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Monotonic solutions of multi term fractional
differential equations

Abstract. In this paper, we present an existence of monotonic solutions for a nonlin-
ear multi term non-autonomous fractional differential equation in the Banach space
of summable functions. The concept of measure of noncompactness and a fixed point
theorem due to G. Emmanuele is the main tool in carring out our proof.
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1. Introduction. A series of papers and monographs were devoted to the
investigation of ordinary fractional differential equations (see e.g. [3], [11], [16], [17],
[18], [23] and the references therein). Numerous application of such equations have
been presented in the recent literature ([2], [8], [20], [22], for instance). As a pursuit
of this in the present paper, we deal with the existence of nondecreasing solutions
for the non-autonomous multi-term differential equation of the fractional type
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x(t) = f(t, x(ϕ(t))), a.e. on (0, 1),

 
nX

i=1

aiI
1−αix

!
(0) = 0,

where a1, a2, · · ·, an−1, are constans, an = −1, 0 < α1 < α2 < · · · < αn < 1 and Dαi

denotes the standard Riemann-Liouville fractional derivative. Our investigation is based
on reducing the problem (1) to the Volterra integral equation

(2) x(t) =

n−1X
i=1

aiI
αn−αix(t) + Iαnf(t, x(ϕ(t))), a.e. on (0, 1).

The notation I1−αx(0) means that the limits taken at almost all points of the right-
sided neighborhood (0, ε), ε > 0 of 0.
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The problems (1) and (2) have been intensively studied by many authors ( see
[3], [6], [10], [11], [12], [14], [18] and others). But most of the above investigations
were not complete, however, most researchers have obtain results not for the initial
value problems, but for the corresponding Volterra integral equations. Moreover,
some of the results obtained contain errors in the proof of equivalence of the initial
value problems and the Volterra integral equations. In this regard, see survey paper
by Kilbas and Trujillo [16]. Our paper is a continuation of mentioned papers.
Our goal here is to prove the existence of nondecreasing solutions to the problems
(1) and (2) under a linear growth condition on the nonlinearity. The proof is based
on the standard fixed point theorem due to Emmanuele.

2. Preliminaries. Denote by L1(0, 1), the class of all Lebesgue integrable
functions on the interval (0,1) with the usual norm ‖·‖. Define fractional integral
operator by

Iαx(t) :=
1

Γ(α)

∫ t

0

(t− s)α−1x(s) ds, t ∈ [0, 1].

Using the known relation between Beta- and Gamma functions, a well known calcula-
tion with the Fubini-Tonelli theorem shows that IαIβx = Iα+βx for each x ∈ L1[0, 1]
and each α, β > 0. In particular, In is the n-th iterate of usual integral operator,
and so Iα may indeed be considered as a corresponding fractional integral. The
fractional (Riemann-Liouville) differential operator corresponding to Iα is defined
by Dαx(t) := DI1−αx(t), α ∈ (0, 1), where D denotes the usual differential operator.
The following lemma is folklore (cf. [11], [17] and [21]).

Proposition 2.1 Let α, β ∈ R+, f ∈ L1(0, 1) and n = 1, 2, 3, · · · . Then we have:

1. Iα : L1(0, 1) → L1(0, 1) is continuous operator and Iα Iβf(t) = Iα+βf(t),

2. Iα maps the nondecreasing functions into functions of the same type.

3. DαIαf(t) = f(t). If the fractional derivative Dβf is integrable, then

IαDβf(t) = Iα−βf(t)−
[
I1−βf(t)

]
t=0

tα−1

Γ(α)
, 0 < β ≤ α < 1.

For more remarks concerning the fractional calculus, we refer to ( [17], [19] and [21]).

Now denote by S = S(0, 1) the set of all Lebesgue measurable function acting
from (0,1) into R. Let us furnish this set with the metric

ρs(x, y) := inf[a+meas{s : |x(s)− y(s)| ≥ a} : a > 0],

where the symbolmeasD stands for the Lebesgue measure of the setD. Then S(0, 1)
becomes a complete metric space if we identify functions which are equal a.e. on
(0,1) [7]. The complete description of compactness in measure ( i.e. the compactness
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in the space S(0, 1) was given by Fréchet [7].We will not quote this criterion because
it has rather complicated form. Based on this criterion we have the following result
[4].

