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On some properties of linear operators on L** 
which are continuous with respect to a modular

Abstract. We investigate absolute continuity and continuity with respect to a modular, 
mutual relations of these two types of continuity of operators over the spaces L*9, VJ  (the space of 
finite elements). We obtain some generalizations and supplements of results in papers [5]—[7].

1. In this paper (T, ê , /х) denotes the measure space over a non-empty T, 
where $  is a cr-algebra of ^-measurable sets, with a cr-additive, atomless 
measure /x, such that 0 < /x(T) < oo. S denotes the space of real functions 
/х-measurable on T finite almost everywhere.

1.1. A nondecreasing, continuous function q>\ <0, oo)-*<0, oo) taking 
0 only for и = 0 and such that <р(и)-юо as и-юо  is from now on called 
a (p-function. In Sections 5, 6 of this paper we make an additional assumption 
that these ^-functions satisfy the conditions

(оА) <p(u)/u-+0 as u-+0,

(оох) (p(u)/u-+co as u-t-co.

For such ф-functions a complementary function in the sense of Young ([1],
[2]) can be defined by

\j/(v) = sup(m; — (p{u)) where sup is taken over и ^  0.

^  is a convex (/(-function satisfying (o1), (оох). Let ф denote the complementary 
function of ф; ф satisfies the inequality ф(и) ^  (p(u) for и ^  0 and it is the 
greatest convex ^-function satisfying this inequality; (p is convex iff cp(u) = ф(и) 
for и ^  0.

A (p-function (p satisfies condition A2 if for some к > 0 (p{2u) ^  k(p(u) for 
u ^ u 0.

1.2. The generalized Young inequality holds:

uv ^  (p(u) + \j/(v) for u, v ^  0.
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For every v ^  0 there exist u J s such that

k v =  <р Ы + ' Ж -

If 0 < v0 ^  v ^  then 0 < inf uv ^  sup uv < oo, if v ->■ oo then uv->oo, if v-+0 
then 0 ([1], [2]).

1.3. In what follows we denote by h(v) the smallest uv corresponding to 
a given v. For O O  we have cp(h(v)) — <p(h{v)).

For the proof let us observe that h(v)v = (p(h{v)) + ij/(v) ^  (p(h(v)) + \l/(v), so 
<p(h(v)) ^  <p(h(v)) and since ç(h(v)) ^  <p(h(v)) so cp(h(v)) = q>(h(vj).

1.4. For a simple function seS  the function h(s(t)) is //-measurable. Let 
s = X "ai/Cep where etE i ,  et ne j  = 0 ,  %ei is the characteristic function of e{. 
Evidently

h(s(t)) = 'jth{aùxei{t)-
i

2. Let us introduce the following notation for x e S:

I(x) = J x(t)dfi; I^x )  = J (p(\x(t)\)dfi.
T  T

It is known that I^x )  is a modular in S in the sense of [4]. Set 

L = {xe5: 19(Ах) < oo for some A > 0},

L*f = {xeS : I^iAx) < oo for every A > 0},

Кф = {x e L**: 7 »  ^  1},

K f = {xeL?:  / ,(* )<  1}.

It is known that L*9 is a linear space with the standard operations on functions 
and with the equality x = у defined to be the equality x(t) = y(t) //-almost 
everywhere in T.

LY(p can be given a complete F-norm

IMU = inf{e > 0: Iv(x/e) ^  e}.

L*f (the space of finite elements) is a linear subspace erf 'L**, closed with respect 
to the norm ||х||ф. The relation HxJI^-^0 is equivalent to I ( A x 0 for every 
A > 0. Apart from the norm convergence in L¥<p a modular convergence is in 
operation.

A sequence (x j a  L** is called modular convergent to xeL*4>, in symbols
m

x„-*x, if for some A > 0, Iqt(A(xn — x))-* 0. Convergence of the sequence (x„) 
with respect to the norm || ||ф implies modular convergence. However, the 
reverse implication holds in L** iff q> satisfies condition A2.

