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Generalizations of Natanson’s lemma

Abstract. Some integral inequalities of Natanson’s type were proved in papers [1], [3], [6]. 
The aim of this paper is to generalize these inequalities to the case of Lebesgue-Bochner integral.

1. Introduction. I. P. Natanson has obtained an important integral 
inequality ([4], p. 243). Some generalizations of that inequality have been given 
by P. G. Mamedov ([3]), R. Taberski ([6]) and A. D. Gadzhijev ([1]), where 
also applications to the theory of singular integrals are presented.

In this paper, I am going to generalize these estimates to the case of 
Lebesgue-Bochner integral. I shall also prove that it is impossible to improve 
the generalized estimates (in the sense which will be specified in Theorems 
3 and 4).

2. Notation. Throughout this paper we use the Lebesgue-Bochner integral 
from [5] (see [5], Chapter IV) (*).

We shall make use of some definitions.
Let (H , || U) be a finite-dimensional and real Banach space.
The norm || || is called a sum-norm if there is a basis {e1, . . . ,  e„j of H such

that
n n

(1) I X xkek\\ = X |xj for all real x l t ..., xn.
k= 1 &=1

The basis will be called a sum-basis.
If Ip: A -» R, where 0  Ф A c  R, then the variation of ф in A will be denoted 

ЬУ vart- ^ ( r )  or var^i(/(t).
Let || || be a sum-norm of Я. For <p\ A -> H we define the variation in A by

(2) V(A; (p) = V(A; £  <р&) = £  v a r^ s ) ,
j = l  7 = 1  A

C) The symbol ” complicates the notation. Therefore we omit it in the sequel. So, j*+, £  
will be written instead of respectively.
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w h e r e  <P = Y j= i(Pjej e x P a n s i o n  o f  cp w i t h  r e s p e c t  t o  t h e  s u m - b a s i s

(e15..., enj.
Let E, G, F be three Banach spaces which may be identical or distinct. 
The norm of an arbitrary bounded bilinear operator B: E x  G -*■ F will be 

denoted by ||2?|| (see [5], p. 117); « a, b}; E) will denote the linear space of all
functions/: <a, b} -» E integrable in the Lebesgue-Bochner (2) sense on the 
interval <a, b> (see [5], p. 504 with p = 1).

3. Formulation of the results. Throughout all this and next sections, we shall 
denote by E, H, G real Banach spaces, where H is finite-dimensional and the norm 
in H is a sum-norm. Moreover, we shall denote by В a bounded bilinear operator 
with domain E x  H, whose range lies in G.

We shall assume that g: <0,b  — ay~*R is absolutely continuous and 
nondecreasing on <0 , b — a), positive on (0, b — a), g(0) = 0.

We shall make use of the following conditions:

(3) (p: <(a ,b } -* H  has bounded variation V((a + ri, b); (p)

for all rjE(0, b — a);

(4) ф: (a ,by^> H  has bounded variation V((a, b -tj); ф)

for all rje{0, b — a).

Under these notations we formulate the following theorems:

Theorem 1. Assume that the functions g, cp satisfy the conditions listed 
above and, in addition,

b
(5) { F «s, by, (p)g'(s-a)ds < oo.

I f  fE££{(a, by  E) and

(6) M  = sup
0 < h < b - a

a + h

a

< OO,

then the improper Lebesgue-Bochner integral

I  = I B(f(t), (p(t))dt,
a +

exists, and

(7) II7II «  WB\\M\{V«s,by,<(,)+\\4>(b)\\}g’(.s-a)ds.
a

(2) The name “Bochner” is omitted in [5].
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Corollary 1. Let q> be a function satisfying (3) together with

J F «s, b>; (p)ds < oo.

Assume that fe & ifa ,  b); E) and that f  satisfies
a + h

1M = sup
0 < h ^ b —a

I  I < 00.

