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Abstract.

We shall characterize the weak nearly uniform smoothness of the ¥-direct sum X @, Y
of Banach spaces X and Y. The Schur and WORTH properties will be also characte-
rized. As a consequence we shall see in the £~-sums of Banach spaces there are many
examples of Banach spaces with the fixed point property which are not uniformly
non-square.
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1. Introduction. The t-direct sum X @, Y of Banach spaces X and Y is
the direct sum X &Y equipped with the norm ||(z, v)||y = ||(|=]l, l|yll)|ly, Where
the ||(-, -)|l¢ term in the right hand side is the absolute normalized norm on C
corresponding to a convex (continuous) function ¢ with some conditions on the unit
interval ([31]). This extends the notion of the ¢,-sum X &, Y. Recently various
geometric properties of i-direct sums have been investigated by several authors
([31, 26, 16, 7, 17, 19, 5, 6, 8, 18, etc.]). In particular it is shown in [17] that X &,
Y is uniformly non-square if and only if X and Y are uniformly non-square and
neither ¥ = 11 nor ¢ = ¥, where ¥1(t) = 1 and 1o (t) = max{1 — ¢,t} are the
corresponding convex functions to the ¢1- and £.,-norms respectively.

The aim of this paper is to characterize the weak nearly uniform smoothness
of X &, Y, which particularly implies the fixed point property (for nonexpansive

*The author was supported partly by a Grant-in-Aid for Scientific Research, Japan Society for
the Promotion of Science (16540163).
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mappings) ([10]). According to Garcia-Falset [9] a Banach space X is weakly nearly
uniformly smooth if and only if X is reflexive and R(X) < 2, where R(X) is the
Garcia-Falset coefficient. Thus we shall treat the property R(X) < 2 for X &y YV
(the reflexivity is immediate to see). The WORTH property (Sims [29]) and the
WORTHness (Sims [30]) will be discussed as well.

Section 2 is devoted to preliminary definitions and results. In Section 3 we shall
show that under the condition ¥ # 91, R(X @, Y) < 2 if and only if R(X) < 2 and
R(Y) < 2. As is readily seen, the reflexivity of X @&, Y is equivalent to that of X
and Y. Combining these results we obtain that, when ¢ # ¥, X @y Y is weakly
nearly uniformly smooth if and only if X and Y are weakly nearly uniformly smooth.
(The case 1 is strictly convex is found in [6]). This result looks interesting as the
function ¥, is allowed in contrast with the above-mentioned result concerning the
uniform non-squareness of X @, Y where both of 9; and 1., are excluded. As a
consequence, if X and Y are weakly nearly uniformly smooth and v # 11, then
X @y Y has the fixed point property. In the recent paper [11] Garcia-Falset, Llorens-
Fuster and Mazcunan-Navarro proved that all uniformly non-square spaces have the
fixed point property. Our preceding result especially implies that X ©,, Y with the
above X and Y has the fixed point property, while it is not uniformly non-square.
For the case ¢ = 91, R(X®1Y) < 2 if and only if X and Y have the Schur property;
and hence X 47 Y is weakly nearly uniformly smooth if and only if X and Y are of
finite dimension.

In the final section it will be shown that X @, Y has WORTH if and only if X
and Y have WORTH. According to Garcia-Falset [9], in the class of Banach spaces
having WORTH, uniform non-squareness implies weak nearly uniform smoothness.
Our foregoing results imply that if X and Y are uniformly non-square and have
WORTH, then X &, Y has WORTH and is weakly nearly uniformly smooth, but
not uniformly non-square. Thus the converse of the above fact by Sims is not valid
with many counter examples in {y-sums X @, Y. Finally we shall discuss the
WORTHness and the weak nearly uniform smoothness of X @&, Y for X and YV
which may fail to have WORTH.

2. Preleminaries. Let ¥ be the family of all convex functions ¢ on [0,1]
satisfying

(1) P(0)=¢(1) =1 and max{l —t,t} <) <1 (0<t<1).

Let || - | be any absolute normalized norm on C2, that is, ||(z,w)| = ||(|2], |w|)|| and
1L, 0)[ = 11(0, [} = 1 and let

(2) ) =A =80 (0<t<1).

