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Generalizations of Natanson’s lemma

Abstract. Some integral inequalities of Natanson’s type were proved in papers [1], [31, [6].
The aim of this paper is to generalize these inequalities to the case of Lebesgue-Bochner integral.

1. Introduction. I. P. Natanson has obtained an important integral
inequality ([4], p. 243). Some generalizations of that inequality have been given
by P. G. Mamedov ([3]), R. Taberski ([6]) and A. D. Gadzhijev ([1]), where
also applications to the theory of singular integrals are presented.

In this paper, I am going to generalize these estimates to the case of
Lebesgue-Bochner integral. I shall also prove that it is impossible to improve
the generalized estimates (in the sense which will be specified in Theorems
3 and 4).

2. Notation. Throughout this paper we use the Lebesgue-Bochner integral
from [5] (see [5], Chapter 1V)(%).

We shall make use of some definitions.

Let (H, | |l) be a finite-dimensional and real Banach space.

The norm || | is called a sum-norm if there is a basis {e,, ..., e,} of H such
that

(1) IS xeell = Y Ixl for all real xi, ..., x,.
k=1 k=1

The basis will be called a sum-basis.

If y: A — R, where @ # A < R, then the variation of  in 4 will be denoted
by var,_, ¥ (t) or var, y(t).

Let | || be a sum-norm of H. For ¢: A — H we define the variation in 4 by

@ VUt 0) = Vid: 3 0je) = 3 varoy(9,

ji=1 A

(*) The symbol ~ complicates the notation. Therefore we omit it in the sequel. So, f*,, [~
will be written instead of (°,_, %, respectively.

a+~*Ja
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where ¢ = Z’}=1 @;e; is the expansion of ¢ with respect to the sum-basis
{e)s ..., e,}.
Let E, G, F be three Banach spaces which may be identical or distinct.
The norm of an arbitrary bounded bilinear operator B: E x G — F will be
denoted by ||BJ| (see [5], p. 117); £ ({a, b); E) will denote the linear space of all
functions f: <a, b) — E integrable in the Lebesgue-Bochner(?) sense on the
interval {a, b) (see [5], p. 504 with p=1).

3. Formulation of the results. Throughout all this and next sections, we shall
denote by E, H, G real Banach spaces, where H is finite-dimensional and the norm
in H is a sum-norm. Moreover, we shall denote by B a bounded bilinear operator
with domain E x H, whose range lies in G.

We shall assume that g: {0, b—a) — R is absolutely continuous and
nondecreasing on {0, b—a), positive on (0, b—a), g(0) =0.

We shall make use of the following conditions:

(3) ¢: <a, b> » H has bounded variation V({a+n, b); ¢)

for all ne(0, b—a);
4 ¢ <a, b) > H has bounded variation V({a, b—n); )

for all ne(0, b—a).
Under these notations we formulate the following theorems:

THEOREM 1. Assume that the functions g, ¢ satisfy the conditions listed
above and, in addition,

b
%) [V(Ks, bY; @)g' (s—a)ds < .
If fe #({a, b); E) and
a+h
6) M= sup 1 J ft)dt]| < oo,
o<n<b—allg(h)
then the improper Lebesgue—Bochner integral
b
I'= { B(f@®), o (®)dt,
a+
exists, and
b
Q) Il < IBI M [{V(<s, b); @)+ @ ()} g’ (s—a)ds.

(*) The name “Bochner” is omitted in [5].
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CoROLLARY 1. Let @ be a function satisfying (3) together with
b
[ Vs, bY; p)ds < co.

Assume that fe ¥ ({a, b); E) and that f satisfies

) a+h
7 ff(t)dt

Then the improper Lebesgue—Bochner integral

M= sup < 00.

O<h<b-a

b
I= [ B(f(), o(t)dt
a+t
exists and the following inequality holds
b
111l < Bl M [{V&s, bY; @)+ llo(®)|} ds.

