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A. W a s z a k  (Poznan)

On some modular spaces of double sequences. I

Abstract. We consider modular spaces, countably modulared spaces and generalized Saks 
spaces of double sequences generated by a translation operator and a generalized variation.

1. Let X  be the space of all real, bounded, double sequences and let (Ф,),® i 
and {<Pj)f= i be two sequences of ^-functions. Sequences belonging to X  will be 
denoted by x = (t„v), y = (s„v) , ..., |x| = (|f„v|) and xp = (f£v), where p=  1 ,2 ,...  
The sequence л; belonging to X  will be also denoted by ((x)„v) or ((х)ду)*у=0 or 
(bxv)£°v=o- By a convergent sequence we shall mean double sequence a = (tpv) 
convergent in Pringsheim sense, i.e. for every e > 0 there exists an integer 
N such that |t ^  — t j  < e for every p, v > N, where t„ = lim ^-.^ tpv denotes the 
limit of x.

First we introduce two auxiliary notions for a double sequence x e l :  the 
sequential q> -modulus of x and the Ф-variation of x.

1.1. The translation operator x mn (m, n = 0, 1, 2, ...) is defined by x mnx  = 
((ТтиХ)„г) for x  =  ( t pv) e X ,  where

The sequence ((Tm„x)^v)*v = 0 is called the (m, n)-translation of x e l  (cf. [6], [7] 
and [12]).

The sequential (p-modulus of x e l  is defined as 

ю*/х; r, s) = sup sup su p ^ -fK x ^ -^ o X ^ -b o n X ^  + b^xbvl)

for Ц <m  and v < n, 
for m and v < n, 
for p < m and v ^  n, 
for f i ^  m and v ^  n.

where r, s = 0, 1 ,2 ,. . .  Note that

û)w(x; r, s) = sup sup sup sup (Pj(\tPtV — t -!)•

For the proof, set
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We have

where

M = ç)J(|(x)^v-(Tm0x)/iV-(Tonx)/iV + (TMnx)#tv|).

(0<pj{x; r, s) = sup sup {Mlt M2, M3, M4},
m>r n^s

M 1 = sup M, M 2 = sup M, M3 = sup M, M4 = sup M .
H < m , v < n  i i ^ m , v < n  / i < m , v ^ n  f i ^ m , v ^ n

Since M i  = Л̂ 2 м з 0 and iVf4 *P/(|t^v £n + m , v  t/i.v+n ^tju+m .v+nl)?  the 
assertion follows.

In these notations we will not mention the dependence on the ^-functions 
(Pj if <Pj(u) = \u\ for all j.

1.2. The 4>rvariation v0i(x) = Vf(x) of x e X is defined as
00

V 0 { ( x )  =  S U p  ^  0 i ( \ t mfM_ 1>fiv _ j t m^ n v_ j +  t mM>nv|)5
(mM),(nv) / i , v = l

where the supremum is taken over all increasing subsequences (mM) and (nv) of 
indices. We may introduce a more general functional

uKx) = Ф,(|£00|) + ̂ (х),

but in this case we limit ourselves to the space of sequences x e X  such that 
too = 0 (see [5], [7], [8], [12], [13], and [17]).

It is easily seen that (иф.),“ i is a sequence of pseudomodulars in X , and 
(briefly (1 Ф|)Г=1 or (!„]*= i), where

X Vg>i = {xeX \ иф.(Лх)->-0 as 2->0 + },

is a sequence of modular spaces. One may define in X V9i an F-norm by

\\x\\V9i = IW k = inf{e > 0: v9t{x/s) < e}

(cf- [7], [8], [13] and [14]).

1.3. Let W be a nonnegative, nondecreasing function of и ^  0 such that 
!F(m)->0 as «-►() + . The functional

(1) = Qj(x) = sup rs!F(m^(x; r, s))

defined for every x e X  is a pseudomodular in X. For every <pj (j =• 1, 2, . . .) we 
may define the modular space X Q (briefly X 0j) by

X 0vj = {xeX-. Q(p.(Àx)^0 as A->0 + },

with the corresponding F-norm || • ||e (briefly || • ||^). Moreover, if W is 
increasing and s-convex for и ^  0 with some 0 < s ^  1, then q̂ . is an s-convex 
pseudomodular in X  and
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sup
r,s> 1

оуДх; r, s)Y
, 'P(VM) )

where Y -^  is the inverse to Y.

