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On some properties of linear operators on L*¢
which are continuous with respect to a modular

Abstract. We investigate absolute continuity and continuity with respect to a modular,
mutual relations of these two types of continuity of operators over the spaces L**, L' (the space of
finite clements). We obtain some generalizations and supplements of results in papers [S]-[7].

1. In this paper (T, &, u) denotes the measure space over a non-empty T,
where & is a o-algebra of p-measurable sets, with a ¢-additive, atomless
measure u, such that 0 < u(T) < oo. S denotes the space of real functions
p-measurable on T finite almost everywhere.

1.1. A nondecreasing, continuous function ¢: {0, o0)— <0, o) taking
0 only for u =0 and such that ¢(u)— o0 as u— oo is from now on called
a @-function. In Sections 5, 6 of this paper we make an additional assumption
that these ¢-functions satisfy the conditions

(0,) ew)/u—»0 as u—0,
(c0y) eW)/u~o as u— .

For such ¢-functions a complementary function in the sense of Young ([1],
[2]) can be defined by

Y(v) =sup(uwv—@(u)) where sup is taken over u > 0.

¥ is a convex ¢@-function satisfying (0,), (c0,). Let ¢ denote the complementary
function of y; ¢ satisfies the inequality ¢(u) < @(u) for u > 0 and it is the
greatest convex @-function satisfying this inequality; ¢ is convex iff ¢(u) = @(u)
for u>0.

A ¢-function ¢ satisfies condition 4, if for some k > 0 @(2u) < k¢ (u) for
U2 u,.

1.2. The generalized Young inequality holds:

uv < p(w)+y(v) for u,v>=0.
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For every v > 0 there exist u,’s such that

u,0 = @) +¥(0).

If 0 < vy < v < v, then 0 < infu, < supu, < oo, if v— o then u,— w0, if v >0
then u,—0 ([1], [2]).

1.3. In what follows we denote by h(v) the smallest u, corresponding to
a given v. For v > 0 we have ¢(h(v)) = ¢(h(v)).

For the proof let us observe that h(v)v = @ (h(v))+ ¥ (v) < ¢(h(v)+ ¥ (v), so
@(h(v)) < @(h(v)) and since @(h(v)) < @(h(v)) so @(h(v)) = G(h(v)).

1.4. For a simple function se S the function h(s(t)) is y-measurable. Let
s =) 1a;x., Where e,€&, e;ne; =@, g, is the characteristic function of e;.
Evidently

h(s(1)) = Zh a)ye,(t)-
2. Let us introduce the following notation for xeS:

16 = [xOdus 1,09 = | @(1x(0) dy.

T

It is known that I (x) is a modular in S in the sense of [4]. Set
L** = {xeS§: I,(ix) < oo for some 4 > 0},
LY = {xeS8: I,(Ax) < oo for every 1> 0},
K? = {xeL": I (x) <1},
K9 ={xeLy: I(x)<1}.

It is known that L** is a linear space with the standard operations on functions
and with the equality x = y defined to be the equality x(t) = y(t) p-almost
everywhere in T.

L* can be glven a complete F-norm

Ixll, = inf{e > 0: I, (x/e) < ¢}.

L (the space of finite elements) is a linear subspace of 'L*?, closed with respect
to the norm | x||,. The relation ||x,[,— 0 is equivalent to I (4x,)— 0 for every
A > 0. Apart from the norm convergence in L** a modular convergence is in
operation.

A sequence (x,) = L* is called modular convergent to xe L**, in symbols

m
x,— X, if for some 4 >0, I (A(x,—x))—0. Convergence of the sequence (x,)
with respect to the norm || |, implies modular convergence. However, the
reverse implication holds in L** iff ¢ satisfies condition 4,.

2.1. Next, U, U, (¢, £,) always denote linear operators (linear functionals)
in L** taking values in a Banach space. U is called @-modular continuous (p-m
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continuous) in L*® (L) if x,—x, x,, xe L** (L), implies U(x,)— U(x). Mo-
dular continuity of functionals is defined similarly. We define for U a “quasi-
norm” by the formula

Ul =sup {lUMX)|: xeL*, I,(x)<1}, or °
IUll; =sup {JU(X)|: xeL?, I,(x) <1}

and analogously |||, [|€] , for functionals. If ¢ is convex we get the classical
operator norms (norms of functionals).

