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A covering criterion and its applications to
product theorems

Abstract. We establish a covering criterion involving a neighbourhood system and
ideals of open sets which yields, in particular, a compactness criterion for an arbitrary
topological space. As an application, we give new proofs of Tychonoff’s compactness

theorem: we consider separately the case of a countable product, in a proof of which
the ordinary mathematical induction is used, and the case of an uncountable product
proved by the transfinite induction. Subsequently, the same argument is applied to

obtain some results on products of Lindelöf spaces.
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1. Introduction. Among various operations on topological spaces the oper-
ation of the Cartesian product seems to lead to the most interesting theorems. It
is well-known that a fundamental result here is a famous theorem on compactness
of the Cartesian product of compact topological spaces proved by Tychonoff [16] in
1930. His proof uses a result of Alexandroff and Urysohn [3] (for a simple proof
of it, see Abian-Eslami [1]) which states that a topological space is compact if and
only if every infinite subset of it has a complete accumulation point. Since there is a
number of other equivalent characterizations of compactness and, actually, each of
them can be chosen to be verified for the Cartesian product, many authors were able
to give other proofs of Tychonoff’s theorem (see, e.g., Čech [6], Alexander [2], Tukey
[15], Chevalley-Frink [7], Bourbaki [5], Kemp-Abian [12], Wright [17]). Nowadays
three proofs are the most popular and usually presented in monographs on general
topology. The first one is based on Alexander’s subbase theorem: a space is com-
pact if and only if every cover of it by a subbase has a finite subcover (see, e.g.,
Kelley [11, p. 139], Kuratowski [13, pp. 4-5 and 17-18]). The second proof, due to
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Chevalley and Frink [7] (see, e.g., Arhangel’skǐı-Ponomarev [4, Problems 47 and 75,
Ch. III], Engelking [8, pp. 184-185]) uses the following criterion: a space is compact
if and only if every maximal family of its subsets possessing the finite intersection
property has a cluster point. At last the third proof, by Bourbaki [5], uses methods
of theory of filters. A crucial result here is that a space is compact if and only if
every ultrafilter in this space is convergent.

All proofs of Tychonoff’s theorem depend on the Axiom of Choice in the form
of either Zorn’s Lemma ([2], [5], [12]), or the Teichmüller-Tukey Lemma ([7], [15]),
or Zermelo’s well-ordering theorem ([3], [16], [17]). In fact, Kelley [10] showed that
Tychonoff’s theorem – even restricted to the class of all T1-spaces – is equivalent to
the Axiom of Choice. On the other hand, Tychonoff’s theorem becomes provable
without this axiom if it is stated for locales instead of topological spaces as shown
by Johnstone [9].

In this paper we shall present among others yet another proof based on Zermelo’s
well-ordering theorem – when the case of uncountable products is considered – and a
new compactness criterion for an arbitrary topological space involving ideals of open
sets (cf. Theorem 2.2(a)). The key idea can be summarized as follows: we start with
some ideal of open subsets of the product; then, walking successively from one space
of the product to the next one, we define a sequence (ordinary or transfinite) of
ideals of open subsets of spaces constituting the product; moreover, in each step
of that walk we apply our compactness criterion to deduce the existence of some
point in a space of the product, getting in this way some sequence in the product; at
last we observe that the latter sequence satisfies the assumption of our compactness
criterion which yields that the product is compact. Actually, our proof is inspired
by a proof well-known to mathematicians from the University of Wisconsin (USA)
since the sixthies (the author is unknown) which was recently published [17].

We consider separately the case of a countable product of spaces, in a proof
of which the ordinary mathematical induction is used. It seems that a detailed
proof of Tychonoff’s theorem for countable products has not yet been published in
the literature. In fact, with the help of a covering criterion (cf. Theorem 2.2) our
argument can be applied to give a simultaneous proof of five theorems (the last two
of them seem to be new):
— a countable product of compact spaces is compact;
— the product of a compact space and a Lindelöf space is Lindelöf;
— the Lindelöf number `(X × Y ) of the product of a compact space X and a space
Y is equal to `(Y );
— the product of two Lindelöf spaces, from which one has the extraordinary property
that every Gδ-set is open (‘Gδ = τ ’), is Lindelöf;
— a countable product of Lindelöf spaces with the property ‘Gδ = τ ’ is Lindelöf.

In case of an uncountable product the previous method can easily be extended by
well-ordering of the set of all indexes of spaces and a use of the transfinite induction
principle instead of the ordinary induction. However, this time we cannot obtain
counterparts of earlier results for Lindelöf spaces (cf. Remark 5.2).

