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Abstract. We obtain existence of absolutely continuous extremal solutions of the pro-
blem u′(x) = F (x, u(x), u(h(x))), u(0) = u0, and the Darboux problem for uxy(x, y) =

G(x, y, u(x, y), u(H(x, y))), where h and H are arbitrary continuous deviated argu-
ments.
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1. Introduction. The paper is divided on two sections. In the first section
we consider the ordinary differential equation u′ = F (x, u, u(h)) and in the second
section the Darboux problem for uxy = G(x, y, u, u(H)), where h andH are arbitrary
continuous deviated arguments.

We investigate conditions that guarantee existence of extremal solutions for those
problems. The main difficulty of this study is the absence of assumption h(x) ≤ x
(or H(x, y) ≤ (x, y) in natural order on IR2). Even elementary equation may have
either large class of solutions (see [2] for x′(t) = (x(βt))

1
β , β > 1) or empty class of

solutions (for example x′(t) = (x(t+ 1))2, x(0) = 1).
Proofs of those problems are based on the below Fixed Point Theorem which

easily follows from Fixed Point Theorem, Lemma 1 and Remarks in [4].

Lemma 1.1 (Fixed Point Theorem) Let M 6= ∅ be partially ordered metric space
with closed ordering (it means that for convergent sequences {xn}, {yn} the condition
xn ≤ yn for n ∈ N implies limn→∞ xn ≤ limn→∞ yn), for every x, y ∈ M the set
{x, y} has a greatest lower and a least upper bounds in M and
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1. T : M →M is an increasing mapping.

2. There exists v, w ∈M such that v ≤ T (v), T (w) ≤ w.

3. T (M) is a relatively compact subset of M .

Then T has a fixed point x such that v ≤ x ≤ w. Moreover, the set of all such fixed
points of T has a smallest and a biggest elements.

In this paper we are looking for an absolutely continuous solutions in the sense
of Carathéodory, it means we expect that the initial value problem will be satisfied
almost everywhere. Let us define the Carathéodory condition.

Definition 1.2 We say that F : IRn+× IRm → IR satisfies the Carathéodory condi-
tion if

1. F (x, ·) ∈ C(IRm, IR), for a.e. x ∈ IRn+, and F (·, p) : IRn+ → IR is measurable
functions for all p ∈ IRm.

2. For any A > 0, B > 0 there exists function e ∈ L1([0, A]n, IR+), such that,
|F (x, p)| ≤ e(x) for all p ∈ [−B,B]m and a.e. x ∈ [0, A]n.

2. Ordinary differential equation. Let us consider equation

(1) u′(x) = F (x, u(x), u(h(x))) on IR+,

(2) u(0) = u0.

where F : IR+ × IR2 → IR, h ∈ C(IR+, IR+), u0 ∈ IR.

Lemma 2.1 Let ϕ : IR+ × IR → IR satisfies the Carathéodory condition and there
are functions c, d ∈ L1

loc(IR+, IR+) such that |ϕ(x, p)| ≤ c(x)|p|+d(x). Then problem
u
′
(x) = ϕ(x, u(x)), u(0) = u0 has a minimal u and a maximal u solution on IR+ for

every u0 ∈ IR. Furthermore, if v, w are absolutely continuous functions from IR+

into IR such that
v
′
(x) ≤ ϕ(x, v(x)), v(0) ≤ u0,

w
′
(x) ≥ ϕ(x,w(x)), w(0) ≥ u0,

for almost every x > 0, then v(x) ≤ u(x), w(x) ≥ u(x) for all x ∈ IR+.

Theorem 2.2 Let functions F : IR+ × IR2 → IR, h ∈ C(IR+, IR+) satisfy the follo-
wing properties

(a) Function F satisfies the Carathéodory condition and there exist functions a,
b ∈ L1

loc(IR+, IR+) such that |F (x, p, q)| ≤ a(x)|p|+ b(x) for all p ∈ IR.
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(b) For every (x, p) ∈ IR+ × IR the function F (x, p, ·) is increasing.