2.2. An operator U is called @-absolutely continuous in L** (p-ac in L*?) if
for every x e L** and for every ¢ > 0 there exists a § > 0 (in general depending
on x) such that

(%) IU(xy)ll <&  whenever u(e) <.

@-absolute continuity of an operator on L} is defined similarly. A sequence of
operators (U,) is called @-absolutely equicontinuous in L** (L) if (x) is satisfied
for xe L** (L) and for U=U,, n=1, 2, ..., with some J independent of n.

A sequence (U,) is @-modular equicontinuous for x =0 (¢-m equicon-
tinuous) if for every ¢ > 0 there exists a é > 0 such that

U, <& for n=1,2,... whenever I (x) <d.

2.3. An operator U is continuous in (L**, || ||,) (LY, | )] # 1UI (1Ul,)
is finite.

Let |U| < o, lx,l,—0, (x,) = L*. Pick &> 0; since I,(x,/e) >0, for
n=no, [UKX, /el < U, U <elUl and thus |U(x,)|—0.

If U is continuous in L*® with respect to the norm || [, then for some
e>0, |U(x)| <1 follows from I (x/e) < &. Consequently, [|U(x)|l < 1/e fol-
lows from I,(x) < e. Choose an integer k, k > 1/e. For a given x, I(x) <1,
choose disjoint sets e;eé, |jie;=T in such a way that I (xx.,)
=1, (X)) = ... =1 ,(x¥e). Since I,(xx.) <& we obtain [U(xy.)l < 1/e,
fU(x)|| < k/e and we have ||U| < oo because k is independent of xe K. For
L} the proof is analogous.

2.4. An operator U @-m continuous in L™ (L¥) is ¢@-ac in L™ (LY).

Let xe L** (L). Then I (Ax) < oo for some 4 > 0. If U is ¢-m continuous
in L** (L), ule,)—0 then I (ixx.)—0 and consequently [U(xy.,)ll—0.

3. If an operator U is @-ac in L*® then for every r > 0O there exists a 6 > 0
such that
(*) IUGex ) <2r  for I,(x) <8, ule) <.

If (x) does not hold then there exist sequences (x,),(e,) such that
I,(x,)—0, ule,)—0, |UX,x. )| >2r for n=1,2,... Taking into con-
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sideration the @-absolute continuity of U we can define by induction a sub-
sequence x;, =y, satisfying

(1) I)<1/2" forn=1,2,..,
2 NU@uxall > 7,  where a, = ¢, \ ) &,
Define o i
3) Y=Y Vukan

n=1

Since the sets a, are disjoint, by (1)

e}

I(P(y) = Z I(p(ynXan) < 1

R n=1

However, U(ya,) = U(YuXa,)> #(a,)—0, hence [|[U(yy,)ll =0, contrary to (2).
3.1. If an operator U is ¢-ac on LY (L) then |Ull, < oo (JU] < o).
(i) Let us prove first that there exist a natural n and a é > 0 such that

IUGxx)lIl < n for I,(x) <6, p(e) <§. Otherwise, we would have for some
x,€L’¥ and some sets e,

U el > 1, I (x)<1/2", pule)<1/2", n=1,2,..

Put z, = x,/n; then we have

1UGuxel > 1, I,(nz,)<1/2",  z,eK%.
Similarly to the proof of 3, using the @-absolute continuity of U in L} we are
able to define’ a subsequence z; =y, n=1,2,..., and a sequence of
p-measurable disjoint sets a, so as to have I,(k,y,) < 1/2*,

(1) IU(ynxa)l 2 1.
For the function y =) ,>,y,%.., we have for an arbitrary !> 0

(2) Ly = ¥ 1,(y,xa) < ©,

n=1
which yields yeL®. However, like in 3, Uy )l = 1UW 21 =0 by
u(a,)—0, contrary to (1').

(i) Let n, 6 be constants from the assertion of (i), I,(x) < 1. Choose k so as
to have 1/k < &, u(T)/k < & and choose disjoint sets e;, | )% e; = T, such that
I,(X%e,) = I (x Xe)) = ... = I,(xe,). This implies I (xx.,) < d. Every e; can be
decomposed into k u-measurable disjoint sets ¢;;, e; = Uj‘= 1 €. Thus, we have
plep) <6, i=1,2,...,k, j=1,2,...,k. We get

k
Ux)= ) Ulxge), U <nk® for xeK%.
iL,j=1
For L** we set in (2') 1 = 1 or we can use Proposition 3 and the reasoning
analogous to the one in (ii).