2. A Covering Criterion. Let (X, τ) be a topological space. Throughout
this paper we assume that compactness of X means every open cover of X has a
finite subcover; none of axioms of separations are required. Similarly, X is said to
be a Lindelöf space if every open cover of X has a countable subcover.



J. Jachymski 35

We say that a family J of open subsets of X is an ideal in τ if the following
conditions are satisfied:

(1) X /∈ J;

(2) A ∪B ∈ J for all A,B ∈ J;

(3) U ⊆ A implies that U ∈ J for all U ∈ τ and A ∈ J.

If a family J ⊆ τ satisfies (1), (3) and for any sequence (An)∞n=1 sets from J, the
union

⋃∞
n=1An is in J, then J is said to be a σ-ideal in τ . More generally, given an

infinite cardinal number m, we say that a family J is an m-ideal in τ if (1) and (3)
hold, and

(4)
⋃

J′ ∈ J for any subfamily J′ ⊆ J such that card J′ ≤ m.

Clearly, an ℵ0-ideal is the same as a σ-ideal and every m-ideal is also an ideal in τ
since, by (3), ∅ ∈ J if J 6= ∅.

Lemma 2.1 Let a family J⊆ τ satisfy (3), x ∈ X and B(x) be a base at the point
x. Then x ∈

⋃
J if and only if B(x) ∩ J 6= ∅.

Proof If x ∈
⋃

J, then x ∈ A for some A ∈ J. Since also A ∈ τ , there is a U ∈ B(x)
such that U ⊆ A. By (3), U ∈ J. Thus U is in B(x) ∩ J.
Implication (⇐) is obvious since U ∈ B(x) ∩ J implies that x ∈ U and U ⊆

⋃
J. �

Recall that the Lindelöf number `(X) of a spaceX is the smallest cardinal number
m such that every open cover of X has a subcover of cardinality ≤ m.

Theorem 2.2 Let {B(x) : x ∈ X} be a neighbourhood system for a space (X, τ)
and m be an infinite cardinal number. Then

(a) X is compact if and only if for every ideal J in τ , there is an x ∈ X such that

(5) B(x) ∩ J = ∅;

(b) X is Lindelöf if and only if for every σ-ideal J in τ there is an x ∈ X such that
(5) holds;

(c) `(X) ≤ m if and only if for every m-ideal J in τ , there is an x ∈ X such that
(5) holds.

Proof Clearly, (b) is a particular case of (c) since X is Lindelöf if and only if
`(X) ≤ ℵ0. We give a simultaneous proof of (a) and (c). The text written below in
the square brackets deals with (c).

Implication (⇒) of (a) and (c): Let X be compact [Let `(X) ≤ m] and J be an
ideal [m-ideal] in τ . Suppose that

⋃
J = X. Then there exist A1, · · · , An ∈ J [exists

a subfamily J′ ⊆ J of cardinality ≤ m] such that X =
⋃n
i=1Ai [X =

⋃
J′]. Hence
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and by (2) [(4)], X ∈ J which contradicts (1). So there is an x ∈ X \
⋃

J. Then, by
Lemma 2.1, (5) holds.

Implication (⇐) of (a) and (c): Let U be an open cover of X. Suppose that for
every finite subfamily U’ of U [subfamily U′ ⊆ U of cardinality ≤ m],

⋃
U′ 6= X. We

shall extend U to obtain an ideal [m-ideal] in τ . Set

U1 :=
{⋃

U′ : U′ is a finite subfamily of U
}

[
U1 :=

{⋃
U′ : U′ is a subfamily of U of cardinality ≤ m

}]
.

Then U ⊆ U1 ⊆ τ and U1 satisfies (1) and (2) [(4)] with U1 substituted for J [since
m ·m = m]. Further, set

J := {V ∈ τ : V ⊆ U for some U ∈ U1}.

It is easily seen that J is an ideal [m-ideal], so by hypothesis and Lemma 2.1,
⋃

J 6=
X. However, J ⊇ U, so J is a cover of X which yields a contradiction. �

3. Tychonoff’s Theorem for Countable Products. Throughout this sec-
tion (Xn, τn) are topological space for all n ∈ N and τ denotes the Tychonoff topology
of the product X :=

∏∞
n=1Xn generated by the base B,

B :=

U1 × · · · × Un ×
∏
j>n

Xj : n ∈ N, Ui ∈ τi for i = 1, · · · , n

 .

