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T a d eu sz  K reid

Binomial sequences of polynomials are those which satisfy the identity

for all natural n and real x, y. Various examples of such sequences arise 
naturally in combinatorial analysis. A systematic theory of binomial sequences 
was presented by R. Mullin and G.-C. Rota ([2]). It is a theory of algebraic 
nature and the authors adopt the calculus of linear operators as the method of 
investigations, although only the class of so-called shift-invariant operators is 
actually used.

The notion of binomial sequences of polynomials was generalized by 
the present author in [1]. The author introduced the notion of combina- 
atorial sequence of polynomials and, using the method of exponential gener- 
ting functions, derived the basic properties of such sequences. The bi­
nomial sequences form a proper subclass of the collection of combinatorial 
sequences.

The aim of this study is to extend the algebraic methods and the results of 
Mullin and Rota to the class of combinatorial sequences. To this end we 
introduce the class of combinatorial operators.

The basic notion is that of a reducing operator, which is a generalization 
of the operator of the derivative.

Let (b„) be a sequence of real numbers (neN 0 = N и  {0}) such that 
b0 = bj = 1 and bn ф 0 for all n.

* This is a version of a chapter of the author’s doctoral dissertation presented to the 
University of Warsaw. The present version was prepared by his advisor, Wiktor Marek. Although 
various extensions of the theory outlined in this paper are possible we decided to leave the author’s 
text as it was making only some minor linguistic corrections.
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D efinition. A reducing operator is a linear operator defined by the 
formula

D{bnxn) = nbn_1x"~1

for neN  and D{ 1) = 0. (Here (bn) is any sequence satisfying the preceding 
assumptions).

Any operator defined on xn for all n may be unambiguously extended by 
linearity to the class of all polynomials, and even to the algebra of power 
series.**

We can see that such operators are uniquely determined by the sequences 
(<bn). The derivative is a special case of a reducing operator with bn = 1 for all n. 
We shall call the sequence (bn) the basis of the reducing operator D.

An important property of a reducing operator is the following:

Lemma. Let D be a reducing operator with the basis (bn) and let

B(x) =

be the exponential generating function of the basis. For reR  we have

DB(rx) = r- B(rx).

Proof. We have
00 b

-V x "
nl

00

= I
jjt+ 1

nl
bnxn = rB{rx). Ш

Let us remark that this is a generalization of the property

(erx)' = rerx

for the derivative operator ' and the function В (x) = ex.
As it was remarked in [1], a combinatorial sequence of polynomials 

(J^(x)) is uniquely determined by two sequences (a„), (bn) (n eN ) where 
a1 ф 0 and the sequence (bn) satisfies the same assumptions as a basis of 
a reducing operator — we shall call them the generating sequence (a„) and the 
basis (b„) of a combinatorial sequence V„ (x). In this way to any combinatorial 
sequence (J^(x)) we assign the appropriate reducing operator D with the same 
basis (bn).

Theorem . Let ( Vn (x)) be a combinatorial sequence of polynomials with 
generating sequence (an) and basis (bn), and D be the reducing operator with the

** This fact (the extendability of operators from polynomials to formal power series) is, in 
fact, a topological property related to the topology considered by Rota et al. in the reference [2] of 
the first part of this paper ([1] in the references). It can be proved using the density of the set of 
polynomials in the space of formal power series.
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same basis (bn). For all n eN  we have the following identity

DK(x) = " f  (tyan_t Vk(x).

Proof. We apply the operator D to the generating function of the 
combinatorial sequence Vn(x)

00 V Ы
V(x,t)=  X f f t "  = B(xA(t))

n = 0
and obtain by virtue of the lemma 

£  W nix).n
7 1 = 1 n\ tr = DV(X, t) = A(t)-B(xA(t)) = X  % ”• X

„= 1 n. n = 0

= E d f Z K - . W )n = 1 ' к = 0
F
n\

The equality of power series implies equality of the coefficients, so we 
obtain the assertion. ■

This theorem apparently has not been known before even in the special 
case of binomial sequences.

Rem ark. We have used the formula
DV(x) = A(t)-V{x)

where te R ,  F(x) = V(x, t).
Let us pass to the main subject of this paper; i.e., the class of combinatorial 

operators. As we know, a linear operator Q is uniquely determined by the 
polynomials

Q,(x) = Qx" = X Q(k, n)xk.
k — 0

The following lemma gives a characterization of shift-invariant operators by 
the coefficients Q(k, n). For teR , we denote by E1 the shift operator 
£ ' V(x) = V(x F t). An operator Q is shift-invariant if, and only if, E'Q = QEl 
for every teR .

L em m a . The shift-invariant operators are precisely the operators Q deter­
mined by sequences (cn) in the following fashion

Q(k, n)=

In addition, the sequence (c„) uniquely determines the operator. *

* This argument makes heavy use of the extendability property mentioned above, and, in 
fact, its extension to the power series in two variables. (Remark by the Editor.)
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Proof. For any te R  and n e N 0, we have

i (уп-кхк
k = 0

QE'x" = X = £  n r '  £  Q(i, &)*'
k = 0 
n n

k = 0

= I  £  *6 (*>

i = 0

i = 0 k= 1

£'Gx" = G„(*+0 = £  e№. n) £  ( V - ‘x‘ = £  £
к = 0 * = 0 i  = Ok = i W

We infer that an operator Q is shift-invariant if and only if

Z  (,Н̂ )0 (^  + 1\ Ф к = Z  („"*) ô(b

for any i ^  n and teR , i.e. - \

Q Q {U n -k )  = Ç ^ Q { i  + k t n)

for any k + i < n. Any operator with coefficients of the given shape satisfies the 
equality. We have

( +kk)Q (i+k, n) = -  0  -  Q Q Ü ,  n - k ) .

and conversely, if the equality is satisfied, then denoting c„ = Q(0, n) and 
putting i = 0, we have for any к ^  n

Q(k, n) = Q Q { 0, n - k ) = Q c„_k.