1.4. We adopt the following notation:

X ^ Y )  = {xeX: rsY^co^Xx; r, s))->0 as r, s->oо for. a X > 0} 

where 7 = 1 ,2 , . . . ,  and
X <Pj(Yi,Y )  = X <Pj( Y ) n X 0i

for i, j  = 1, 2, ..., Observe that if Y  satisfies the condition (Л2) for small u ^  0, 
then we may take X = 1 in the definition of X ^ Y ) .  X ^ Y )  and X 9j(0if Y) for 
i, j  = 1 ,2 ,. . .  are vector spaces. We only prove this for X ^ Y ) .  If x, y e X ^ Y )  
and к is a number, then there is a X > 0 such that rsY((oq>J{Xx; r, s))-»0 and 
rsY((aVJ(Xy; r, s))->0 as r, s-> oo. Consequently,

rs!P(m^(^(x + y); r, s)) < rs!P(max{m^(Ax; r, s), со^(Ху; r, s)})

^  rsYfco^Xx; r, s))-\-rsY(œ(Pj(Xy; r, s))-> 0 as r, s->oo.

Moreover, rsY(coq>J(Xx; r, s)).= rsY(co(Pj((X/k)'kx; r, s))->0 as r, s-y oo. Thus 
X VJ(Y) is a vector space.

For a given pair of natural numbers i , j  we have Х^.(Фг, Y) c  X V.(Y) 
cz X e<p . In particular, if (Pj(u) = \u\ for all j  and Фг = Ф for i = 1, 2, ..., then we
have the results given in [12].

1.5. Now we shall consider some examples. In Examples 2-6 we suppose 
that (pj(u) = \u\ for all j.

E x a m p l e  1. Let a and b be arbitrary numbers and let x =  ( ^ v)£v=o> where 
tfio = tov = я for all ju, v and t^v = b for all ju > 1 and v ^  1. It is easy to verify 
that сo9j(x; r, s) = 0, q V j ( x )  = 0 for ;  = 1 ,2 ,. . .  and v0i(x) = ФД|Ь-а|) for
i=  1 ,2 ,. . .

E x a m p l e  2. Let x =  (tliv)^v=0, where =  (1 + | +  ... + ^rr)av with 
0 < a < 1. By definition of sequential modulus we have

p + m + l  j

m(x; r, s) = sup sup sup sup av(a"— 1) ]T -  .
m > r  n ^ s  д > m v ^ n  p = fi + 2 P

Since

In 2 = sup In
mÿr

2m+ 2 

m + 2 ^  sup sup
m-Ïr fi^m

p + m + 1
I

p = H + 2

1 t 2m 4-1-  ^  sup In-------
P  m > r  m + 1

= ln2
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for all r ^  0 and moreover, sup„?s supv>„ \av(an —1)| = as(l — as) for s ^  
— In2/lna, we have co(x; r, s) = as(l — as)ln2 for all r and for s ^  — ln2/lna.

E x a m p l e  3. Let x = (tliv)™v = 0, where with 0 < a < 1.
We have

o)(x; r, s)

= sup sup sup sup
mÿf nÿs v>n

^(flm- l )
v + n + 1 V+ 1

ar( 1 —ar)
(2s + l)(s+l)

for r ^  — ln2/lna and s = 1, 2, ...

Example 4. Let x =  (tMV)^v = 0> where

1
1+ ... + /X +1 1+ . . . + v+1

By simple calculations we obtain
/i +  m + l  j  v +  n + l  j

ш(х; r, s) = sup sup sup sup £  -  £  - .
m ^ r  n > s  ц ^ т  v-£n p = p + 2 P  q = v + 2 Q

Arguing as in Example 2 we have cu(x; r, s) = (ln2)2 for all r and s.

Example 5. Let x =  (fMV)£v=o> where t„v = —-j-y^l + ... + ^ - y ^ .  In this 

case we have

m(x; r, s) = sup sup sup sup
m v+£+1 1 _  r-ln2

n^s ^m  (/H-m+l)(/H-l) qJ?+2 q (2r+l)(r+l)

for all r ^  1 and all s ^  0.

E x a m p l e  6. Let x =  (fMV)^v = o» where tuv =  a M + v for fi, v =  0, 1 , 2 , . . . ,  with 
0 < a < 1. It is easily observed that

co(x; r, s) = ar+s( 1 — ar)(l — as)

for all r and s such that r, s ^  — ln2/lna. Moreover, we have

Рф.(Ях) = sup X Ф1(Я|ат '1" 1 +"v_1(l —атц_тц_1)(1 — a"v_”v_1)|)
(m^),(nv) p , v = l

<*,(*) + ! * , ( ^ +v),

where the last sum is taken over all jj. and v ^  2 or over all v and ц ^  2. If Ф1 is 
s-convex, 0 < s ^  1 (i = 1, 2, ...) we obtain г>ф.(Ях) < Ф,.(л)(1 — as)~2 for every 
X > 0, and so х е Х ф ..
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If ÎP is s-convex, 0 < s ^  1, then 

rs!F(co(Ax; r, s))

= rs'P(Acf+s(l — o')/! — as)) ^  r(as)r5(as)s5/(A)-^0 as r, s->oo.