Then

1. For each u0 ∈ IR there exist a minimal S(u0) and a maximal S(u0) solutions
of (1–2).

2. The mappings S, S : IR→ C(IR+, IR) are increasing with respect to the natural
ordering on C(IR+, IR).

Proof Let us fix u0 ∈ IR and denote by v, w ∈ C(IR+, IR) the solutions of the
problems

(3) u
′
(x) = −a(x)|u(x)| − b(x), u(0) = u0,

and

(4) u
′
(x) = a(x)|u(x)|+ b(x), u(0) = u0,

respectively. We have v(x) ≤ w(x) for all x ≥ 0. Consider

M = {u ∈ C(IR+, IR) : v(x) ≤ u(x) ≤ w(x)}

with the natural ordering and the topology of compact convergence on C(IR+, IR).
M is a complete metric space with closed ordering. Furthermore, for each couple
{u1, u2} ⊆M there exist the greatest lower and the least upper bounds in M .

For each u ∈M consider the problem

(5) γ
′
(x) = F (x, γ(x), u(h(x))), γ(0) = u0,

For u ∈ C(IR+, IR) define Tmin(u), Tmax(u) as minimal and maximal solution of (5),
respectively. Lemma 2.1 yields that Tmin and Tmax are well defined. Since |γ′(x)| ≤
a(x)|γ(x)| + b(x), γ(0) = u0 for u ∈ M and γ = Tmax(u), then Tmax(M) ⊂ M .
Analogously we obtain Tmin(M) ⊂ M . In addition Tmin, Tmax are increasing and
every fixed point of Tmin or Tmax is in M . If γ = Tmin(u) or γ = Tmax(u) (u ∈M),
then

|γ
′
(x)| ≤ a(x)max{|v(x)|, |w(x)|}+ b(x) = A(x).

The function A(x) is measurable and locally integrable. This gives that Tmin(M) and
Tmax(M) are sets of locally uniformly bounded and locally equicontinuous functions
on IR+. By the Ascoli-Arzelá’s Theorem we obtain that, Tmin(M) and Tmax(M) are
relatively compact sets. By virtue of Lemma 1.1 the first assertion is satisfied.

If in definitions of Tmin and Tmax we replace u0 by u1, where u1 ∈ IR and
u0 ≤ u1, then we obtain operators T 1

min and T 1
max with the same properties as Tmin

and Tmax and such that

Tmin(u) ≤ T 1
min(u), Tmax(u) ≤ T 1

max(u).

Hence we obtain the second assertion. �
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Theorem 2.3 Let functions F : IR+ × IR2 → IR, h ∈ C(IR+, IR+) satisfy the follo-
wing properties

(a) Function F satisfy the Carathéodory condition and there is function m ∈
L1
loc(IR+, IR+) and N ∈ IR+ such that

(i) F (x, p, q) ≤ 0 for p ≥ N , F (x, p, q) ≥ 0 for p ≤ −N and for every
(x, q) ∈ IR+ × IR,

(ii) supq1,q2∈IR |F (x, p, q1)− F (x, p, q2)| ≤ m(x).

(b) For every (x, p) ∈ IR+ × IR the function F (x, p, ·) is increasing whereas for
every (x, q) ∈ IR+ × IR the function F (x, ·, q) is decreasing.

Then

1. For each u0 ∈ IR there is a minimal S(u0) and a maximal S(u0) solution of
(1–2), which are bounded.

2. The mappings S, S : IR → Cb([0,∞), IR) are increasing with respect to the
natural ordering on the set Cb(IR+, IR) of boundet continuous functions.

3. S and S are continuous from the right and from the left, respectively.

Proof Fix u0 ∈ [−N,N ] and denote v ∈ C(IR+, IR) as a solution of (3) and w ∈
C(IR+, IR) as a solution of (4). It follows from assumption (i) and (b) that the
functions v and w are uniquely determined. Moreover, −N ≤ v(x) ≤ w(x) ≤ N
if u0 ∈ [−N,N ], −N ≤ v(x) ≤ w(x) ≤ u0 if u0 > N , u0 ≤ v(x) ≤ w(x) ≤ N if
u0 < −N for all x ∈ IR+. We define the set M and the operators Tmin, Tmax :
C(IR+, IR)→ C(IR+, IR) as in the proof of theorem 2.2. The problem

γ
′
(x) = F (x, γ(x), u(h(x))), γ(0) = u0

has exactly one solution for every u ∈ C(IR+, IR), so Tmin = Tmax = T . Reasoning
analogous to that in the proof of Theorem 2.2 gives that T has a fixed point, which is
a solution of (1). Moreover, there exist minimal solution S(u0) and maximal solution
S(u0). Both mappings are increasing. Since v and w are bounded, S(u0) and S(u0)
are bounded functions.

