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1. Introduction. The classical theory of partial differential inequalities has
been described extensively in the monographs [8]-[10], [13]. As it is well known, they
found applications in differential problems. The basic examples of such questions are:
estimates of solutions of partial equations, estimates of the domain of the existence
of classical or generalized solutions, criteria of uniqueness and estimates of the error
of approximate solutions. Moreover, discrete versions of differential inequalities are
frequently used to prove the convergence of approximation methods.

Hyperbolic functional differential inequalities generated by initial problems or
by mixed problems have been studied in the papers and in the monograph [5]. Two
types of results on differential functional inequalities are taken into consideration
in literature. The first type allows to estimate a function of several variables by
means of an another function of several variables, while the second one, the so called
comparison theorems, give estimates for functions of several variables by means of
functions of one variable satisfying ordinary differential or functional differential
equations. The aim of the paper is to study functional differential inequalities and
comparison theorems generated by initial boundary value problems for nonlinear
equations.
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We formulate the functional differential problem. Let a > 0, h0 ∈ R+, R+ =
[0,+∞), b = (b1, . . . , bn) ∈ Rn and h = (h1, . . . , hn) ∈ Rn+ be given where bi > 0 for
1 ≤ i ≤ n. We define the sets

E = [0, a]× [−b, b], D = [−h0, 0]× [−h, h].

Let c̄ = (c1, . . . , cn) = b+ h and

E0 = [−h0, 0]× [−c̄, c̄],

∂0E = [0, a]× ([−c̄, c̄]\(−b, b)), Ω = E0 ∪ E ∪ ∂0E.

Suppose that z : Ω→ R and (t, x) ∈ E are fixed. We define the function z(t,x) : D → R
as follows

z(t,x)(τ, ξ) = z(t+ τ, x+ ξ), (τ, ξ) ∈ D.

The function z(t,x) is the restriction of z to the set [t−h0, t]× [x−h, x+h] and this
restriction is shifted to the set D. Elements of the space C(D,R) will be denoted by
w, w̄ and so on. We denote by ‖ · ‖0 the supremum norm in the space C(D,R). Put
Ξ = E × C(D,R)× Rn and let

f : Ξ→ R, ϕ : E0 ∪ ∂0E → R,

α0 : [0, a]→ R, α′ : E → Rn, α′ = (α1, . . . , αn)

be given functions. We denote α(t, x) = (α0(t), α′(t, x)), (t, x) ∈ E. We require that
α(t, x) ∈ E for (t, x) ∈ E and α0(t) ≤ t for t ∈ [0, a]. We will deal with the following
mixed problem

(1) ∂tz(t, x) = f(t, x, zα(t,x), ∂xz(t, x)),

(2) z(t, x) = ϕ(t, x) on E0 ∪ ∂0E,

where ∂xz = (∂x1z, . . . , ∂xnz).
A function z̃ : [−h0, ξ] × [−c̄, c̄] → R, where 0 < ξ ≤ a is a generalized solution of
(1), (2) if it is continuous and

(i) the derivatives (∂x1 z̃, . . . , ∂xn z̃) = ∂xz̃ exist on [0, ξ]× [−b, b] and the function
z̃(·, x) : [−h0, ξ]→ R is absolutely continuous on [0, ξ], for each x ∈ [−b, b],

(ii) for each x ∈ [−b, b] equation (1) is satisfied for almost all t ∈ [0, ξ] and
condition (2) holds on (E0 ∪ ∂0E)× [−h0, ξ]× Rn.

We will discuss the question of the uniqueness of solutions of problem (1),(2).
Different classes of weak solutions of mixed problems to partial functional diffe-

rential problems are considered in literature.
The class of Carathéodory solutions consists of all functions which are continuous,

have their derivatives almost everywhere in a domain and the set of all points where
the differential equation or the system is not fulfilled is of Lebesgue measure zero.

A general class of mixed problems and Carathéodory solutions for quasilinear
equations is investigated in [4].
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Generalized solutions in the Cinquini Cibrario sense for equations without a
functional dependence were first treated in [1]-[3]. This class of solutions is placed
between classical solutions and solutions in the Carathéodory sense. It is important
that both inclusions are strict. This class of solutions is investigated in the case that
assumptions for given functions are extended.

