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On some modular spaces of double sequences. 1

Abstract. We consider modular spaces, countably modulared spaces and generalized Saks
spaces of double sequences generated by a translation operator and a generalized variation.

1. Let X be the space of all real, bounded, double sequences and let (P,){Z,
and (@;);%; be two sequences of ¢-functions. Sequences belonging to X will be
denoted by x = (t,,), ¥ = (), ---» IX| = (|t,]) and x, = (¢],), where p= 1, 2, ...
The sequence x belonging to X will be also denoted by ((x),,) or ((x),)2v=0 oF
(tu)mv=0- By a convergent sequence we shall mean double sequence x = (t,,)
convergent in Pringsheim sense, i.e. for every ¢ > 0 there exists an integer
N such that |t,,—t.] < & for every u, v > N, where t,, = lim,, , .  t,, denotes the
limit of x.

First we introduce two auxiliary notions for a double sequence x € X: the
sequential ¢;-modulus of x and the @;-variation of x.

1.1. The translation operator 1, (m, n =0, 1, 2, ...) is defined by 7,,,x =
((tmnx)ys) for x = (t,,)€ X, where

t for y<m and v<n,

Yy

Lytmy for y =2 m and v <n,
(Tmnx)/w =

- for y<m and v >=n,

tu+m,v+n for Hu =m and v =Zn.

The sequence ((TmnX)u)iv=0 is called the (m, n)-translation of xe X (cf. [6], [7]
and [12]).
The sequential ¢;modulus of xe X is defined as

wq)j(x; r, S) = Sup sup Sup q’j('(-x)uv - (TmO x)uv - (TOn x)uv + (Tmn x)uvl)

m2r n2s pu,v

where r,s =0, 1, 2, ... Note that

w(p_,-(X; r, S) = sup sup sup sup (pj(itu,v—tu+m,v_tu,v+n+tu+m,v+nl)'

mZr nZs pu2m van

For the proof, set
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M= (pj(l(x)uv - (‘Cmo x)uv - (T(]n x)uv + (Tmn x)uvl)'

We have
Wy, (x; 7, 5) =sup sup{M,, M,, M5, M},
m2r nzs
where
M,= sup M, M,= sup M, M;= sup M, M,= sup M.
p<m,v<n uzmy<n u<myvzn pZmyvzn

Since My =M, =M;=0 and M, = @;(lt;y—Lysmy—Luyv+ntlutmy+al), the
assertion follows.

In these notations we will not mention the dependence on the ¢-functions
@; if @;u) = |u| for all j.

1.2. The @;-variation ve,(x) = v;(x) of xeX is defined as

[+ o]
v, (X) = sup Z ¢i(ltmp-1,"v— sty " tmyny - + tmyml)s
(my),(ny) p,v=1 \

where the supremum is taken over all increasing subsequences (m,) and (n,) of
indices. We may introduce a more general functional

vi(x) = ®;(|tool) +v;(x),

but in this case we limit ourselves to the space of sequences xe X such that

too =0 (see [5], [7], [8], [12], [13], and [17]).
It is easily seen that (vg,)i2; is a sequence of pseudomodulars in X, and
(Xvo;)lsx')—‘l (brleﬂy (XQi)t?il or (Xm):i l)a where

Xy, = {x€X: 15,(Ax)>0 as 150+},

is a sequence of modular spaces. One may define in X,, an F-norm by
1xNo, = Ixllo, = inf{e > 0: vg,(x/3) < &}

(cf. [7], [8], [13] and [14]).

1.3. Let ¥ be a nonnegative, nondecreasing function of u > 0 such that
Y(u)—0 as u—0+4. The functional

1) Q0,(%) = @,;(x) = suprs¥(w,,(x; r, 5))

defined for every xe X is a pseudomodular in X. For every ¢; (j =1, 2, ...) we
may define the modular space X, (briefly X,) by
X, = {X€X: 0,,(Ax) >0 as A-0+},

with the corresponding F-norm |- |}, , (briefly ||-|lg). Moreover, if ¥ is
increasing and 5-convex for u > 0 with some 0 < § < 1, then g,, is an §-convex
pseudomodular in X and
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i} ) x @, (x; 1, )Y
s _ . Sl P — 2
“x"ew lnf{g >0 Qw(£1/3> 1} . riu?pl( ‘I’(l/(rs)) >