We consider the neighbourhood system {B(x) : x ∈ X} generated by B, i.e., given
x ∈

∏∞
n=1Xn, x = (xn)∞n=1,

B(x) := {Ux1 × · · · × Uxn
×
∏
j>nXj : n ∈ N, Uxi

∈ τi and xi ∈ Uxi

for i = 1, · · · , n}.

Theorem 3.1 If every space (Xn, τn) is compact for all n ∈ N, then the product
(
∏∞
n=1Xn, τ) is compact.

Proof By Theorem 2.2(a), it suffices to show that given an ideal J in τ , there is a
sequence (xn)∞n=1 ∈

∏∞
n=1Xn such that for all n ∈ N,

(6) Ux1 × · · · × Uxn
×
∏
j>n

Xj /∈ J for all Ux1 ∈ τ1, · · · , Uxn
∈ τn.

We shall define (xn)∞n=1 by induction and with the help of Theorem 2.2(a) applied
successively to every space (Xn, τn) with the neighbourhood system

B(yn) := {Un ∈ τn : yn ∈ Un} for all yn ∈ Xn.

Step 1. Set

J1 :=

U1 ∈ τ1 : U1 ×
∏
j>1

Xj ∈ J

 .
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Clearly, J1 is an ideal in τ1, so by Theorem 2.2 (a), there is an x1 ∈ X1 such that
Ux1 /∈ J1 for all Ux1 ∈ τ1, i.e., (6) holds for n = 1.

Step 2. (We add this step only for didactic reasons: first, in order to illuminate
step n + 1; second, to make our argument more comparable with that used in the
proof of Theorem 4.1 (cf. Section 4).) Set

J2 :=

U2 ∈ τ2 : Ux1 × U2 ×
∏
j>2

Xj ∈ J for some Ux1 ∈ τ1

 .

We show that J2 is an ideal in τ2. That X2 /∈ J2 follows from (6) for n = 1.
Further, if U2, V2 ∈ J2, then Ux1 × U2 ×

∏
j>2Xj ∈ J and Vx1 × V2 ×

∏
j>2Xj ∈ J

for some Ux1 , Vx1 ∈ τ1. Then substituting in these sets Ux1 ∩ Vx1 for Ux1 and Vx1

respectively, we get other two sets in J, the union of which is again in J which means
that U2 ∪ V2 ∈ J2. It is clear that J2 satisfies also (3). So by Theorem 2.2(a), there
is an x2 ∈ X2 such that Ux2 /∈ J2 for all Ux2 ∈ τ2, i.e., (6) holds for n = 2.

Step n + 1. Let n ∈ N and assume that (xj)nj=1 has been defined such that (6)
holds. Set

Jn+1 := {Un+1 ∈ τn+1 : Ux1 × · · · × Uxn × Un+1 ×
∏
j>n+1Xj ∈ J

for some Ux1 ∈ τ1, · · · , Uxn
∈ τn}.

Similarly as in step 2 we show that Jn+1 is an ideal in τn+1 (if need be, you may
consult here the proof of Theorem 5.1), so Theorem 2.2(a) yields the existence of
xn+1 ∈ Xn+1 such that (6) holds for the number n+ 1.

The defined sequence (xn)∞n=1 enjoys to have property (6) for all n ∈ N which
completes the proof. �

4. Products of Lindelöf Spaces. We present here how an argument of the
previous section can be used to prove some results on finite or countable products
of Lindelöf spaces. Some additional assumptions will be necessary since it is well-
known that even the product of two Lindelöf spaces need not be Lindelöf (see, e.g.,
Steen-Seebach [14, pp. 103-104]).

Theorem 4.1 Let (Xn, τn) be topological spaces for all n ∈ N.

(a) If X1 is Lindelöf and X2 is compact, then X1 ×X2 is Lindelöf.

(b) If X1 and X2 are Lindelöf and every Gδ-set in X2 is open, then X1 × X2 is
Lindelöf.

(c) If X2 is compact, then the Lindelöf number `(X1 ×X2) equals `(X1).

(d) If all spaces Xn are Lindelöf and every Gδ-set in Xn is open for all n ∈ N, then∏∞
n=1Xn is Lindelöf.

Proof We start with a simultaneous proof of (b) and (c) using the square brackets
for comments to the proof of (c). [It is easily seen that `(X1) ≤ `(X1×X2). Denote
m := `(X1 ×X2).] By Theorem 2.2 (b) [(c)], it suffices to show that given a σ-ideal
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[an m-ideal] J in the topology τ of X1 ×X2, there is a pair (x1, x2) in this product
such that

(7) Ux1 × Ux2 /∈ J for all Ux1 ∈ τ1 and Ux2 ∈ τ2.

