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W it o l d  W n u k  (Poznan)

liPn) spaces with the Dunford-Pettis property

Abstract. Let 1 ^  pn <  oo. The Musielak-Orlicz sequence space l(Pn) has the Dunford-Pettis 
property if and only if the set of accumulation points of the sequence (p„) is included in the two- 
point set {1, oo}. This note contains also an example of an liPn) space with the Dunford-Pettis 
property which is neither an 00 nor an i f 1 space and which does not have the Schur property. 
Moreover, a characterization of Musielak-Orlicz sequence spaces isomorphic to l1 is presented.

1. Introduction and auxiliary results. Oür paper extends the list of classical 
Banach lattices with the Dunford-Pettis property. We will investigate spaces of 
real sequences

00
l(Pn) = {(x;„)e<u: m{rxn) = £ |rx n|Pn < oo for some r > 0),

l
where p„e[l, oo) and со denotes the set of all real sequences. The space l(Pn) is 
a Banach lattice with respect to the coordinatewise order and the norm being 
Minkowski’s functional of the set {(x„)el{Pn): m(xn) ^  1}. We will characterize 
those l(Pn) spaces which have the Dunford-Pettis property by properties of the 
sequence (p„) and we will show that liPn) has the Dunford-Pettis property iff its 
dual space or a special subspace have this property. Moreover, we will notice 
that among f Pn) spaces with the Dunford-Pettis property there are spaces 
which are neither f£ 00 spaces nor f£ x spaces (in the sense of [8]) and which do 
not have the Schur property. We will also present a characterization of 
Musielak-Orlicz sequence spaces lifn) which are isomorphic to l1.

We will often use the fact that if a Banach lattice (E , || • ||) has the 
Dunford-Pettis property, then so does the Riesz subspace EA whenever EA is 
order dense in E. The subspace EA is defined as the largest ideal in E such that 
the restricted norm is order continuous, i.e.,

EA = {xeE: |x| ^  xaJ,0 implies UxJ-^O}.

There are no difficulties in verifying that EA is always closed.
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All notions not explained below and concerning Banach lattices or locally 
solid Riesz spaces can be found in [4] or [3]. We refer the reader interested in 
the Dunford-Pettis property to [5] and [4]. Let us only recall that a Banach 
space E has the Dunford-Pettis property iff x„->-0 weakly in E and /„-> 0 
weakly in the dual space E* imply f n(x„) ->0. The classical examples of Banach 
spaces with the Dunford-Pettis property are AL- and ЛМ-spaces. It is clear 
that E* having the Dunford-Pettis property implies E has the Dunford-Pettis 
property.

The following lemma will be useful for our considerations.

L em m a  1. Let (E , || • ||) be a Banach space and let F, H denote closed 
subspaces of E.

(i) I f  E has the Dunford-Pettis property and F is complemented, then 
F also has the Dunford-Pettis property.

(ii) I f  F and H have the Dunford-Pettis property and E = F@H, then 
E has the Dunford-Pettis property.

(iii) E has the Dunford-Pettis property iff every a (E*, E**) compact set is 
relatively г(Е*, E) compact (t(£*, E) denotes the Mackey topology of the pair 
(E*, E)).

The proof of (i) and (ii) is routine so we will omit it. (iii) is the content of 
[4], Exercise 2, p. 348.

Suppose E is a Banach lattice and EA is order dense in E (for example, this 
holds in Orlicz spaces generated by finite-valued functions). The dual space 
E% can be identified with En, i.e., with the order bounded and order continuous 
functionals on E. Indeed, if 0 < fsE %  then putting /(x) = sup{/(y): 
ye[0 , x] n  Ea} for x e E +, and /(x) = f ( x +)—f(x~ )  for an arbitrary x e E, we 
obtain a unique extension of /  to the whole E and this extension is order 
continuous (the supremum is finite because [0, x] n  EA is bounded in E; the 
other properties of the extension can be proved by repeating almost verbatim 
the arguments from the proof of [4], Theorem 4.12). Moreover, if Edn is the 
disjoint complement of En, then Edn = {fsE *: f(E A) = {0}}. Indeed, if 
0 < f  eEd, then its order continuous component is zero, i.e., 
inf (sup / (xfl): 0 ^  xa|x} = 0 for all x e £  +. In particular, for 0 < x e Ea and an 
arbitrary net xa satisfying 0 ^  xafx we have ||xe —x|| -*0, and so /(x) = 0. On 
the other hand, if / (EA) = {0}, then the carrier Cf  of /  is trivial, i.e., Cf  = {0}, 
but this means that /  eE d (see [3], Theorem 3.9).