2.1. Next, U, Un (£, £„) always denote linear operators (linear functionals) 
in L*(p taking values in a Banach space. U is called cp-modular continuous (</>-m
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continuous) in L¥(p (L*f ) if x„->x, x„, x g L*9 (L*/), implies U(xn)-+U(x). Mo­
dular continuity of functionals is defined similarly. We define for U a “quasi­
norm” by the formula

llt/ll =sup{||[/(x)||: xeL**, /„(x)<  1}, or '

l |U ||,=  sup{||l/(x)||: x e LJ,  /„(x)< 1}

and analogously ||£||, \\ \̂\f  for functionals. If tp is convex we get the classical 
operator norms (norms of functionals).

2.2. An operattor U is called cp-absolutely continuous in L*9 (tp-ac in L*4’) if 
for every x e L*v and for every s > 0 there exists a <5 > 0 (in general depending 
on x) such that

(*) II U{xxe)\\ < e whenever ц(е)<0.

^-absolute continuity of an operator on L*/ is defined similarly. A sequence of 
operators (Un) is called (p-absolutely equicontinuous in L** (L*/) if (*) is satisfied 
for x e L *<p (L*/) and for U = U„, n=  1,2, . . . ,  with some S independent of n.

A sequence (Un) is cp-modular equicontinuous for x = 0 (tp-m equicon­
tinuous) if for every s > 0 there exists a Ô > 0 such that

\\Un(x)\\ < g for n = 1, 2, . . .  whenever /^(x) < <5.

2.3. An operator U is continuous in (L*<p, || Ц,,) [{L*/, || ||Д] iff\\U\\ (||Uj|f ) 
is finite.

Let ||l/|| < oo, ||xll||fl,->0, (x„) a  L**. Pick e > 0; since / ф(х„/£)-*0, for 
n > n 0, \\U(xJe)\\ < HL/Ц, \\U(xn)\\ < e ||t/ || and thus ||l/(xj||->0.

If U is continuous in L*9 with respect to the norm [| then for some 
e > 0, ||Щх)|| ^  1 follows from Iv{x/e) ^  £. Consequently, || C7(x)|| ^  1/fi fol­
lows from / (x) ^  £. Choose an integer к, к > 1/fi. For a given x, /^(x) ^  1, 
choose disjoint sets eteS ,  [ j \ e i = T in such a way that /Д х ^ )  
= IpixXeJ = ••• = I<p(xXeJ- Since / ф(ххв(К е  we obtain \\U{xxet)\\ ^  1/fi, 
|| С/(x) || < fc/£ and we have ||17|| < oo because к is independent of x e K*. For 
L*f the proof is analogous.

2.4. An operator U (p-m continuous in L*9 (L*f) is (p-ac in L*9 (L*f).

Let x e L ** {L*f). Then /  (a x ) <  oo for some À >  0 . If U is (p-m continuous 
in L** {LJ), p(en)-+0 then /„(/bcxJ^O  and consequently ||U(xxeJ\\ -»0.

3. I f  an operator U is <p-ac in L** then for every r > 0 there exists a ô > 0 
such that
(*) ||Щххе)|| < 2r for. Iv{x) < ô, p{e) < 3.

If (*) does not hold then there exist sequences (x„), (e„) such that 
p{en) ^ 0 ,  ||C(x„xJII > 2r for и = 1 , 2 , . . .  Taking into con-
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sidération the ^-absolute continuity of U we can define by induction a sub­
sequence xkn = y„ satisfying

(1) W  < 1/2- for n —

(2) \\U{y„XaJ\\ > r> where an
Define oo
(3) У = E  ЛХаи-

л=1
Since the sets an are disjoint, by (1)

1*(У) = E ^ÜnXaJ < 1.
zi =  1

However, U{yxan) = U(ynxaJ, ju(a„)->0, hence \\U{yxan)\\ ->0, contrary to (2).
3.1. I f  an operator U is q>-ac on L*f (L*v) then \\U\\f  < oo (\\U\\ < oo).

(i) Let us prove first that there exist a natural n and a Ô > 0 such that 
j|£/(xxe)|| ^  n f°r Iyix) < 3, p(e) < 3. Otherwise, we would have for some 
xneL*f and some sets en

\\U(xnXen)\\> n> J*(x„)< 1/2", M O < 1/2”, n = 1,2, . . .
Put zn = x jn \  then we have

l l ^ Bz J I I > l ,  I(p(nz„) < 1/2", zneK f.
Similarly to the proof of 3, using the «^-absolute continuity of U in L*f we are 
able to define a subsequence zkn = yn, n=  1, 2, . . . ,  and a sequence of 
^-measurable disjoint sets a„ so as to have < 1/2*",

( !')