For fixed u0 ∈ IR denote Sn = S(u0 + 1/n) and define

u(x) = min{Sn(x) : n ∈ N}, for x ≥ 0.

We show that u is the solution of (1–2). We obtain

Sn(u) = u0 +
1
n

+
∫ x

0

F (s, Sn(s), Sn(h(s)))ds.

Since −max{|u0|, N} − 1 ≤ Sn(s) ≤ max{|u0|, N}+ 1 for s ∈ (0, x) then the Cara-
théodory condition gives |F (s, Sn(s), Sn(h(s)))| ≤ e(s) for some function e integrable
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on (0, x). Hence Lebesgue domination theorem gives

u(x) = lim
n→∞

Sn(x) = u0 + lim
n→∞

(∫ x

0

F (s, Sn(s), Sn(h(s)))ds
)

= u0 +
∫ x

0

F (s, u(s), u(h(s)))ds.

It means that u is the solution of (1–2). Since S(u0) ≤ u and S(u0) is a maximal
solution, we obtain S(u0) = u. This proves the continuity of S from the right.

Analogously we prove the continuity of S from the left. �

3. Hyperbolic differential equation. Let us consider equation

(6) uxy(x, y) = G(x, y, u(x, y), u(H(x, y))) on D,

(7) u(x, y) = u0(x, y) on D0,

where D = [0,∞) × [0,∞), D0 = [0,∞) × {0} ∪ {0} × [0,∞), G : D × IR2 → IR,
u0 ∈ C1(D, IR), H ∈ C(D,D).

Lemma 3.1 Suppose that

(a) ψ : D × IR→ IR satisfies the Carathéodory condition.

(b) There exist functions α, β ∈ L1
loc(D, IR+) such that

|ψ(x, y, p)| ≤ α(x, y)|p|+ β(x, y).

(c) For every (x, y) ∈ D function ψ(x, y, ·) is increasing.

(d) v0, u0, w0 ∈ C1(D, IR) and

v0(x, y) ≤ u0(x, y) ≤ w0(x, y) on D0.

(e) vxy ≤ ψ(x, y, v), uxy = ψ(x, y, u), wxy ≥ ψ(x, y, w) on D.

Then the problem uxy = ψ(x, y, u), u = u0 on D0 has a minimal u and a maximal
u solution on D for every u0 ∈ C1(D, IR), and v ≤ u, u ≤ w.

Theorem 3.2 Let functions G : D × IR2 → IR, h ∈ C(D,D) satisfy the following
properties

(a) Function G satisfies the Carathéodory condition and there exist functions α,
β ∈ L1

loc(D, IR+) such that |G(x, y, p, q)| ≤ α(x, y)|p|+ β(x, y) for all q ∈ IR,

(b) The function G(x, y, ·, ·) is increasing for every (x, y) ∈ D.

Then
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1. For each u0 ∈ IR there exist a minimal S(u0) and a maximal S(u0) solutions
of (6–7).

2. The mappings S, S : C(D, IR) → C(D, IR) are increasing with respect to the
natural ordering on C(D, IR).

Proof Here we proceed analogously like in the proof of Theorem 2.2. Let us fix
u0(x, y) ∈ D0 and denote by w ∈ C(D, IR) the maximal solution of the problem

(8) uxy(x, y) = α(x, y)u(x, y) + β(x, y), u(x, y) = |u0(x, y)|+ 1,

and by v ∈ C(D, IR) the minimal solution of the problem

(9) uxy(x, y) = α(x, y)u(x, y)− β(x, y), u(x, y) = −|u0(x, y)| − 1.

The existence of those extremal solutions follows from Lemma 3.1. Additionally
v = −w and they exist on D. Moreover, Lemma 3.1 yields that −w(x, y) = v(x, y) ≤
w(x, y), therefore w(x, y) ≥ 0 for all (x, y) ∈ D. Consider

M = {u ∈ C(D, IR) : −w(x, y) ≤ u(x, y) ≤ w(x, y)}

with the natural ordering and the topology of compact convergence on C(D, IR).
M is a complete metric space with closed ordering. Furthermore, for each couple
{u1, u2} ⊆M there exist the greatest lower and the least upper bounds in M .