Now we can prove our first result:

P r o p o sit io n  2. Let (E , || • ||) be a Banach lattice such that EA is order dense 
in E. I f  E has the Dunford-Pettis property, then so does EA.

Proof.  We have E* = En® Edn and E** = (£f)°®£„° ([3], Theorem 19.5), 
where E% = { / eE**: f(E n) = {0}} (the band (Ei)° is defined analogously). Set 
S = (E$)°. We can identify E* and S. Moreover, EA = En as noticed before. Let
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К cz E\  be weakly compact. Then К  is also a(E*, E**) compact because the 
topology a{E*, E**) restricted to £* equals и(En, S). From Lemma l(iii) we 
deduce that К is т(E*, E) compact (К is weak*compact and thus x(£*, E) 
closed). The proof will be finished if we show that the topology x(£*, E) 
restricted to E* is finer than т(£*, £ л) because in this case X is x(£*, 
compact and it suffices to use Lemma l(iii) again.

Let U be an arbitrary x(E*, £л) neighbourhood of zero. Then there exists 
an absolutely convex o{EA, E%) compact set V czEA with U = f]xev{f^E%: 
|/(x ) |< l} . Since h(EA) — { 0} for every h.EEd„ we find that V is g (£,£*) 
compact and U = f]xev { f  ̂ E*: l/M I ^  1} n £ $ , i.e., U is the intersection of 
E* and a t(E*, E) neighbourhood of zero.

Rem ark. If £ is Dedekind complete and EA is not a band in E, then EA is 
never complemented in E (see [10]).

2. When does liPn) have the Dunford-Pettis property? The l(Pn) spaces 
belong to a broader class of sequence spaces, the so-called Musielak-Orlicz 
spaces (for details see [9] and [11]). Let /„: [0, oo)->[0, oo) be a convex 
function with f n(r) = 0 iff r = 0. The sequence (/„) generates the Musielak- 
Orlicz sequence space l{fn\

/(/„) = {(хи)е т :  m(rxn) = X / n(lr^J) < 00 for some r > °}»
i

which is a Banach lattice with respect to the pointwise order and the norm 
||(x„)|| = inf{r > 0: m(r~1xn) < 1}. It is well known that

1а п) = m(rx„) < oo for all r}

and of course f{n) is order dense in lifn). Moreover, we will assume 
limr_>0r -1 / n(r) = 0 and ^ r~1 f n(r) = oo for all n. In this case the dual of
l({ n) can be identified with where /*  are the complementary functions to 
/„, i.e., f*(r) = sups>0( r s - f n{sj). In particular (l^n))* = l(qn), where 1 <  pn < oo 
and Pn1 + qn1 = !•

It is also known that the quotient space l{fn)/l{{ n) is an AM -space (see [12]). 
Using this fact we can easily see that the space of singular functionals on l{fn) is 
an ЛТ-space (so it has the Dunford-Pettis property).

Now we return to l(Pn) spaces.

Theorem 3. For p„e[l, oo) the following statements are equivalent:

(i) l(Pn) has the Dunford-Pettis property.
(ii) l(f n) has the Dunford-Pettis property.
(iii) The set of accumulation points of (pn) is included in the two-point set 

{1, oo}.
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Proof.  The implication (i)=>(ii) holds by Proposition 2.
Now let (ii) hold and suppose lim*-^ p'k = pe( 1, oo) for some subsequence 

(p'k). Since l(Pk) = 1(Лк) we see that liPk) is a complemented subspace of l(%n). 
Therefore in virtue of Lemma l(i), l(Pk) has the Dunford-Pettis property, which 
is impossible because l(Pk) is reflexive and infinite-dimensional.

(iii) =>(i). It suffices to show that l(Pn) has the Dunford-Pettis property 
whenever (pn) tends to one or to infinity. Indeed, if both one and infinity are 
accumulation points of (pn), then set N^ = {n: pn ^  2} and N 2 = {n: pn > 2}. 
We have

l(Pn) = Lx0 L 2, where Ц = { x ' lNi: x e l(Pn)j, г = 1,2,

and l Ni is the characteristic function of N t. Thus l{Pn) has the Dunford-Pettis 
property by Lemma 1 (ii).

Suppose first 1. By the Halperin-Nakano result [7], liPn) has the Schur 
property and so the Dunford-Pettis property.

Let pn-+oo. In this case we can assume pn > 1. The space (liPn))* is 
isomorphic to l(qn) 0  L1 (p), where p ^ l + q ^1 = 1 and p is some measure (the 
singular functionals form an TL-space). The space liqn) has the Dunford-Pettis 
property by the previous part of the proof (qn->l). Thus (l(Pn))* has the 
Dunford-Pettis property by Lemma l(ii) and finally l{Pn) has this property.