Properties of linear operators on L*® 31

3.2. An operator U for which |U|l; < oo is @-ac in L.

Choose [ so that ||U|;/l < e. Let pu(e,)—0. Since [Ixy,, | < |Ix|, I,(Ix) < co
we have I (Ixy.,)—0. For n>n, we obtain

I(Ixxe,) <1 and [U(xy ) < [Ully UGy <e.

3.2.1. A Banach space Y is said to have property (0) if for y,e Y and
arbitrary (n,), 7, =0,1, m=1,2,..., |[X7n,0.| < k < co implies the conver-
gence of the series Zi" n,y, for any sequence (,) of zeros and ones (i.c., the
series ) y, is subseries convergent). We will say that an operator U has
property (0) if the Banach space where U takes its values does.

3.2.2. An operator U having property (0) (in particular a functional ) and
such that |UJj, < o (JJ¢]l, < ) is ¢-m continuous on L.

(i') First, let us prove that property 3 (x) is satisfied. If 3(x) fails then the
same reasoning as in 3 shows that there exist a sequence (y,) = L¥ and
a sequence (a,) of sets such that conditions (1), (2) from 3 are satisfied with some
r>0.

Let z, = Y% 7, Y, %a., Where , =0, 1. We have I (z) <1fork=1,2,...
and since z eL?, U@ = |k 7, UGl < 1Ull,. Thus, in virtue of
property (0), |U(y,x.)Il =0, a contradiction with 3(2).

(i) Let I (x,)—0. Choose arbitrary ¢ > 0 and n > 0 in such a way that
wTem) < 1. Let a, = {t: |x, () =en}, n=1,2,... We have

1,(xyXa,) Z @len)u(a,),  so pu(a,)—0.
The inequality
1
I, (;xnxna,) <omuT) <1,

is satisfied, hence

1
U <— anT\an>
&

In view of property 3(x), for n=n, we have [U(x,x.)ll <&, and so
TUC)) < U, xa)ll + U, x16)l < IU M & +¢, consequently [[U(x,)] —0.

<WUly UGG xnaell < [U| ge.

3.2.2. In connection with 3.2.2. let us give here the following coun-
terexample. There exists an operator U with values in ¢,, ¢@-absolutely
continuous on L’?, which for Some ¢ is not ¢-m continuous on LY. Let
¢ satisfy condition (A,) given in Section 6. In virtue of 6.8 there exists
a sequence (£,) of functionals over L*® satisfying the conditions

(@) k = sup, |I&,] < o,
(B) &,(x)—>0 for xeLP?,
() 1€,(x,)l = 1/2 for some sequence (x,) = K¢, I,(x,)—0.
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Define U on L**, U(x)ec, for xe L**/, setting U(x) = (&;(x)). By («) we have
IUll; <k and thus it follows from 3.2 that U is ¢-ac on L¥. But
[(x )l = sup;|&;(x,) = 2, I(x,)—0, which means U is not ¢-m continuous
in L®.

3.2.3. THEOREM 1. Consider the following properties of the operator U:

(a) U is ¢-ac on L*?,
(@) U is ¢p-ac on LY,
(b) U is @-m continuous on L*,
(b') U is ¢-m continuous on L.

Then

(i) (a)<>(b),

(ii") (b)=(a),

(iii") (@)= (b") if U has property (0).

The implication (a) = (b) follows from 3 if we apply the same reasoning as
in the proof 3.2.2(i"). The implication (b) = (a) follows from 2.4, (a’) = (b’) from
3.1 and 3.2, (b')=(a’) from 2.4.

3.2.4. THEOREM 2. An operator U having property (0) and continuous in
e, | | o) IS @-m continuous in LY.

We have |Ujl, < |[Ufl < oo by 2.3 and it is sufficient to apply 3.2.2.