Uniqueness results for mixed problems and nonlinear functional differential equ-
ations can be found in [5], Chapters IV-V and in [10]. They are obtained by the
method of differential inequalities.

Note that the monograph [13] contains an exposition of generalized solutions
in the Cinquini Cibrario sense for nonlinear equations and systems without the
functional variable.

Viscosity solutions of mixed problems for functional differential equations were
first treated in [11], [12]. Uniqueness results were based on a differential inequalities
method. Existence theorems were obtained by using the vanishing viscosity method.

Further bibliographical information concerning hyperbolic functional differential
equations can be found in the monograph [5].

The paper is a generalization of uniqueness results for nonlinear functional dif-
ferential equations with initial boundary conditions which are presented in [7] and
[5], Chapter V.

There are following differences between the above mentioned results and our
theorems.

I. It is assumed in [5] that the function f of the variables (t,x,w,q) has the following
property. Write

sign ∂qf = (sign ∂q1f, . . . , sign ∂qnf).

The following condition is important in [5]: the function sign ∂qf is constant on
Ω. We have omitted the above condition in our considerations. It is assumed in
[7] that the function sign ∂qf is constant on Ω. This condition can be reduced to
the assumption adopted in [5] by changing variables in an unknown function in a
differential functional equation.

II. The functional dependence in partial differential equations is based on the use
of the Hale operator (t, x)→ z(t,x) where z(t,x) : D → R. The domain of the function
z(t,x) considered in [5] has the form D = [−h0, 0]× [0, h′]× [−h′′, 0] ⊂ R1+n, where
h′ = (h1, . . . , hκ), h′′ = (hκ+1, . . . , hn). In our case we put D = [−h0, 0]× [−h, h]. It
follows that the class of differential equations with deviated variables considered in
the paper is more general than an adequate class of equations which can be obtained
from [5].

The same conclusion can be drawn for differential integral equations.
III. The right hand sides of the equations considered in [5] depend on the functio-

nal variable z(t,x). In our considerations, equation (1) contains the functional variable
zα(t,x).

We will show that the class of differential equations which is covered by our theory
is more general than a suitable class considered in [5]. In our model, a general class
of equations with deviated variables can be obtained in the following way. Suppose
that β0 : [0, a]→ R, β′ : E → Rn, β′ = (β1, . . . , βn) are given functions and

(3) −h0 ≤ β0(t)− α0(t) ≤ 0, −h ≤ β′(t, x)− α′(t, x) ≤ h, (t, x) ∈ E.
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For the function F : E × R× Rn → R we define the operator f as follows

(4) f(t, x, w, q) = F (t, x, w(β0(t)− α0(t), β′(t, x)− α′(t, x)), q), (t, x, w, q) ∈ Ω.

Then
f(t, x, zα(t,x), q) = F (t, x, z(β(t, x)), q)

where β(t, x) = (β0(t), β′(t, x)) and equation (1) is equivalent to

(5) ∂tz(t, x) = F (t, x, z(β(t, x)), ∂xz(t, x)).

Now we consider differential integral equations. Suppose that γ0 : [0, a] → R,
γ′ : E → Rn, γ′ = (γ1, . . . , γn) are given functions and

(6) −h0 ≤ γ0(t)− α0(t) ≤ 0, −h ≤ γ′(t, x)− α′(t, x) ≤ h, (t, x) ∈ E.

For the above given functions β and F we define the operator f in the following
way:

(7) f(t, x, w, q) = F (t, x,
∫ γ0(t)−α0(t)

β0(t)−α0(t)

∫ γ′(t,x)−α′(t,x)

β′(t,x)−α′(t,x)
w(τ, y)dy dτ, q),

where (t, x, w, q) ∈ Ω. Then

f(t, x, zα(t,x), q) = F (t, x,
∫ γ(t,x)

β(t,x)

z(τ, y)dy dτ, q)

and (1) reduces to the differential integral equation

(8) ∂tz(t, x) = F (t, x,
∫ γ(t,x)

β(t,x)

z(τ, y)dy dτ, ∂xz(t, x)).