For the function y = E?=i Jn/U,» we have for an arbitrary l > 0
OO

(2') M W  =  I  M ' w J  <  o o ,
/1=1

which yields yeL*f. However, like in 3, \\U(yxan)\\ = 11Щ>иЛ1 by 
p{an)-+ 0, contrary to (1').

(ii) Let n, 3 be constants from the assertion of (i), /Дх) ^  1. Choose к so as 
to have 1/k < 3, p{T)/k < 3 and choose disjoint sets et, (J\ e t = T, such that 
I<p(xxei) = I9(xXe2) = ... = I^xXeJ- This implies /„(xj(J < <5. Every e(. can be 
decomposed into к /t-measurable disjoint sets e^, e{ = (J*=1 e^. Thus, we have 
р{е^ <3, i = 1, 2, . . . ,k ,  j  = 1, 2, . . .Д.  We get

U(x)= £  u ( x X e U) ,  l|C(x)|| ^  nk2 for xeK }.  
u =  i

For L** we set in (2') l = 1 or we can use Proposition 3 and the reasoning 
analogous to the one in (ii).
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3.2. An operator U for which \\U\\f < oo is tp-stc in L*f.

Choose l so that \\U\\f /l < s. Let p(en)-+0. Since \lxxe„\ ^  |bc|, / ф(Ьс) < oo 
we have /Д /xXeJ-*0. For n ^ n 0 we obtain

^{IxXenX  1 and \\U(lxXen)\\ < \\u\\f , \\U{xxJ\\ ^  e.
3.2.1. A Banach space Y is said to have property (0) if for y„eY  and 

arbitrary (rjn), tjn — 0, 1, m = 1, 2, ..., ||Xi rçnyn|| ^  к < oo implies the conver­
gence of the series rjnyn for any sequence (rjn) of zeros and ones (i.e., the 
series is subseries convergent). We will say that an operator U has 
property (0) if the Banach space where U takes its values does.

3.2.2. An operator U having property (0) (in particular a functional Ç) and 
such that jj L7|Jy < oo ()|£ ||/<  00) IS continuous on L*/.

(i') First, let us prove that property 3(*) is satisfied. If 3(*) fails then the 
same reasoning as in 3 shows that there exist a sequence (y„) c: L*f and 
a sequence (an) of sets such that conditions (1), (2) from 3 are satisfied with some 
r > 0.

Let zk = Ya ПпУЛап, where rjn = 0, 1. We have ^  1 for к = 1, 2 ,...
and since zke L J ,  \\U(zk)\\ = ||£ î rinU(y„xan)\\ ^  \\u \\f Thus> in virtue of 
property (0), \\U(y„Xan)\\ -*0, a contradiction with 3(2).

(ii') Let /<p(x„)-> 0. Choose arbitrary s > 0 and rj > 0 in such a way that 
p(T)(p(rj) ^  1. Let an = {t: |xn(t)| ^  srj], n — 1 ,2 ,. . .  We have

M xnXan) ^  (p(eri)p(a„), so p(an)-+ 0.

The inequality

/*(eX"*7Vn)  ̂ < !»

is satisfied, hence

U \ x nXT\a, a  m f , nu(x .znJii «  ii^ m -

In view of property 3(*), for n ^ n 0 we have II U(xnxaJ\\ < e, and so
I I ^ W I I  < \ \ U ( x „ X a J \ \  +  \ \ U ( x n X T \ a n)\ \ < \\U\\f 8 + e, consequently ||L(x„)||-+0.

3.2.2'. In connection with 3.2.2. let us give here the following coun­
terexample. There exists an operator U with values in c0, (^-absolutely 
continuous on L*f, which for some q> is not q>-m continuous on L*/. Let 
(p satisfy condition (Ax) given in Section 6. In virtue of 6.8 there exists 
a sequence of functionals over L** satisfying the conditions

(a) к = sup„ | | < oo,
(P) for xeL*f,
(y) |^„(x„)| ^  1/2 for some sequence (xn) с  K}, /„,(*„)-►().
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Define U on L*(p, U(x)ec0 for xeL *(pf, setting U(x) = (£Дх)). By (a) we have 
НЩу^/с and thus it follows from 3.2 that U is ç -ас on L*f. But 
||(xn)|| = sup; |£Дхл)| ^  1/2, 0, which means U is not q>-m continuous
in L f .