where ¥_, is the inverse to Y.
1.4. We adopt the following notation:
X,,(P) = {xeX: rs¥(w,,(Ax; r, s))—>0 as r,s—> oo for.a 4> 0}

where j=1, 2, ..., and
Xo(D;, P) = X,,(P) N X,

fori,j=1,2,..., Observe that if ¥ satisfies the condition (A,) for small u > 0,
then we may take 4 = 1 in the definition of X, (¥). X,,(¥) and X, (®;, ¥P) for
i,j=1,2,...are vector spaces. We only prove this for X, (¥). If x, ye X, (¥)
and k is a number, then there is a 4 > 0 such that rs¥(w,,(4x; r, 5)) >0 and
rs¥(wy,(Ay; 7, 5))—0 as r, s— co. Consequently,

rsP(wq,(3A(x+y); 1, s)) < rs¥(max {we,(Ax; 1, 5), w,,(Ay; T, 5)})
< r5¥(wy,(Ax; 7, 8))+15¥(w,,(Ay; 7, 5)) >0 as r, s—> 0.

Moreover, rs¥(w,,(Ax; 7, s)).= rs¥(w,,((A/k) kx; r, 5)) >0 as r, s> oo. Thus
X,,(P) is a vector space.

For a given pair of natural numbers i, j we have X, (®;, ¥) c X, (¥)
< Xe.,,- In particular, if ¢;(u) = |u| for all jand &, = #fori =1, 2, ..., then we

have the results given in [12].

1.5. Now we shall consider some examples. In Examples 2-6 we suppose
that ¢;(u) = [u| for all j.

ExAMPLE 1. Let a and b be arbitrary numbers and let x = (t,,,).°,= 0, Where
tyo = toy =aforall y,vandt,,=bforall u>1and v > 1. It is easy to verify
that w, (x; r,5) =0, g,,(x)=0 for j=1,2,... and ve,(x) = ®;(b—al) for
i=1,2,...

EXaMPLE 2. Let x =(t,)2=0, Where t,,=(1+4+...+:37)a" with
0 <a < 1. By definition of sequential modulus we have

ptm+1 1

a’(@—-1) Y |

p=pt2

w(x; r, s) = sup sup sup sup

m2r n2s u=Zm van

Since

2m+2 prmt1q 2m+1
m_:-z <supsup ) —<supln m+1 =1n2

m2r u2Zm p=p+2 p m2r

In2 =supln

mz2r
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for all r >0 and moreover, Sup,s, Sup,s,la’(@"—1) =a’(l—a’) for s>
—In2/Ina, we have w(x; r, s) = a’(1—a°)In2 for all r and for s > —In2/lna.

ExaMPLE 3. Let x = (t,,)5 =9, Where t,, =a"/(v+1) with 0 <a<1.
We have

w(x; r, s)

= Sup sup sup sup

m2r nZs p2Zm van

w(m L VN e 5
a'(a _1)(v+n+1_v+l>l_a(1 Vst 6+

for r > —In2/Ina and s=1, 2,.

EXAMPLE 4. Let x = (t,,)>y=0, Where

1 1
=14+ +— 1+, +—]
u+1 v+1

By simple calculations we obtain

pt+tm+1 ] v+n+1 1
o(x; r,s)=supsup supsup 3y, — » =

m2r n2s pZm vZn p=u+2 p gq=v+2 q

Arguing as in Example 2 we have w(x; r, s) = (In2)* for all r and s.

1 1 .
EXAMPLE 5. Let x = (t,,):y=0, Where t,, = m<1+ +m> In this

case we have

( )= sup s m "‘3:“ 1 r-ln2
wix; r,s)=S8u up sup su —_— = ————
SD S SIS MmNt D) L, q @D+

for all r>1 and all s> 0.

EXAMPLE 6. Let x = (t,,)0,=0, Where t,, = a* ¥ for p,v=0, 1, 2, ..., with
0<a< 1. Tt is easily observed that

w(x; r,s)=a (1 -a)(1 —a)
for all » and s such that r, s > —In2/lna. Moreover, we have

8]
Vo (Ax) = sup Y, P (Alame T (1 —gme e (1—a™ o))

(myu),(ny) p,v=1
< QD) +Y &l ),
where the last sum is taken over all wand v > 2 oroverall vand u > 2. If @, is

s-convex, 0 < §<1(i=1,2,..) we obtain ve,(4x) < P,(A)(1 —a’)~? for every
A>0, and so xeXg,.
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If ¥ is §-convex, 0 < § < 1, then
rs¥(w(Ax; r, s))
=rs¥ (A (1 —a")(1—a) < r(@Ys(@FP(A -0 asr,s—>o0.