Thus, x eX(!F). Finally, if both W and Ф{ (i = 1 ,2 ,...)  are s-convex, 0 < s ^  1, 
then хеХ(Ф {, W).

2. Now, consider two sequences of pseudomodulars (v̂ fL x and {g)f= i . By 
means of these sequences we define the following extended real-valued 
functionals which are modulars in X:

v0(x) = sup v-{x),

vs(x) =  Z  Vi(x),

(2) i  I_1 i *
uff(x) =  sup -  X  ViW,

к K i= 1

, £  1 yi(x)
,M )  1 , 2 4  + ̂ ) ’

60(*) = sup Qj{x),
j
oo

e,(x) = Z  Qj(x),

(3) i  J_1 1 * 
е Л х ) = sup t Z

к K j = l

, л v  1 б/*)

In consequence we obtain the following spaces: X„0, X„s, X„w and 
Xeo, X6s, X Qa, X Qw, which are called countably modulared spaces. In the 
general case it is well known that X v a  X vo c= X v cz X v and X Q <=. X eo 
cz X ea c= X Qw (cf. [1], [9] and [10]).

Observe that under some additional assumptions on the tp-functions Фг 
(i = 1, 2 ,...) and (pj (j = 1 ,2 ,...)  the opposite inclusions are also true. For 
example we shall consider the question of equality of X Vw and X vo.

Theorem. I f

(*) there exist positive constants K, c, u0 and an index i0 such that 

ФДсм) ^  КФ;0(и) for 0 ^  u ^  Uq and i ^  i'q,

then X Vyv cz X V0.

P г о о f. If x e  X Vw = f]i%iXv., then v{ (Ax) -> 0 as A -> 0 + , for each i. Hence, 
by assumptions we have

i , n v - i  _ j  +  t ra>itnvI ^  U q

and

Ф ^ М ^ т ц - i , n v - i  ^ m M, n v - l  i , n v  T  t m ^ . n v l )

^  КФ((С Я|Гт#1_ b„v_ j lmp-i,nv F

17 — Comment. Math. 30.2
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for all sequences (mp) and (nv), for i = i0, i0 + 1 , . . .  and for sufficiently small 
X > 0. Thus, vt{Xx) < Kvio(c~1Xx) and finally x e X V0.

3. In this section let us suppose that the ^-functions Ф£ (i = 1,2, . . . )  and 
(pj (j = 1,2, . . . )  are convex. Let v and g be any of the functions (2) and (3), 
respectively. We shall consider the spaces <X , v, g) and <X , g, v), or X s(v, g) 
and X s{q, v) (see [11], [15] and [16]). The spaces

X s(v, g) = < { x e l: v(x) < 1}, g>,

Z s(f?, v) = <{xeX: g(x) < 1}, v)

are called generalized Saks spaces.
The sequence (xp)®= j , where xp = (r^v), у-converges to x = (tpv) in Z s(f, £) 

(resp. Z s(p, ÿ)) if f(/cxp) ^  1 for some к > 0 and xp-^x (resp. g{kxp) ^  1 for 
some к > 0 and Xp-^x), and we denote this by writing xp̂ ^ X x  (resp. 
xpy(°’%x).

Let g\, q2, q'2 be modulars defined on X  and let gt and q2 be 
convex. If

( x e l :  0j(x) ^  1} <= (xeZ:  02(x) ^  1}

and the q\-convergence of a sequence (xp) to an element x in x s(gt , q\) implies 
its p'2-convergence to x in X s(g2, q't), then we write X s(q1} gj) c; X s(q2, g2).

