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On the first Fourier problem for a linear parabolic 
equation without compatibility condition

Abstract. We consider the first Fourier problem for a linear parabolic equation in a bounded 
domain. We obtain some theorems on estimates and existence and uniqueness of solution to this 
problem. These theorems do not require a certain compatibility condition between the initial and 
boundary values.

1. Introduction. Let D a  R" x (0, T) (T being a positive constant) be 
a bounded domain whose boundary consists of sets

B =  B 'x { 0} and BT = B’T x  {T}

(B' and B'T being domains in R"), and of a manifold S c= R" x [0, T~\.
We consider the following first Fourier problem for the linear parabolic

equation

( u ) (Lu)(x, t) = f ( x ,  t), V (x ,l)eD u B T,

(1.2) u(x, t) = (p(x, t), V(x, t)eT  = B u 5,

where
n

(Lu)(x, 0 = Z  a i À X ’ l ) UX i x M ,  t) 
Uj=  1

+ z  bt{x, t)uXi(x, t) + c(x, t)u(x, t) — ut(x, t).
i =  1

In [1] a certain boundary estimate of (1 + <5)-type for the solution to the above 
problem is derived which requires the compatibility condition

(1.3) (L(p)(x, 0) ■= f ( x ,  0), V(x, 0)gôB = дВ’ x {0},

where дВ' is the boundary of B'. We show that this compatibility condition is 
superfluous. Next we obtain certain existence and uniqueness results and 
estimates for problem (1.1), (1.2) which do not require condition (1.3). The fact 
that the results of this paper do not need (1.3) is very important for their
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application in solving the first Fourier problem for semilinear parabolic 
equations.

The results similar to ours were formulated in [5] (Theorem 0.1) for 
problem (1.1), (1.2) in the particular case

(1.4) = 0, c — 0, D is a cylindrical domain.

Note that the results of [5] do not need condition (1.3) either. However, our 
results for the case (1.4) are better than those in [5].

2. The boundary estimate of (1 + <5)-type. We use the following notation of 
[1]: d{P1 Q), CJD), N ?+e, C2+a(D) (Sec. 3.2), condition E  (Sec. 3.3),
\u\i+ô, C1+0(D), Cp (Sec. 7.2). As in [1] we need the following assumptions.

(2.1) S satisfies condition E and S eC 2- o-
(2.II) The coefficients ay are uniformly Holder continuous with exponent 

ae(0, 1) in the closure D of D and a^eCi _0(5), whereas b{ and c are continuous 
in D.

(2.III) The operator L is uniformly parabolic in D, i.e.
П
X aiJ{x,t)sisj ^  N 0|s|2, V(x, t)eD, s = (slf s„)eR",

1
N0 being a positive constant.

It follows from (2.II) that

i  N ? +  i  |b,lo+No «  N u i  KI5-0 ^  N2,
i,j =1 i = 1 i,j= 1

where N lt N 2 are positive constants.
First consider problem (1.1), (1.2) in the case (p = 0, i.e.

(2.1) (Lu)(x, t) = f ( x ,  t), V(x, t)e D \jB T,

(2.2) u(x, t) = 0, \/(x ,t)eT .

T h eo r em  1 (cf. Theorem 4 [1], Sec. 7.2). Let assumptions (2.1)—(2.III) be 
satisfied and let f  be continuous in D. I f  и is a solution to problem (2.1), (2.2), then 
for any <5e(0, 1) there exists a constant N > 0 depending only on <5, N 0, N t , N 2 
and D such that

(2.3) M?+* < M/IS-
Proof. We proceed like in the proof of Lemma 1 of [1] (Sec. 7.2). Namely, 

by the Weierstrass theorem there exist sequences of polynomials (bim), (cm) and 
(fm) such that

(2.4) lim \bim-bi\S = 0, lim |cm-c |g  = 0,
m -*  oo m~* oo
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(2.5) em = lim | / m- / |o  = 0.
m~>ao

Moreover, we introduce the functions

(2.6) Fm(x, t) = gm(t)fm(x, t), V(x, t)eD, m = 1, 2, 

where

(2.7) 9m(t)
mt, V te[0, 1/m], 
1, V£ > 1/m.

It is clear that bim, cm, FmeCa(D) (i = 1, ..., n; m=  1 ,2 ,...), 

Fm(x, 0) = 0, VxedB', m = 1, 2 ,...