Delta-operators are shift-invariant ’operators with c0 = 0 and c1 Ф 0. ■

D e f in it io n . A combinatorial operator is an operator Q with coefficients 
Q(k,n) of the shape

where (bn) is a sequence satisfying b0 = bt = 1 and Ь„Ф 0 for all n, and (cn) is an 
arbitrary sequence.

* By virtue of the lemma, shift-invariant operators are combinatorial. 
Moreover, the assignment of a combinatorial operator Q to a pair of sequences 
(b„), (cj is a bijection. We shall call (b„) the basis and (c„) the generating 
sequence of Q.
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We may expand combinatorial operators in operator series in precisely 
.the same fashion as shift-invariant operators were expressed in [2], except that 
the operator of derivative must be replaced by the appropriate reducing 
operator D.

T h eo r em . Let Q be a combinatorial operator with the basic (bn) and the 
generating sequence (c„). Let D be the reducing operator associated with basis 
(bn). Then

where D is the reducing operator with basis (bn).

Proof. For 0 < n

For n e N 0

Dkxn =  _ ^ l nDk - l  vn -l _X = K - k

b„ (n — k)\
к

hence, the two operators are equal. ■

П
Z  Q(k, n)xk = Qxn 

k = о

Let us consider the class of combinatorial operators with c0 = 0 and 
сг Ф 0, which we call combinatorial delta-operators. Now after giving necess­
ary definitions, we show that the main results of G.-C. Rota and R. Mullin 
remain true in the present generalization.

The first main result in [2] is establishing a one-to-one correspondence 
between all binomial sequences of polynomials Fn(x) and delta-operators 
Q such that the identity

QK = nV„_ i
is satisfied for any binomial sequence Vn and the corresponding operator Q, for 
neN. We shall extend it to a -one-to-one correspondence between all 
combinatorial sequences of polynomials and all combinatorial delta-operators 
and show that the identity QV„ = nVn_1 remains true in the general case.

Rem ark. Let us remark that the equalities a1c1 = 1 and
L  £(a)aacw = 0

a| —  n

for n ^  1 (where B{a) is the Bell function with the notation of [1]), establish 
a symmetric ohe-to-one correspondence in the family of sequences (an) (neN) 
with a1 Ф 0. This set of equalities means that the generating functions
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form an inverse pair; i.e., that

A(C(t)) = C(A(t)) = t.

We shall call (c„) the inverse of (a„). The inverse of (cj is (a„) again.

Theorem . Let Vn(x) be a combinatorial sequence of polynomials with 
generating sequence (an) and basis (bn). Let Q be the combinatorial delta- 
operator with the same basis (bn) and the generating sequence (cj inverse to (an) 
for all neN . Then

QK = nV„_1.

Proof. We show that the generating functions of sequences QVn(x) 
and nV„_1(x) are identical. Let F(x) be the generating function of the se­
quence K„(x):

V(x) =

Using the remark, we have

V
nL  n!

0Ü c  GO „

Qy (x) =  Z d D" Fw = z J , A(')“ V(x)„= 1 W.n\

00 V txl
= C(A(t)) V(x) =  tV(x) = Z  ^ г ”* 1

'  и = 0 П’
у  nK - iM

к  ni '

By virtue of preceding remarks and corollaries such assignment of the 
operator Q to a combinatorial sequence Vn{x) is clearly a bijection on the 
family of all combinatorial delta-operators. ■

We conclude our study of combinatorial operators. We prove that the 
expansion theorem — another main result of [2] — remains true with no 
changes whatever for combinatorial operators.

T heorem . Let Q be a combinatorial delta-operator and l^(x) be the 
corresponding combinatorial sequence of polynomials. Let P be an arbitrary 
combinatorial operator with the same basis (bn) as Q and Vn(x). Then

»-0n!
where for all n

dn = (PVn)(0).

Proof. The operator P is of the form
00 D

P = Y —Dn 
n = <0nl



Combinatorial operators 249

where D is the reducing operator with basis (bn) and similarly

Q = 1 - .D "„tin!

whose inversion is

n = l

with notations as before.' Hence, for keN
,fc a

,„" l П1
o‘ = (I^e”)=I I f7-fr)e"= In = k \ i i  + .. .+ ik = л *1' Jk

y  J L
«.»„|-„и„|.»х(а)а!

b\ 00 Л» М ®
- Г  К  I  =° k n  =  k a | - / i : | a |= k  П ' ° к п  = к п -

(with notations and formulas of [ 1]), and

* - î  - z g* i  r<*. »>5 - i  ( i  £ »>)?•
We have a formula for the coefficients

dn=t T  V(k,n).
k = 0 Dk

But for 0 ^  к < n

Dk F (0) = Dk V(k, n)x* = F(fc, n)^fc! = ^  F(fc, n)
ьк К

and for every n

V>K> = f t K„)(0) = i  K(k, n) = £ à V(k, n) = 4
\ k  = 0 K - /  k = 0 K - ° k  k = 0 ° k

which completes the proof. ■
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