Then the improper Lebesgue-Bochner integral

1 = I В (f{t), <jo(t))dt
a +

exists and the following inequality holds

11Л1 ^  ||J3|| Af J {K ^s, b>; 4>)+ ||ç>(b)||> ds.
a

Theorem 2. Suppose that the functions g, ф satisfy the conditions listed 
before Theorem 1 and

b

-  J F «a , s'); ф)- {g(b — s)y$ds < oo.
a

I f  fe £ ? « a , b); E) and

N  = sup
0 < h ^ b - a 9(h)

fit)  dt < 00,
b - h

b -

then the improper integral

j =  j  B (m ,< n t))d t
a

exists, and

||J|| ^  -|(B ||iV j{F « a , s>; ф) + \\ф (a)||} • {gib-s)}'sds.
a

Corollary 2. Let ф be a function satisfying (4) and
b

j  F « a , s); ф)ds < oo.
a

I f  f  is a function belonging to « a , b); R) and satisfying
b - h

1
N = sup

0 < h ^ b - a h
fit)d t < 00,
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then the improper Lebesgue-Bochner integral

J  = j B(f(t), ф (f)) dt

exists and

1И 1 «S PH n \ {F«a, s>; ^)+\\f(a)\\}ds.
a

In the next two theorems we shall assume that H = R, G = E and В: 
E xR -+ R  is defined by

B(x, a) = a*x for all xeE , oteR(3).

Theorem 3. Suppose that the functions q>, ф satisfy the assumptions of 
Theorem 1 and Theorem 2, respectively. Assume also that (p is nonincreasing on 
(a, b}, ф is nondecreasing on (a, b), and they are nonnegative on (a, b). Then 
there are functions / 1}/ 2e S£ « a , b>; E) for which the equalities in the assertions 
of Theorem 1, Theorem 2, respectively, are fulfilled, and whose integrals are not 
equal to zero on <a, b).

Theorem 4. Suppose that the functions <p, ф satisfy all assumptions 
mentioned in the previous theorem and f  h satisfy the assumptions of Theorem 1, 
Theorem 2, respectively. Then there exist two sequences of functions {(pn}, {ф„}, 
such that
(8) (pk, фк satisfy the same conditions as (р,ф, respectively (keN);

(9) $(pk(t){g(t-a)}'tdt = ^ k(t)-{ -g (b -t)} 'd t = 1 (keN),
a a

(10) M = lim I J (pk(t)f{t)dt\\
k-> oo a +

= lim M { {F«s, b>; (pk)+\\(pk(b)\\} - {g(s-a)}'sds,
k~* oo a +

N = lim || J фk(t)h{t)dt\\
> k~* oo a

= -  lim JV J {K«a, s>; фк)+ ||^k(a)||} -flf(b-s)Kds,
k-* oo a

i.e., we have the equalities in Theorem 1 and Theorem 2 on letting к -> oo.

4. Auxiliary results. Let w be an arbitrary function defined on <a, by, 
whose range lies in a finite-dimensional Banach space X  with the sum-norm 
|| || and the sum-basis et , . . . , e n. We assume that the function has finite

(3) Let us observe that ||B|j = 1.
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variation on every interval <a + rç, b>, where rje(0, b — a>. We shall denote by' 
w the function

w(s) = w(s —0) = lim w(t), se(0, b — a}.
t~*S —

Lemma 1. The function w is left-hand continuous.

Proof. Let wl 5 w„ be the coordinates of w in the sum-basis. Fix к in 
{ l,...,n } . According to (2) and the Jordan decomposition, wk = u — v on 
(a + q, b} (qe(0, b — a}) where u, v are nondecreasing and nonnegative.

The functions U, v are left-hand continuous. Indeed, let 0 < s < b — a and 
let {tk} be an arbitrary sequence of points of the interval (0, s), such that 
limfc_ 00tk = s. Then for sufficiently large к we have 0 < tk—l /k < tk and 
u(tk — l/k) ^  ü(tk) ^  u(s), so

lim ü{tk) = ü(s)
к-* со

because lim,.,^ u(tk — 1/k) — u(s).
The same is true for v, whence ü, v are left-hand continuous and so wk, 

because wk = ü—v. Our lemma is now evident. ■

Lemma 2. Let f e  S£ « a , b}; E) and tpbe a function satisfying (3). Then either 
both integrals J£+ B(f, (p)dt, J„+ B(f, qf)dt exist and they are equal, or neither of 
them exists.