Hence, by Theorem 7 of [1] (Sec. 3.3), for any m there exists a unique solution 
umeC 2+a(D) to the problem

(2.8) ^  &ijUmxiXjF Xj ^mi^mxi
i,j= 1 i= 1
"b m̂t F m, (̂̂ » t) E D kJ Bj,

(2.9) um(x, £) = 0, V(x, £)еГ.

Taking into account the inequality

(2.Ю) \F m \E ^ \ fJ $ ^ \ f \S  + 8m
(following from (2.5)-(2.7)) and (2.4), and applying to problem (2.8), (2.9) 
Theorem 4 of [1] (Sec. 7.2), we obtain the estimate

(2.11) \mjï+ô ^  N(\f\o+&m), m — 1,2, ...

Consequently, there exist a subsequence of (um) (denoted again by (um)) and 
a function v e € 1+0(D) such that

(2.12) lim \um-v\% = 0, lim \umx. - v x.\% = 0.
т-кх) m~> oo

Hence, by (2.5) and (2.11), we have 

(2-13) N?+* < N |/ |g .
To complete the proof it remains to show that v = u. For this purpose 

observe that (2.1), (2.2), (2.8) and (2.9) imply that

(2.14) L(um — u) = (L—Lm)um + Fm—f,  V(x, t)eD u  BT,

(2.15) (um — u)(x, t) = 0, V(x, £)еГ.

In view of (2.4), (2.5), (2.10) and (2.11) we have

(2.16) e'm = |(L—Lra)um|o “̂ 0 as т -> ш , \FM- f $  < 2 |/|£  + em.
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Hence, applying to problem (2.14), (2.15) the estimate (1.9) of [4], we find that

(2.17) \um{x, t)-u (x , t)\ < tiV3(4  + em + 2|/|g), V(x, t)eD,

where N 3 = exp (N t T). Take any s > 0 and let se(0, T) be a fixed number such 
that

s ^  e[_2Nl{8'm + £m + 2\f\$)] \  m=  1 ,2 ,...

Then, by (2.17) and (2.15), we get the inequalities

(2.18) \um-u \os ^  е(2ЛГ3)-1 , m = l ,2 ,  ...,

(2.19) |Mm-M|os-T ^e(2N 3)_1, m = l , 2 , ...,

where Ds = {(x, t)eD: t < s) and TsT is the parabolic boundary of Ds T 
= {(x, t)eD: t > s}. It follows from (2.5)-(2.7) and (2.16) that there exists an 
integer m0 > 1/s such that

(2.20) 4  + l* W lo - T ^  e(2TN 3) ~ \  Vm ^  m0.

(2.16), (2.19), (2.20) and the estimate (1.9) of [4] applied to (2.14) in Ds Tu B T 
imply

lMm -Mlos,T ^  £’ Vm> m0.
Hence, by (2.18), we have

|wm-u |o  ^  £, V m >m 0.

We have thus proved that limm- 00 |um —w|o = 0 and consequently u = v. In 
view of (2.13) this completes the proof.

Notice that the difference between Theorem 1 and Theorem 4 of [1] 
consists in the fact that Theorem 1 does not require the compatibility condition

(2.21) f ( x ,  0) = 0, Vxe SB'.

This condition is the particular case of (1.3) for (p = 0.
Now introduce the following assumption.
(2.IV) There exists an extension <Pe C1+ô(D) (<5e(0, 1) being a constant) of 

(p such that Фмхр Ф1 are continuous in D.
Theorem 1 implies in the standard manner the following.

T h eo rem  2. Let assumptions (2.I)-(2.IV) be satisfied and let f  be continuous 
in D. Suppose that there exists a solution и to problem (1.1), (1.2). Then

(2.22) M?+a ^  N(\f\$ + m % ) + \<P\D1+0, 

where N is the constant occurring in Theorem 1.

Notice that for problem (1.1), (1.2) in the case (1.4) the estimate (0.9) in [5]
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does not need condition (1.3) and is similar (in some sense) to (2.22). However, 
it involves \ f \ f  and is more complicated. Therefore (2.22) is more convenient 
for applications.

3. Existence and uniqueness results and estimates of (2 + a)-type. For any
ae(0, y / f )  define

Da = {(x, t)eD : d(x, SB') > a or t > a2},

where d(x, A) = inf (|y — x|: ye A], A c  R”. Retaining the assumptions of Sec. 
2 we additionally introduce the following one.

(3.1) The coefficients bt, c are uniformly Holder continuous with exponent 
ol in D. Thus we have

\bi\a,\c\a ^  N 4, N4 > 0 being a constant.