Theorem 2.2 Let X be a bounded subset of L1(0, 1) consisting of functions which
are a.e. nondecreasing on the interval (0,1). Then X is compact in measure.

In what follows we shall need the following fundamental result [13].

Theorem 2.3 (Emmanuele’s Fixed PointTheorem) Let Q be a nonempty, clo-
sed, bounded, compact in measure and convex subset of a real Banach space L1(0, 1)
and T : Q −→ Q be β − condensing i.e., it is continuous and have the property that
there is a constant ξ ∈ (0, 1) such that β(TX) ≤ ξβ(X) for any subset X of Q, where
β(X) is the measure of weak noncompactness (De Blasi [9]) given by the formula [1],

β(X) := lim
ε→0

sup
x∈X

(
sup
D

[∫

D

|x(t)|dt : D ⊂ (0, 1),measD ≤ ε

])
.

Then T has at least one fixed point in Q.

3. Equivalence of the Cauchy type problem and the Volterra integral
equation. In this section, we proceed to show that the Cauchy problem (1) and
the Volterra integral equation (2) are equivalent in the sense that, if x ∈ L1(0, 1)
satisfies one of these relations, then it also satisfies the other. We prove such a result
by assuming that function f ∈ L1(0, 1). To facilitate our discussion, let us first state
the following assumptions:

1. Suppose G be an open subset of R and let f : (0, 1) ×G −→ R be a function
with the following properties:

(a) f(t, ·) is continuous for each t ∈ (0, 1),

(b) f(·, x) is measurable for each x ∈ G,
(c) there exist two real functions a(t), b(t) such that:

|f(t, x)| ≤ a(t) + b(t)|x| for each t ∈ (0, 1) and x ∈ G,

where a ∈ L1(0, 1) and b is measurable and bounded,

2. ϕ : (0, 1) −→ (0, 1) is nondecreasing, absolutely continuous and there is a
constant M > 0 such that ϕ

′ ≥M a.e. on (0, 1).

Thus, we are in a position to formulate and prove the following

Lemma 3.1 Let 0 < α1 < α2 < · · · < αn < 1. Assume that the assumptions 1. and
2. are satisfied. If x ∈ L1(0, 1), then x satisfies a.e. the problem (1) if and only if x
satisfies the integral equation (2).
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Proof On the one hand, we prove the necessity. Let x ∈ L1(0, 1) satisfy a.e. the
problem (1). Since f satisfies Carathéodory conditions (a),(b) and since ϕ satisfies
the assumption 2., f(·, x(ϕ(·))) is measurable and from (c) we have

∫ 1

0

|f(s, x(φ(s))| ds ≤
∫ 1

0

{|a(s)|+ |b(s)| |x(φ(s))|} ds

≤ ‖a‖+
sup |b(t)|

M

∫ 1

0

|x(ϕ(s))||ϕ′(s)| ds

≤ ‖a‖+
sup |b(t)|

M

∫ ϕ(1)

ϕ(0)

|x(u)| du

≤ ‖a‖+
sup |b(t)|

M
‖x‖.(3)

Thus, f(·, x(ϕ(·))) ∈ L1(0, 1) and consequently, equation (1) means that there exists
a.e. on (0,1) the fractional derivatives Dαix ∈ L1(0, 1), i = 1, 2, · · · , and hence [21]
the function I1−αix is absolutely continuous on [0,1] for every i. From Proposition
2.1 we deduce

Iαn (Dαn −
n−1∑

i=1

aiD
αi)x(t) = IαnDαnx(t)−

n−1∑

i=1

aiI
αnDαix(t)

= x(t)− tαn−1

Γ(αn)
I1−αnx(0)−

n−1∑

i=1

ai

{
Iαn−αix(t)− tαn−1

Γ(αn)
I1−αix(0)

}
.

In the view of the initial condition of the problem (1) we obtain

Iαn

(
Dαn −

n−1∑

i=1

aiD
αi

)
x(t) = x(t)−

n−1∑

i=1

aiI
αn−αix(t).

Since, f(·, x(ϕ(·))) ∈ L1(0, 1), Proposition 2.1 result in Iαnf ∈ L1(0, 1) a.e. on (0,1).
Applying the operator Iαn on both sides of (1) we have

IαnDαnx(t)−
n−1∑

i=1

aiI
αn−αix(t) = Iαnf(t, x(ϕ(t)),

therefore, x is also a solution of the integral equation (2).