4. Let a sequence (U,) of operators be @-absolutely equicontinuous in
L*(p (L}¢)' Then Supn “ Un” < ® (Supn ” Un”f < w)

First, notice that sup, |U,(x)| < o for every xeL*’. Indeed, choose
k so as to have u(T)/k < and take k disjoint sets e;, | Jie; = T, of equal
pu-measure. We have pu(e) < u(T)/k <d and thus |[U,(xy.)ll <& for
n=1,2,... and consequently U,(x) < ke. Letf Y be a Banach space where
the values U,(x) belong. Define an operator V on L* by V(x) = (U,(x)).
The sequence (U,(x)) belongs to the space Z of bounded sequences (y,) = Y
with the norm sup, ||y,|| < co. The assumption of ¢@-equicontinuity of U ,(x)
means here that the operator V is ¢-ac and so sup, |U,(x)]| <r < oo for
xeK?, by 3.1. Consequently |U,|| <r for n=1,2,... For L} the proof is
analogous.

Observe that the assumption sup |U,|| < oo need not imply ¢-absolute
equicontinuity. It is sufficient to consider on L* the operator U defined in
3.2.2. By 3.2.2'(«), |U|| < o0, U(x)el®. If U were @-ac on * then by 3.2.3 it
would be ¢-m continuous and this contradicts 3.2.2(«) because ||U(x,)|| = 1/2
for some sequence x,, I,(x,)—0.

4.1. A sequence (U,) of operators in L** is @-m equicontinuous iff it is
@-absolutely equicontinuous in L*®.

We apply the same reasoning as in 24. We have |U,(x)| <e,
n=1,2,..., when I, (x)<§é. Let xeL**; then I (ix) < oo for some 4> 0.
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When u(e) < n, with n sufficiently small, then I,(ixy,) <9, so [U,(xx)l
<e/d,n=1,2,...

If (U,) are @-absolutely equicontinuous in L*® then the operator V defined
in 4 is @-ac. By 3.2.3 it is ¢-m continuous in L**, which means ¢-m
equicontinuity of (U,).

5. Next we shall need a known lemma whose proof we give here for the
reader’s convenience. We apply the Baire category method.

Let (x,;) be a given matrix of elements from a Banach space (X, | |).
Suppose for every sequence n =(n,;), n, =0, 1 the series

(a) )’n('l)”“ Z nixni’ n= la 2,
i=1

is convergent and the limit

(b) y(n) = 1im Va(h)

exists. Then for every & > O there exists an i(¢) such that for i > i(e)
sup [x,f <e
n

Define a metric in the space H of sequences n by

- 1 1 ! ! 7 1
din's ") = X sli=nils 0" =), v = i)
i=1
H is complete in this metric.
Define H, = {neH: ||y, (n)—y, )| <e&/4} for n,m=k, k+1,... From
the subseries convergence of the series (a) follows their continuity in H so the
sets H, are closed in H. Consequently, one of them, say H,, contains a ball B,

B(n, no) = {n: d(n, n,) < ¢}. Let
a0 1 ,
(1) Z sl <e. = 7+ —nnd)-

Letn, = ni—ni, n (m) n” = (n;). We have d(n’, no) < ¢, d(n”, no) < g, thus
) 1Y) — Yl <&/2  for n,m=k, k+1,...

and 75 satisfying (1). Hence, in view of (b) we get (2) for n,m>1>k, neH,
where [ is sufficiently large. From (2) and (b) we obtain

&) ly.m—yml <e for n=1, neH,

and we have in particular |y,(n)—y(n)| < &. Choose sequences 1’ consisting of
zeros everywhere but for the ith term. The last inequality gives

Ix;—y(m)ll <e,
and since it follows from assumption (a) that [x;|| -0 as i—»> o0 we conclude
ly()Il < 2¢ for i > iy. By (3) we have

1%nill < 1% =y () + ()] < 3e,

3 — Commentationes Math, 30.1
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for n>1 and i >i,. For n <[ we can find i > i, > i, in such a way that
[ xnll < 3¢ and finally sup, ||x,| < 3¢ for i>i,.

5.1. THEOREM 3. Let the operators U, be @-ac in L**, U, (x)— U(x) for
xeL*. Then

(a) the sequence (U,) is @¢-m equicontinuous in L*®.

(b) the limit operator is @-m continuous (cf. [6]).

Generalizing Lemma 3 we shall prove: for every r > 0 there exists a 6 > 0
such that |U,(xx )l <2r, n=1,2,... for I (x) <9, ple) <9.

For if not, reasoning analogously to Lemma 3, there is a sequence (y,) and
a sequence (a,) of u-measurable disjoint sets and an increasing sequence (/,) of
indices such that

M) 1) < 1/2%,
) U, x> 1.