T heo rem  3. Let assumptions (2.1)—(2.III), (3.1) be satisfied and let f  eCa(D). 
Then there exists a unique solution и to problem (2.1), (2.2). This solution satisfies
(2.3) and the derivatives uXiXj, ut are continuous in D\dB. Moreover, there is 
a constant К > 0 depending only on N 0, N lt N 2, N4, a and D such that for any
a 6(0, f f / 3 )

(3-1) MT+.< K a ~ 2- \ f \? .

Proof. According to Theorems 8' and 9 of [1] (Sec. 3.4) there exists 
a unique solution и to problem (2.1), (2.2). By Theorem 1 this solution satisfies
(2.3) . For any a > 0 set

n n n

(3.2) Fa = haf  ^  îffiaxiXjF ^  bfiaXi hâj ^  ^ij{baXiuXjAhax.uxf
i , j=  1 i=  1 i , j=  1

where ha is defined as in Sec. 5 of this paper with A = dB'. It is clear that

(3.3) FaeCa(D), Fa(x, 0) = 0, V(x, 0)edB.

Now consider the problem

(3.4) (Lva)(x, t) = Fa(x, t), V(x, t )eD u  BT,

(3.5) va(x ,t )  = 0, V(x, t )eГ .

(3.3) and Theorem 7 of [1] (Sec. 3.3) imply the existence of a unique solution 
vaeC2+x(D) to problem (3.4), (3.5). By Theorem 6 of [1] (Sec. 3.2) there is 
a constant N' > 0 depending only on N 0, N l9 N4, ol and D such that

(3.6) Й + .  «  N 'jfX .

(3.2) and (2.3) with S = я, and properties (5.Ш), (5.IV) (Sec. 5) yield the estimate
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(3 .7) \ F £ < N " a - 2 - * \ f \ ï ,

where N" > 0 is a constant depending only on N 0, N t , N 2, iV4, a and D. It 
results from (3.6) and (3.7) that

(3.8) Й ? +в< Л 'Л Г а -2- вт ? .
Taking into account that hau is a solution to problem (3.4), (3.5) it follows from 
the uniqueness of solution that hau = va. Hence, by property (5.II), we have 
и = va in D3a. (3.8) now implies that

N f+“« «  N 'N " a -2-\ f\ ? -

Substituting fl/3 for a and setting К  = 21N'N" we obtain (3.1).
Finally, the continuity of uXiXj, ut in D\dB follows immediately from (3.1). 

This completes the proof.

Theorems 3 and 2 imply in the standard manner the following.

T h eo rem  4. Let assumptions (2.I)-(2.III), (3.1) be satisfied and let f  e Ca(D). 
Suppose there exists an extension

<PeÜ1+ô(D)r\ C2+a(D)

of (p, ô e [a, 1) being a constant. Then there exists a unique solution и to problem
(1.1), (1.2). This solution satisfies (2.10) and the derivatives uXiXj, ut are continuous 
in D\8B. Moreover, for any a e (0, s/ t /3)

(3.9) n  ^  K a -2~*(\f\z+ ii5 ïa + ï5 if+«,
where К is the constant occurring in Theorem 3.

Notice that for problem (1.1), (1.2) in the case (1.4) Theorem 0.1 of [5] is 
similar to Theorem 4. However, the estimate (0.8) in [5] is more complicated 
than (3.9).

4. Some remarks. We make some remarks concerning the necessity of 
compatibility conditions for some estimates and existence theorems appearing 
in the literature. First consider problem (1.1), (1.2) under the following 
assumptions.

(4.1) L is a uniformly parabolic operator in D with coefficients belonging to
C M -

(4.II) S has property E (see [1], Sec. 3.2).
(4.III) There exists an extension <PeC2+a{D) of q>.
(4.IV) There exists a solution иеС 2+аФ) to problem (1.1), (1.2).
It follows from Sec. 3.3 of [1] (see the remark which precedes assumption 

(Z)) that the function (ЬФ)(х, 0), (x, 0)edB, is independent of the extension Ф. 
But и is an extension of q> as well and (Lu){x, 0) = f (x ,  0), VxedB'. This
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implies (1.3). At the same time we have shown that under assumptions 
(4Л)—(4.III) condition (1.3) in necessary for (4.1 V).

In [2], theorems on the boundary estimate of (2 + a)-type (Theorem 3) and 
on the existence and uniqueness of solution in C2+a{D) (Theorem 4) for 
problem (1.1), (1.2) were proved. In those theorems condition (1.3) was not 
assumed. However, it follows from the above considerations that this condition 
is necessary. Note that in [1], Theorem 4 of [2] is formulated under condition
(1.3).