For each u ∈M consider the problem

(10) γxy(x, y) = G(x, y, γ(x, y), u(H(x, y))), γ0 = u0,

For u ∈ C(D, IR) define Tmin(x), Tmax(x) as minimal and maximal solution of (10),
respectively. The inequality w ≥ 0 and Lemma 3.1 yields that Tmin and Tmax are well
defined, since |γ̃| ≤ w, where γ̃ is minimal or maximal solution of (10). Reasoning
analogous to that in the proof of Theorem 2.2 gives the proof of Theorem 3.2. �

Let us now consider the more general equation

uxy(x, y) =(11)
K(x, y, u(x, y), ux(x, y), uy(x, y), u(H(x, y)), ux(H1(x, y)), uy(H2(x, y)))

on D,

(12) u(x, y) = u0(x, y) on D0,

where D and D0 are define above, K ∈ C(D × IR6, IR), u0 ∈ C1(D, IR), H, H1,
H2 ∈ C(D,D).

Let us define a relation

u ≺ v on D ⇔ u ≤ v, ux ≤ vx, uy ≤ vy on D.

Now we state Lemma which is needed below
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Lemma 3.3 Suppose that

(a) ψ ∈ C(D × IR3, IR).

(b) There exist functions α, β ∈ C(D, IR+) such that

|ψ(x, y, p, q, r)| ≤M(1 + |p|+ |q|+ |r|).

(c) For every (x, y) ∈ D function ψ(x, y, ·, ·, ·) is increasing.

(d) ψ satisfies the Lipschitz condition

|ψ(x, y, p, q, r)− ψ(x, y, p, q̄, r̄)| ≤ L(|q − q̄|+ |r − r̄|).

(e) u0 ∈ C1(D, IR) and

v(0, 0) ≤ u0(0, 0) ≤ w(0, 0), vx ≤ u0
x ≤ wx for y = 0, vy ≤ u0

y ≤ wy for x = 0.

(f) vxy ≤ ψ(x, y, v, vx, vy), uxy = ψ(x, y, u, ux, uy), wxy ≥ ψ(x, y, w,wx, wy) on
D.

Then, in the sense of relation ≺, the problem uxy = ψ(x, y, u, ux, uy), u = u0 on
D0 has a minimal u and a maximal u solution on D for every u0 ∈ C1(D, IR), and
v ≺ u, u ≺ w.

If we replace boundary function in (8) by v0(x, y) =
∫ x
0
|u0
x(s, 0)|ds+ |u0(0, 0)|+∫ y

0
|u0
y(0, t)|dt and in (9) by −v0(x, y), then the above Lemma and reasoning analo-

gous to that in Theorem 3.2 gives

Theorem 3.4 Suppose that

(a) K ∈ C(D × IR6, IR), H, H1, H2 ∈ C(D,D).

(b) There exist functions α, β ∈ C(D, IR+) such that

|K(x, y, p1, p2, p3, q1, q2, q3)| ≤M(1 + |p1|+ |p2|+ |p3|).

(c) For every (x, y) ∈ D function K(x, y, ·) is increasing.

(d) K satisfies a Lipschitz condition in p2 and p3

|ψ(x, y, p1, p2, p3, q)− ψ(x, y, p1, p̄2, p̄3, q)| ≤ L(|p2 − p̄2|+ |p3 − p̄3|).

Then, in the sense of relation ≺,

1. For each u0 ∈ IR there exist a minimal S(u0) and a maximal S(u0) solutions
of (11–12).

2. The mappings S, S : C1(D0, IR)→ C1(D, IR) are increasing.



24 Extremal Solutions

4. Supplementary remarks. The idea of this paper is use of Fixed Point
Theorem (Lemma 1.1). This idea descend from [4]. The first part, in particular
Theorems 2.2–2.3, is generalization of this paper. In the second part we make the
most of this idea for hyperbolic equation of second order.

In the text we have three helpful Lemmas. We use them to create comparison
problems to those in the paper. They are without proofs, but the Lemma 2.1 can
be obtained from [5], Theorem XXII, p.123, where the local existence of extremal
solutions were proved without sublinear estimation of ϕ, the Lemma 3.1 can be found
in [6], pp.152-153. In order to proof the Lemma 3.3 one has to look to [6] section 21
and to the paper [1].

Some different techniques then the above for investigation of extremal solutions
one may find in [3] for integral functional equations.
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