Remark.  If 1 < pn < oo then it is easy to verify that the conditions (i)-(iii) 
are equivalent to the following:

(iv) liqn) has the Dunford-Pettis property, where p ^1+ q^1 = 1.
(v) (l(Pn))* has the Dunford-Pettis property.

Now we present some l{Pn) with special properties. We will need the 
following lemma.

Lemma 4. Let 1 < pn < oo and pn((pn — l) ln n )_1 -»0. Then liPn) is not 
isomorphic to l1.

Proof.  If l(Pn) were isomorphic to l1 then it would be order isomorphic to 
l1 ([2], Theorem 5). Therefore l(qn) has to be an AM-space. According to [1], 
Theorem 5, sup„ +  . . .  +e„\\ < oo, where e{ is the ith unit vector in l{qn). Since 
li9n) has the n-Levi property ([11], Theorem 1.1) we deduce that the sequence 
with all terms equal to one belongs to l(qn), i.e., tqn is convergent for some t, 
which is impossible because qn/lnn-+0.

E x a m p l e . For 1 < p„->oo and pn/\nn->0 the following statements hold:
(i) l(Xn) has the Dunford-Pettis property.

(ii) l(Xn) does not have the Schur property.
(iii) l{%n) is neither an i f 00 space nor an i f 1 space (in particular, it is not 

isomorphic to any AM- or AL-space).
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Property (i) is a consequence of Theorem 3. Suppose that l{f n) has the 
Schur property. We have (l(%n))* = l(qn) and qn-* 1, and so l{qn) has the Schur 
property by the result of Halperin and Nakano. Therefore dim l{f n) < oo, 
a contradiction.

If l^n) were an J5?00 space, then l(f n) would be isomorphic to c0 (see [6], 
Theorem III.3). Therefore l(qn) ought to be isomorphic to /1, which is impossible 
by Lemma 4.

Suppose l(f n) is an space. Using [8], Corollary 3, p. 308, we infer that 
№>)* = l{qn) is isomorphic to Iх and we have a contradiction because l{qn) has 
the Schur property.

We have needed l(Pn) spaces not isomorphic to l1 in the example presented 
above. It is possible to give a precise characterization of l(fn) spaces isomorphic 
to l1. We will start with the following lemma due to Yamamuro [14]:

Lemma 5. /(/п) = l1 if and only if there exist a, b > 0 such that 
supnf n{a) < со and £ ?  f*(b) < oo.

"Pr o p o sit io n  6. The following statements are equivalent:
(i) lifn) is isomorphic to Iх.
(ii) There exist constants a, b > 0 and a sequence (cn) with positive terms 

such that supnf n(acn) < oo and /*(b/c„) < oo.

Proof. (i)=>(ii). Using [2], Theorem 5, we see that Iх and f fn) are order 
isomorphic. Let T: lx-*l{fn) be an order isomorphism. According to [13], 
Lemma 1, there are numbers c „ > 0  and a bijection P: N->N such that 
Tx(n) = c„x(P(n)) for x e l 1. Define an operator 7\: Iх-* Iх by 
Txx = x(P~x(-)). The composition T7] is an order isomorphism and 
TT1x(n) = cnx{n). Thus (x(n))elx if and only if (cnx(n))elifn). Writing 
gn(r) = f„{c„r) we obtain Iх = lign), and so in virtue of Lemma 5, g*{b) < oo
and supngn(a) < oo for some a, b > 0. The proof is finished because 
9*(r) = fn(r/cn).

(ii)=>(i). Putting gn(r) = f n{cnr) and using Lemma 5 again we get l(9n) = Iх. 
If we define T(x(n)) = (c„x(«)) for (x(n)) in Iх, then T is an isomorphism from Iх 
onto l(fn).

Corollary 7. Let р„е(1, oo) and p„ x+q„ 1 = 1. Then f Pn) and Iх are 
isomorphic iff there exist a, b, cn > 0 such that

OO
sup(acn)Pn <oo and £  bqn({cnpn)qn(qn-1 ) )" 1 < oo.

" 1
Let <p: [0, oo)-> [0, oo) be a convex function such that <p(r) = 0 iff r = 0. 

In a class of Orlicz spaces L^ip), as opposed to Musielak-Orlicz sequence 
spaces, the spaces with the Dunford-Pettis property are exactly the Lx{p) 
spaces. More precisely:
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P r o p o sit io n  8. Let g be the Lebesgue measure on the unit interval or on the 
half line (0, со), or let g be the counting measure on the power set of the natural 
numbers. Then L<p(g) has the Dunford-Pettis property iff Lv (g) = L1 (g).