On the other hand, let x ∈ L1(0, 1) satisfies the integral equation (2) a.e. on
(0,1). Applying the operator Dαn on both sides of (2) and using Proposition 2.1 we
obtain

Dαnx(t) =
n−1∑

i=1

aiDI
1−αnIαn−αix(t) + f(t, x(ϕ(t))) =

n−1∑

i=1

aiD
αix(t) + f(t, x(ϕ(t))).

From here, we arrive at the equation (1). Now, we show that the initial condition
of the problem (1) also hold. For this we apply the operator I1−αn on both sides of
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(2). Then we obtain

I1−αnx(t) =
n−1∑

i=1

aiI
1−αix(t) +

∫ t

0

f(s, x(ϕ(s))) ds,

that is

I1−αnx(t)−
n−1∑

i=1

aiI
1−αix(t) =

∫ t

0

f(s, x(ϕ(s))) ds.

Keeping in mind the absolute continuity of I1−αix and taking the limit as t→ 0+,
we obtain the initial condition of the problem (1). Thus the sufficiency is proved,
which completes the proof. �

4. Main result. In this section, we present our main result by proving the
existence of solutions of equation (1) in L1(0, 1). This result is contained in the
following theorem.

Theorem 4.1 Assume, in addition to the assumptions of Lemma 3.1, that

3. for each nondecreasing function x, the map t 7→ f(t, x(ϕ(t))) is nondecreasing,

4.
n−1∑

i=1

|ai|
Γ(1 + αn − αi)

+
sup |b(t)|

MΓ(αn + 1)
< 1.

Then equation (1) has at least one monotonic solution.

Proof Let us define the operator T as

(4) (Tx)(t) :=
n−1∑

i=1

aiI
αn−αix(t) + Iαnf(t, x(ϕ(t))), a.e. on (0, 1).

We show that T transforms L1(0, 1) into itself and it is continuous. First note that,
as in the proof of Lemma 3.1, for each x ∈ L1(0, 1) also f(·, x(ϕ(·))) ∈ L1(0, 1) that
is, the operator T well-defined. Further, f is continuous in x (assumption 1.) and
Iα maps L1(0, 1) continuously into itself (Proposition 2.1), so x 7→ Iαf(t, x(ϕ(t))) is
continuous in x. Since x is an arbitrary element in L1(0, 1), then T well-defined and
maps L1(0, 1) continuously into L1(0, 1). Let x be an arbitrary element in the ball
Br (of radius r and center at θ). According to our assumptions 1. and 2. we have

‖Tx‖ =
∫ 1

0

|Tx(t)|dt

≤
∫ 1

0

∫ t

0

[
n−1∑

i=1

|ai|
(t− s)αn−αi−1

Γ(αn − αi)
|x(s)|+ (t− s)αn−1

Γ(αn)
|f(s, x(ϕ(s)))|

]
ds dt.
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By interchanging the order of integration, we get

‖Tx‖ ≤
Z 1

0

Z 1

s

"
n−1X
i=1

|ai| (t − s)αn−αi−1

Γ(αn − αi)
|x(s)| + (t − s)αn−1

Γ(αn)
|f(s, x(ϕ(s)))|

#
dt ds

≤
Z 1

0

"
n−1X
i=1

|ai|
Γ(1 + αn − αi)

|x(s)| + 1

Γ(1 + αn)
{|a(s)| + |b(s)||x(ϕ(s))|}

#
ds

≤
n−1X
i=1

|ai|
Γ(1 + αn − αi)

‖x‖ +
‖a‖

Γ(1 + αn)
+

sup |b(s)|
MΓ(1 + αn)

Z 1

0

|x(ϕ(s))||ϕ′(s)| ds

≤
n−1X
i=1

|ai|
Γ(1 + αn − αi)

‖x‖ +
‖a‖

Γ(1 + αn)
+

sup |b(s)|
MΓ(1 + αn)

Z ϕ(1)

ϕ(0)

|x(u)| du

Therefore

(5) ‖Tx‖ ≤ ‖a‖
Γ(1 + αn)

+

[
n−1∑

i=1

|ai|
Γ(1 + αn − αi)

+
sup |b(s)|

MΓ(1 + αn)

]
‖x‖ .