Then ¢ € W. Conversely for any ¢ € ¥ define

(121 + ol () if (0w) # (0,0),
if (z,w) = (0,0).

3) 1z, w)lly =

Then || - || is an absolute normalized norm on C? and satisfies (2) (Bonsall and
Duncan [2], see also [27, 28]). The ¢,-norms || - ||, are such examples and for all
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absolute normalized norms || - || on C? we have (|2])
(4) I lloo < M- 1< 11 Ml

By (2) the convex function corresponding to the £,-norm is given by

{Q—t)p+tP}/P if 1 <p< oo,
(5) Pp(t) = {

max{l —¢,t} if p = 0.

The following monotonicity properties of absolute norms are essential in our discus-
sions.

LEMMA 2.1 (BONSALL AND DUNCAN [2]) Let ||| be an absolute normalized norm
on C2. Then

(1) If [p| < [r| and |q] <], then [|(p,q)|| < [|(r; )],

(i) If [p| < |r| and |q| <|s|, then [|(p, @Il < [I(r,s)]-

LEMMA 2.2 (KATO, SAITO AND TAMURA [17]) Let ¢ € U and let (p,q), (r,s) €
2.

(i) Let |p| < |r| and |q| = |s|. Then [|(p, @)l = l[(r; s)lly if and only if [|(p, @)l =
lql-

(ii) Let |p| = [r| and |q| < [s]. Then |(p,@)llw = [|(r, )|l if and only if ||(p, ¢)lly =
lpl.

Let X and Y be Banach spaces and let ¢ € ¥. The y-direct sum X @, Y of X
and Y is the direct sum X &Y equipped with the norm

(6) 1, 9l = Nzl YD,

where the ||(-, -)||y term in the right hand side is the absolute normalized norm on
C? corresponding to the convex function ¢ (|31, 16]; see [26] for several examples).
It is obvious that (z,,,yn) — (z,y) in X &, Y ifand only if 2,, —» 2 in X and y,, — y
inY asn — oc.

Now let us recall some properties of Banach spaces. As usual Sx and Bx stand
for the unit sphere and the closed unit ball of a Banach space X. X is called uniformly
convez provided for any e > 0 there exists § > 0 such that whenver ||[x—y|| > €, z,y €
Sx, one has [[(z + y)/2|| < 1 — 4, or equivalently, provided for any ¢ (0 < & < 2)
one has dx () > 0, where dx(¢) is the modulus of convezxity of X: dx(€) := inf{1 —
Iz +v)/2]; le—yll >¢€ zy e Sx}. X is called uniformly non-square ([14]; cf.
[1, 23]) provided there exists a § (0 < § < 1) such that, whenever |(z —y)/2| >
1—9, z,y € Sx, one has ||(z +y)/2|| <1 -9, or equivalently, provided dx(g) > 0
for some 0 < € < 2. X is said to have the Schur property if every weakly convergent
sequence in X is strongly convergent.

A sequence {z,} in X is called a basic sequence if it is a Schauder basis for its
closed linear span, that is, every z in the span of {z,,} has a unique representation
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of the form x = Y~ | @, x,,. According to Kutzarova, Prus and Sims [20] X is said
to be weakly nearly uniformly smooth provided there exist 0 < € < 1 and p > 0 such
that for any 0 < ¢ < p and any basic sequence {z,} in Bx there is k > 0 so that
[lz1 + tzg|| < 14 te. Garcia-Falset [9] introduced the coefficient R(X) of X, which
is referred to as Garcia-Falset coefficient in [3, 4], is defined by

(7) R(X) = sup {liminf ||z, — z|/},

where the supremum is taken over all weakly null sequences {z,} in Bx and all x
in Bx. As is readily seen, 1 < R(X) < 2 and it is known that R(co) = R(¢1) = 1,
R(¢,) = 217 (1 < p < 00) and R(c) = R(ls) = 2 (cf. [22, p.165]). It is known
that uniformly convex, resp., uniformly smooth spaces are weakly nearly uniformly
smooth (cf. [22, p.165], [25, p.508]), and X is weakly nearly uniformly smooth if
and only if X is reflexive and R(X) < 2 (Garcia-Falset [9, Corollary 4.4]).