THEOREM 2. Suppose that the functions g, Y satisfy the conditions listed
before Theorem 1 and
b

= [Va, sy ¥)-{g(b—s)}ids < 0.

If fe £ (Ka, b); E) and
L Jl: f(o)de
g(h)

b—h

N= sup i<oo,

O<h<b-a

then the improper integral
b._

J= [ B(f@®), y@®)dt

a

exists, and
Il < — 1Bl N;{V(<a, ) ¥)+ I @)} - {g (b—s)}sds.
COROLLARY 2. Let I:e a function satisfying (4) and
}V(<a, $7; ¥)ds < oo.

If f is a function belonging to ¥ (a, b), R) and satisfying

N= sup

O0<h<b-a

< 00,

b—h .
1 |
- J f(t)dti
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then the improper Lebesgue—Bochner integral.
b._
= { B(f(), ¥ (0))de
exists and

I < IBINf{V(a, s>; ¥)+ ¥ (a)ll} ds.

In the next two theorems we shall assume that H =R, G = E and B:
E xR — R is defined by

B(x,0)=a-x for all xeE, aeR(3).

THeOREM 3. Suppose that the functions @,y satisfy the assumptions of
Theorem 1 and Theorem 2, respectively. Assume also that ¢ is nonincreasing on
(a, b), ¥ is nondecreasing on {a, b), and they are nonnegative on (a, b). Then
there are functions f,, f, € ¥ ({a, b); E) for which the equalities in the assertions
of Theorem 1, Theorem 2, respectively, are fulfilled, and whose integrals are not
equal to zero on (a, b).

THEOREM 4. Suppose that the functions ¢,y satisfy all assumptions
mentioned in the previous theorem and f, h satisfy the assumptions of Theorem 1,
Theorem 2, respectively. Then there exist two sequences of functions {@,}, {¥,},
such that

8) ©u> Wy satisfy the same conditions as @, Y, respectively (ke N);

b b
©) fo®{gt—a}idt = [y, (1) {—g®—hdt=1 (keN),
.
(10) M=FﬂHm®ﬂMﬂ

b
lim M | {V(<(s, bY; 9)+ o)} - {g (s—a)}ids,

k— o0 a+

o
lim || | v, (0)h()de]

N =
& k— o a
b_
= —lim N [ {V (<@, 9%y + W @I} - (b9 ds,

i.e., we have the equalities in Theorem 1 and Theorem 2 on letting k — 0.

4. Auxiliary results. Let w be an arbitrary function defined on {a, b),
whose range lies in a finite-dimensional Banach space X with the sum-norm
| || and the sum-basis e,,..., e,. We assume that the function has finite

(®) Let us observe that |B|j = 1.
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variation on every interval {a+#, b), where n€(0, b—a). We shall denote by
w the function

w(s) =w(s—0)= lim w(t), se(0,b—a).

t—s—
LemMMA 1. The function W is left-hand continuous.

Proof. Let wy, ..., w, be the coordinates of w in the sum-basis. Fix k in
{1, ..., n}. According to (2) and the Jordan decomposition, w, = u—v on
{a+n, b> (ne(0, b—a)) where u, v are nondecreasing and nonnegative.

The functions i, ¥ are left-hand continuous. Indeed, let 0 < s < b—a and
let {t,} be an arbitrary sequence of points of the interval (0, s), such that
lim,,,t, =s. Then for sufficiently large k we have 0 <, —1/k <t, and
u(t,—1/k) < d(t,) < df(s), so

lim #(t,) = (s)
'k—*
because lim,_, , u(t,—1/k) = d(s).
The same is true for &, whence i, & are left-hand continuous and so W,,
because W, = ti—7. Our lemma is now evident. m

LeEmMA 2. Let fe & ({a, b); E) and ¢ be a function satisfying (3). Then either
both integrals {5, B(f, p)dt, {5, B(f, ¢)dt exist and they are equal, or neither of
them exists.