Thus, x € X (¥). Finally, if both ¥ and @, (i =1, 2, ...) are §-convex, 0 < § < 1,
then xe X(®,, V).

2. Now, consider two sequences of pseudomodulars (v,)iZ; and (g;)j=,. By
means of these sequences we define the following extended real-valued
functionals which are modulars in X: ‘

((00(x) = supv,(x), (0000 = supg,(x),
(%) = Y v;(x), 0,(x) = Y 0,(x),
i=1 i=1
2) < 1k 3) < 1k
' v,(x) = sup — 3. v,(x), 0,(x) =sup — Y 0;(x),
k ki=1 ok kj=1
21 nx) _ w1l g
R erye S G P ey )

In consequence we obtain the following spaces: X,,, X,,, X, , X, and
Xoo> Xoo» Xoo» X, Which are called countably modulared spaces. In the
general case it is well known that X, <« X, c X, < X, and X, < X,
c X, , cX,, (cf [1], [9] and [10]).

Observe that under some additional assumptions on the ¢-functions &,
(i=1,2,...)and ¢; (j=1, 2,...) the opposite inclusions are also true. For
example we shall consider the question of equality of X, and X,,.

THEOREM. If

(¥) there exist positive constants K, c, u, and an index i, such that
D,(cu) < Kd; (u) for 0<u<uy and i > iy,
then X, < X,,.

Proof IfxeX,, = ()2 X,,, then v;(Ax) >0 as A >0+, for each i. Hence,
by assumptions we have

/1|tm“ iyt~ bmyimy = bmgny -1t Emn,] < U
and

Qi('lltm,‘ — 1My -1 tmp:"v— 1 tmu- 1.0y + tmu,nvl)

< K¢i(c_ 1'“tm,;- 1By—1" tm“,nv-1 - tm“- 1.0y + tm,.,nvl)

17 — Comment. Math. 30.2
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for all sequences (m,) and (n,), for i =1i,, i,+1, ... and for sufficiently small
A > 0. Thus, v;(Ax) < Kv;(c”'ix) and finally xeX,,.

3. In this section let us suppose that the ¢-functions @; (i =1, 2, ...) and
0; (j=1,2,..) are convex. Let # and ¢ be any of the functions (2) and (3),
respectively. We shall consider the spaces (X, v, §> and (X, g, ), or X4(7, g)
and X (@, ) (see [11], [15] and [16]). The spaces

XS(as Q_) = <{XEX: 5(36) < 1}> Q_>$
Xs(0, 9) = {{xeX: g(x) < 1}, o)

are called generalized Saks spaces.

The sequence (x,);- 1, where x, = (t£,), y-converges to x = (t,,,) in X5(v, Q)
(resp. X4(g, 9)) if 5(kx,) <1 for some k >0 and x,>x (resp. g(kx,) <1 for
some k>0 and xpix), and we denote this by writing xpr (resp.
x, @2, x).

Let ¢,, 01, 0,, 0> be modulars defined on X and let ¢, and g, be
convex. If
{xeX: o,(x) <1} = {xeX: g,(x) < 1}

and the g}-convergence of a sequence (x,) to an element x in X(o,, 0}) implies
its g5-convergence to x in Xg(g,, 05), then we write X5(g,, 01) 5 X5(02, 0%)-
Simple calculations lead to the following properties:

X5, 0) 5 Xs5(vo, 0) & X5(v,5 0),  Xs(vg, 0) 5 Xs(v,, 0),
Xs(0, 0) 5 X0, 0o) 5 X5(7, 0,),  Xs(0, 00) 5 X5(7, 0,),
and moreover for instance
Xs(v,, 0) 5 Xs(o, 09 S Xs(0,, 00) & X5(v,, 04),
X500, 00) S Xs(twn 0) Xs(0y2 0) & X (v, 20) & Xs(o0 0,).

Under some additional assumptions on o, (i=1,2,..) and o
(j=1,2,...), we can prove opposite inclusions for some of these spaces (see
[7], [10], and [16]). For example, we have

THEOREM. If the functions @, (i =1, 2, ...) have the same properties as in
the previous theorem, then

XS(Q—’ vw) S XS(Q_s UO)9 XS(vw, Q_)G XS(”O: Q_)

This follows from the theorem given in Section 2, and the proof runs in the
same way.