For an arbitrary sequence # = (,), 1, =0, 1, define

Y =} NYnXan-
n=1
We have I,(y(n)) < 1, and since U,,, being @-ac in L, is ¢-m continuous, we
have .
Ul,()’(’?)) = z Ny Ul,-(ynXan)7 [ = 1, 2’ s

n=1
By the assumption U, (y(n))— U(y(n)) as i—> o, so from 5, |U, (y,xa)ll < /2
for n > n, and we get a contradiction with (2). From the preceding lemma and
reasoning as in 3.1 we have sup, |U,|| < oo, which by the same lemma again
and the reasoning analogous to 3.2.2(ii”) gives us (a). (b) is an immediate
consequence of (a).

The theorem above for the case T=<a, b)> and & the algebra of sets

Lebesgue measurable and with the proof based on an idea similar to the one
presented here can be found in [6].

5.2. If the operators U, are @-ac and for every x € L*® the sequence ||U,(x)|
is bounded then sup, |U,| < .

Let (4,) denote an arbitrary sequence of non-negative terms tending to 0.
The operators W,(x) = 4,U,(x) satisfy the assumptions of Theorem 3 and in
virtue of this theorem and 4 we have

14, U,x)| <sup|W,| =k<oo forn=1,2,..., xeK®,

so A,|U,(x)| <k, consequently sup, |U,l| < 0.

6. We assume throughout this section that the ¢-functions considered
satisfy (0,), (00,).
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Let us define for ¢-functions the following properties:

(A) tim y/(0)/ (h(0)/2) = o0
(Ay) Iim sup Y (0)/p(h©v)/2) = o0;
®) tim (h(0))/(h(0)/2) = o0;
(B,) lim sup ¢ (h(v)/p(h(v)/2) = co.

¥ denotes here the function complementary to ¢, h(v) is the function defined
in 1.3.

6.1. (a) We have the implications (B)=(A), (B,)=(A)).
(b) Property (B) is satisfied whenever

(©) 1mmmmw=w

The proof of (a) follows from the inequalities
he)o = o(h(©) + ¥ ©) < 2(e(h0)/2)+ ¥ ©),

(P(h(l’)/2) [%—2] <Yy for v>0.

(C)=(B) is immediate because h(v)— o0 as v-—> 0.

6.2. If ¢ is a convex function which does not satisfy the A, condition then
there exists a convex function ¢, such that

(1) Qo) < @), @o(2u) > @)  for u=0
and @, satisfies property (B,).

Define p(t) = @(t)/t, p(0) = 0. p is continuous, strictly increasing and
p(t)—0ast—0, p(t)— o ast—oo. Let ¢,(u) = [ p()dt. It is known that this
function in convex and satisfies (0,), (00,) and (1). (1) implies that condition 4,
fails for ¢,. The complementary function of @, is ¥, (u) = f’() p—,()dt and its
corresponding h(v) equals h(v) = p_(v) (cf. [1]). We have for some sequence
U, 0, 9o(2u,)/@y(u,) — . Define v, so as to have 2u, = p_,(v,) = h(v,) for
n=1,2,... whence we get (B,).

In connection with the preceding theorem let us note that we have
L = [0, L = Lige.

6.3. (a) The following properties are equivalent for a functional £: (1) |I€]| , < oo,
(2) & is p-ac in L%, (3) € is @-m continuous in L.
(b) A functional & @-ac in L (L*?) is of the form

() ¢(x) = I(xy),
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where I,(y/r) <1, r = |IEll, (r = [&]}) when £ # 0. Conversely, a functional of
type (*) is @-ac on L} (L*).

(c) If the integral &(x) =1(xy), y #0, is defined for xeLy (L*®) then
I/ <1

(a) By 3.2.2 we obtain the implication (1) =(3) for L}?, by 3.2 we have
(1)=(2), 3.1 implies (3)=-(1), and 2.4 gives (3)=(2).