A Banach space X is said to have the fized point property (resp., weak fized point
property) for nonexpansive mappings if for any nonempty closed bounded (resp.,
weakly compact) convex subset C' of X, every nonexpansive mapping T : C — C
(ITz — Ty|| < ||z —y]| for all 2,y € C), has a fixed point. The former is called FPP
in short. If R(X) < 2, X has the weak fixed point property (Garcia-Falset [10]);
hence weakly nearly uniformly smooth spaces have FPP.

3. Weak nearly uniform smoothness of X ©,;Y. We need some lemmas for
our main theorem. First we shall discuss the dual space of X @, Y and generalized
Holder’s inequality, which are also treated in [5] (see also [24]); however for conve-
nience of the reader we shall present our proofs though they are similar to those in
[5]. In the following X * stands for the dual space of X.

LEMMA 3.1 (Generalized Hélder’s inequality; CF. [5, 24]|) Let X andY be Ba-
nach spaces and 1 € V. Let ¢* be the function on [0,1] defined by

() e A==t st
(8) ¥*(s) = Jup oo .

Then ¥v* € ¥ and

9) 2% (=) +y" ()] < (" y7)]

vl 9l

for all (x,y) € X @y Y and (x*,y*) € X* Gy~ Y.

PROOF It is easily seen that ¢* € ¥. For any nonzero (z,y) € X ®,Y and (z*,y*) €
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X* @y Y™ we have
lz"(x) +y* (W) < 2"l + [y Iyl

I ‘Il\m*l‘ll I ] I‘llxll\ I + I Ill\y*\ll‘ I 1] \ll‘ylll\ I
* |+ ly* + *N+lly* +
LS )
lo (1 — ) 4 Iy
) el dvl
< @ y)lls ™) + ly*]) sup L= w1
0<t<1 (1)
[
= Nyl (] + ly* e (
ol ]+ [Tyl
= @)l @ y) - =

Now we shall see (X @y YV)* = X* Gy Y™
PROPOSITION 3.2 (CF. [5, 24]) Let X and Y be Banach spaces and ¢ € V. Then
[ e (X @&y Y)* if and only if there exist unique x* € X* and y* € Y* such that
(10) flay) =a"(@) +y"(y) forall (z,y) € X By Y.
Moreover, || f[| = [I(z, y")ll4- -
PROOF Let z* € X* and y* € Y*. Define f(z,y) by (10). Then by Lemma 3.1
[f (@) = 12" (@) + y* ()] < 1@ y") - (2, 9)o,

from which it follows that f € (X &, Y)* and || f|| < ||(z*, y*)||y+. Conversely take
an arbitrary f € (X &, Y)* and let * = f(-,0), y* = f(0,-). Then z* € X* and
y*eY* as

"] = sup [z%(z)| = sup |f(z,0)] < IIf\\lsup (@, 0)lly = [ £

I
llzll<1 llzll<1 o<1
Obviously we have f(z,y) = z*(z)+y*(y) for (z,y) € XD, Y. We see ||(z*, y*)]
| f]l- We may assume (z*,y*) # (0,0). For any ¢ > 0 there exist u € Sx and v € Sy
for which ||z*|| < 2*(u) + ¢ and ||y*|| < y*(v) + . Then

pr <

1y = (el + e (L

Tl + 7]
= (l" + ") sup — [(1— Iy )(1_t>+ly*ll
022 90 [\ T+ 7] T+ o]
_ 11— &)+ [l
B 0831221 »(t)
(z*(u) +e)(1 —t) + (y* (v) + o)t
= sk )

IN

2o = () +o (o) |+
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|G <), = gttt = o=

and ¢ is arbitrary, we have ||( Y e < ||fH (recall (10)). This completes the
proof. [ ]

Since

LEMMA 3.3 Let X and Y be Banach spaces and » € V. Then {(zn,yn)} tends
weakly to 0 in X @, Y if and only if {z,} and {y,} tend weakly to 0 in X and Y,
respectively.

PROOF Let {z,} and {y,} be weakly null sequences. By Proposition 3.2 for any
f € (X @y Y)* there exist unique z* € X* and y* € Y* such that f(z,y) =
((z*,y"), (z,y)) = «*(z) + y*(y) for all (x,y) € X &, Y. Therefore

lin;o f(Tn,yn) = nlggo[x* (zn) + 4" (yn)] = 0.

