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A note on the representing measures of operators 
defined on spaces of vector-valued continuous functions

Abstract. We prove that when E* is the dual of a Banach space which does not contain 
a subspace isomorphic to 1Л, then for any compact Hausdorff space К a subset M  of Borel regular 
countably additive bounded variation £*-valued measures on К (M <= r c a b E*)) is weakly 
conditionally compact if and only if it is uniformly strongly bounded. Using this result we study 
some properties of the representing measures of linear bounded operators defined on spaces of 
vector-valued continuous functions.

Let К be a compact Hausdorff space, and let E, F be Banach spaces. We 
denote by C(K, E) the space of all continuous E-valued functions, defined on 
K, with the supremum norm (we shall denote by C(K) the space C(K, К), when 
E is the scalar field К); ft (К) is the Borel tr-algebra of K, and we denote by 
B(P(K), E) the space of those functions which are uniform limits of £-valued 
measurable simple functions, with the supremum norm (and we shall denote it 
by B(/3(K)) if E is the scalar field К).

Given a compact space K, cabv(/?fK)) will be the space of countably 
additive scalar measures of bounded variation defined on P(K); and for 
a Banach space E, rcabv(j5(X), E) will be the space of regular countably 
additive £-valued measures of bounded variation, defined on P(K).

It is well known that every (continuous linear) operator T from C{K, E) to 
F has a finitely additive representing measure m, of bounded semivariation \m\, 
defined on the Borel <r-algebra of K, and with values in SF(E, F**) (where F** 
is the second dual of F), in such a way that

T ( f ) = J / dm for each fe C (K ,  E).

One of the topics in the study of operators defined on spaces of 
vector-valued continuous functions is to characterize classes of operators by 
means of the properties of their representing measures.
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Many of the properties of an operator T from C(K, E) to F are shared by 
its representing measure, in the sense that T e lF(C{K, E), F) for an operator 
ideal F implies that its representing measure m satisfies т(А)еЧ,(Е, F) for all
A e m \

For many operator ideals it is also true that T  belonging to W(C(K, E), F) 
implies that its representing measure is continuous at 0  (or equivalently, m is 
s-bounded) (see for instance [1], [2], [4]).

Conversely, if К  is a metrizable non-dispersed compact space, these 
two properties characterize operators belonging to *F(C(X, E), F) when W 
is the ideal of weakly compact operators, unconditionally convergent opera­
tors, Dunford-Pettis operators, Dieudonné operators, strictly singular 
operators, and some others (see [5]). But this is not true for all compact 
spaces ([3]).

Trying to characterize these operator ideals independently of the compact 
space K, for all the cases mentioned above one can reduce the scope to 
operators defined on spaces C(K, E) with К a metrizable compact space: for 
those ideals, T e  W{C{K, E), F) if and only if for every metrizable quotient К  of 
K, the induced operator t  = T o n  belongs to W(C(K, E), F) (я is defined by 
n(f) = f  on, where n is the quotient map from К to K).

Thus, in order to obtain a complete characterization of those classes of 
operators W(C(K, E), F), for all compact spaces K, in terms or their represent­
ing measures, it remains to study the case when К is a non-dispersed compact 
space.

It is a classic result that for every non-dispersed compact space К there 
is an onto map from К  to the unit interval [0, 1]. In this case, for every Banach 
space E, C([0, 1], E) is a closed subspace of C(K, E). In [6] Bombai and 
Rodriguez-Salinas studied the general case, when К and S are compact 
spaces such that there is an onto map from К  to S, obtaining some results 
about the relations between the representing measures of operators defined on 
C{K, E) and the induced operators on C(S, E), and some results about the 
extensions of operators defined on C{S, E) to the whole C(K, E) with similar 
properties.

Another classical result of Milyutin asserts that for every metrizable 
non-dispersed compact space K, C(K) is isomorphic to C([0, 1]). In this note 
we study the general case, when К and S are two compact spaces such that 
C(K) and C(S) are isomorphic.