Let us now take the setting described in [5]: the equation

(9) ∂tz(t, x) = f(t, x, z(t,x), ∂xz(t, x)),

where f : E×C(D,R)×Rn → R, with the initial boundary condition (2) is considered
there. In that case, if we define

(10) f(t, x, w, q) = F (t, x, w(β0(t)− t, β′(t, x)− x), q),

then equation (9) is equivalent to the differential equation with deviated argument
(5). However, this setting requires more restrictive assumptions on given function β,
namely we should assume that

−h0 ≤ β0(t) ≤ 0, −h ≤ β′(t, x) ≤ h, (t, x) ∈ E,

instead of (3).
Similar arguments can be used to show the difference between appropriate classes

of differential integral equations which can be obtained in both models.
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2. Functional differential inequalities in the Carathéodory sense. The
following function spaces will be needed in our considerations. Write Ωt = Ω ∩
([−h0, t] × Rn). Given s = (s0, s1, s2) ∈ R3

+, we denote by C1.L[s] the set of all
functions ϕ ∈ C(E0 ∪ ∂0E,R) such that

(i) there exists ∂xϕ(t, x) for (t, x) ∈ E0 ∪ ∂0E,
(ii) the estimates |ϕ(t, x)| ≤ s0,

and
|ϕ(t, x)− ϕ(t̄, x)| ≤ s1|t− t̄|, ‖∂xϕ(t, x)− ∂xϕ(t, x̄)‖ ≤ s2‖x− x̄‖,

are satisfied on E0 ∪ ∂0E.
Let ϕ ∈ C1.L[s] be given and let 0 < c ≤ a, d = (d0, d1, d2) ∈ R3

+, di ≥ si for
i = 0, 1, 2, we consider the space C1.L

ϕ.c [d] of all functions z : Ωc → R such that
(i) z ∈ C(Ωc, R) and z(t, x) = ϕ(t, x) on (E0 ∪ ∂0E) ∩ ([−h0, c]×Rn),
(ii) there exists ∂xz(t, x) on Ωc and the estimates |z(t, x)| ≤ d0,

and
|z(t, x)− z(t̄, x)| ≤ d1|t− t̄|, ‖∂xz(t, x)− ∂xz(t, x̄)‖ ≤ d2‖x− x̄‖,

are satisfied on Ωc.
We denote by L([0, a],R+) the class of all summable functions. If η : [−h0, a]→ R

and t ∈ [0, a] we define η(t) : [−h0, 0]→ R by η(t)(s) = η(t+s), s ∈ [−h0, 0]. Suppose
that the functions σ : [0, a]×C([−h0, 0],R+)→ R+ and θ : [−h0, 0]→ R+ are given.
We consider the Cauchy problem

(11) η′(t) = σ(t, ηα0(t)), t ∈ [0, a]

(12) η = θ on [−h0, 0].

Function σ is said to satisfy the Carathéodory conditions if
(i) σ(t, ·) is continuous for almost all t ∈ [0, a],
(ii) σ(·, ω) is measurable for each ω ∈ C([−h0, 0],R+) and there exists mσ ∈

L([0, a],R+) such that σ(t, ω) ≤ mσ(t) for ω ∈ C([−h0, 0],R+) and for almost all
t ∈ [0, a].

We consider Carathéodory solutions of problem (11),(12) or Carathéodory solu-
tions of functional differential inequalities generated by (11),(12).

Lemma 2.1 Suppose that θ ∈ C([−h0, 0],R+). If σ satisfies Carathéodory condition
and it is nondecreasing with respect to the functional argument, the problem (11),(12)
admits a local maximum solution.

Proof Let 0 < a0 < a and let ψ : [−h0, a0] → R be a subsolution of problem
(11),(12) i.e.

(i) ψ is continuous on [−h0, a0] and it is absolutely continuous on [0, a0].
(ii) ψ′(t) ≤ σ(t, ψα0(t)) for almost all t ∈ [0, a] and ψ ≤ θ on [−h0, 0].
Such function exists, e.g. we can put ψ(t) = θ(t) on [−h0, 0] and ψ(t) = θ(0) for

∈ [0, a0]. Let us consider the problem

(13) η′(t) = σ(t, ηα0(t)) + 2, t ∈ [0, a]
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(14) η = θ + 2 on [−h0, 0].