Conversely let {(x,, yn)} tend weakly to 0 in X &, Y. Take arbitrary * € X* and
y* € Y*. Since (2*,0) € (X @, Y)*, we have

lim z*(z,) = lim ((z*,0), (zn,yn)) = 0.

n—oo
In the same way we have lim, o y*(y,) = 0. -

The following lemma is essential in our later discussion.

LEMMA 3.4 Let {a:n } and {yn )} be double sequences with nonzero terms in a Ba-
nach space X such that hm hm |z >0 and hm hm |y || > 0. Then the

following are equwalent
(i) lim hminf |z, Wy = Jim - lim 0 (|11 + [lys1).

NOREE
(i) lim liminf | ——=— -
el IE RN
PROOF Let limy_ o0 limy 00 ||:1c || = a, limg_ oo limy, o ||y(k)\| = b. We may as-

sume that 0 < a < b. Suppose (i) to be true. Since
(k) (k)

In Yn _ (k) || (k) (k)
s |||x<’“>| NS ||||y<’“> Hy ot i i

’IIyﬁf) It +5) = Uy 1 = Nl 1)y

]
[T ]

R
[l ]

Iy 200 4+ 5 - ‘Ilyé’”l—llx ||\|y<’“>|

|

" n (k)H [ ® 1y - \|y<k>| |
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we have
25 y(k)
2 > liminf ?k) -
S (ST
> un%f[ \|y<’“>|—||x<’f>||\H
BRI
~ lim —b it [nx'fuyun \ny“)n—nx“ﬂﬂ
ERl
= l“minf (124 + 5] - 1im ’IIy(k)ll—lw 1
n—oo xn n—oo

where the last term tends to 2[(a + b) — [b— al] = 2 as k — oo. Therefore we have
(ii). Conversely assume that (ii) is true. Then

S0+ g1 = 28 + g

® (k) (k)
>y |-
) Hy““’u
(k) (k) (k) (k)
In
= Iyl |< ®y T <k>> < ar @ )H
[T TP 1201 (1P
(k) (k)
1 1
> Hy(k)H ( k k |’ AT k stk)”) .
|z ”n Hy”II =1 )
Therefore
Tim [l + ly ]
(k) (k)
n n 1 1
> liminf [Wn (‘ Dt L - |5 [E ”)]
P10 1P 1)
(k) (k)
Un, 1 1
> hm |y )||lhm1nf - || — lim - ——| lim ||z¥ ||1
|l “H I = 1P 1@ e

Since the first and the last terms tend to a 4+ b as k — oo, we have the conclusion.g

The next lemma is useful to treat the coefficient R(X).

LEMMA 3.5 Let X be a Banach space. Then R(X) = sup{lim, . ||zn — ||}, where
the supremum is taken over all weakly null sequences {x,} in Bx and x € Bx such
that {||zn, — x|} and {||z,||} have limits.
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PROOF For any € > 0 there exist a weakly null sequence {z,} in Bx and z € Bx
such that liminf,, o ||z, — 2| > R(X) —e. As {||z, —z||} and {||z,|} are bounded,
there exists a subsequence {x,,} of {z,} such that {||z,, — z||} and {||z,,||} have
limits. Then we have R(X) > lim;_, ||n, — 2| > R(X) —e. Since ¢ is arbitrary, we
have the conclusion. =

Now we are in a position to present our main theorem.

THEOREM 3.6 Let X and Y be Banach spaces. Let ¢ € V and v # 1. Then
R(X @y Y) <2 if and only if R(X) <2 and R(Y') < 2

PRrROOF In view of Lemma 3.3 it is obvious that R(X &, Y) < 2 implies R(X) <
2 and R(Y) < 2. For the converse let R(X) < 2 and R(Y) < 2. Suppose that

R(X @y Y) = 2. Then by Lemma 3.5 we have weakly null sequences {(xn Y %k))}n
(k=1,2,---) and a sequence {(z*), y(*))} in the unit ball of X @, Y such that

2=R(X @y Y) = lim lim ||(|zf? + 2@, [l + 5™ )]lo-

Then for each k, {x% )}n and {yn )}n are weakly null sequences in X and Y re-
spectively. We may assume the existence of all the following limits without loss of
generality:

hm hm |z + ™)) lim hm |k 4 4 ®))|,

k— 00 k—ocon—
lim hm [z, lim lim [y,
k—oo n— k—o00 n—00
1 1
Jim (2@, lim |y ™|

(Indeed these sequences are bounded; so take subsequences necessary times.) Then
we have

