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Sem i-com plem ented algebras

Abstract. In this paper, we introduce and study a class of topological algebras which we 
call semi-complemented algebras. This class of algebras is a generalization of the class of 
quasi-complemented algebras.

1. Introduction. Complemented algebras were introduced in [9] and have 
been studied by various authors (for example, see [1], [10], [11] and [12]). 
Quasi-complemented algebras were introduced in [6] and also studied in [15]. 
As a generalization of complemented algebras, quasi-complemented algebras 
share many interesting properties with complemented algebras. In this paper, 
we try to generalize these algebras further.

The concept of semi-complemented algebras is introduced in Section 2. 
We give two examples of semi-complemented algebras which are not quasi- 
-complemented in Section 3. Let A be a semisimple topological algebra in 
which every maximal modular right ideal is closed. If A has a semi- 
-complementor p, we show that A has dense socle and A is the direct 
topological sum of its minimal closed two-sided ideals, each of which is 
a topologically simple semi-complemented algebra. Thus we obtain a structure 
theorem for A. We also show that if A is dual, then every semi-complementor 
on A is a quasi-complementor.

2. Notation and preliminaries. Let A be a topological algebra. For any 
subset £ of A, let clA(E) denote the closure of E in A and lA(E) (resp. rA(E)) the 
left (resp, right) annihilation of £ in A. Then A is called a left annihilator 
algebra if for any closed right ideal R of A, lA(R) = (0) if and only if R — A. 
A right annihilator algebra is defined analogously. An annihilator algebra is an 
algebra that is both a left annihilator and a right annihilator algebra. The

* This research was done while the author was visiting the University of Hong Kong. The 
author greatly acknowledges the hospitality of the Department of Mathematics of the University. 

1980 Mathematics Subject Classification. Primary 46H10; Secondary 46H99.
K ey w o rd s and p h ra ses . Topological algebra, semi-complemented algebra, quasi-comple

mented algebra, complemented algebra.



94 Ра к -Ken Wong

algebra is dual if, for every closed right (or left) ideal R (or L), rA(lA(R)) = R 
(or lA(ra(L)) = L).

Let A be a topological algebra and Lr the set of all closed right ideals in A. 
Then A is called a right semi-complemented algebra if there exists a mapping 
p: R->RP of Lr into itself having the following properties:
(2.1) R n R p = {0>) (ReLr),

(2.2) if R1=>R2, then Rp2 => Я? (Rl ,R 2eLr),

(2.3) if R is a proper closed right ideal of A, then Rpp is also a proper closed 
right ideal of A. Also Rpp => R (R eLr).

We call the mapping p a right semi-complementor on i .  A right 
semi-complemented algebra A is called a right quasi-complemented algebra if it 
satisfies:
(2.3') Rpp = R (R eLr).

A right quasi-complemented algebra is called a right complemented algebra 
if it satisfies:
(2.4) R + RP = A (R eLr).

Analogously we define left semi-complemented algebras. In this paper, we 
limit our attention to right semi-complemented algebras with the remark that 
similar properties hold for left semi-complemented algebras. From now on 
a semi-complemented algebra will always mean a right semi-complemented 
algebra.

In this paper, all algebras and linear spaces under consideration are over 
the complex field C. Definitions not explicitly given are taken from Rickart’s 
book [8].

3. Example. In this section, we give two examples of semi-complemented 
algebras which are not quasi-complemented.

Theorem 3.1. Let A be a semisimple commutative annihilator topological 
algebra in which every maximal modular right ideal is closed. Set Rp = rA(R) 
= lA(R) (R eL r). Then p is a semi-complementor on A. Also, p is a quasi- 
-complementor on A if and only if A is a dual algebra.

Proof. Let R be a proper closed ideal of A. It is clear that Rpp = rA(rA(R)) 
3  R. By [11], Proposition 3.2, p. 257, A has dense socle. Let e be a minimal 
idempotent such that e£R. If eR Ф (0), then eR = eA c  R and so ее R, which 
is impossible. Hence eR = (0). Therefore eerA(R) and so ефгА(гА(К)). It 
follows that Rpp = rA(rA(R)) is a proper closed ideal of A. Hence p is 
a semi-complementor on A. Also rA(rA(R)) = R if and only if A is a dual 
algebra. This completes the proof of the theorem.



Semi-complemented algebras 95

Example 1. Let A be a semi-simple commutative annihilator Banach 
algebra which is not dual (see an example in [7]). Then by Theorem 3.1, A is 
a semi-complemented algebra which is not quasi-complemented.

Theorem 3.2. Let A be an annihilator topological *-algebra with con
tinuous involution in which x*x — 0 implies x = 0. Then the mapping p: R-*RP 
= lA{R)* (R eL r) is a semi-complementor on A. Also A is a dual algebra if and 
only if p is a quasi-complementor.

