let Z∞(D̃) denote the linear space of mappings

w : N× D̃ 3 (i, x, t) −→ wi (x, t) ∈ R,

where functions
wi : D̃ 3 (x, t) −→ wi (x, t) ∈ R

are continuous in D and

sup{
∣∣wi (x, t)

∣∣ : (x, t) ∈ D̃, i ∈ N} <∞.

In the set of mappings w belonging to Z∞(D̃) we define the functional [·]t,∞ by
the formula

[w]t,∞ = sup{0, wi
(
x, t̃
)

:
(
x, t̃
)
∈ D̃, t̃ ≤ t, i ∈ N},
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where t ≤ t0 + T.
By Z2,1

∞ (D̃) we denote the linear subspace of Z∞(D̃). A mapping w belongs to
Z2,1
∞ (D̃) if wit, w

i
x =

(
wix1

, ..., wixn

)
, wixx = [wixjxk

]n×n (i ∈ N) are continuous in D.
For each i ∈ N by Fi we denote the mapping

Fi : D ×R×Rn ×Mn×n (R)× Z∞(D̃) 3 (x, t, z, q, r, w)
−→ Fi (x, t, z, q, r, w) ∈ R (i ∈ N) ,

where q = (q1, ..., qn) and r = [rjk].
By Pi (i ∈ N) we denote an operator given by the formula

(Piw) (x, t) := wit (x, t)− Fi
(
x, t, wi (x, t) , wix (x, t) , wixx (x, t) , w

)
(i ∈ N) ,

for w ∈ Z2,1
∞ (D̃) and (x, t) ∈ D.

A function u ∈ Z2,1
∞ (D̃) is called a solution of the system of the functional-

differential inequalities
(Piu) (x, t) ≤

(≥)
0 (i ∈ N)

in D, if they satisfy the system for all (x, t) ∈ D.
For a given subset E ⊂ D, and a given mapping w ∈ Z2,1

∞ (D̃) and a fixed
index i ∈ N the function Fi is called uniformly parabolic with respect to w in E,
if there is a constant κ > 0 (depending on E) such that for any two matrices
r = [rjk] ∈Mn×n (R), r̃ = [r̃jk] ∈Mn×n (R) and for (x, t) ∈ E we have

(2) r ≤ r̃ =⇒ Fi
(
x, t, wi (x, t) , wix (x, t) , r̃, w

)

− Fi
(
x, t, wi (x, t) , wix (x, t) , r, w

)
≥ κ

n∑

j=1

(r̃jj − rjj) .

If (2) is satisfied for κ = 0 and r = wixx (x, t), where (x, t) ∈ E, and for r̃ =
wixx (x, t) + r̂, where (x, t) ∈ E and r̂ ≥ 0, then Fi is called parabolic with respect to
w in E.

An unbounded set D of type (P ) is called a set of type (PΓ), if

(3) Γ ∩ σt0 6= ∅.

A bounded set D of type (P ) is called a set of type (PB). It is easy to see that each
set D of type (PB) satisfies condition (3).

For every set A ⊂ D̃ and for each function w ∈ Z∞(D̃) we apply the notation:

max
(x,t)∈A

w (x, t) :=
(

max
(x,t)∈A

w1 (x, t) , max
(x,t)∈A

w2 (x, t) , ...
)
.

3. Lemma. Using some ideas and methods from [1], [3], [8]-[12], the following
lemma on strong maximum principles for infinite systems in a set of type (P ) can
be obtained (see: J. Brandys, Infinite systems of functional-differential inequalities,
Ph. D. thesis, Cracow 2003).
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Lemma 3.1 Suppose that:
1) D ⊂ Rn × (t0, t0 + T ] is a set of type (P ) .
2) Fi (i ∈ N) are the mappings as in Section 2 and there exists constant L¿0

such that

Fi (x, t, z, q, r, w)− Fi (x, t, z̃, q̃, r̃, w̃)

≤ L


|z − z̃|+ |x|

n∑

j=1

|qj − q̃j |+ |x|2
n∑

j,k=1

|rjk − r̃jk|+ [w − w̃]t,∞




for all (x, t) ∈ D, z, z̃ ∈ R, q, q̃ ∈ Rn, r, r̃ ∈Mn×n (R) , w,w̃ ∈ Z∞(D̃).
3) u ∈ Z2,1

∞ (D̃).
4) ui (x, t) ≤ Ki (i ∈ N) for (x, t) ∈ ∂pD, where Ki (i ∈ N) are a constant

such that
(
K1,K2, ...

)
∈ l∞.

5) Fi
(
x, t,Ki, 0, 0,K

)
≤ 0 for (x, t) ∈ D (i ∈ N), where K is defined by the

formulae
K : N×D̃ 3 (i, x, t) −→ Ki.