Consider two compact Hausdorff spaces К and S such that the spaces 
C(K) and C(S) are isomorphic. Let /: C(K)-+C(S) be an isomorphism. For 
every Banach space E, I induces an isomorphism between the tensor products 
C(K)®E and C{S)®E, which extends to an isomorphism /"between C(K, E) 
and C(S, E).

Now, any operator T from C(K, E) to a Banach space F defines an 
operator T, from C(S, E) to F by the formula T1 = T o /-1 . We study
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the relations between the representing measures m and m1 of T and 7] 
respectively, focusing on the following properties: \m\ being continuous at 0, 
and m(A) belonging to Ф(Е, F) for some operator ideal Ф and for every Borel 
set A in K.

In general we cannot say that m and m1 have to enjoy similar properties, 
in the sense that m being of semivariation continuous at 0  implies that the 
semivariation of m1 must be continuous at 0 , or that m(A) being in Ф(Е, F) for 
some operator ideal Ф and every Borel set A in К implies that т±(В) must be in 
Ф(Е, F) for every Borel set В in S. But it is possible to have some results upon 
imposing some conditions on the spaces E or F.

The following theorem is a partial result towards a characterization of 
weakly conditionally compact subsets of rcabv(/i(K), E), the space of Borel 
regular countably additive £-valued measures on K, which generalizes to the 
vector case the result for scalar measures.

A subset M  of a Banach space is weakly conditionally compact if every 
sequence in M has a weakly Cauchy subsequence ([9]). A subset M  of 
rcabv(j8{K), E) is uniformly strongly bounded if for every sequence {An} of 
pairwise disjoint Borel subsets of K, the sequence {m{An)} tends to 0 uniformly 
in meM.

T h eo rem  1. Let К be a compact Hausdorff space. Let E* be the dual of 
a Banach space E such that E* does not contain a subspace isomorphic to /х. 
A subset M of r c a b E*) is weakly conditionally compact if and only if it 
is uniformly strongly bounded.

Proof. M  being weakly conditionally compact always implies that M is 
uniformly strongly bounded (see [3]).

Thus, let M c  rcabv(/?(K), E*) be uniformly strongly bounded and 
suppose that M  is not weakly conditionally compact. Rosenthal’s Theorem in 
lt ensures that there is a sequence in M equivalent to the canonical
basis of ly_. Thus, there exist positive constants l, L such that for any finite 
family of scalars {a1 , . . . , a n} we have

(!) 1 Z  k l ^  Il Ê  aimi\ > L Z  k li= 1 i = 1 i= 1
M c  rcabv(f(K), E*) being uniformly strongly bounded, there is a regular 

positive Borel measure p in К such that M  is uniformly ^-continuous. Hence, 
we can choose, for each n e N, a density function g„: K->E* for mn such that

•  <x, дпУ is /i-integrable, for all x e E  and all ne N.
•  <X mn(A)) = 9n}dp for all x e E  and all Aef(K).
•  K1(A) = ]A\\g„{t)\\dp(t) for all Aef(K).
•  If g is a lifting in i f œ(/i), for each //-continuous measure in rcabv(/9(K), £*), 

we can choose the density g uniquely (almost everywhere) so that q[cf\ — g 
(see [10], Th. 13.51.
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Let {аг, ..., a„} be a finite family of scalars. The function g = Yl!=iai(Ji 
satisfies

•  <x, g} is /r-integrable.
•  For every x e E  and every Aefi{K),

n n n n

<x, Z  а.-гоДЛ)) = Z  Ът{(А)(х) = Z  J4<-x> 9i>dV = I <*> Z
i = 1 i =  1 i = 1 i =  1

•  We have
n n n

£?[ Z  «.■ &] =  Z  =  Z  ai9i =  fif.
i = l  i — 1 /= 1

Thus, g is the density function of the measure Z?= i a i m o  and the inequality
(1) takes the form