4. Throughout this section it will be assumed that ¢;(u) = |u| for all j and
@, = @ for every i. Moreover, we shall write ¢ instead of g,,.
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A modular space is called g-complete if every g-Cauchy sequence is
g-convergent to an element of this space. A sequence (x,) is called g-Cauchy if
there exists a k> 0 such that for every ¢ > 0 there is an N for which
olk(x,—x,) < ¢ for all ¢ >p> N (cf. [8], 1.04, and [11]).

Let ¢ be the space of all double sequences x = (t,,);y=0 such that

tyo =to,=aforall y,vandt,, =bfor p=>1and v>1, where a and b are
arbitrary. Obviously, ¢ is a subspace of the space of all bounded, convergent
double sequences, ¢ is contained in X (P, ¥), and ¢ = {xeX: g(x) =0}.
Moreover, x€¢ is equivalent to |x|, =0 (cf [7] and [12])
. We shall consider the quotient spaces X o = X, /¢, X(¥) = X(P)/¢ and
X (&, ¥) = X(®, P)/c, whose elements will be denoted by %, j, etc. The norm
lix|l, is constant in each class X, therefore we may define | X|, = ||x||, for xe £.
Moreover if ¥ is 5-convex, where 0 < § < 1, then we may deﬁne ||x||s = ||x||s
for xeX. Note that ¢(x) = 0 implies ¢(2x) = O for all xe X; and for x, ye X,
such that x, yec, we have o(x) < ¢(2y) (cf. [12]). Consequently, by [3],
Sections 3.2, 3.3 and 3.5, we have )?Q = X,/¢ = (X/¢), and

d(%) = inf{e(y): yex}
is a modular in X,.

THEOREM. Let ¥ be an increasing, continuous function of u = 0, ¥(0) =0,
satisfying the following condition:

(#%)  there exists a ug > 0 such that for every & > 0 there is an n > 0 satisfying
the inequality ¥ (nu) < 0¥ () for all 0 <u < u,.

Then X, and X(¥) are Fréchet spaces with respect to the F-norm |- |,.

Proof. Suppose (%,) is a Cauchy sequence in X, or X(¥) and let
x,€X,, x, = (th,)iv=0 be such that

(i) t}, =18, =0 for all u,v and p.

Let ¥ _, be the inverse function to ¥ and let ¢ > 0. There exists an N such that
lIx,—x,ll, < ¥(e), for all g > p > N. Thus, there exists a u,, 0 < u, < ¥(e), for

which
rST(w(xp_xq; ra S)) S us
uS
for r,5=1,2,... and g>p>N. Hence w(x,—x,; r,s) <u,¥_q(u/(rs)
<use<e¥(e) for g>p>N and r,s=1, 2, ... In consequence

(ll) A= |(t;€+m,v+n—t;q¢+m,v+n)—(tz+m,v_tz+m,v)_(tﬁ,v+n_tz,v+n)+(tﬁ,v_thi,v)l

<u,¥_i(u,/rs)y < e¥(e)
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for uyzmzr,vznz=s and ¢ >p>N. We have

B men— 1 rmyenl < A+B+CHD,
where

B = It£+m,v_tz+m,vla C = Itﬁ.v+n_tz,v+n|a D = Itg,v'—tft,vl-
First, note that by (i) we have B=C =D =0forr=s=1andpu=v=1,and
we sec that (8 ,);-¢ is a Cauchy sequence. Next by induction we deduce that
(t8.)5=0 is a Cauchy sequence for all y and v. Let x = (t,,)7y=0, Where
L if u=0 or v=0,
7 \lim 8, for w,v=1,2,...
p—®

Taking g— oo in the formula (ii) we have

(iii) E=|thsmvin—tutm, v+n)“(tf:+m,v—tu+m,v)_(t£,v+n—tu,v+n)
+(E =t ) < u ¥y (u,/(rs))
for uyzm>=2r>=1,v=2n>=s>=1 and for all p, g > N. (iii) implies
(iv) rs¥(w(x,—x; r, s)u,) <u,.
Now observe that (xx) is equivalent to the following condition (cf. [12]):
(#*+)  for any u, >0 and 6, > O there is an n, > 0 such that
Yimu) <0,Ww) for all 0 <u<u, and 0 <n<n,.