3.2.3. T h eo r em  1. Consider the following properties of the operator U:
(a) U is (p-ac on L*<p,
(a') U is <p-ac on L*/,
(b) U is q>-m continuous on L*9,
(b') U is <p-m continuous on L*f.

Then
(П (a)o(b),
(ii") (b') => (a'),
(iii") (a')=>(b') if U has property (0).
The implication (a) => (b) follows from 3 if we apply the same reasoning as 

in the proof 3.2.2(ii'). The implication (b) => (a) follows from 2.4, (a') => (b') from
3.1 and 3.2, (b')=>(a') from 2.4.

3.2.4. Theorem 2. An operator U having property (0) and continuous in 
(L*<p, || || ) is q>-m continuous in L*f.

We have ||L/|| < oo by 2.3 and it is sufficient to apply 3.2.2.
4. Let a sequence (Un) of operators be cp-absolutely equicontinuous in 

L** (L/). Then sup J  UJ < со (supJL /J^ < oo).

First, notice that sup„ ||t7„(x)|| < oo for every x g L*<p. Indeed, choose 
к so as to have p(T)/k < Ô and take к disjoint sets e{, (J* e{ — T, of equal 
/r-measure. We have /г(ег) ^  g(T)/k < Ô and thus \\Un(xxei)\\ < e f°r 
n=  1 ,2 ,. . .  and consequently Un(x) ^  ke. Let У be a Banach space where 
the values U„(x) belong. Define an operator V on L** by V(x) = (L/„(x)). 
The sequence (U„(x)) belongs to the space Z of bounded sequences (yn) cz Y 
with the norm sup„ ||y„|| < oo. The assumption of <p-equicontinuity of Un(x) 
means here that the operator V is q>-ac and so sup„ || U„(x)\\ ^  r < oo for 
x e K(p, by 3.1. Consequently \\Un\\ ^  r for n — 1 ,2 ,. . .  For L*f the proof is 
analogous.

Observe that the assumption sup||£/J < oo need not imply (^-absolute 
equicontinuity. It is sufficient to consider on L*v the operator U defined in 
3.2.2'. By 3.2.2'(a), ||C7|| < oo, U(x)e/°°. If U were <p-ас on E9 then by 3.2.3 it 
would be ср-m continuous and this contradicts 3.2.2'(a) because ||[/(x„)|| ^  1 /2 
for some sequence xn, /^(xJ-^-O.

4.1. A sequence (Un) of operators in L*<p is (p-m equicontinuous iff it is 
cp-absolutely equicontinuous in L*(p.

We apply the same reasoning as in 2.4. We have ||l/„(x)|| < e, 
n = 1 ,2 , . . . ,  when /^(x) < <5. Let xeL*(p; then /^(/x) < oo for some /  > 0.
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When p(e) < q, with q sufficiently small, then I^iXxXe) < <5, so |(C/n(x /e)|| 
^  e / X ,  n =  1 ,2 , . . .

If (U„) are (^-absolutely equicontinuous in L then the operator V defined 
in 4 is <p-ac. By 3.2.3 it is q>-m continuous in L**, which means tp-m 
equicontinuity of (Un).

5. Next we shall need a known lemma whose proof we give here for the 
reader’s convenience. We apply the Baire category method.