(2) / Z  k-l ^  J’ li Z  ВД-(0||<№) ^  L Z  K-|.
i =  1 i =  1 / =  1

On the other hand {g„}„6N is uniformly integrable, since \\g„\\dli = 
\mn\(A) for every Aefï(K) and every n e N, and Итц(А)̂ 0\тп\(А) — 0 uniformly 
in ne N (g was a uniform control measure for meM). In particular,

sup{ j \\gn(t)\\dg(t)} ->0 as а-* оо.
neN {t:\\g„(t)\\̂ a}

Thus, there exists a e R such that for every neN

J ll0„(t)№(O ^  Щ-

We now define hn = g„X{r.\\gn(t)\\ <a>; hn is the weak density of the E*-valued 
measure mn<a defined by mn̂a(B) = m„(Bn {teK, \\g„{t)\\ ^  a}) for every Borel 
set Befi(K). Then

•  hn are uniformly bounded when n runs over N.
•  For every finite sequence alf .... an of scalars, Z?=i aiK is the density 

function of the E*-valued measure Z?=i a i m i,a-

•  We have

I II Z  aihMII4“ <  Z  Ia i\ .f IIMOIIdg
К i =  1 i =  1 К

= Z  N  J \\gM\dg
t =  l  { f: ||0 r .(t) ll <«>

« /•  Î  k'l-
i =  1

(3)
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•  In the other direction,

(4) 1 1| Z  аМ Щ ^ = Л1 Z  ai9i(t)- Z  я,-Ы *)-М 0)||^
K  i=  1 K i =  1 i =  1

^  Л1Z  а д (0 ||^ -Л 1  Z  a;M 0-M *))||4 *
К  i = l  К i=  1

^  Л1Z  < W 0 ||^ -  Z  к 1 'Л к (*)- л »-(0№
K i = l  i=  1 X

=  Л1Z  ^ . ( o l l ^ -  Z  Kl* 1 w o №
к i- i  i- i  (f.llsidHIa«1

5= (L—L/2)- £  |a,.| = (L/2)- £  |a,|
i =  1 i =  1

We will now use a theorem due to Bourgain (Theorem 4 of [7]): Let X  be 
the space c00, and {en} its canonical basis. Consider for each t in К the 
seminorm in X  defined by

14 =  Il Z  *«4(0||
i=  1

where x = (x1? ..., x„, 0, . ..)ec0o- Then for all x in X, the function t —► |x|t is 
measurable, and

sup \et\t = sup ||/ii(t)|| ^  a .
ieN,teK iePi,teK

Also, if we consider in X  the seminorm

|x| = f |x |td[i = JIIZ  xthi{t)\\dfi
K K i=  1

we deduce from (3) and (4) that {ег} is equivalent to the canonical basis of l̂  for 
the seminorm |-|. Bourgain’s theorem implies that there is an element t in 
К such that {ej is equivalent to the canonical basis of /x for the seminorm | ■ |t. 
That is, there are t in К and positive constants r, R such that for any finite 
family of scalars {a1 , . . . , a n},

r Z  N  ^  IZ  aiei\t =  Il Z  аМЩ > R Z  kl-
i = 1 i =  1 i =  1 i = 1

Thus, { / î ,( t ) } ie N  iu E* is equivalent to the canonical basis of . This contradicts 
the hypothesis on E, and finishes the proof. ■

Rem ark. If E* has the Radon-Nikodym property, the above result is 
a consequence of the criterion of weak compactness in L}{ft, E*) given by 
Bourgain (see [7]).



410 B. P o r r a s  P o m a r e s

The James tree space JT  provides an example of a Banach space such that 
every even dual has the Radon-Nikodym property, but no odd dual does. 
Thus, JT* has neither the Radon-Nikodym property, nor a subspace 
isomorphic to lx (see [9]).

We shall use the theorem above and the following lemma to obtain some 
properties of the representing measures.