Simple calculations lead to the following properties:

X s(vs, Q) c; X s(v0, q) я. X s{va, g), X s(v0, g) c; X s(vw, g),

X s(v, gs) ^  X s(v, g0) я. X s{v, ga), X s{v, 0O) c* Z s(tJ, p j ,
and moreover for instance

X S(vs, Qs) ^  X s(v0, gs) q: X s{va, 0O) q  X s{va, 0W),

X s(v0, Qo) *  x s(vW’ Qs)’ x s(vs’ Qs) <+ x s(v0’ Qo) <=> x s(vw, Qw)-

Under some additional assumptions on Ф£ (i = 1, 2,...) and q>j 
(j = 1 , 2 , ...), we can prove opposite inclusions for some of these spaces (see 
[7], [10], and [16]). For example, we have

T h eo r em . I f  the functions Ф£ (i =  1, 2 , . . . )  have the same properties as in 
the previous theorem, then

x s(Q’ О  ^  x s(Q’ Vo) ’ x s (v w , Q)^ x s (v 0 , q ) .

This follows from the theorem given in Section 2, and the proof runs in the 
same way.

4. Throughout this section it will be assumed that (Pj(u) = \u\ for all j  and 
Ф£ = Ф for every i. Moreover, we shall write g instead of g9 .
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A modular space is called g-complete if every g-Cauchy sequence is 
^-convergent to an element of this space. A sequence (xp) is called q-Cauchy if 
there exists а к > 0 such that for every e > 0 there is an N for which 
Q(k(xp — xq)) < e for all q>  p>  N  (cf. [8], 1.04, and [11]).

Let c be the space of all double sequences x = (^v)£v=o such that 
tuo — tov = a for all p, v and tpv = b for p ^  1 and v ^  1, where a and b are 
arbitrary. Obviously, c is a subspace of the space of all bounded, convergent 
double sequences, c is contained in Х(Ф,Ф), and c = ( x e l :  @(x) = 0). 
Moreover, x ec  is equivalent to ||x||e = 0 (cf. [7] and [12]).

We shall consider the quotient spaces X Q = XJc, X{W) = X(W)/c and 
Х(Ф, W) = Х(Ф, T)/c, whose elements will be denoted by x, y, etc. The norm 
||x||e is constant in each class x, therefore we may define ||x||e = ||x||e for xex. 
Moreover, if 4* is s-convex, where 0 < s ^  1, then we may define ||x||p = ||x||p 
for xex. Note that q ( x )  = 0 implies g(2x) = 0 for all x e l ;  and for x, y e X e 
such that x, yec, we have @(x) ^  д{2у) (cf. [12]). Consequently, by [3], 
Sections 3.2, 3.3 and 3.5, we have X e = X Jc  — {X/c)Q and

is a modular in X Q.

T h eo r em . Let 4* be an increasing, continuous function of и ^  0, *Т(0) = 0, 
satisfying the following condition:
(**) there exists a u0 > 0 such that for every Ô > 0 there is an ц > 0 satisfying 

the inequality W(rju) < ÔT(u) for all 0 ^  и ^  u0.
Then X Q and X(W) are Fréchet spaces with respect to the F-norm || • ||c.

Proof. Suppose (xp) is a Cauchy sequence in X Q or X(T) and let 
xpexp, xp = (^X v = o be such that

(i) t{v = i = 0  for all p, v and p.

Let !P_ ! be the inverse function to W and let e > 0. There exists an N  such that 
||Xp — Xq||q < ^(e), for all q > p > N. Thus, there exists a « {, 0 < ue < ï'(e), for 
which

for r, s = 1 ,2 ,. . .  and q > p > N .  Hence co(xp — xq; r, s) ^  uET - t (uJ(rs)) 
< uEe < eTis) for q>  p > N  and r, s = 1, 2 ,. . .  In consequence

q (x ) = inf{e(y): y  e x}
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for p ^ m ^ r ,  v ^  n^t s and q > p > N. We have

l^jt +  m.v +  n tji + m,v + n\ ^  A  +  B  +  C  +  D ,

where
в  =  |^+ » .v -^+ « .v l, c  =  K v+n- t l , v+n\, D =  |t£,v- t« ,v|.

First, note that by (i) we have B = C = D — 0 for r = s=  \ and p = v = 1, and 
we see that (tlt2)p=o is a Cauchy sequence. Next by induction we deduce that 
(t%,v)p=o is a Cauchy sequence for all p and v. Let x = (tMV)^v = o> where

_  f 0 if p — 0 or v = 0,
{lim t%v for p, v = 1, 2, . . .

Taking q —> со in the formula (ii) we have

(iii) E  =  | « + m,v +  n ' t p  + m,v + n) i / p  + m,v t p  + m,v ) i / p , v  + n ^ i,v  + n)

for p ^  m ^  r ^  1, and for all p, q > N. (iii) implies
(iv) r s ^ f w ^ - x ;  r, s)/ue) < uE.