Proof. Let <jpl5 ..., tpn be the coordinates of tp in a sum-basis ex, ..., e„ of 
H. According to (3) and (2), the sets {se(a, b}: <pk(s) Ф (pk(s)}, к = 1, ..., n, are 
at most countable, so the set {se(a, b>: <£(s) ф (p(s)} is at most countable (see
[2], p. 26, Th. 3.).

The rest of the proof is obvious. ■

Lemma 3. I f  the functions <p,' g satisfy- the assumptions of Theorem 1, then 

f{F « s, by, v)+\\0(b)\\}-{g(s-a)ysds
a

^  j{K «s, by  (p)+\\(p(b)\\}-{g(s-a)}'sds.
a

Proof. Let (pt , ..., (pnhe the coordinates of q> in a sum-basis et , ..., en of 
H. By the Jordan decomposition ([2], p. 25) we have

(pk = uk- v k on <a + ri,b)

for all rje(0,b — a> and k = l , . . . , n  where uk,v k are nondecreasing and 
nonnegative. If for к = 1, ..., n the functions uk, vk are continuous in the point 
se(a, b), then we have
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K «s, b>, фк) ^  F « s , b>; ak)+V{(s, b>; vk)

= ч  (b) -  ük (s) + vk (b) -  vk (s)

=  ük (b) -  uk (b) + uk (b) -  щ  (s) +  vk (b) -  uk (b) + vk (b) -  vk (s)

= V((s, b}, uk)+V((s, by, vk) + ük(b) — uk(b) + vk(b) — vk(b)(4)

= K«s, b>, (рк) + мк(Ь)-мк(Ь) + ук(Ь)-ик(Ь)

= ^ « 5, by, фк) — \<pk (b)—фк (b)|,

because uk(b) ^  uk(b) and vk(b) ^  vk(b) (k = 1 ,... ,  n). Hence, according to (2), 
we get

V«s, by, ф) < V«s, by, ф)+\\ф(Ъ)-ф{Ъ)\\,

where se(a, b) is such that ф is continuous in it. Our conclusion is now evident 
(see [2], p. 26, Th. 3.).

5. Proofs of the theorems

P ro o f of T heorem  1. Since the lemmas may be applied to the function 
Ф ,  it is sufficient to prove Theorem 1 for ф instead of ф. Thus, without loss of 
generality, we may assume that ф is left-hand continuous.

Let a be in (a, b) and define Ja by

I x ~ \B ( f ,  <p)dt.
a

We shall apply Theorem 92, 2° from [5], pp. 635-636. to the following case:
t

M(t) = F(t) = Jf{u)du, N = ф, Ц = f-m , v = p-v0,
a

where m is Lebesgue measure on the real line, у is a measure whose indefinite 
integral is ф, v0 is a positive basis of the measure v.

Using the theorem we obtain

(11) /„ = fB(fdm , <p) = jB(du, q>) = B(F{t), <p( £ ) ) | î , dv) = A ,-B „
a <x a

say.
Let us observe that

1
g (t-a )

F(t) te(a, b)

(4) Compare [2], p. 26, (4.2).
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(see (6)) and
b b

Ba = I B(F, dv) = j*B(F, P) d v 0  =

whence we have

1
g (t-a )

F{t), p{t) )dv0{t),

( 12) \ B J ^ \ \ B \ \ M f g ( t - a y \ \ p ( m d v 0 (t).

Since ||jp|| vQ is the least absolute majorant of the measure v = pv0 ([5], p. 
530, note*), then using Theorem 88, [5], p. 614, formula (IV, 9; 36), we get

J \\p{t)\\dv0{t) = 7 « a , x>, <jo)
<«.*)

= Ж ». b>, (p)- K«x, b}, q>) = ce-S (x), say.

Thus ca—#(x) and so — 3(x) are indefinite integrals of the measure ||p|| v0.
Using Theorem 92 from [5] to the case: p = m, M(t) = g(t — a), 

N(t) — — 5 (t), В the usual multiplication, we obtain

$ {9 (t -  a) • {|| p (t) || dv0 (t)} = g {t -  a) ■ [ -  9 (t)] | J -  f [<ig {t -  a)] • [ -  9 (t)]
a a

b

= g (a — a) 9 (a) + J 9 (t) dg (t — a)
a

a b

^  J 9(t)dg(t — a) + J 9 (t)dg(t — a)
a a

= $9(t){g(t-a)}'tdt,

from which follows the inequality
b b

Jp (f-a )  ||p(t)|| dv0(t) < $9(t){g(t-a)}'tdt.