Let (xm) be a given matrix of elements from a Banach space (X , || ||). 
Suppose for every sequence q = (qt), qi = 0, 1 the series

00

(a) y„fa) = E  n = 1 ,2 , . . .
i =  1

is convergent and the limit
(b) y(q) = lim yn{q)

П-* 00
exists. Then for every s > 0 there exists an i(e) such that for i ^  i(e)

sup ||xni|| ^  e.
П

Define a metric in the space H of sequences q by
00 J

dw , n") = I  >f = m ,  n" = w).
i=i ^

Я is complete in this metric.
Define Hk = {qeH: \\y„(h)-ym(h)\\ < £/4} for n, m = к, k + 1, ... From 

the subseries convergence of the series (a) follows their continuity in H so the 
sets Hk are closed in H. Consequently, one of them, say Hh, contains a ball B, 
B(*h ho) = {*!• d{q, q0) ^  q}. Let

00 1
( ! )  hi  =  h i + ( h i - h i h i ) -

Let qt = q'i-q-, q' = {q'f q" = {q'/). We have d(q\ q0)<Q, d(q", q0) ^  q, thus

(2) 11У„(Я) —Ут(я)Н < e/2 for п,т = к ,к  + 1, •••
and rç satisfying (1). Hence, in view of (b) we get (2) for n, m ^  ^  к, qeH, 
where l is sufficiently large. From (2) and (b) we obtain

(3) \\УП(Ч)-УШ  < £ f°r n ^ l ,  qeH,
and we have in particular \\yi(q)-y(q)\\ ^  £• Choose sequences ql consisting of 
zeros everywhere but for the ith term. The last inequality gives

Hx/i-yO/Oll < £>
and since it follows from assumption (a) that \\xH\\ ->0 as i -> c o  we conclude 
||y(rçl)|| ^  2e for i ^  i0. By (3) we have

HxJI < ll*™~.y(^)ll + llj;('7l)ll < 3e,

3 — Commentationes Math. 30.1
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for n ^  l and i ^  i0. For n < l we can find i ^  il ^  i0 in such a way that 
Il jc„f H < 3e and finally sup„ ||xni|| ^  3e for i ^  i1.

5.1. Theorem 3. Let the operators Un be cp-ac in L*v, Un(x)^U(x) for 
xéU ^ . Then

(a) the sequence (UJ  is (p-m equicontinuous in L*9.
(b) the limit operator is q>-m continuous (cf. [6]).

Generalizing Lemma 3 we shall prove: for every r > 0 there exists a Ô > 0 
such that \\Un(xxe)\\ ^  2r, n = 1 ,2 ,. . .  for /Дх) < ô, p(e) < ô.

For if not, reasoning analogously to Lemma 3, there is a sequence (yn) and 
a sequence (a„) of /х-measurable disjoint sets and an increasing sequence (ln) of 
indices such that
(1)

(2) \\Uin{ynXan)\\ > r.
For an arbitrary sequence ц — (r\n), rjn = 0, 1, define

00

У(ч) = Z  ЧпУпХа„-
n = 1

We have I^yiq)) ^  1, and since Uh, being (p-ac in L4*, is <p-m continuous, we 
have

00

Ui.(y(rj)) = Z  Пп^и(УпХап1 i=  1 ,2 ,...
n = l

By the assumption Ui.(y(rj))-^U(y{q)) as i-+oo, so from 5, ||L/n(y„xJ|| < r/2 
for n ^ n 0 and we get a contradiction with (2). From the preceding lemma and 
reasoning as in 3.1 we have sup„ ||l/J| < oo, which by the same lemma again 
and the reasoning analogous to 3.2.2 (ii") gives us (a), (b) is an immediate 
consequence of (a).

The theorem above for the case T = <a, b> and S  the algebra of sets 
Lebesgue measurable and with the proof based on an idea similar to the one 
presented here can be found in [6].

5.2. I f  the operators Un are q>-ac and for every xeL*9 the sequence ||C/n(x)|| 
is bounded then sup„||t/J  <oo.

Let (A„) denote an arbitrary sequence of non-negative terms tending to 0. 
The operators И^(х) = AnU„(x) satisfy the assumptiohs of Theorem 3 and in 
virtue of this theorem and 4 we have

\\AnUn{x)\\ ^  sup ||VFJ = к < oo for n = 1, 2, ..., x e Kv,
П

so An\\Un(x)\\ ^  k, consequently su p J |t/J  < oo.

6. We assume throughout this section that the ^-functions considered 
satisfy (оД (ooj).
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Let us define for (^-functions the following properties:

(A) lim \l/(v)/(p(h(v)/2) = oo;
!7“+ 00

(AJ lim sup^(v)/(p(h(v)/2) = oo;
v~* oo

(B) lim (p(h(v))/(p(h(v)/2) = oo;
v-+ 00

(BJ lim sup (p(h(v))/(p{h(v)/2) — oo
V~> 00

ф denotes here the function complementary to cp, h(v) is the function defined 
in 1.3.