Let ϕ0 : [−h0, ã] → R+, 0 < ã < a, be a local solution of problem (13),(14). Then
there is 0 < C < ã such that ψ(t) ≤ ϕ0(t) for t ∈ [0, c]. Let us define the sequence
ϕk : [−h0, ã]→ R+, k = 0, 1, , . . . , as follows. Function ϕ0 is given above and

ϕk(t) = θ(t) +
1
k

for t ∈ [−h0, 0],

ϕk(t) = θ(0) +
1
k

+
∫ t

0

[
σ(τ, (ϕk−1)α0(τ)) +

1
k

]
dτ for t ∈ (0, c].

It is easy to see that

ψ(t) ≤ ϕk(t) ≤ ϕk−1(t), k = 1, 2, . . . , t ∈ [−h0, c].

The functions {ϕk}k are equicontinuous and uniformly bounded. In force of Ascoli-
Arzelà theorem, it follows that a suitable subsequence converges to a continuous
function ϕ uniformly on [−h0, c]. It follows that ϕ is the maximum solution of pro-
blem (11),(12). �

Assumption H0[σ]. Suppose that
1) σ satisfies the Carathéodory conditions and is nondecreasing with respect to

the functional argument,
2) θ ∈ C([−h0, 0],R+) and ϕ : [−h0, c] → R+ is the maximum solution of the

problem (11),(12).

Lemma 2.2 Suppose that Assumption H0[σ] holds and
1) ψ : [−h0, c) → R+ is continuous on [−h0, 0] and absolutely continuous on

[0, c),
2) ψ(t) ≤ θ(t) for t ∈ [−h0, 0] and ψ′(t) ≤ σ(t, ψα0(t)) for almost all t ∈ [0, c).
Then ψ ≤ ϕ on [0, c).

Proof Let 0 < c0 < c be fixed and let us consider the problem

η′(t) = σ(t, ηα0(t)) + ε for t ∈ [0, c0], η = θ + ε on [−h0, 0].

There is ε0 > 0 such that the solution η(·, ε) of the above problem exists on [−h0, c0]
for 0 < ε < ε0. It is easy to see that ψ(t) ≤ η(t, ε) for t ∈ [0, c0], 0 < ε < ε0.

Let us define the sequence ϕk : [−h0, c0]→ R+, k = 0, 1, . . . , as follows. ϕ0(t) =
η(t, ε) and

ϕk(t) = θ(t) +
1
k

for t ∈ [−h0, 0],

ϕk(t) = θ(0) +
1
k

+
∫ t

0

[
σ(τ, (ϕk−1)α0(τ)) +

1
k

]
dτ for t ∈ (0, c0].

Then ψ ≤ ϕk ≤ ϕk−1, in [−h0, c0] for k > 1
ε .

In force of Ascoli-Arzelà theorem, it follows that a suitable subsequence converges
to a function ϕ uniformly on [−h0, c0].

Consequently ψ ≤ ϕ on [0, c0] and the assertion follows from the arbitrariness of
0 < c0 < c. �
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Lemma 2.3 Suppose that Assumption H0[σ] holds and

(15) ψ ∈ C([−h0, c],R+) satisfies the initial inequality ψ ≤ θ on [−h0, 0] and

ψ(t) ≤ θ(0) +
∫ t

0

σ(τ, ψα0(τ))dτ, t ∈ [0, c).

Then ψ ≤ ϕ on [0, c).

Proof Let us consider the function u : [−h0, c)→ R+ defined by

u(t) = θ(t) for t ∈ [−h0, 0],

u(t) = θ(0) +
∫ t

0

σ(τ, ψα0(τ))dτ for t ∈ (0, c).