2 = Jim T [|(le® + 2@, 5 + 5@ )l

< [lim lim IS+ 121 1y SN+ 1y D)1

< gim tim {1 P Dl + 101, 1P Dl } < 2
and hence
(11) Jim i (| ([l + 2@ g + 5™ )l

= Jlim lim IS+ 1S S0+ 1y [

= dim B {1 I + 10D @Dl } =2
Thus
(12) I(lim  lim IIxﬁk)Jr:r(’“)H,klim lim [y +y® )]y

= [l Tim {[|2f0] + |2}, lim i {[ly ]+ ly® D]l = 2.
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Suppose here that limj oo limy, oo [0+ | < limy o hmnw{ux“ﬁ) I+ 1281}

Then by Lemma 2.1 and (12) we have limg_, o lim,, o Hy%k)ij 1| = limp oo limyp_ oo
k

Uy + g™}, and hence

lim lim |y +y™ = lim lim {y0) + [y®))} = 2
k—o00 n—00

by Lemma 2.2, from which it follows that R(Y') = 2, a contradiction. Therefore we
have

(13) 1m1hmnﬂ@+xwu—1g;hm{mkm+nﬂkm

k—oon

In the same way

(14) Jim dim [y +y® ) = T T {8+ v}

k—oon

Now we shall show that
(15) max{ lim_lim [}« lim 2]}
= max{lim lim [y, lim 3™} = 1.
We first see
(16) min{ lim_lim_ [l20]. lim [2])
= min{im Tim [y O] lim 5]} = 0.
Suppose that min{limg_, oo lim, o \|x£Lk)H, limg o [|2*)]|} > 0. By Lemma 3.4 and

(13) we have

(k) l,(k
lim liminf H

which implies R(X) = 2, a contradiction. In the same way we have the latter identity
of (16). To see (15) assume that

(17) Jim (28] = mind im T (2], lim 2]} = o.

k
Since limy o limy—oo L (25711, 1557 1Dl + [(lz@ 1, [y®Dlls} = 2 by (11), we
have

(18) Jim T ([l gl D1 = Jim (i@ )]s = 1.
From (17) and (18) follows limg_ o [ly*®|| = 1 and hence limy_, o lim,, o0 ||y(k) =0

by (16). Therefore we obtain limy_, o lim, ||x(k)\| = 1 by (18), or the first half
assertion of (15). In the case where

lim lim [|z®| = min{ lim lim [|z{®|, lim ||z} =0,
k—oo n—oo k—o0 n—oo k—oo
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a parallel argument works and we have limy,_, [|[#®)|| = 1. Thus we obtain (15).
Consequently, according to (16) and (15) we have

2 = lim lim [|(2 + 2™, [y +5 @D

i Tim 128+ 2, 58+ @)1
= || max{im i (o tim 2}, max{ i tim [y tim [y @)

= Dy,

or ¥(1/2) = 1, which implies that ¢ = 4, a contradiction. This completes the
proof. [ |

From the fundamental fact (4) for absolute normalized norms it immediately follows
that X @, Y is reflexive if and only if X and Y are reflexive. Combining Theorem
3.6 and this result, we obtain our next main theorem.

THEOREM 3.7 Let X and Y be Banach spaces and p € VU, 1 # 1. Then the
following are equivalent.

(i) X @y Y is weakly nearly uniformly smooth.

(ii) X and Y are weakly nearly uniformly smooth.

We note that the case v is strictly convex is found in [6]. According to Garcia-
Falset [10] weakly nearly uniformly smooth spaces have the fized point property for
nonexpansive mappings. Thus we obtain the following.

COROLLARY 3.8 Let X and Y be weakly nearly uniformly smooth Banach spaces
and let p € ¥, ¢ # 1. Then X &y Y has FPP.

We recall here a recent result of Kato-Saito-Tamura [17]:

THEOREM 3.9 (KATO, SAITO AND TAMURA [17]; SEE ALSO [18]) Let X andY be
Banach spaces and 1 € U. Then the following are equivalent.