6.1. (a) We have the implications (B)=>(A), (B1)^ ( A 1). 
(b) Property (B) is satisfied whenever

(C) lim (p(2u)/(p(u) = oo.

The proof of (a) follows from the inequalities

h(v)v = (p(h(v)) + \f/(v) ^  2((p(h(v)/2) + \(/(v)}, 

(p(h{v))
(p(h(v)/2) — 2 < \j/(v) for v > 0.

(C)

_(p(h(v)/2)

(B) is immediate because h(v)-^ oo as v-*co

6.2. I f  (p is a convex function which does not satisfy the A 2 condition then 
there exists a convex function q>0 such that

(1) <p0(u) < <p(u), (p0(2u) ^  (p(u) for u ^ O

and (p0 satisfies property (BJ.

Define p(t) = (p(t)/t, p(0) = 0. p is continuous, strictly increasing and 
p(£)->0 as t-^0, p(t)-*oо as t -+ oo. Let <p0{u) = jop{t)dt. It is known that this 
function in convex and satisfies (ох), ( o o j and (1). (1) implies that condition A2 
fails for cp0. The complementary function of cp0 is ф0(и) = f c p - f f d t  and its 
corresponding h(v) equals h(v) = p~i(v) (cf. [1]). We have for some sequence 
u„-> oo, (p0(2un)/(p0{un)-* oo. Define v„ so as to have 2un = p - f v n) = h{vn) for 
n=  1 ,2 ,...  whence we get (Bx).

In connection with the preceding theorem let us note that we have
L*<P ~  JJKPo jj* jp  _  IfJPo

63. (a) The following properties are equivalent for a functional Ç : (1) || Ç ||х ^  oo, 
(2) £ is ф-ас in L*/> (3) Ç is (p-m continuous in L*f.

(b) A functional £ cp-ac in L J  (L*<p) is of the form

(*) £(*) =  I{xy),
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where I^(y/r) ^  1, r — \\Ç\\f  (r = ||£||) when Ç ф 0. Conversely, a functional of 
type (*) is (р-ас on L*f (L*(p).

(c) I f  the integral £(x) = I(xy), уф  0, is defined for xeL*f (L*4*) then 
I*(y/r) ^  1 •

(a) By 3.2.2 we obtain the implication (1)=>(3) for L*f, by 3.2 we have
(1)=>(2), 3.1 implies (3)=>(1), and 2.4 gives (3)=>(2).

(b) Consider Ç over L*f. Let £ Ф 0 and then 0 < \\Ç\\f  < oo. The proof can 
be carried out as in [7], with a slight modification. Ç(xe) is n-additive, 
//-absolutely continuous on ê , so Ç(xe) = I(yxe)> ee£ ,  where у is integrable. 
Thus, for an arbitrary simple function s we have £(s) = I(sy). Choose 
a sequence of simple functions yn, yn(t) ^  0, yn(t) ^  |y(t)| for te  T, y„(r) —>|y(0l 
almost everywhere. Set r = ||^||/. We have:
(1) sn(t)yn(t)/r = cp(sn(t)) + ïl/(yn(t)/r), teT,
where s„(t) = h(yn(t)/r). By 1.4, sn is //-measurable. We have £(s„/r) = I(snyn/r) 
= ^(s„) + I^(y„/r). If /„(s„)< l we have 1 ^  £(s jrsigny) = I(sn\y\fr) 
^  I{snyn/r), hence 1^{уп/г) ^  1. If /^(sj > 1 then we choose /с+ 1 disjoint sets et 
such that I^SnXa) = 1 for i = 1 , 2 , . . . ,  k, I9(snxek + 1) < 1 . From (1 ) we obtain

I(snyJr) = IcpisJ + I^yJr)  < J„(sJ + 1 ,
and then /^(у„/г) < 1. As yn(t) -> |y(t)| almost everywhere we have I^iy/r) < 1. 