(b) Consider ¢ over LY. Let ¢ # 0 and then 0 < |||, < oo. The proof can
be carried out as in [7], with a slight modification. £(y,) is o-additive,
u-absolutely continuous on &, so &(x,) = [(yy,), e€&, where y is integrable.
Thus, for an arbitrary simple function s we have &(s) = I(sy). Choose
a sequence of simple functions y,, y,() = 0, y,(0) < |[y(@)| for te T, y,(t)—|y(?)|
almost everywhere. Set r = ||£] ;. We have:

(1) SOy, (O)/r = (s, () + ¥ (y.()/r), teT,

where s,(t) = h(y,(t)/r). By 1.4, s, is u-measurable. We have &(s,/r) = I(s,,/r)
=1,(6)+1,(y,/r). U I, s,)<1 we have 12 {(s,/rsigny)=I(s,lyl/r)
= I(s,y,/r), hence I,,(y,/r) < 1.1f I (s,) > 1 then we choose k+ 1 disjoint sets e,
such that I (s,x.)= 1 fori=1,2,..., k, I (s,Xe..,) < 1. From (1) we obtain

I(Snyn/r) = I(p(sn)+llj/(yn/r) < I(p(sn)+ 13

and then I,(y,/r) < 1. As y,(t) = |y(t)] almost everywhere we have [,(y/r) < 1.
Define #n(x) = I(xy). From the Young inequality we have

Gl < HGxy)l < (L) +1,(y/r))/r,

so # is defined on L and ||n| < co. It is then @-m continuous on L. ¢ is also
¢-m continuous on L}?. Let xe K%. Choose a sequence (s,) of simple functions
such that I,(s,—x)—0. We have &(s,)—&(x), n(s,)—>n(x), {(s,) = n(s,), so
&(x) = n(x). For L* the proof is analogous.

(c) I(xy) is ¢-ac on L (L*’) and then it is sufficient to apply (b).

6.4. THEOREM 4. The general representation of functionals continuous in
(@2, I 1) is

(%) ¢(x) = I(xy)+n(x),

where

(+) I/lIg) <1

when & #0, n is a functional continuous in (L', || |,), n(x) =0 for xe LY.

From 2.3 we have 0 < ||£]| < co. Thus, by 6.3(a), (b) on L¥ we have
&(x) = I(xy), condition (+) being satisfied. I(xy) is then defined on the whole
L**. On L* we have (), where n(x) = £(x)—I(xy). I(xy)is @-ac (cf. 6.3(b)), so it
is also @-m continuous and in this way it is a functional continuous with
respect to || ||, and so is 5. Evidently, n(x) =0 for xeL}.

On assumption (+), as already noticed, I(xy) is a functional continuous
with respect to || |,, hence a functional of the form (*) is continuous in

(e, 1 ly)-
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6.5. Let ¢ satisfy condition (A) from 6. There exists a Junctional n con-
tinuous in (L, || |,), such that n(x)=0 for xeLy, which is not modular
continuous.

A construction of this type of functional was given in [7] for
T={a, b), & the algebra of Lebesgue measurable sets and under condition
6(c). However, the proof only uses assumption (A) and one can apply the proof
of existence of the functional » with the required property for the space
e,y 1,) as in 7], 1.7.

6.6. Let ¢ satisfy condition (A) from 6, &,(x) = I(xy,) for xe L**, ||| >0
at least for one n, lim,, , £,(x) = &(x) for xe L**, Then for every & > 0 there
exists a 0 >0 such that

(%) L,(ax./k) <& for pley<o,n=1,2,...,
where k = sup, || &,]| < co.

If &)l =0 then y, =0 and (x) is satisfied. We can assume [&,[| >0
for all n. By 5.2 and 5.1, k = sup, ||£,| < oo. From 6.3(c) we have I,(y,/k) < 1
forn=1,2,...Letz, =y, /k;then I (z,) < 1forn=1, 2, ... Pick v, such that

(1) @(h(v)/2) < oY (v) for v =,

This is possible according to (A). Define sets a, = {t: |z,(t) = v,} and simple
functions s;, s,(t) = v,, s;(t) < |z,(t)| for te T, s,(t) = |z,(t)| almost everywhere in
T. We have

siOR(s:(0) 3 a, = 30 (P(s: (0 2a,)) + 2 (5:(0) Xa):
(2) I(Sih(si)%Xa") = %Iq)(h(sl) Xan) +%Id;(siXa,.)'
Next, we have in virtue of (1)
1, (h(5)3 %) < 81, (55%a) < 81, (20ta,) < 0.