L em m a  2. Let К and S be compact spaces, and I: C(K)->C(S) an 
isomorphism. Let E and F be Banach spaces, and I the isomorphism induced by 
I between C(K, E) and C(S, E). Let T: C{K, £)->F be an operator, 7\ = 
= T o / -1 , and let m, m1 be the representing measures of T and Tx respectively. 
Then, if m takes values in £F{E, F), so does mx.

Proof. Indeed, m takes values in (E, F) if and only if for every x e E  the 
operator Tx: C(K)->F defined by Tx(q>) = T{(p-x) for all q> eC(K) is weakly 
compact ([8], Th. 4.4). In our case, for every x eE  the operator Tlx is defined by

Tlx(q>) = T, (q>x) = T(rlm) = Т(Г1(<р)х) = Тх(ГНч>)) = ТхоГЧ<1>) 
and thus Tlx is also weakly compact. Hence, mx takes values in SF{E, F). ■

T h eo rem  3. Let K, S, E, I, Î  be as in the lemma. I f  E* does not contain lx, 
then for every Banach space F and every operator T from C(K, E) to F whose 
representing measure has semivariation continuous at 0, the representing measure 
mx of the composed operator Tx = T o /-1 has semivariation continuous at 0.

Proof. Let m be the representing measure of T and mx the representing 
measure of Tx. \m\ is continuous at 0  if and only if (see [3]) m takes values in 
y(E ,F ),  and the set {\my*\: y*GBp*} is uniformly strongly bounded in 
cabv(jS(X)), or, equivalently, the set M  = {my*: y*eBF*} is uniformly strongly 
bounded in cabv(/?(K), E*).

In this case, since E* does not contain lx, thanks to Theorem 1 we know 
that the semivariation of m is continuous at 0  if and only if

(i) m takes values in i f  (T, F), and
(ii) J i  = {my*: y*sB F*} is weakly conditionally compact,

and the analogous conditions are valid for mx.
From (i) and Lemma 2,m x also takes values in if(T , F). So it remains to 

prove that M  being weakly conditionally compact in cabv(/?(K), E*) implies 
that M x — {mly*: y*eBF*} is weakly conditionally compact in cabv(/J(S), E*).

For every y*eBF*, mly* is the representing measure associated to Tfy*  by 
the isometry defined between C(S, E)* and rcabv(/?(iS), E*), and thus it is 
enough to prove that {T*y*: y*eBF*} is weakly conditionally compact. Since 
Tfy* = (J-1)*oT*(y*) for all y*eF*, the result holds immediately from the 
same condition on m. ■
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Rem ark. The condition “£* not containing I f ’ transforms the problem 
from measure theory to topology, changing the condition of \m\ being 
continuous at 0  to a topological condition, more manageable from the point of 
view of the isomorphism between C(K) and C{S).

In any case, we have:

Theorem 4. Let K, S, I be as in the lemma, E a Banach space, and let Î  be 
the isomorphism from C(K, E) to C(S, E) induced by L Let T be an operator 
from C(K, E) to a Banach space F, and Tt = T o /-1 , and let m, mx be the 
representing measures of T and Tt respectively. I f  m and mr have semivariation 
continuous at 0 , then, for every operator ideal Ф closed for the usual norm in 
ff{E, F), the following assertions are equivalent:

(i) For all A in P(K), the operator m(A) from E to F is in Ф(Е, F).
(ii) For all В in the operator ml (B) from E to F is in Ф(Е, F).

Proof. Suppose that т(А)еФ(Е, F) for every Aeft(K). Since has 
semivariation continuous at 0 , has a strong extension, in the sense that for 
every Borel set В in j?(S)

m1(B) = lim mj(G) == lim m1(C)
Gsn(B) СеПо(В)

in the norm of £?{E, F), where П(В) is the class of open sets containing B, and 
П0(В) the class of compact sets contained in В (see, for instance, [1] and [3]). 