Define r](x) — I(xy). From the Young inequality we have
Mx)| ^  \I(xy)\ ^  (19(х) + 1ф(у/г))/г,

so rj is defined on L*/ and Ц77Ц < oo. It is then <p-m continuous on L*f. Ç is also 
<p-m continuous on L*f. Let х е Щ .  Choose a sequence (sn) of simple functions 
such that I(p{sn-x ) -^ 0 .  We have £(s„)-> £(x), rç(sn)->//(x), £(s„) = rj{sn), so 
£(x) = t](x). For L t h e  proof is analogous.

(c) I{xy) is <p-ac on L*/ (L**) and then it is sufficient to apply (b).
6.4. Theorem 4. The general representation of functionals continuous in

(L**, Il U  is
(*) £(x) = I(xy) + rj(x),
where
( + ) w  im iK i
when £ Ф 0, rj is a functional continuous in (.L*9, || Ц̂,), rj(x) = 0 for xeL*/.

From 2.3 we have 0 <  ||<j;|| < oo. Thus, by 6.3(a), (b) on L*f we have 
£(x) = I(xy), condition ( + ) being satisfied. I(xy) is then defined on the whole 
L¥q>. On L*v we have (*), where rj(x) = Ç(x) — I{xy). I(xy) is (p-ac (cf. 6.3(b)), so it 
is also (p-m continuous and in this way it is a functional continuous with 
respect to || ||v and so is rj. Evidently, rj(x) = 0 for xeL*f.

On assumption ( + ), as already noticed, I(xy) is a functional continuous 
with respect to || \\р, hence a functional of the form (*) is continuous in
(L", Il U -
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6.5. Let (p satisfy condition (A) from 6. There exists a functional rj con­
tinuous in (L*v, || |y ,  such that rj(x) = 0 for xeL*/, which is not modular 
continuous.

A construction of this type of functional was given in [7] for 
T= <a, b}, S’ the algebra of Lebesgue measurable sets and under condition 
6(c). However, the proof only uses assumption (A) and one can apply the proof 
of existence of the functional ц with the required property for the space 
{L*\ || |y  as in [7], 1.7.

6.6. Let (p satisfy condition (A) from 6, Çn(x) = I(xyn)for xeL*(p, ||£J > 0 
at least for one n, lim,,-^ £„(x) = £(x) for xeL*<p, Then for every e > 0 there 
exists a Ô > 0 such that

(*) 1ф(УпХе/к) < £ for [i{e) < Ô, n=  1 ,2 ,. . . ,

where k = sup„ ||£J < oo.

If ||£J = 0  then yn = 0 and (*) is satisfied. We can assume ||£J > 0  
for all n. By 5.2 and 5.1, к = sup„ ||£„|| < oo. From 6.3(c) we have 1ф{уп/к) ^  1 
for n = 1, 2, ... Let z„ = y jk ;  then I^(zn) ^  1 for n = 1 ,2 ,...  Pick v0 such that
(1) <p(h(v)/2) ^  Si//(v) for v ^  v0.

This is possible according to (A). Define sets a„ = {t : |z„(£)| ^  u0} and simple 
functions st, sft) ^  v0, sft) ^  |z„(t)| for teT, s^t) -*■ \zn(t)\ almost everywhere in 
T We have

S;(£)%(0)ix«„ = i(p(h(Si(t)xanj) + U(Si(t)Xan),

(2) JM(S;)2X«n) = 2^(^(Si)Ze„) + i^(SiZen)-

Next, we have in virtue of (1)

^  à ^ ( siXan) ^  < <5-
But the sequence (3) I(xz„) is convergent for xeL** and therefore the integrals
(3) are (p-m equicontinuous by 5.1. Then, if a suitably small <5 is chosen in (1) we 
have

I(h(s^SiXaJ < l(h(Si)2\z„\Xan) < e/2, 
and consequently f (̂s,-xan) ^  e. Letting i->oo we get

(4 ) < e-

Let a'„ = T\an, choose a set e such that ф(ю0)ц{е) < e. We have 

(5) «  Ф(»оМа* r~e)<s.

From (4), (5) we get

M Z»X«) = /*(z„x«„ne) + /*(z„^;nJ «  26 for ” = >- 2> Me) < e/«A(«o)-
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6.7. T h eo r em  5. Let cp satisfy condition (A) and let ф satisfy condition Л 2 . I f  
the sequence of integrals £„(x) = Цху„) is convergent for x e  and yn(t) ->y(t) in 
measure then ||y„ — уЦ^-^О.