Proof. Let £ be a subset of A. It is clear that lA{E)* = rA{E*). Let R be 
a closed right ideal of A. Then

(Rpr  = 1А1 Ш * Г  = rAUA(R)**l = rAUAm  => R.

Also, if Rpp = A, then lA(R) — (0) and so R = A. If x e R n  Rp, then x*elA(R). 
Hence x*x = 0 and so x = 0. Therefore R n Rp = (0). It follows that p is 
a semi-complementor on A. Also, A is a dual algebra if and only if 
Rpp = rA(lA(R)) = R. This completes the proof of the theorem.

Example 2. Let A be an annihilator A*-algebra which is not dual (see an 
example in [1]). Then by Theorem 3.2, A is a semi-complemented algebra 
which is not quasi-complemented.

4. A structure theorem. We have some simple properties of a topological 
algebra A with a semi-complementor p.

Lemma 4.1. Let A be a semi-complemented algebra. Then the following 
statements are true:

(1) Ap = (0), App = A and (0)p = A.
(2) Rppp = Rp for all closed right ideals R of A.
(3) For any family of closed right ideals {Кя} in A, we have

n «5  = [c U IX )] '’ .
Я A

(4) For any closed right ideal R of A, R + Rp is dense in A.
(5) If M is a closed modular maximal right ideal of A, then Mpp = M.
Proof. (1) Ap = Ap n A — (0). Since App => A , we have App — A and so

(0)p = App = A.
(2) Since Rpp => R, we have Rppp cz Rp. Also (Rp)pp => Rp. Therefore 

Rppp = Rp.
(3) Let I = f]R l  and J = clA(£  Rf). We want to show /  = Jp. Since

я я
jp cz Rl, we have Jp cz f] Rf = I . Conversely, since Rp zd I, Ip zd Rpkp zz> Rx and 

я
so Ip zd J. Therefore I cz Ipp cz Jp. Hence I = Jp.
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(4) By (3), we have
[cla(R + RP)Y = n Rpp = (0).

Hence [c\A(R + RP)YP — (0)p = A. Therefore clA(R + RP) is not a proper closed 
right ideal of A and so c\A{R + Rp) = A.

(5) Since M + Mp =э M, we have M + Mp = A by the maximality of M. 
Since M cz Mpp, Mpp + Mp = A and so Mpp = M. This completes the proof of 
the lemma.

Now we have the following structure theorem.
Theorem 4.2. Let A be a semisimple topological algebra in which every 

maximal modular right ideal is closed. If A has a semi-complementor p, then 
A has dense socle and A is the direct topological sum of its minimal closed 
two-sided ideals, each of which is a topologically simple semi-complemented 
algebra.

Proof. Let (Мя) be the family of all maximal modular right ideals of A. 
Then by Lemma 4.1, we have

A = (0)' = [П M J ' = [П Щ ’ У  = [cU ^ M S )]".
X X  X

Therefore A = cla(Y;Mp). By [5], Lemma 3.1, p. 38, each Mpx is a minimal right
я

ideal. Hence A has dense socle and so by [16], Lemma 3.11, p. 41, A is the 
topological direct sum of its minimal closed two-sided ideals.

Let J be a minimal closed two-sided ideal of A. We show that J is 
a semi-complemented algebra. Let R be a closed right ideal of J. By the proof 
of [6], Lemma 3.4, p. 143, R is a closed right ideal of A. Define

Rq = RpnJ.

We show that q is a semi-complementor on J. It is clear that properties (2.1) 
and (2.2) are satisfied. Since Rp nJ cz Rp, (Rp nJ)p zz> Rpp => R and so (Rq)q 
= (Rp n J)p n J => R. It remains to show that if R is a proper closed right ideal 
of J so is Rqq. In fact, if Rqq = J, then (RpnJ)p >̂J. Hence RpnJ  
a (Rp n J)pp cz Jp. Therefore Rp n J cz Jp n J = (0) and so RPJ — (0). Since 
cla{AJ) cz J, by the minimality of J, we have cla(AJ) = J. Therefore by Lemma
4.1, we have

J = c\a(AJ) = clA[_(R + Rp)J] = c\a{RJ) cz R.

Hence J = R. This completes the proof of the theorem.

Corollary 4.3. A semi-complemented B*-algebra A is a dual algebra.

Proof. By Theorem 4.2, the socle of A is dense in A. Hence it follows from 
[16], Theorem 4.1, p. 42, that A is a dual algebra.
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D e f in it io n . A minimal idempotent/ in a semi-complemented algebra A is 
called a p-projection if ( f  A)p — (1 —f)A .

Theorem 4.4. Let A be a semisimple topological algebra with a semi- 
-complementor p, in which every maximal modular right ideal is closed. Then the 
following statements are equivalent:

(1) A is a left annihilator algebra.
(2) Any proper closed right ideal R contains a p-projection.