Now observe that (**) is equivalent to the following condition (cf. [12]): 
(***) far any u1 > 0 and 5  ̂ > 0 there is an rjl > 0 such that 

¥{r\u) ^  ÔJF(ü) for all 0 ^  и ^  u1 and 0 < rj ^  77̂

Let <5 > 0 and fix ue > 0 and p, q>  N. We may choose ôx = ô/ue, мг = ¥ - 1(uE) 
and и = co(xp — x; r, s)/uE. By (***) we obtain rs¥(Xco(xp — x; r, s)) = rs¥(rju) 
^  ^  uniformly with respect to r and s, for 0 < X < r\JuE, where ц = Aue. 
Consequently, g(2(xp — x))->• 0 as X-*0 + , i.e. xp — x e X e. Moreover, (iv) implies 
||xcp — л:||0 < ME < ¥(e) for p > N, i.e. ||xp —x||e->0 as p->o0. Since xpe X Q and 
||x||e < ||xp—x||e + ||xp||e, we have x e X Q. Thus, X Q is complete.

We have still to show that if (xp) is g-Cauchy in X(¥), then xeX (¥ ). For 
every X > 0 we have rs4/ (ca(2(xp —x); r, s))->0 as p->o0, uniformly with 
respect to r and s. Fix e > 0 and X > 0. Then there exists an N  such that 
rs¥(2co(X(xp — x); r, s)) < e/2 for all r ,s  and for p> N . We may choose 
a t such that rs¥(2co(XxN; r, s)) < e/2 for all r ^  t and s ^  t. Hence

rs¥(co(Xx; r, s)) ^  rs¥(2co(X(x — xN); r, s)) + rs¥(2co(xN; r, s)) < e
for r ^  t, s ^  t. This shows that xeX (¥ ). Moreover, xp-*x in X(¥), and so 
x e X (¥ )  and xp->x in X(¥).

T h e o r e m . Let ¥  be an increasing, continuous function of и ^  0, !F(0) =  0, 
satisfying the condition (**). Then the spaces X Q and X(¥) are Q-complete.

Proof.  Let xpe X e, xp = (t£v)£v=0e x  be such that (i) is satisfied. Let (xp) 
be ^-Cauchy in X Q. Let ¥ ~ t be the inverse function to ¥  and let e > 0. There
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exists an N  such that g(2k(xp — xq)) < e for all q > p > N, к being fixed. There 
exists a ye2k(xp — xq) such that (̂y) < e. Since

e(w) =  q $ - 2 ( w - v) +  $ - 2 v) ^  e(2(w-i?)) +  e(2i>) =  q ( 2 v) ,

we have g(w) ^  q (2v) for v ,w eX Q such that v — wec. Now, for v = and 
w = k(xp — xq), we have Q(k(xp — xq)) ^  g{y) < e for all q > p > N. Consequent­
ly, co(k(xp — xq); r, s) < *ff_1(e/(rs)j for q > p > N  and all r, s. Arguing as in the 
proof of the previous theorem (cf. (ii) and (iii)), we obtain

Consequently, rs4, (co(k(xp~x); r, s)) < s  for p>  N  and for all r and s. Fix 
p > N, e>  0 and let ô > 0. Taking = 1, ul = ï /_1(e/(rs)), и = co(k(xp — x); 
r, s) in (***), we have

rsW(Xœ(xp — x; r, s))

for 0 < X/k < 1/! and for p > N, uniformly with respect to r, s. Thus, 
@(Я(хр —x)) ^  e for 0 < X/k ^  rit and p > N, i.e. g(/l(xp — x))->0 as for
p > N .  Hence xp — x e X g for p > N .  But xpe X Q, and so the inequality 
q (Xx ) ^  q (2Xx p) +  q (2X(x p — x )) yields x e X e. Since д(к(хр — х)) ^  e for p >  N, 
(xp) is ^-convergent to x and moreover

g(k(xp-x))  = inf{e(y): yek{xp-x )}  ^  д(к{хр-х))  ^  e

for p > N. Thus, (xp) is ^-convergent to x and so X Q is ^-complete.
For the proof that X(W) is closed in X Q with respect to q take 

хре!(!Р), хрДх. Then x e X g and £(2Я(хр—x))-»0 as p-* oo, for some X > 0. 
Arguing as in the first part of the proof and as in the proof of the previous 
theorem, we find that хеА(У), i.e. xeX (4 /).

I shall deal in another paper with similar problems concerning the spaces 
Х{Ф, 4>) and (Х(Ф, W), €ф, q}.
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