(i) X @y Y is uniformly non-square.

(ii) X and Y are uniformly non-square and v # 11, Voo.

REMARK 3.10 Recently Garcia-Falset, Llorens-Fuster and Mazcunan-Navarro [11]
showed that all uniformly non-square Banach spaces have FPP. Our Theorem 3.7,
or Corollary 3.8 especially asserts that for weakly nearly uniformly smooth Banach
spaces X andY, X @ Y has FPP, whereas X ® Y is not uniformly non-square
by Theorem 3.9.

Now we shall apply our result to the £, ;-sum of Banach spaces X and Y ([26]).
Let 1 < ¢ < p < 0. Let || - |pq be the (Lorentz) £, ;-norm: ||(z1, 22)|lpq =

_ 1/q . . .
{2774 20@/P) =159 where {zf, z3} is the non-increasing rearrangement of
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{|z1], |z2|}- Then || - ||y is an absolute normalized norm on C* with the corre-
sponding convex function

{(1 — )9 +20/p=1ga}t/a §f 0 <t < 1/2,

Qpp,q(t) =
{t9 4+ 29/P=1(1 — )} /9 if 1/2<t<1.

The ¢, 4 sum X &, , Y is the direct sum of X and Y with the norm ||(z,y)]p,q :=

IS(EA PR 72102 P

COROLLARY 3.11 Let X and Y be Banach spaces and let 1 < ¢ < p < oo, not
p=q=1. Then X @, Y is weakly nearly uniformly smooth if and only if X andY
are weakly nearly uniformly smooth. In particular the same is true for X @, Y, 1 <
p < 00.

Our next concern is the case ¥ = 1)1, namely the ¢1-sum X @ Y.

PROPOSITION 3.12 Let X and Y be Banach spaces and ¢ € V. Then X @y Y has
the Schur property if and only if X and Y have the Schur property.

PROOF As the Schur property is inherited by subspaces, the necessity is trivial.
Conversely let X and Y have the Schur property. Let {(x,,yn)} be a weakly null
sequence in X @y Y. Then {z,} and {y,} tend weakly to 0 in X and Y, respecti-
vely, and hence they tend strongly to 0, from which it follows that {(z,,y,)} tends
(strongly) to (0,0) in X ©y Y as [[(zn, yn)llw < 2]l + lyall n

THEOREM 3.13 Let X and Y be Banach spaces. Then R(X ®1Y) < 2 if and only
if X and'Y have the Schur property.

PROOF Assume that X and Y have the Schur property. Let {(x,, y,)} be any weakly
null sequence in Bxg,y and (2,y) € Bxg,y. Then {(z,,y,)} converges strongly to
(0, 0) in X @1 Y. Therefore

hnnigf”(xmyn) - (xvy)lll = H(‘T7y)‘|1 <1,

which implies R(X @1 Y) < 1 and hence R(X @; Y) = 1. For the converse we
assume that Y does not have the Schur property without loss of generality. Then
there exists a sequence {y, } in Y which converges weakly to 0, but does not converge
strongly. Then there exists 9 > 0 such that [|y,|| > &o for infinitely many n. We
may assume y,, £ 0 for all n. Let v, = y,/||lyn|| € S(Y). Then {v,} converges weakly
to 0, whence {(0,v,,)} converges weakly to 0 in Bxg,y and ||(z,0)|; = 1. Take an
arbitrary « € S(X). Then since

R(X @1 Y) > liminf [(0,0,) + (z,0)[[x = [[(1, )]s =2,

we have R(X @1 Y) = 2. This completes the proof. n
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By Theorem 3.13 we obtain the following

THEOREM 3.14 Let X and Y be Banach spaces. Then the following are equivalent.
(i) X 1Y is weakly nearly uniformly smooth.
(ii) X and Y are reflexive and have the Schur property.
(ili) X and Y are of finite dimension.

By Theorems 3.13 and 3.14 we have the following.

COROLLARY 3.15 Let X and Y be weakly nearly uniformly smooth and let 1 # 1.
Then X @y Y is weakly nearly uniformly smooth. The converse holds true if X or
Y is of infinite dimension.

