
ANNALES SOCIETATIS MATHEMATICAE POLONAE 
Series I: COMMENTATIONES MATHEMATICAE XXX (1990) 

ROCZNIKI POLSKIEGO TOWARZYSTWA MATEMATYCZNEGO 
Séria I: PR ACE MATEMATYCZNE XXX (1990)

B a l t a sa r  R o d r ig u e z -S a l in a s  (Madrid)

On the variation of an indefinite integral in Banach spaces*

Abstract. For a finitely additive measure /  that extends the Lebesgue measure ц on 
Q =  [0, 1], we prove the existence of a Г-integral Gf  : Гл->/°° with respect to X, which is 
/-continuous, strongly additive and such that its variation \Gf \(E) =  oo for every E e Z k with 
X(E) >  0. In consequence, on the cr-algebra of Lebesgue measurable sets, Gf  is ^-continuous and 
countably additive.

. Let us note that in the case of countably additive measures an analogous 
result is not true since Musial [3] has proved that every indefinite Г-integral 
has always cr-finite variation. Earlier Rybakov [4] proved the same for the 
Pettis integral. (See also [1] and [5] for this and other related topics.)

We shall denote by (Æ, I ,  f) the Lebesgue measure space on Q = [0, 1] 
and by Ц* and g* the respective inner and onter measures.

Let Г be a vector subspace of X* total on X, where X  is a Banach space 
and X* its dual. A function /: Q -> X  is called Г-integrable if x* f  is /t-integrable 
for every х*еГ, and for every E e l  there exists Gf (E)eX  such that

x*Gf (E) = J x*f dn (х*еГ*).
E

L em m a  1. There exists a sequence (А и) of disjoint subsets of (2 such that 
[ji An = Q and //*(/!„) = 1 for every n.

Proof. By using the axiom of choice, one can construct a sequence (Qn) of 
pairwise disjoint, nonmeasurable subsets of Q such that [J fQ n = Q and

Qn = Qi + rn (mod- В»
where (r„) is the sequence of rational numbers in [0, 1) (rx = 0) ([2], p. 142). In 
the usual way, it can be proved that /^ (IJ î Qk) = 0 for every ne N and thus
H*(U” &) = 1 -K*(Ur1 Й») = 1 (neN).

As limng*{En) = ц*(limn En) for a nondecreasing sequence (En) of subsets of 
Q, we can prove inductively the existence of a double sequence (Ank) of pairwise 
disjoint subsets of Q ((n, k)eN  x N) such that every Ank is a finite union of Q?s, 
{Jn,kAnk = Q and n*(Ank) ^  1 -  l/k for every (n ,k ) e N x N . Let An = (Jk°°= i Ank;
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then the An are pairwise disjoint, (J f  An — Q and
fi*{An) ^  g*(Ank) ^  1 -  1/fc 

for every к. Therefore, g*(An) = 1.
Lemma 2. Let U be a nontrivial ultrafilter on N and

A*(E) = lim - £  n*(Ers Ak) (< g*(Ej)
n,U Пк= 1

for E a  Q, where (An) is the sequence in Lemma 1. Then A* is a finitely 
subadditive outer measure such that its restriction A to the algebra of sets 
E satisfying

A*(2Q = A*(X n  E) + A*(X — E) for every X  c  Ü,

is a finitely additive measure on Moreover, contains I  and
(An), A(E) = p(E) for every Е е I  and A(An) = 0 for every n.

Proof. This is easy, on taking into account the properties of “lim”„>l7 and 
the fact that p * (E n A n) ~  p(E) for every E e l  and neZV (see [2], p. 87).

Note that we can use a generalized Banach limit instead of lim„ v (see [2], 
p. 58).

The integral of a real bounded /  with respect to a finitely additive measure 
A is defined by uniform approximation of f  by simple functions, like in the 
countably additive measure case. For unbounded functions 0, j/dA means 
lim„Jf ndA where f n(x) = f(x)  if f ( x ) ^ n  and f n(x) = n if f (x )> n ,  and in 
general \fdA — \ ( f + +g)dA — j ( / _ +g)dA for a function g ^  0, when these 
integrals exist.