Similarly as in step 1 of the proof of Theorem 3.1 set

J1 := {U1 ∈ τ1 : U1 ×X2 ∈ J}.

Then J1 is a σ-ideal [m-ideal] in τ1, so by Theorem 2.2 (b) [(c)] there is an x1 ∈ X1

such that Ux1 × X2 /∈ J for all Ux1 ∈ τ1. Again following step 2 of the previous
section, set

J2 := {U2 ∈ τ2 : Ux1 × U2 ∈ J for some Ux1 ∈ τ1}.

By the property of X2, J2 is a σ-ideal in τ2. [Then J2 is an ideal in τ2.] Hence
Theorem 2.2 (b) [(a)] gives the existence of x2 ∈ X2 such that (7) holds which
completes the proof of (b) and (c).

We only need to prove (d) since (a) follows from (c). We apply Theorem 2.2 (b).
So let J be a σ-ideal in Tychonoff’s topology of

∏∞
n=1Xn. Then we can rewrite the

proof of Theorem 3.1 since every family Jn defined there is a σ-ideal by the property
of Xn (also consult here Remark 5.2 at the end of this paper). �

To illuminate the property ‘Gδ = τ ’ consider the following

Example 4.2 Let X be an uncountable set. We define the topology in X in the
following way:
a set A ⊆ X is closed if and only if either A = X or A is countable (card A ≤ ℵ0).
Then it is easily seen that X is a Lindelöf T1-space and every Fσ-set is closed, i.e.,
X has the property ‘Gδ = τ ’.

The following result shows that other non-trivial examples of T1-spaces having the
property ‘Gδ = τ ’ can be found only in the class of spaces which are not first-
countable.

Proposition 4.3 Let X be a T1-space which satisfies the first axiom of countability.
Then every Gδ-set is open if and only if X is discrete.

Proof (⇒): It suffices to show that every singleton is open. So let x ∈ X and
B(x) be a countable base at x. By hypothesis, U :=

⋂
B(x) is a neighbourhood of

x. Suppose there is a y ∈ U such that y 6= x. Since X is T1, the set X \ {y} is a
neighbourhood of x and U 6⊆ X \ {y}. This yields a contradiction since {U} is also
a base at x. So we get that U = {x} and hence the singleton {x} is open.

Implication (⇐) is obvious. �

Finally, we discuss the problem of preserving the property ‘Gδ = τ ’ under infinite
products.

Proposition 4.4 Let (Xγ , τγ) be topological spaces for all γ ∈ Γ, where Γ is an
infinite set. If the product

∏
γ∈ΓXγ has the property ‘Gδ = τ ’, then almost all spaces

Xγ are anti-discrete. In particular, the property ‘Gδ = τ ’ is not ℵ0-multiplicative.
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Proof Suppose, on the contrary, that for infinitely many γ ∈ Γ, Xγ is not anti-
discrete. That means there exists a sequence (γn)∞n=1 of distinct elements of Γ and a
sequence (Un)∞n=1 such that Un ∈ τγn

and ∅ 6= Un 6= Xγn
. For all n ∈ N and γ ∈ Γ,

set
An :=

∏
γ∈Γ V

(n)
γ , where

V
(n)
γ := Xγ if γ 6= γn; V

(n)
γn := Un.

Clearly, all An are open subsets of
∏
γ∈ΓXγ . However, the intersection

⋂∞
n=1An is

not open which violates the property ‘Gδ = τ ’ of the product.
To prove the second statement consider the space X defined in Example 4.2 and

set Xn := X for all n ∈ N. By the first part of Proposition 4.4, the product
∏∞
n=1Xn

fails to have the property ‘Gδ = τ ’. �

5. Tychonoff’s Theorem for Uncountable Products. Let (Xγ , τγ) be
topological spaces for all γ ∈ Γ, where Γ is an uncountable set. By Zermelo’s
Theorem, the set Γ can be well-ordered. Let α be the ordinal number assigned to
this well-ordering. Then we can identify elements of the product X :=

∏
γ∈ΓXγ

with transfinite sequences (xγ)γ<α of type α which enables in the sequel to apply
the transfinite induction principle. We could assume that a well-ordering for Γ is
given a priori to avoid using the Axiom of Choice (abbr., AC). Nevertheless, even
then the proof of Tychonoff’s theorem given below depends on the AC after all.
(The AC is necessary, when some sequence (xγ)γ<α is defined.) The letter τ denotes
Tychonoff’s topology of the product and B is the cannonical base for this topology.