4. WORTH property of X ¢, Y. A Banach space X is said to have the
property WORTH (Sims [29]) if

(19) Tim ([lz + ]| = [|ea — 2| = 0

for all weakly null sequences {z,} in X and for all x € X. It is obvious that all
Banach spaces with the Schur property (e.g. finite dimensional spaces and ¢;) have
WORTH. Also Hilbert spaces, ¢, (1 < p < 00) and ¢o have WORTH, while L, [0, 1]
(1 <p<oo,p#2) (Sims [30, p. 528]) and ¢ do not have WORTH (cf. Example
1 below). We first recall the next result which is a direct consequence of Garcia-
Falset [9].

THEOREM 4.1 (CF. GARCIA-FALSET [9] PROPOSITION 3.6) If a Banach space X
is uniformly non-square and has WORTH, X is weakly nearly uniformly smooth.

THEOREM 4.2 Let X and Y be Banach spaces and let ¢p € ¥. Then X ©y Y has
WORTH if and only if X andY have WORTH.

PROOF Assume that X and Y have WORTH. Let {(zn,yn)} be a weakly null sequ-
ence in X @, Y and (z,y) € X @, Y. Then {z,} and {y,} tend weakly to 0 in X
and Y respectively and

@) + @5l — | @) — (way)Hw’

= |llzn 4+l lyn +yDllv = (lzn — =[], IIyn—yII)IIw‘

IN

[(len + 2l = llzn = zll; lyn +yll = llyn =yl

< lwn 2l = lln — 2|

+|||yn+y|| - |yn—y||\ ~0

as n — oo. Thus X @, Y has WORTH. The converse assertion is obvious as the
property WORTH is inherited by subspaces. n
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By Theorems 4.1 and 3.13 we obtain the following.

COROLLARY 4.3 Let X and Y be uniformly non-square Banach spaces with the pro-
perty WORTH and ¢ € U, ¢ # 1. Then X @y Y is weakly nearly uniformly
smooth.

REMARK 4.4 According to Theorem 4.1, under the condition WORTH uniform non-
squareness implies weak nearly uniform smoothness. Theorem 4.2 and Corollary 4.3
especially asserts that if X and Y are uniformly non-square Banach spaces with
WORTH, then X &, Y has WORTH and is weakly nearly uniformly smooth, whereas
it is not uniformly non-square. Thus the converse of the above statement is not
true. Similarly, under the condition of uniform non-squareness, WORTH implies
weak nearly uniform smoothness. The converse assertion is not valid as well. Indeed,
L,[0,1] (1 < p < o0, p # 2) does not have WORTH though it is uniformly non-
square and weakly nearly uniformly smooth.

In the rest of the paper we shall discuss the case where X and Y fail to have WORTH.
Sims [30] introduced the degree of WORTHness of a Banach space X by

(20) w(X) = sup {7“ > 0: rliminf ||z, + z|| < liminf ||z, — ||
whenever x, — 0, ¢ € X}

(cf. [10]). It is known that 1/3 < w(X) <1 (|21, p.62]) and X has WORTH if and
only if w(X) =1 (Sims [30, p.527]). We shall see these facts for convenience of the
reader below.

Let {x,} be an arbitrary weakly null sequence in X and 2 € X. Then

liminf ||, + z| < liminf ||z, — x| + 2||z|| < 3liminf ||z, — x|
(Llorens [21, 22]), whence w(X) > 1/3. Next assume that liminf,, . ||z, + x| >

liminf, o ||zn — 2| and rliminf, . ||z, + 2| < liminf, o ||z, — z||. Then we
have r < 1 and hence w(X) < 1.

To see the latter statement the next proposition is helpful.
PROPOSITION 4.5 A Banach spaces X has the WORTH property if and only if
(21) lim ||z, +z| = lm |z, — z||
n—oo n—oo

for all weakly null sequences {x,} in X and all x € X such that both of the limits
exist.