6) The mapping u is a solution of system

(Piu) (x, t) ≤ 0 for (x, t) ∈ D (i ∈ N).

7) The mappings Fi (i ∈ N) are parabolic with respect to u in D and uniformly
parabolic with respect to K in any compact subset of D.

Then
u (x, t) ≤ K for (x, t) ∈ D̃.

Moreover, if there is a point
(
x̃, t̃
)
∈ D such that u

(
x̃, t̃
)

= K, then

u
(
x̂, t̂
)

= K for
(
x̂, t̂
)
∈ S−

(
x̃, t̃
)
.

4. Strong maximum principles in sets of types (PΓ) and (PB). Using
Lemma 3.1 we can demonstrate the following theorem on strong maximum principles
with initial inequalities in sets of types (PΓ) i (PB) .

Theorem 4.1 Suppose that:
(i) D ⊂ Rn × (t0, t0 + T ] is a set of type (PΓ) or (PB) and assumption 2) of

Lemma 3.1 holds.
(ii) u ∈ Z2.1

∞ (D̃) and the maximum of function u on Γ is attained. Moreover,

(4) Ki := max
(x,t)∈Γ

ui(x, t) (i ∈ N)

and K ∈ l∞ is defined by formulae

K : N×D̃ 3 (i, x, t) −→ Ki.

(iii) The following inequalities hold

(5) u (x, t0) ≤ K for x ∈ St0 .



146 Strong maximum principles for infinite systems of differential-functional inequalities

(iv) There exist a point (x∗, t∗) ∈ D̃ such that

u (x∗, t∗) = max
(x,t)∈D̃

u (x, t) .

Moreover,

(6) M i := ui (x∗, t∗) (i ∈ N)

and M ∈ l∞ is defined by

M : N×D̃ 3 (i, x, t) −→M i.

(v) Fi
(
x, t,M i, 0, 0,M

)
≤ 0 for (x, t) ∈ D (i ∈ N).

(vi) The function u is a solution of system

(Piu) (x, t) ≤ 0 for (x, t) ∈ D (i ∈ N).

(vii) The mappings Fi (i ∈ N) are parabolic with respect to u in D and uniformly
parabolic with respect to M in any compact subset of D.

Then

(7) max
(x,t)∈D̃

u (x, t) = max
(x,t)∈Γ

u (x, t) .

Moreover, if there is a point
(
x̃, t̃
)
∈ D such that

u
(
x̃, t̃
)

= max
(x,t)∈D̃

u (x, t) ,

then
u
(
x̂, t̂
)

= max
(x,t)∈Γ

u (x, t) for
(
x̂, t̂
)
∈ S−

(
x̃, t̃
)
.

Proof We shall prove Theorem 4.1 for a set of type (PΓ) . The proof for a set of
type (PB) is analogous.

We shall argue by contradiction. Suppose that the contrary of (7) holds, i.e.

M 6= K.

Next (4) and (6) implies inequalities

Ki ≤M i (i ∈ N).

Consequently:

(8) There is l ∈ N such that Kl < M l.

Observe, from assumption (iv) that:

There is a point (x∗, t∗) ∈ D̃ such that(9)
u (x∗, t∗) = M := max

(x,t)∈D̃
u (x, t) .
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By (9), by assumption (ii) and by (8) we have

(10) (x∗, t∗) ∈ D̃ \ Γ = D ∪ σt0 .

Assume that

(11) (x∗, t∗) ∈ D.

From assumptions (v) and (vi) and from (9) we get

(12)

Fi
(
x, t,M i, 0, 0,M

)
≤ 0 for (x, t) ∈ D (i ∈ N),

u ∈ Z2,1
∞ (D̃),

(Piu)(x, t) ≤ 0 for (x, t) ∈ D (i ∈ N) ,

u (x, t) ≤M for (x, t) ∈ D̃,

u(x∗, t∗) = M.





The assumption that D is a set of type (P ) , assumption 2) (see assumption (i)),
relations (11) and (12) and assumption (vii) imply, by Lemma 3.1, the equation

(13) u (x, t) = M for (x, t) ∈ S− (x∗, t∗) .

On the other hand, from the definition of a set of type (PΓ), there is a polygonal
line γ ⊂ S− (x∗, t∗) such that

(14) γ ∩ Γ 6= ∅.

Since ui ∈ C(D) (i ∈ N), we have a contradiction of formulae (13) and (14) with
formulae (4) and (8). Therefore, (x∗, t∗) /∈ D and, consequently,from (10), (x∗, t∗) ∈
σt0 . But this leads, by (8), to a contradiction of (5) with (9). The proof of (7) is
complete.

The second part of Theorem 4.1 is a consequence of equality (7) and of Lemma
3.1. Therefore, the proof of Theorem 4.1 is complete. �
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