Theorem 5.1 If every space (Xγ , τγ) is compact for all γ ∈ Γ, then the product
(
∏
γ∈ΓXγ , τ) is compact.

Proof We shall adapt the proof of Theorem 3.1. By Theorem 2.2(a), it is enough
to show that given an ideal J in τ , there is an x = (xγ)γ<α ∈ X such that (5)
holds. We shall define an x and a sequence (Jγ)γ<α of ideals in τγ by the transfinite
induction. J0 and x0 are defined analogously as J1 and x1 from step 1 of the proof
of Theorem 3.1. Then

Ux0 ×
∏

0<γ<α

Xγ /∈ J for all Ux0 ∈ τ0.

Equivalently, if U ∈ B and U ⊇ {x0} ×
∏

0<γ<αXγ , then U /∈ J. Let 0 < β < α
and assume that (xγ)γ<α has been defined such that given U ∈ B,

(8) if U ⊇
∏
γ<β

{xγ} ×
∏
γ≥β

Xγ , then U /∈ J.

Let pγ denote the projection of X onto Xγ for all γ ∈ Γ. To illuminate the next
definition observe that the ideal Jn+1 from the proof of Theorem 3.1 could be defined
in the following equivalent way:

Jn+1 := {Un+1 ∈ τn+1 : Un+1 = pn+1(U) for some U ∈ B ∩ J such that
xj ∈ pj(U) for all j < n+ 1, and pj(U) = Xj

for all j > n+ 1}.
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Analogously we set

Jβ := {Uβ ∈ τβ : Uβ = pβ(U) for some U ∈ B ∩ J such that
xγ ∈ pγ(U) for all γ < β, and pγ(U) = Xγ

for all β < γ < α}.

Then Jβ is an ideal in τβ . For example, we verify (2). If Uβ , Vβ ∈ Jβ , then there
exist U, V ∈ B ∩ J of the form

U = U0 × · · · × Uβ ×Xβ+1 × · · · and V = V0 × · · · × Vβ ×Xβ+1 × · · ·

(assuming that β+1 6= α) such that xγ ∈ Uγ∩Vγ for all γ < β, and Uγ 6= Xγ or Vγ 6=
Xγ for finitely many γ < β. Since also the sets U ′ := (U0∩V0)×· · ·×Uβ×Xβ+1×· · ·
and V ′ := (U0 ∩ V0) × · · · × Vβ ×Xβ+1 × · · · are in B ∩ J, so is their union. Then
pβ(U ′ ∪ V ′) = Uβ ∪ Vβ and hence Uβ ∪ Vβ ∈ Jβ .

Now, by Theorem 2.2(a), there is an xβ ∈ Xβ such that Uxβ
/∈ Jβ for all Uxβ

∈ τβ .
Hence if U ∈ B and U ⊇

∏
γ≤β{xγ}×

∏
γ>β Xγ (under the convention that we omit

the latter product, if β + 1 = α), then Uβ := pβ(U) is a neighbourhood of xβ and
thus Uβ /∈ Jβ which yields that U /∈ J. That means (8) holds with β+ 1 substituted
for β. Hence we may infer that, indeed, the defined sequence x := (xγ)γ<α satisfies
(5). �

Remark 5.2 Let us note that the above argument cannot be carried over to cover
the case, in which an uncountable product of Lindelöf spaces with the property
‘Gδ = τ ’ is considered. A difficulty arises in an effort of showing that the family Jβ

is a σ-ideal: if sets U (n)
β ∈ Jβ for all n ∈ N, Un := U

(n)
0 × · · · × U

(n)
β ×Xβ+1 × · · ·

are associated sets in B∩ J, and Wn :=
⋂
n∈N U

(n)
0 × · · · ×U (n)

β ×Xβ+1 × · · · , then

Wn ⊆ Un and
⋃
n∈N Wn =

⋂
n∈N U

(n)
0 × · · · ×

⋃
n∈N U

(n)
β ×Xβ+1 × · · · , but though

every set
⋂
n∈N U

(n)
γ is open in Xγ for all γ < β, the sets Wn need not be open in the

product
∏
γ∈ΓXγ unless an ordinal β is finite as it is in the proof for the countable

product. So, in general, we cannot deduce here that the union
⋃
n∈N U

(n)
β belongs

to Jβ .
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