Above inequality proves that the operator T maps Br into itself, where

r =

‖a‖
Γ(1 + αn)

1−
[

n−1∑

i=1

|ai|
Γ(1 + αn − αi)

+
sup |b(s)|

MΓ(1 + αn)

] .

Now, let Qr denotes the subset of Br consisting of all functions being a.e. nonde-
creasing on (0,1). Obviously Qr is nonempty, closed, bounded, compact in measure
and convex. We claim T : Qr → Qr is β − condensing operator. Once our claim
is established, the Emmanuele’s fixed point theorem guarantees that T has a fixed
point in Qr, i.e. the problem (2) (hence the problem (1) ) has a solution in Qr. It
remains to prove this claim. Firstly, for any x ∈ Qr, assumption 3. and Proposition
2.1 result that Tx is a.e. nondecreasing on (0,1). Thus the operator T maps Qr into
itself. Now, let X be a nonempty subset of Qr. Fix ε > 0, and take a measurable
subset D ⊂ (0, 1) such that the measure of D = measD ≤ ε. For arbitrary x ∈ X
we deduce that

‖Tx‖D ≤ ‖a‖D

Γ(1 + αn)
+

[
n−1∑

i=1

|ai|
Γ(1 + αn − αi)

+
sup |b(s)|

MΓ(1 + αn)

]
‖x‖D .

Keeping in mind the formula expressing the measure of weak noncompactness β
mentioned before (cf. [1] and [5] ) and taking into account that

lim
ε→0

sup
x∈X

(
sup
D

[‖a‖D : D ⊂ (0, 1),measD ≤ ε ]
)

= 0,

we have ([4] and [13])
β(TX) ≤ ξβ(X),
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where

ξ =

(
n−1∑

i=1

|ai|
Γ(1 + αn − αi)

+
sup |b(t)|

MΓ(αn + 1)

)
< 1.

Thus T has at least one fixed point in Qr in the view of Theorem 2.3. Hence there
exists at least one nondecreasing solution x ∈ L1(0, 1) of (2). In the view of Lemma
3.1, equation (1) has a nondecreasing solution x ∈ L1(0, 1). This completes the
proof. �

Example 4.2 Consider the following nonlinear inhomogenous fractional differential
equation of order α ∈ (0, 1):

(6) Dαx(t) = λtβ [x(t)]m + Ltγ , a.e. on (0, 1), I1−αx(0) = 0,

where λ, L, β,m and γ are real numbers, (λ 6= 0). Assume that β > 0,m ∈ (0, 1) and

γ =
β +mα

1−m
. We establish the conditions for the existence of monotonic solution

of the equation (6). For this, we have to choose the domain G and check when the
conditions of Theorem 4.1 with

f(t, x) = λtβxm + Ltγ ,

are satisfied.

Let ω and k > 0 be constants such that k <
Γ(1 + α)
|λ| , and ω ≤ β

1−m
. We choose

the following domain

D :=
{

(t, x) ∈ R2 : t ∈ (0, 1), 0 < x < k
1

m−1 tω
}
.

This means that the domain G for x is unbounded for ω < 0 and bounded for ω ≥ 0.
To prove that f satisfies the condition 1(c), we note that, for (t, x) ∈ D

|f(t, x)| ≤ |λ|tβ |x|m + |L|tγ
≤ |λ|tβ |x|m−1|x|+ |L|tγ
≤ |λ|tβktω(m−1)|x|+ |L|tγ
≤ |λ|ktβ+ω(m−1)|x|+ |L|tγ .

Since, β + ω(m− 1) ≥ 0, the function f thus has the linear growth condition

|f(t, x)| ≤ |L|tγ + |λ|k|x|,
Therefore the assumption 4. of Theorem 4.1 holds with

M = 1, a1 = a2 = · · · = an−1 = 0,
|λ|k

Γ(1 + α)
=

sup |b(t)|
Γ(1 + α)

< 1.

According to Theorem 4.1, the differential equation (6) has at least a nondecreasing
solution x ∈ L1(0, 1). In fact, one can easily verified that the solution given by

x(t) = µt

0@ β + α

1−m

1A
,
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where µ is the the positive solution of the transcendental equation (see [15])

Γ
(
β + α

1−m
+ 1− α

)
[λµm + L]− Γ

(
β + α

1−m
+ 1
)
µ = 0.
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