But the sequence (3) I(xz,) is convergent for x e L** and therefore the integrals
(3) are ¢-m equicontinuous by 5.1. Then, if a suitably small é is chosen in (1) we
have

I(h(si)%SiXa,.) < I(h(si)%lzn'Xa") < 8/27

and consequently I,(s;x,,) < ¢. Letting i—o0 we get

(4) Iw(ZnXan) < €.
Let a, = T\q,, choose a set e such that y(vy)u(e) <e. We have
) 1y Callapnd) < IyWoXapnd S WRo)H(G, NV E) <&

From (4), (5) we get
I,(z,x.) = Ly (ZXanrne) F 1y 2y Xarne) < 28 for n= 1,2,..., ule) < e&/y(vy).
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6.7. THEOREM 5. Let ¢ satisfy condition (A) and let \ satisfy condition A,. If
the sequence of integrals &,(x) = I1(xy,) is convergent for x € L** and y,(t) - y(t) in
measure then |y,—yl,—0.

We have from 6.6 for u(e) < J (6 sufficiently small)
L(vuixe) <o, I(vix) <e,

k as in 6.6. Since y, converges to y in measure it follows that I, [(y,—y)/2k] -0
and, by condition 4,, |y,—yl,—0.

6.8. In connection with Theorem 3 we give the following counterexample.
Let ¢ satisfy condition (A,). There exists a sequence of functionals in
L, &(x)=I(xy,), I,(y,) <1, n=1,2,..., with the following properties:

(a) sup, [[£,]l < o,

(b) lim,_, ¢, (x) =0 for xelLy,

(c) the sequence (&,) is not modular equicontinuous in L.

It follows from condition (A,) that for some sequence v,— o,
V(v,) > 1/u(T), we have

@ (h(v,)/2/(v,) 0.

Take e,e& such that u(e,) = 1/¥(v,) and let y,(t) = v,x..(t) for n=1,2, ...
Then I,(y,) = 1. Let ¢, (x) = I(xy,). We have

1,001 = H(xy,)| < T,(0)+1.

This means ||&,|| <2 forn=1,2,... Define x,(t) = h(v,)3%.,(t), t€ T. We have
I1,(x,) = @(h(v,)/2)/¥(v,) >0, which yields

Ex) =30(h@)2)Ww)+3=1 forn=1,2,...

To prove (b) observe that I(y,) = v,/¥(v,)— 0, therefore &, (x)— 0 for xe L*(T).
Since the pu-measurable bounded functions are dense in (L, | [|,) from the
Mazur-Orlicz theorem [3] we get |, (x)| <& when x|, <d, xeLy¥. Con-
sequently |&,(x)] -0 for xeL¥.

7. Let Y be the Banach space where the image of U belongs. We say that
the operator U is weakly ¢-m continuous if for every functional # from the dual
Y* the operator #(U) is ¢-m continuous.

THEOREM 6. Each of the following conditions is sufficient for a weakly ¢-m
continuous operator in L** to be @-m continuous in L'%:

(a) L* is separable,

(b) Y is separable.

Suppose U is not ¢-m continuous in L**. Then there exists a sequence
(x,), I,(x,)—0, such that for some ¢ > 0, |U(x,)|| > &. We first prove that if
the functionals #, are such that ||n,| = 1, 7,(U(x,) = |U(x,)| forn=1,2, ...,
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then for some subsequence 7,

) lim 5, (U(x)) exists for xe L™

Assume condition (a). The functionals #,(U(x)), being ¢-m continuous, are
continuous in the space (L™, || |,) and for xe L*? the sequence |n,(U(x))| is
bounded. Let L, be a countable dense set in L**. Proceeding in the known way
we find a subsequence #,, (U(x)) convergent for x € L. The sequence #,(U(x)) is
bounded in the whole space L**, therefore (1) holds by the Mazur—Orlicz
theorem [3].

Assume condition (b). Let Y, be a countable dense set in Y. The sequence
n.(y) is bounded for yeY, so it is possible to find a subsequence #,,(y)
convergent for ye Y, and consequently also convergent in the whole space Y.
Setting y = U(x) we get (1).

It follows from (1) in virtue of Theorem 3 that the sequence of functionals
Mk (U(x)) is @-m equicontinuous in L**. Thus, there exists a 6 > 0 such that

M (U(x)| <&2 when [(x)<d, n=1,2,...

For n>n, we have I,(x,) <8, so [Ux ) = M, (U(x,)) < &/2 and we get
a contradiction.
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