Proof. Let ¢, ..., ¢, be the coordinates of ¢ in a sum-basis e, ..., e, of
H. According to (3) and (2), the sets {se(a, b): @, (s) # @, (8)}, k=1, ..., n, are
at most countable, so the set {se(a, b): ¢ (s) # @ (s)} is at most countable (see
[2], p. 26, Th. 3.).

The rest of the proof is obvious. m

LemMA 3. If the functions ¢, g satisfy. the assumptions of Theorem 1, then

b
J{V (s, b @)+ 1B} - {g(s—a)}ids

b
< [{V(Ks, b); o)+ 1o ®)l}-{g(s—a)}ids.
Proof. Let ¢, ..., ¢, be the coordinates of ¢ in a sum-basis e, ..., e, of
H. By the Jordan decomposition ([2], p. 25) we have
@y =u—0v, on {a+tn,b)

for all ne(0,b—a) and k=1, ..., n where u,, v, are nondecreasing and
nonnegative. If for k = 1, ..., n the functions u,, v, are continuous in the point
se(a, b), then we have
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V(<s, B, @) < VICs, b); i)+ V(Cs, b); 6y
= 1l (b) — 6 () + D, (b) — B, (5)
= 1l (b) —u, (b) + 14y, (b) — ;. () + 5 () — v, (B) + v (b) — 1, (5)
= V(<{s, by, w)+V(Ks, b, v) + 1, () =, (b) + 5, (b) — v, (B) (%)
= V(<s, b), )+ it () — 1, (b) + 5 (b) — 1, (b)
= V(s b), @) —lo (b)— & (B,
because u, (b) = #, (b) and v, (b) = T, (b) (k =1, ...., n). Hence, according to (2),
we get
Vs, by, @) < VI(Ls, ), @)+ o (B)— @ ()],

where se(a, b) is such that ¢ is continuous in it. Our conclusion is now evident
(see [2], p. 26, Th. 3.

5. Proofs of the theorems

Proof of Theorem 1. Since the lemmas may be applied to the function
@, it is sufficient to prove Theorem 1 for @ instead of ¢. Thus, without loss of
generality, we may assume that @ is left-hand continuous.

Let a be in (a, b) and define I, by

b
I, = {B(f, p)dt.
We shall apply Theorem 92, 2° from [5], pp. 635-636. to the following case:
t
M@ =F@t)= jf(u)du, N=o¢, u=fm, v=p-v,,

where m is Lebesgue measure on the real line, v is a measure whose indefinite
integral is ¢, v, is a positive basis of the measure v.
Using the theorem we obtain

b

b b
(11) I, =[B(fdm, ¢) = [B(du, ) = B(F(t), p @))iZi—[B(F, dv) = 4,—B,,

a

say.
Let us observe that

1
g(t—a)

F(t)“ <M, te(a,b)

(4) Compare [2], p. 26, (4.2).
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(see {6)) and

b b b
' 1
B, = f B(F, dv) = f B(F, p)dv, = fg(t-a)B(g = F O p(t))dvo(r),

whence we have

b
(12) IB.ll < I|BI M [g(t—a)-|p(5)]l dv (2).

Since ||p|l v, is the least absolute majorant of the measure v = py, ([5], p.
530, note*), then using Theorem 88, [5], p. 614, formula (IV, 9; 36), we get

§ P @l dog (8) = Ve, xD, )

{a,x)

= W(a, b, 9)—V(Kx, b, ¢} = ¢,—3(x), say.