At the same time,
m1(C)(x) = lim Tfcpç-x)

Gen(C)

in the norm of F, uniformly in x e B E, where (pG is a continuous function with 
support in G such that (pG(t) = 1 for all teC, and 0 ^  q>G(t) ^  I for all t. 

For each x in E, and each G in П(С),

/ _1(х-ф0) = x - r ' i ç ^ e C i K ,  E).

Consider a sequence (S J of measurable simple functions such that 
||Sn- / _1(<pG)||-).0 in B0(K)) when n —► oo. We have

Тг(х-<1>0) = Т ( Г ‘(х •<*><-)) = T ( x - r l (<pG)) = lim T**(x-S„)
П

in the norm of F, and uniformly in x e B E. If we write Sn = Y)=i aïXe?
B” in fi(K) for all neN , and all i e {1, ..., kn}, then

7£*(x) = T**(x-Sn) = X = (Z  fl?m(JB?))(x)
i=  1 i=  1

and by hypothesis (i) the operator Z?=ia"m(^?) ^(F, F). Thus, the
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operator
TlG: E-*F ,  x -^T^x -cpc) ,

which is the limit in norm of the operators 7̂ **, must be in Ф(Е, F). In the 
same way, т1(С)еФ(Е, F), since it is the limit in norm of the operators 
T1G when G runs over П(С). Finally, т1(В)еФ(Е, F), since it is the limit of 
т А(С) when C runs over П0(B). ■

As a consequence, we have the following corollary which generalizes in 
some way the results known for weakly compact and Dunford-Pettis operators 
(proved by P. Cembranos in her PhD thesis Algunas propriedades del espacio de 
Banach C{K, E), Universidad Complutense de Madrid, 1984).

C o r o l l a r y  5. Let W be an operator ideal satisfying:

•  T is closed for the usual operator norm.
•  For every compact space K, and for every pair of Banach spaces F, F, an 

operator T from C(K, E) to F belongs to T{C{K, E), F) if and only if for any 
metrizable quotient К of К the induced operator T from С (К , E) to F belongs to 
T{C(K, E), F).
Then, if E* does not contain /1 or F does not contain c0, the following assertions 
are equivalent:

(i) Every operator T : C([0, 1], E)-+F whose representing measure m satis­
fies

(a) \m\ is continuous at 0 ,
(b) for all Ae[ï([0, 1]) the operator m(A) belongs to T(E, F), 

belongs to *F(C([0, 1], E), F).
(ii) For every compact space K, every operator T : C(K, E)-+ F whose 

representing measure m satisfies
(a) \m\ is continuous at 0,
(b) for all Aefi(K) the operator m(A) belongs to Т(Е, F), 

belongs to W(C(K, E), F).

Proof. Obviously, (ii) implies (i). Now, suppose (i) and let К be a compact 
space, and T an operator from C(K, E) to F satisfying (ii) (a) and (ii) (b). Let 
К be a metrizable quotient of K, and ж the quotient map.

If К is not dispersed C(K, E) is isomorphic to C([0, 1], E), and if t  is the 
induced operator in C(K, E), t  — Ton, and 7\ the operator induced by t  and 
the isomorphism between C(K, E) and C([0, 1], E) in this space, we have:

•  If F does not contain c0, the representing measures m and m1 of t  and 
Tj respectively both have semivariation continuous at 0.

•  If E* does not contain f ,  \m\ being continuous at 0  implies that \m\ is
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continuous at 0  (since m(A) = m(n 1(Л)) (see for instance [4]), and by 
Theorem 3, | i s  also continuous at 0.

In any case, we can apply Theorem 4, and (ii)(b) implies (i)(b).
Now, (i) implies that 7\ belongs to ’ff(C([0, 1], E), F), and then t  belongs 

to Ч*(С(К, E), F), since ¥  is an operator ideal.
If К  is dispersed, it is an immediate consequence of Th. 1.8 of [5] that 

t  belongs to î y(C(K, E), F). The hypothesis on W implies that T belongs to 
*F(C(K, F), F), which finishes the proof. ■
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