Let 6 > 0 and fix u, > 0 and p, ¢ > N. We may choose 6, = d/u,, u, = ¥_,(u,)
and u = o(x,—Xx; r, 5)/u,. By (¥+*) we obtain rs¥(lw(x,—x; r, s)) = rs¥ (qu)
< 6, uniformly with respect to r and s, for 0 < A < #,/u,, where n = Au,.
Consequently, o(A(x,—x)) >0 as A—»0+, ie. x,—x€ X,. Moreover, (iv) implies
llx,—xll, <u, < ¥(e) for p > N, ie. ||x,—x|, —»0 as p— 0. Since x,€ X, and
leﬂa < lIx,—x|l, + Ix,l,, we have xeX Thus X is complete.

We have still to show that if (x,) is ¢- Cauchy in X (¥), then xe X (¥). For
every 4 >0 we have rsY’(a)(Z(xp—x); r, s))—+0 as p— oo, uniformly with
respect to r and s. Fix ¢ > 0 and 4 > 0. Then there exists an N such that
rsY’(Zw(l(xp—x); r,s)) <¢/2 for all r,s and for p>N. We may choose
a t such that rs¥?(2w(ixy; r, s)) <&/2 for all r >t and s > t. Hence

rs¥(w(Ax; 1, 5) < rsP2w(A(x —xy); 1, 5))+rsP2w(xy; 7, 5) <&

for r > t, s > t. This shows that xe X(¥). Moreover, x,—x in X(¥), and so
e X(¥) and X,—X in X(y).

THEOREM. Let ¥ be an increasing, continuous functzon of uz0, ¥(0) =
satisfying the condition (xx). Then the spaces X and X(¥) are ¢- complete

Proof. Let %, eX » X, = (th)mv=0€X be such that (i) is satisfied. Let (%))
be g-Cauchy in X Let ‘P 1 be the inverse functlon to ¥ and let ¢ > 0. There
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exists an N such that g(2k(X,—X,)) < ¢ for all ¢ > p > N, k being fixed. There
exists a ye2k(X,—%,) such that g(y) <e. Since

e(w) = o(3-2(w—0)+3-2v) < 0(2(w—v)) +0(20) = 0(2v),

we have g(w) < ¢(2v) for v, we X, such that v—weé. Now, for v =1y and
w = k(x,—x,), we have Q(k(xp—xq)) < g(y) < ¢ for all ¢ > p > N. Consequent-
ly, o(k(x,—x,); r,s) < ¥_1(¢/(rs)) for ¢ > p > N and all r, 5. Arguing as in the
proof of the previous theorem (cf. (ii) and (iii)), we obtain

1 € 1 €
-¥_\— E<-¥Y_,{—)
A<kql 1(rs>’ <kT 1<rs>

Consequently, rs‘I’(a)(k(xp-—x); r, s)) < ¢ for p> N and for all r and s. Fix
p> N, e>0 and let 6 > 0. Taking 6, = 1, u, = ¥ _,(¢e/(rs)), u = w(k(x,—x);
r, s) in (), we have

rs¥(Aw(x,—x; r, s))
P (VR w(k(x,—x); 1, s)) < rsP(o(k(x,—x); 7, 5)) < &

for 0 < A/k <7, and for p> N, uniformly with respect to r,s. Thus,
e(A(x,—x)) <& for 0 < A/k <#n, and p> N, ie. g(A(x,—x))—0 as A0+ for
p> N. Hence x,—xeX, for p> N. But x,eX,, and so the inequality
0(Ax) < 0(2Ax,)+¢(24(x,—x)) yields xe X,. Since o(k(x,—x)) < & for p > N,
(x,) is g-convergent to x and moreover

0(k(x,— %)) = inf{o(y): yek(X,—%)} < o(k(x,—x)) <&
for p > N. Thus, (X)) is Q-convergent to X and so X is g-complete.

For the proof that X (¥) is closed in X w1th respect to ¢ take
%,eX(¥), £,5 % Then e X, and §(2A(%, —x))—+0 as p— oo, for some 4 > 0.
Argumg as m the first part of the proof and as in the proof of the previous
theorem, we find that xe X(¥), ie. Xe X(¥P).

I shall deal in another paper with similar problems concerning the spaces
X(®, ¥) and (X (D, P), iy, §)-
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