Thus ¢,—3(x) and so —3(x) are indefinite integrals of the measure |pl|v,.
Using Theorem 92 from [5] to the case: u=m, M(t)=g(t—a),
N(t) = —3(t), B the usual muitiplication, we obtain

b b
fat—a)-{llp@®)l dvo ()} = g (t—a)- [ -3 Oz~ [dg (t~a)]- [ -9 (®)]

b
= y(a—a)S(a)+I9(t)dg(t—a)

-4

y9(t)dg(t—a)+53(z )dg (t—a)

1~

<>

IS(t) {g(t—a)}idt,

a

from which follows the inequality
;g(t—a) llp @)1l dvo (1) < El‘?(t) {g(t—a)}idr.
Applying this inequality and (12), we find
1Byl < |IBll MES(t) {g(t—a)}idr.
In order to estimate |4, we write

14,1 = | B(F®), @ ®)}=t] = |B(F (b), ¢ (b))—B(F (@), ¢ (0)]
< g(b—a)M B o ®)| +g@—a)M B ¢ @)l
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b
<M |BI {flle () dg(t—a)+g(@—a)[le@—e®)+le®)}

b a
<M | B[ {[llo®)l {gt—a)}idt+ [ 9(0)dg(t—a)+g(x—a)- | B}
In view of (5) we get

lim [[80){g(—a)di+g@—a)lo®)] =0.

a=*a+ a
Thus, using the triangle inequality in (11) and combining the estimates for
| 4,ll, || B,|| we obtain the desired estimate (7) on letting « — a+ (°). The proof is
complete. m
The proof of Theorem 2 is essentially similar to that of Theorem 1 and we
omit it. The corollaries are obvious.

Proof of Theorem 3. Let ¢ in E be such that |e|| = 1. Define the
functions f,, f, as follows:

HO={g@—a}i-e, f,O)={-gb—1}e fortin (a b).

Then we have
a+h

L el
5t [ 0] - oo

whence M = 1, and, similarly, N = 1. Moreover,

=1’

b
l{fi(@®dt] =gb—a) >0,
which implies 3 f; (¢f)dt # 0. Similarly, [} f,(z)dt # 0.

Let us consider the integral I from Theorem 1 (under the assumptions of
Theorem 3)

b b
I§efde] = |(f o g ¢~ a)dr)-e]

b b
=[o@) g t—a)dt = |B|M[{V(t, b); @)+]o®)} g (t—a)dt,

because ||B] =1, M =1 and
Ve, b, @)+ 1od) = ¢ (O)— @ (b)+ ¢ (b) = ¢ (¢)

(since ¢ is nonincreasing and ¢ = 0).

(*) The existence of the integral Iﬂ+ B(f, @)dt can be proven in the same way as in [4],
p. 245
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Thus, for f=f,, we have the cquality in the assertion of Theorem 1.
Similarly, for f = f,, we have the equality in the assertion of Theorem 2 and the
proof is finished. m :

Finally, we prove Theorem 4.

Proof of Theorem 4. By (6), there exists a sequence {h,} < (0, b—a),
such that

a+h,
M = lim “g(;n) f f@d

Whence it is sufficient. to define

b
1
Jém x<a,a+hn> (t) f(t) dt

a

! = lim
| n—oo

1
(pn (t) = _g—(h—") X(a,a+h,,) (t)’

where ¥, .44, i the characteristic function of {a, a+h,). The functions ¥,
may be defined similarly. It is easy to check that the assertions (8), (9), (10) are
fulfilled. The proof is complete. m

6. Final remarks. We remark that if E=H =G =R and B is usual
multiplication, then Corollary 1 yields the following results: Lemma 1, [1];
Theorem 2, [3]; 2.1., [6].

Similarly, Corollary 2 implies Lemma 2 from [1], Theorem 1 from [3] and
Remark, [6], p. 175.

From Lemma 3 we infer that sometimes we can improve our inequalities if
we take @,  instead of ¢, ¥, respectively. The same is true for the results cited
here.

In the papers [6], [1] some theorems of the Romanovski and Faddeev
type are proved. We observe that the analogous theorems can be stated in the
case of the Lebesgue-Bochner integral, because we have proved the suitable
results in this case (see Section 3).
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