Proof.  Let (p* denote the complementary function to <p. Suppose g is the 
Lebesgue measure on (0, 1) and assume L(p(g) = IP has the Dunford-Pettis 
property. According to Proposition 2, so does L%. We have c  L1 because 
(p(l)r < (p(r) for r ^  1. Thus the sequence (Rn) of Rademacher functions forms 
a weakly null sequence in LJ (L** is the dual of L^). If supr>or~1(p(r) = oo, 
then (Rn) is also a weakly null sequence in L9* (the dual od IP* is isomorphic to 
L9@S, where S is the band of singular functionals — they vanish on L̂ *). 
Denote by /„ the functional on LP generated by Rn, i.e., f„{x) = Jo xRnds. We 
ought to have f n(Rn)->0 but f n(Rn) = Jo R^ds = 1. Hence c — supr>0 r -1 <p(r) 
< oo and (p(l)r ^  (p(r) ^  cr for r ^  1, i.e., L9 = L1.

Now suppose g is the counting measure and assume L9(g) = P has the 
Dunford-Pettis property. If infr>0 r~1 q>(r) = 0 then P and P* are included in c0 
and repeating the above arguments with the unit vectors instead of Radema
cher functions we will get a contradiction. Therefore d = infr>0r -1<p(r) > 0, 
i.e., dr ^  (p(r) ^  <p(l)r for r ^  1 and finally P = l1.

Consider the third case, i.e., g is the Lebesgue measure on (0, oo). If 
IP{ 0, oo ) = IP has the Dunford-Pettis property, then so do IP If), 1) and P as 
complemented subspaces (the operator P : L9^ L 9 given by

00 n + 1

P f=  I  ( J f(s)ds) 1(„,„+1)
n = 0 n

is a projection onto a copy of P — use Jensen’s integral inequality). Therefore, 
by the previous parts of the proof

0 < d = inf r~1(p(r) ^  supr-1 <p(r) = c < oo, i.e., dr ^  (p(r) < cr and IP = L1.
r > 0  r > 0

References

[1] Ju. A. A b ram ov ic , Some theorems on normed lattices, Vestnik Leningrad Univ. Math. 
4 (1977), 153-159 (translated from Vestnik Leningrad. Univ. Mat. 13 (1971), 5-11).

[2] Ju. A. A b ra m o v ic  and P. W o jta szczy k , The uniqueness of the order in the spaces 
Lp[0, 1] and lp, Mat. Zametki 18 (1975), 313-325 (in Russian).

[3] C. A lip r a n t is  and O. B u rk in sh aw , Locally Solid Riesz Spaces, Pure Appl. Math. 76, 
Academic Press, New York and London 1978.

[4] —, —, Positive Operators, Pure Appl. Math., Academic Press, New York and London 
1985.

[5] J. D ie s  tel, A survey of results related to the Dunford-Pettis property, in: Integration, 
Topology and Geometry in Linear Spaces, Proc. Conf. Chapel Hill, N.C., 1979, Contemp. 
Math. 2 (1980), 15-60.

[6] N. G h o u sso u b  and W. B. J o h n so n , Factoring operators through Banach lattices not 
containing C(0, 1), Math. Z. 194 (1987), 153-171.



l<Pn> spaces with the Dunford-Pettis property 489

[7] I. H a lp er in  and H. N a k a n o , Generalized F-spaces and the Schur property, J. Math. Soc. 
Japan 5 (1953), 50-58.

[8] J. L in d en stra u ss  and A. P e lczy n sk i, Absolutely summing operators in Lp-spaces and their 
applications, Studia Math. 29 (1968), 275-326.

[9] — and L. T zafrir i, Classical Banach spaces I: Sequence spaces, Ergeb. Math. Grenzgeb. 92, 
Springer, Berlin 1977.

[10] G. Ja. L o z a n o v sk ii, Projections in certain Banach lattices, Mat. Zametki 4 (1968), 41^44 (in 
Russian).

[11] W. W nuk, Representations of Orlicz lattices, Dissertationes Math. 235 (1984).
[12] —, On the order-topological properties of the quotient space L/LA, Studia Math. 79 (1984), 

139-149.
[13] —, Orlicz spaces which are Riesz isomorphic to /“ , Rocky Mountain J. Math. 18 (1988), 

185-193.
[14] S. Y am am uro, Modulared sequence spaces, J. Fac. Sci. Hokkaido Univ. Ser. I 13 (1954), 

1- 12.

MATHEMATICAL INSTITUTE, POLISH ACADEMY OF SCIENCES, POZNAN BRANCH 
MIEL2YNSKIEGO 27/29, 61-725 POZNAN, POLAND