Then u′(t) ≤ σ(t, ψα0(t)) ≤ σ(t, uα0(t)) for almost all t ∈ [0, c). Lemma 2.2 and
condition (15) assure the thesis. �

3. Uniqueness of solutions for mixed problems. Put U = [−b, b]×C(D,R)×
Rn. Write

∆+
i = {x ∈ [−b, b] : xi = bi}, ∆−

i = {x ∈ [−b, b] : xi = −bi},

where 1 ≤ i ≤ n. Let Θ be the class of all of all functions γ(t, p), γ ∈ C(R×R+,R+),
which are nondecreasing withe respect to p and summable with respect to t.

We follow with the assumptions on given functions.

Assumption H [f ]. Suppose that the function f : Ξ → R of the variables
(t, x, w, q), q = (q1, . . . , qn), is such that

1) f( ·, x, w, q) : [0, a]→ R is measurable for each (x,w, q) ∈ U and f(t, ·) : U → R
is continuous for almost every t ∈ [0, a],

2) the partial derivatives

(∂q1f(P ), . . . , ∂qnf(P )) = ∂qf(P ), P = (t, x, w, q),

exist for (x,w, q) ∈ U and for almost all t ∈ [0, a],
3) ∂qf( ·, x, w, q) : [0, a]→ Rn is measurable and there is B ∈ Θ such that

‖∂qf(t, x, w, q)‖ ≤ B(t, ‖w‖0) for (x,w, q) ∈ U and for almost all t ∈ [0, a]

and there is C ∈ Θ such that for (x,w, q) ∈ U , (x̄, q̄) ∈ [−b, b] × Rn, w̄ ∈ C(D,R)
and for almost all t ∈ [0, a] we have

‖∂qf(t, x̄, w + w̄, q̄)− ∂qf(t, x, w, q)‖ ≤ C(t, ‖w‖0)[‖x− x̄‖+ ‖w̄‖0 + ‖q − q̄‖],

4) there is κ > 0 such that for 1 ≤ i ≤ n we have

∂qif(t, x, w, q) ≥ κ for (x,w, q) ∈ ∆+
i × C(D,R)× Rn
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and
∂qif(t, x, w, q) ≤ −κ for (x,w, q) ∈ ∆−

i × C(D,R)× Rn

for almost all t ∈ [0, a].
Assumption H [α]. Suppose that the functions α : [0, a] → [0, a] and α′ : E →

[−b, b] are such that
1) α0(t) ≤ t for t ∈ [0, a] and there is r0 ∈ R+ such that

|α0(t)− α0(t̄)| ≤ r0|t− t̄| on [0, a],

2) α′ is of class C1 and

‖∂xα′(t, x)‖ ≤ r0 on E,

3) there is r1 ∈ R+ such that

‖∂xα′(t, x)− ∂xα′(t, x̄)‖ ≤ r1‖x− x̄‖ on E.

Write r = (r0, r1).
Let V : C(D,R)→ C([−h0, 0],R+) be the operator defined by

(V w)(t) = max{|w(t, s)| : s ∈ [−h, h]}.

Note that (V w) is continuous.
For every (t, x) ∈ E and for z, v ∈ C1.L

ϕ.c [d] we put

Q[z, v](t, x, ξ) = (t, x, zα(t,x), ∂xz + ξ∂x[v − z](t, x)).

Theorem 3.1 Suppose that Assumptions H[α], H[f ], H[σ] are satisfied and the es-
timate

|f(t, x, w, q)− f(t, x, w̄, q)| ≤ σ(t, V (w − w̄))

holds on [−b, b]× C(D,R)× Rn for almost all t ∈ [0, a].
Then problem (1),(2) admits one solution at the most in the space C1.L

ϕ.c [d].

Proof Suppose that u, ũ ∈ C1.L
ϕ.c [d] are two solutions of (1),(2). Let g(·, t, x) denote

the solution of the Cauchy problem

(16) η′(τ) = −
∫ 1

0

∂qf(Q[ũ, u](τ, η(τ), ξ))dξ, η(t) = x.