Now consider the boundary estimate of (l+<5)-type for solution to 
problem (1.1), (1.2). In [3] this estimate was derived for the case q> = 0 without 
assuming condition (2.21). However, Theorem 4 of [2] was used (which 
requires (2.21)). Consequently, (2.21) (in general (1.3)) is necessary for the 
estimate of (1 +<5)-type in [3] to hold. In [1] the above estimate is formulated 
properly, i.e. (2.21) is assumed. In Sec. 2 of this paper, using the result of [1], we 
have shown that (1.3) is in fact superfluous for the boundary estimate of 
(1 + <5)-type. As a consequence of this result and appropriate theorems of [1] we 
have obtained in Sec. 3 certain estimates and existence results for problem (1.1),
(1.2) which do not need condition (1.3) either. Comparing these results with 
appropriate ones of [1] (Theorems 3.6 and 3.7) we see that the removal of (1.3) 
has weakened the regularity of the derivatives uXiX. and ut near ÔB.

Now we discuss the necessity of compatibility conditions in [6]. There the 
quasi-linear parabolic equation

n n
(4.1) ^  atj(x, t)uXiXj{x, t ) ^  bj(x, t, u(x, fjjuXi{x, t) ut(x, t)

i,j =1 i = 1
= f ( x , t, u{x, t), uXl(x, t) , . . . ,  uXn(x, tj)

with condition (1.2) was considered. Following [2], [3] the authors stated the 
boundary estimates of type l+<$ and 2 + a, and the existence theorem for 
problem (1.1), (1.2) without assuming (1.3). With the aid of these results they 
obtained estimates and existence theorems for problem (4.1), (1.2) (Theorems 
5 and 8) without compatibility conditions. However, it follows from our 
remarks on [2], [3] that Theorems 5 and 8 of [6] do require suitable 
compatibility conditions on ÔB.

Finally, it should be pointed out that in [73, [8] intermediate Schauder 
theory for problem (1.1), (1.2) was presented under assumptions weaker than in 
this paper. This theory includes, in particular, estimates of some Holder norms 
for the solution и to this problem which also depend on Holder norms of /  and 
<P (1). Notice that the results of the present paper do not follow from those of
[7], [8].

О  By a Hôlder norm we mean here, roughly speaking, a sum of sup norms and Holder
constants.
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5. Auxiliary function. We give the definition and properties of the function 
ha which have been used in Sec. 3.

Let A <= R" be a bounded closed set. For any a > 0 define

Aa = {(x, f)eR”+1: d(x, A) ^  a or jt| ^  a2},

Ke = {(x, t)eR" + 1: |x|4 + t2 < я4},

/ _  fM a""_2exp[a4(|x|4 + t2- f l4)-1], V {x ,t)eK a,
№ .  ; - | 0> V(x ,0 eR "+1\K a,

K(x, 0 = ff 0а(х-У> t — s)dyds,

where
M  = {JJ exp[(|yj4 + 52 — l)_1]rfyrfs}_1.

Xi
The function ha has the following properties:

(5.1) haeC "(R"+1) , 0 ^ h a(x, t ) « l ,  V(x, t)eR"+1;
(5.II) ha(x, t) = 0, V(x, t)eR n + 1\A a; ha(x, t) = 1, V(x, t)eA 3a;

(5.III) \DkD?K(x, t)I < M 1a~k~2m, V(x, t)eR n + 1, fc + 2m < 4(/c, m ^  0), 
M t > 0 being a constant;

(5.IV) \DkxD?ha(P )-D kxD?ha(Q)\ ^  2M1(n + l)a -* -2" " ey (P , 6)]“,
VP, QeR" + 1, k + 2m ^  2 (k,m  ^  0), ae(0, 1] being a constant.

We prove only the last property. Consider the case к = 2, m = 0. Using
(5.III) and the mean value theorem we get

\Dlha(x, t) -D lh a(y, t)I

< [|£^a(*> t)\ + \Dlha{y, t)|]1~a|Z>^a(x? t)-D lh a{y, 0Г 

^ 2M 1na"2_a|x - y | e,

|D2ba(x, t) -D lh a(x, s)|

^  [|P*bfl(x, 0I + |£*M*> *̂ )l](2—a)/2|P2/ifl(x, t) -D lh a(x, s)|a/2 

^ 2 M 1a “ 2_a|t - s |a/2.

Hence (5.IV) follows for the case considered. The remaining cases can be 
proved analogously.
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