Proof. (1)=>(2). Assume (1). By [16], Lemma 3.1, p. 37, R contains 
a minimal right ideal J. Since A is a left annihilator algebra, by [2], Theorem
5.2, p. 571, Jp is a maximal modular right ideal. By [5], Lemma 3.1, p. 38, 
J = f  A and Jp — (1—f)A , where /  is a minimal idempotent. Since /  eJ c  R, 
we have (2).

(2)=>(1). Assume (2). Let К be a proper closed right ideal of A and /  eRp 
a p-projection. Then Rpp a ( f  A)p — ( l—f)A . Hence/e Ia{Rpp) a lA(R). There
fore A is a left annihilator algebra. This completes the proof of the theorem.

5. Dual algebras.
Lemma 5.1. Let A be a semisimple dual topological algebra in which every 

maximal modular right ideal is closed. Then every proper closed right {left) ideal 
of A is equal to the intersection of all maximal modular right {left) ideals 
containing it.

Proof. See [2], Theorem 5.1, p. 570.
Theorem. 5.2. Let A be a semisimple dual topological algebra in which 

every maximal modular right ideal is closed. Then every semi-complementor p on 
A is a quasi-complement or.

Proof. Let Я be a proper closed right ideal of A. By Lemma 5.1, 
R = f)Mp, where each Mp is a maximal modular right ideal of A. By

P
Lemma 4.1, Mppp = Mp and so by Lemma 4.1 again we have

R  = П m p =  f l w  = [cl л ( 1 Щ ) У -
p p p

Hence by Lemma 4.1,
Rpp = [с\А(^М$)]ррр = [с1л(£Л *0]' = R.

P P
Therefore p is a quasi-complementor. This completes the proof.

Corollary 5.3. Let A be a B*-algebra. Then every semi-complementor on 
A is a quasi-complementor.

Proof. It follows from Corollary 4.3 and Theorem 5.2.

7 — Comment. Math. 29.1
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Corollary 5.4. Let A be a topologically simple B*-algebra. Then every 
semi-complementor on A is a complementor.

Proof. This follows from Corollary 5.3 and [6], Lemma 7.1, p. 151.
Remark. Since there exists a quasi-complementor p on a B*-algebra, 

which is not a complementor (see [6], Remark, p. 153), Corollary 5.4 is not true 
for any R*-algebras.

Theorem 5.5. Let A be a semisimple commutative Banach algebra such that 
хес1А(хЛ) for each xeA  and p a semi-complementor on A. Then A is a dual 
algebra, p is unique and p is a quasi-complementor.

Proof. If /  is a minimal ideal of A, then /  is one-dimensional and so /  is 
a dual algebra. Therefore, by Theorem 4.2 and [8], Theorem (2.8.29), p. 106, 
A is a dual algebra. Since RpRczRpnR = (0), we have Rp c= lA(R). Let 
x e Ia(R) and ye A . Since by Lemma 4.1, cl a(R +  Rp) =  A,  we can write 
у — lim(an + bn) with aneR  and bbeR p. Then xy = limxbneRp. Hence cla{xA)

П П
a Rp and so xeR p. Therefore lA(R) = Rp. Since Rpp = lA(lA(R)) = R, p is 
a quasi-complementor on A. This completes the proof.

Remark. Theorem 5.5 generalizes [6], Theorem 6.5, p. 150.

6. Induced semi-complementors. In this section, let A be a topological 
algebra which is a dense subalgebra of a topological algebra В having the 
following properties:

(6.1) For each closed right ideal R of A, R = c\B{R) n A.

(6.2) For each closed right ideal J of B, J = clB(J n A).

For examples of such algebras, see [2], [6], [11], [13] and [14].
Theorem 6.1. The following statements are true:
(1) For every semi-complementor p on B, the mapping q: R-* [clB(R)]p n A 

on the closed right ideals R of A is a semi-complementor on A.
(2) For every semi-complementor q on A, the mapping p: J -*dB([J n AY) 

on the closed right ideals J of В is a semi-complementor on B.

Proof. (1) Let R be a closed right ideal of A. Then
(Rq)q = [clB([clB(R)]pn A)Y n A = [clB(R)]ppn b  clB(R)r\A = R.

Also, if (Rq)q = A, then [clB(R)]pp n A = A and so [clB(R)]pp = clB([clB(R)]ppn A) 
= clB(A) = B. Hence clB(R) = В and so R = clB(R) n A = A. Now it is easy to 
see that q is a semi-complementor on A. This proves (1).

(2) Let J be a closed right ideal of B. Then
(Jp)p = clB([clB([J n AY) n A]q = clB([J n AYq) => clB(J nA) = J.
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If Jpp = B, then clB[(J n AYP) = В and so (J n A)qq = cl B([J n A]qq) nA  = A. 
Therefore J n A = A and so J = clB(J n A) = B. Now it is easy to see that p is 
a semi-complementor on B. This completes the proof of the theorem.
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