PROOF The necessity is clear. Assume that (21) holds true for all weakly null se-
quences {x,} and all z in X for which the both limits in (21) exist. Now let {z,}
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be an arbitrary weakly null sequence in X and z € X. Take a subsequence {x; } of
{xn} such that {[|x,; + ||} and {||z,; — =/} have limits and

limsup|||lz, + z|| — [|zn — ||| = lim |||z, + 2| = |20, — 2|
n— oo J—00
Then by the assumption we obtain limsup,, ., |||lzn + || — [z, — 2| = 0, which

implies (19). Now assume that w(X) = 1. Then by replacing = with —z in (20) we

have liminf, . ||z, + x| = liminf,_ ||z, — x| for every weakly null sequences
{z,} and element z in X. Therefore by Proposition 4.5 X has the WORTH property.
Conversely assume that X has WORTH. Then for any weakly null sequence {z,} in
X and z € X, liminf,, . ||zp+2| = liminf, oo {||xn—z|+ (||zn+z| —|lzn—2|)} =
liminf,, ., ||z, — z||, whence we have w(X) = 1. n

EXAMPLE 4.6 Let ¢ be the space of real convergent sequences (with the sup norm).
Then w(c) =1/3.

Indeed let x,, = (0,---,0,1,0,---) and = = (1/2,1/2,...). Then {z,,} converges
weakly to 0. Since lim, o |2, + 2| = 3/2 and lim, . ||z, — x| = 1/2, we have
w(c) < 1/3. Therefore w(c) = 1/3.

Theorem 4.2 is sharpened as follows.

THEOREM 4.7 For any Banach spaces X and Y, w(X &, Y) = min{w(X),w(Y)}.

PROOF Since X and Y are identified with subspaces of X &, Y, w(X @4 Y) <
min{w(X),w(Y)}. Let {(zn,yn)} be an arbitrary weakly null sequence and (z,vy)
in the unit ball of X &y Y. Put w = min{w(X),w(Y)}. We take a subsequence
{(@n;,yn;)} of {(xn,yn)} such that {||z,, £ [} and {|ly,, £ y[/} have limits and

liminf {|({|lzn = 2| lyn = ylDlly = b (|(lzn,; = 2[, [y, = ylDlle-
N Jj—o0

Then

1 1
o it [[(flen = zll, fyn —yiDlle = o o {[(l2n, =21, lyn, = yiDls

1 .. 1
= I, Jim s, —wll»ajlggollynj = ylDlle
> [|(lim [Jzn; + 2|, im (lyn; + yl)[ly
Jj—o0 Jj—oo

= lim |[(lzn, + I, [|Yn; + ¥y
J—00

Y

lim inf || ([l + 2, lyn + yID o,

which implies w(X®,Y) > min{w(X), w(Y)}. Thus w(X$4Y) = min{w(X),w(Y)}.m
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Now Garcia-Falset [10, Theorem 4] proved that if eq(X) < 2w(X), then R(X) <
2, where £¢(X) is the characteristic of convexity of X, that is, eo(X) = sup{e > 0:
0x(€) > 0}. From this result he derived the following.

THEOREM 4.8 (GARCIA-FALSET [10]JCOROLLARY 8) Let X be a Banach space with
eo(X) < 2w(X). Then X is weakly nearly uniformly smooth.

This generalizes Theorem 4.1. Indeed X is uniformly non-square and has WORTH
if and only if £9(X) < 2 and w(X) = 1. Combining Theorems 4.8 and 3.13, for Ba-
nach spaces X and Y which may fail to have WORTH we obtain the following.

THEOREM 4.9 Let £¢(X) < 2w(X) and eo(Y) < 2w(Y). Let v € U, ¢ # 1p1. Then
X ®y Y is weakly nearly uniformly smooth.

REMARK 4.10 Let £o(X) < 2w(X) and £0(Y) < 2w(Y). Then X § Y is a counter-
example to the converse assertion of Theorem B. In fact, X @& Y is weakly nearly
uniformly smooth; however as X @Y is not uniformly non-square, or eo(X & Y) =
2, we have 2w (X @ Y) = 2min{w(X),w(Y)} <2 =¢o(X @ Y) by Theorem 4.7.

REMARK 4.11 In several preceding results on ¢-direct sums such as strict and uni-
form convexity ([31, 26, 16]), smoothness ([24]), uniform non-squareness ([17]; see
Theorem 5 in this paper) etc., the convex functions ¥ and 1, are excluded. In this
point of view Theorems 3.9, 3.13 and Corollary 4.3 are interesting as the function
Yo 1s allowed there. Owing to these results the {o-sum X ®,, Y works as an effective
counterexample in Remarks 3.10-4.10.
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