From Assumption H[f ] it follows that δ(t, x) ∈ [0, t) exists such that the solution
g(·, t, x) is defined on [δ(t, x), t] and (τ, g(τ, t, x)) ∈ E for τ ∈ [δ(t, x), t]. Moreover
we have (δ(t, x), g(δ(t, x), t, x)) ∈ E0 ∪ ∂0E. We write

P [z, w](τ, t, x) = (τ, g(τ, t, x), zα(τ,g(τ,t,x)), ∂xw(τ, g(τ, t, x))).

Then we get

∂t(u− ũ)(τ, g(τ, t, x)) =
∫ 1

0

∂qf(Q[ũ, u](τ, g(τ, t, x), ξ))dξ ◦ ∂x(u− ũ)(τ, g(τ, t, x))
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+f(P [u, u](τ, t, x))− f(P [ũ, u](τ, t, x)),

for almost all τ ∈ [δ(t, x), t], and consequently∫ t

δ(t,x)

d

dτ
(u− ũ)(τ, g(τ, t, x))dτ

=
∫ t

δ(t,x)

[
f(τ, g(τ, t, x), uα(τ,g(τ,t,x)), ∂xu(τ, g(τ, t, x)))

−f(τ, g(τ, t, x), ũα(τ,g(τ,t,x)), ∂xu(τ, g(τ, t, x)))
]
dτ

for almost all (t, x) ∈ E. It follows that

(17) |(u− ũ)(t, x)| ≤
∫ t

δ(t,x)

σ
(
τ, V

(
(u− ũ)α(τ,g(τ,t,x))

))
dτ

on E. Let ψ(t) = max{|(u− ũ)(t, x)| : x ∈ [−c, c]}, −h0 ≤ t < a.
Hence ψ is absolutely continuous on [−h0, a) and ψ(t) = 0 for t ∈ [−h0, 0]. It

follows from (17) that

ψ(t) ≤
∫ t

0

σ(τ, ψα0(τ))dτ, t ∈ [0, a).

Now, the assertion follows from the Lemma 2.3. �

Theorem 3.2 Suppose that Assumption H[f ] is satisfied and
1) the estimate

f(t, x, w, q)− f(t, x, w̄, q) ≤ 0

on E × Rn and for w, w̄ such that w < w̄ on D.
2) u, v ∈ C1.L

ϕ.c [d] and

(18) u(t, x) < v(t, x) on E0 ∪ ∂0E,

3) for every x ∈ [−b, b] we have

(19) ∂tu(t, x)− F [u](t, x) < ∂tv(t, x)− F [v](t, x)

for almost all t ∈ [0, a]. Then u < v on Ω.

Proof Suppose that the assertion is false. Then the set

J+ = {t ∈ [0, a) : u(t, x) ≥ v(t, x) for some x ∈ [−b, b]}

is nonempty. Let t̄ = inf J+. It follows from the condition (18) that t̄ > 0 and

(20) u(t, x) < v(t, x) for (t, x) ∈ Ω ∩ ([0, t̄)× Rn)

and there is x̄ ∈ [−b, b] such that u(t̄, x̄) = v(t̄, x̄).
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Let g(·, t, x) denote the Carathéodory solution of the Cauchy problem

(21) η′(τ) = −
∫ 1

0

∂qf(Q[v, u](τ, η(τ), ξ))dξ, η(t) = x.

From (19) we have for x ∈ [−b, b] for almost all t ∈ [0, a]

∂t(u− v)(τ, g(τ, t, x)) < f(P [u, u](τ, t, x))− f(P [v, v](τ, t, x))

almost everywhere on [δ(t, x), t]. Then for x ∈ [−b, b] for almost all t ∈ [0, a] we have

d

dτ
(u− v)(τ, g(τ, t, x)) < f(P [u, u](τ, t, x))− f(P [v, v](τ, t, x))

−
∫ 1

0

∂qf(Q[v, u](τ, g(τ, t, x), ξ))dξ ◦ ∂x(u− v)(τ, g(τ, t, x))

almost everywhere on [δ(t, x), t]. Integrating the above inequality with respect to τ
on [δ(t, x), t] and using the Hadamard mean value theorem we get for x ∈ [−b, b] for
almost all t ∈ [0, a] the inequality

(22) (u− v)(t, x)− (u− v)(S(t, x)) <
∫ t

δ

[f(P [u, u](τ, t, x))− f(P [v, u](τ, t, x))]dτ,

where S(t, x) = (δ, g(δ, t, x)) ∈ E0 ∪ ∂0E and δ = δ(t, x). Note that from the com-
pactness of the set E0 ∪ ∂0E and from (18) it follows that there exists ε > 0 such
that

(u− v)(t, x) ≤ −ε for (t, x) ∈ E0 ∪ ∂0E.