Theorem. With the notations of Lemma 2, there exists a Г-integrable 
function f: Q->lco(Q) (resp. Q->1°°) with respect to A such that its indefinite 
integral Gf : Гя -> Iе0 (Q) (resp. Gf  : -> Iх ) is А-continuous and strongly additive,
but not of о-finite variation. Even more, \Gf \(E) = oo for every E e Z x with 
A(E) > 0, and Г can be taken as the subspace of T(Q) (resp. Z1) spanned by the 
unit vectors.

Proof. Let 0 < a < 1, e(x) = 1/n for х е Ап, and let f :  Q-+R (tEÜ) be the 
function defined by

f t(x) = |x —1\~* for \x — t\^s(x ) ,  

f t(x) = e(x)-a for \x — t\ < e(x).

It is obvious that /  = (ft)tea' Q->/°°(^)- We shall prove that every f  is 
“Z^-measurable”: In fact, if (n— l)a < a < na and Ea = Ela = {xeQ:
|x — t|_a ^  a}, we have

n — 1 00 n — 1

{x: /,(x) a} = ( IJ A„) и  (U At n  E„) = (( (J Ak) n  Щ) и
1 n 1
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which is a Immeasurable set, Я-equivalent to Ea. Furthermore,
J |x — t\~*dÀ = J Ix — t\~adfi ^  2 j x~adx = 2/(1 —a) < oo.
П П Ü

It follows that every f t is integrable and
J f t dÀ = J \x — t\~adÀ
E E

for every E eE x.
For each E e Z x, let us write

G(E) = (Ц«*Л),60 = ( \ \ x - t \ - “dA)lsa.
E E

Since | я |х — t\~adk ^  2/(1 — a), we have G(E)elco(Q) and ||G(F)|| = 
l|G(£)lloo < 2/(1-a )  for every £ е ! я.

It is evident that G: Zx->l°°(Q) is finitely additive. Let us prove that it is 
Я-continuous and, in consequence, strongly additive and countably additive on 
Z. Given 8 > 0, take 0 < 3c)1 “7(1 — a) < e and Я(Г) < Ô (E eZx). Then

J|x — t\~ad f ^  j \x — t\~adX+ j \x — t\~adÀ
E Er>Ea Ea

^  аЦЕ)+ j  Ix — t\~adn ^  a^-f2a1_1/7(l — a)-
Eca

Thus, the choice a = <5-a yields
3

Их —1\ adX < ----- «51 a < s (teQ)
E  i - a

and so ||G(£)|| < £.
Let a = infE and b = supE (Е еZx). Then

\\G(E)\\ »  $ f edX = \ \ x - t \ - “d l »
E E  a)

Let ak = a + (k — l)(b — a)/n and Ek = E n  \_ak, ak + l) (k = 1, 2, ..., n). Then 
||G(£fc)|| ^  п*ЦЕк)/(Ь-аУ and

|G|(£) »  t  IIG(£J »  n ' t w M b - a f  = г П Ш Ъ - а Г
1 l

for every E e Z x and neN. Therefore, |G|(£) = oo for every E e Z x with 
X(E) > 0.

Let now Г be the vector subspace of /1(Q) spanned by the unit vectors. 
Then

§x*fdX = Yj xt J/t dX = x*G(E)
E teQ  E

for every E e Z x and x*e Г, which proves that G is the Г-indefinite integral Gf
of f
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Finally, in order to prove the theorem when / :  Q -* Iх it suffices to take 
/  = (fr„)> where (rn) is the sequence of rational numbers in [0, 1).

Note that Gf  is a Я-continuous vector measure and so its range Gf (Sx) is 
relatively weakly compact ([1], I.5.3.).

Rem ark. We can take /  = (ht)ten with ht = f t except for a finite set T of 
values of t for which ht = gt, where gt(x) = |x — t\~a (gt(t) = 0). Note that ht is 
then /^-measurable for t e T.
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