Applying this inequality and (12), we find

l|BJ \\B\\ M\&(t){g(t — a)}'tdt.
a

In order to estimate ||ЛЯ|| we write

IMJI = \\B(F(t), V(t))||:S|| = ||B(F(6), <p(b))-B(F(a), <p(a))||

^ g (b  — a)M  ||B|| \\<p(b)\\+g(a—a)M  ||B|| il <p (a) ||



284 S. S i u d u t

< M \\B\\ y  \\(p{b)W dg(t-a ) + g(a-a)l\\<p(a)-<p(b)\\ + ||ç>(b)||]}
a

^  M  ||£|| {f \\(p(b)\\ {g(t-a)}'tdt + ]s(t)dg(t-a) + g{ct-a)-\\<p(b)\\}.
a a

In view of (5) we get

lim []^ (t){g (t-a )y tdt + g(oc-a)\\(p{b)f\ = 0.
a~>a + a

Thus, using the triangle inequality in (11) and combining the estimates for 
I K Î I J S J  we obtain the desired estimate (7) on letting a -> a + (5). The proof is 
complete. ■

The proof of .Theorem 2 is essentially similar to that of Theorem 1 and we 
omit it. The corollaries are obvious.

P ro o f of T heorem  3. Let e in E be such that ||e|| = 1. Define the 
functions / 15/ 2 as follows:

fi(t) = {g(t-a)}'t -e, f 2(t) = {-g {b -t)} 't -e for t in {a, by.
Then we have

a + ft
1 f 1

m ) f ' m
—

9(h)
a

whence M = 1, and, similarly, N — 1. Moreover,

№fi(t)dt\\ = g(b-a) > 0,
a

which implies Л (0 dt Ф 0. Similarly, f 2 (t) dt Ф 0.
Let us consider the integral I from Theorem 1 (under the assumptions of 

Theorem 3)

Il <pf dt\\ = |!(Jç>(t)0' ( * - û ) ^ ) 'eI
a a

= $(p(t)g'{t — a)dt = ||5 1| M j{ F « t, b); (p) + \(p(b)\} ■ g’(t-a )d t,
a a

because ||J5|| = 1, M  = 1 and
V((t, by, (p) + \<p(b)\ = (p(t)-<p(b) + (p(b) = (p(t)

(since (p is nonincreasing and (p ^  0).

(5) The existence of the integral („+ B {f, (p)dt can be proven in the same way as in [4], 
p. 245.
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Thus, for f  — f lt we have the equality in the assertion of Theorem 1. 
Similarly, fo r/ = / 2, we have the equality in the assertion of Theorem 2 and the 
proof is finished, в

Finally, we prove Theorem 4.

P ro o f of Theorem  4. By (6), there exists a sequence {h„} cz (0, b — a), 
such that

M = lim
П-* 00

a + hn

J
a

— lim
n~* 00

b

1да<«+«(,)/Н •
Whence it is sufficient, to define

where x<a,a+&„> *s the characteristic function of <a, a + hn). The functions фп 
may be defined similarly. It is easy to check that the assertions (8), (9), (10) are 
fulfilled. The proof is complete, в

6. Final remarks. We remark that if E = H = G = R and В is usual 
multiplication, then Corollary 1 yields the following results: Lemma 1, [1]; 
Theorem 2, [3]; 2.1., [6].

Similarly, Corollary 2 implies Lemma 2 from [1], Theorem 1 from [3] and 
Remark, [6], p. 175.

From Lemma 3 we infer that sometimes we can improve our inequalities if 
we take ф, ip instead of (p, ф, respectively. The same is true for the results cited 
here.

In the papers [6], [1] some theorems of the Romanovski and Faddeev 
type are proved. We observe that the analogous theorems can be stated in the 
case of the Lebesgue-Bochner integral, because we have proved the suitable 
results in this case (see Section 3).
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