From (22), from the condition 1) and from (20) it follows that

(u− v)(t, x) < (u− v)(S(t, x)) ≤ −ε

for x ∈ [−b, b] for almost all t ∈ [0, t̄).
From the above inequality and from the continuity of u− v we get that

(u− v)(t̄, x̄) ≤ −ε < 0.

We obtain a contradiction with the condition J+ 6= ∅. The proof is complete. �

Now we prove a theorem on weak functional differential inequalities.

Assumption H[σ]. Suppose that
1) σ satisfies the Carathéodory conditions and σ(t, ω) = 0 for ω = 0 on [−h0, 0]

and for almost all t ∈ [0, a],
2) ϕ = 0 on [−h0, c] is the maximum solution of the problem (11),(12) with θ = 0

on [−h0, 0].
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Theorem 3.3 Suppose that Assumptions H[α], H[f ], H[σ] are satisfied and
1) the estimate

0 ≤ f(t, x, w, q)− f(t, x, w̄, q) ≤ σ(t, V (w − w̄))

holds for w ≥ w̄ on D for each (x, q) ∈ [−b, b]× Rn, w, w̄ ∈ C(D,R) for almost all
t ∈ [0, a],

2) u, v ∈ C1.L
ϕ.c [d] and

(23) u(t, x) ≤ v(t, x) on E0 ∪ ∂0E,

3) for every x ∈ [−b, b] we have

(24) ∂tu(t, x)− F [u](t, x) ≤ ∂tv(t, x)− F [v](t, x)

for almost all t ∈ [0, a]. Then u ≤ v on Ω.

Proof Let ã ∈ (0, a) be arbitrary. We will prove that

(25) u(t, x) ≤ v(t, x) for (t, x) ∈ Ω ∩ ([0, ã)× Rn).

Denote by ωε(·) the right-hand maximum solution of the Cauchy problem

ω′(t) = σ(t, ωα0(t)) + ε, ω = ε on [−h0, 0].

There exists ε̃ > 0 such that for 0 < ε < ε̃ the solution ωε(·) is defined on [0, ã) and

lim
ε→0

ωε(t) = 0 uniformly on [0, ã).

Consider the function uε : Ω∩ ([0, ã)×Rn)→ R defined by uε(t, x) = u(t, x)−ωε(t),
where 0 < ε < ε̃. We will prove that

(26) uε(t, x) < v(t, x) for (t, x) ∈ Ω ∩ ([0, ã)× Rn).

It follows from (23) that the strong initial boudary inequality : uε(t, x) < v(t, x) is
satisfied for (t, x) ∈ E0 ∪ [∂0E ∩ ([0, ã) × Rn)]. We will prove that the differential
inequality

(27) ∂tuε(t, x)− F [uε](t, x) < ∂tv(t, x)− F [v](t, x)

is satisfied for x ∈ [−b, b] for almost t ∈ [0, a]. It follows from 1) and from (24) that

∂tuε(t, x)− F [uε](t, x) = ∂tu(t, x)− F [u](t, x)− ω′ε(t)

+f(t, x, uα(t,x), ∂xu(t, x))− f(t, x, [uε]α(t,x), ∂xu(t, x))

≤ ∂tv(t, x)− F [v](t, x)− ω′ε(t) + σ(t, [ωε]α0(t))

= ∂tv(t, x)− F [v](t, x)− ε.

Then we get the differential inequality (27). The inequality (26) follows from the
Theorem 3.2. Then, letting ε tend to 0 in (26), we get (25). From arbitrariness of
ã ∈ (0, a) the assertion follows. �
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Remark 3.4 The results on differential functional inequalities presented in the pa-
per can be extended to weakly coupled functional differential systems.
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