We have from 6.6 for p{e) < Ô (<5 sufficiently small)

1 ф ( У п к Х е )  ^  £, 1 ф ( У к Х е )  <  e,

к as in 6.6. Since yn converges to у in measure it follows that 1ф [(yn — y)/2k] -> 0 
and, by condition A2, ||y„ — y||^->0.

6.8. In connection with Theorem 3 we give the following counterexample. 
Let (p satisfy condition (АД There exists a sequence of functionals in 
L*v, £H(x) — I(xyn), 1ф(у„) < 1, n — 1 ,2 ,. . . ,  with the following properties:

(a) s u p j f j  < со,
(b) Нт„-,х Çn(x) = 0 for x e LJ,
(c) the sequence (£„) is not modular equicontinuous in L*f.
It follows from condition (Ax) that for some sequence vn-+co, 

ф{ип) > 1 /д(Т), we have

<f>(h(vn)/2)/»AK)-^0.
Take ene<o such that p{en) = 1/ф(ип) and let yn(t) = i;„xen(t) for n=  1, 2 ,... 
Then 1ф(уп) = 1. Let £n{x) = I{xyn). We have

|^(х)| = |/(ху„)|^/Дх) + 1.

This means ||£J| ^  2 for n = 1 ,2 ,. . .  Define xn(t) = h(v^jxe„{t), tET. We have 
I<p(Xn) = (P{h(v„)/2)/ФЫ-*0, which yields

£„(*„) = 2<p(h(vn)/2)№{vn) + i  > i  for n=  1 ,2 ,...

To prove (b) observe that 7(yn) = ип/ф(ип)->0, therefore £„(*)-> 0 for x e L™(T). 
Since the ^-measurable bounded functions are dense in (L7 , || ЦД from the 
Mazur-Orlicz theorem [3] we get |£„(x)| <£  when ЦхЦ̂  < <5, x e L*/. Con­
sequently |£„(x)|->0 for x e L*/.

7. Let Y be the Banach space where the image of U belongs. We say that 
the operator U is weakly <p-m continuous if for every functional rj from the dual 
Y* the operator rj(U) is q>-m continuous.

T h eo rem  6. Each of the following conditions is sufficient for a weakly q>-m 
continuous operator in L t o  be (p-m continuous in L*<p\

(a) L*<p is separable,
(b) Y is separable.
Suppose U is not q>-m continuous in L*(p. Then there exists a sequence 

(xn), /^(xJ-^O, such that for some s > 0, ||t/(x„)|| ^  e. We first prove that if 
the functionals rjn are such that \\t]n\\ = 1, qn(U(xn)) = ||L/(x„)|| for n = 1 ,2 ,. . . ,
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then for some subsequence цкп

(1) lim r}kn(U(x)) exists for xeL*v
k„-> oo

Assume condition (a). The functionals rjn(U(xj), being ф-m continuous, are 
continuous in the space (L*<*\ || Ц̂) and for xeL** the sequence \r]n{U(x))\ is 
bounded. Let L0 be a countable dense set in L*<p. Proceeding in the known way 
we find a subsequence rjkn(U(x)) convergent for x e L 0. The sequence rjn(U(x)) is 
bounded in the whole space L*<p, therefore (1) holds by the Mazur-Orlicz 
theorem [3].

Assume condition (b). Let Y0 be a countable dense set in Y. The sequence 
rjn(y) is bounded for yeY,  so it is possible to find a subsequence rjkn(y) 
convergent for yeY 0 and consequently also convergent in the whole space Y. 
Setting у = U(x) we get (1).

It follows from (1) in virtue of Theorem 3 that the sequence of functionals 
^fcn(L(x)) is ф -т equicontinuous in L T  Thus, there exists a Ô > 0 such that

\rikn(U{x))\ ^  e/2 when I9(x) < <5, n=  1 ,2 ,...

For n ^ n 0 we have / v(x„) < <5, so ||t /(x j || = tjkn(U(xkJ) < e/2 and we get 
a contradiction.
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