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On the projection property
of approximate point joint spectra

Abstract. It is shown, among other results, that the left approximate point spectrum t, has the
projection property on the unital Banach algebra A if and only if every left ideal of A, maximal in
the family of all left ideals consisting of joint left topological zero divisors, has codimension one.

Introduction. Let 4 be a complex Banach algebra with the unit 1. We shall
write & (A) for the family of all finite subsets of A. The left approximate point
spectrum of an n-tuple (a,, ..., a,) of elements in A, denoted by t,(a,, ...., a,),
is defined to be the subset of C” consisting of those (4, ..., 4,) for which there
exists a sequence (u,) of elements in A such that [ju| =1 for all k and

lim ||(a;—A)wu | = Oforj=1,..., n. (Here, a;— 4, stands for a;— 4;1.) The right
k
approximate point spectrum t,(a,, ..., a,) is defined in a similar manner. The

joint approximate point spectrum t(a,, ..., a,) is defined to be their union:
(A, ....a) =710, ....,a)urt(ay, ..., a,)

(cf. [4] or [6]).
We shall say that the left approximate point spectrum 7, possesses
a projection property on the algebra A if

Prmay @y covs Qs Gpygs ooy Qo) = T(ay, .-.» a,),

where P,*™ is the canonical projection from C"*™ onto C" which sends
(Ags eevs Aps Apsts oo Apam) tO (44, ..., 4,). The projection property is a par-
ticular case of the following so-called “spectral mapping property”:

Tl(pl(ala cres an)’ [ERE] pm(al’ s an)) = (pltl(ah tees an)a vy me,(al, sy am)),

where p,,..., p, are arbitrary polynomials over C in “noncommutative
indeterminates” x,, ..., x, (cf. [4]).

The same definitions can be formulated for approximate point joint
spectra 1, and t.

A (non-empty) subset S of a Banach algebra A consists of joint left
topological divisors of zero if for every finite subset {x,,..., x,} of S there
exists a sequence (z;) of elements in A sugh that |z, =1 for every k and
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lim ||x;z,[| = 0 forj =1, ..., n(see [6]). This is equivalent to the fact that there
k
is a net (v,) of elements in A with |v, || = 1 for all « and such that im |[xv,| = 0

for every xeS (cf. [7]). The definition of a subset consisting of joint right
topological divisors of zero is analogous. We shall shortly write Se/,(4)
[Sel (A)] when S consists of joint left [right respectively] topological divisors
of zero. We shall also denote /(A4) = {,(A) Ui, (A4).

Reasoning as in [8] one can easily prove the following two facts:

LEMMA 1. Every element of {(A) [1,(A)] is contained in a left [right] ideal
of A which also belongs to £,(A) {I,(4)].

LeMMA 2. Every left [right] ideal I € l,(A) [1,(4)] is contained in an {,-maxi-
mal left ideal [{-maximal right ideal], i.e., in a left [right] ideal Jel(A) [1.(A)]
such that if a left [right] ideal J, > J and J €l (A) [1(A)], then J =J,.

A symbol M(z;; A) [M(z,; A)] will stand for the set of all multiplicative
(linear) functionals ¢ of the algebra 4 such that kerge/,(A4) [1,(4)] while
"P(z; A) will denote the union: M(z; A) = M(z,; A)u M(z,; A). Each of these
sets can be empty but if there exists ¢ € M(1;; A) [WM(z,; A)], then evidently
(p(ay), ..., pa)) e ay, ..., a,) [1(a,, ..., a)] for all {a,,..., a,}eF(A).

The purpose of this paper is to give necessary and sufficient conditions to
the fact that the left [right, joint] approximate point spectrum possesses the
projection property.

Main results.

PROPOSITION 1. Let A be a complex Banach algebra with unit. The following
conditions are equivalent:

(1) t, has the projection property on A;

(2) 1, possesses the spectral mapping property on A;

(3) tlay, ..., a) ={(e@y, ..., ¢(a,): eeM(z;; A)} for an arbitrary
{a,, ..., a,} e F (A);

4) for every {a,,...,a,}€F(A) which belongs to {,(A) there exists
peM(t;; A) such that @(a)=0 for j=1,...,n;

(5) for every Sel(A) there exists ¢ €M(t;; A) such that S < kero;

(6) for every left ideal I of A which belongs to 1,(A) there exists ¢ e M(z,; A)
such that I c kere.

Proof. (6)=(5) is evident in view of Lemma 1. (5)=(4), (4)=(3), (3)=(2),
and (2)=>(1) are obvious. It remains to prove that (1)=(6). To do this we shall
adopt a method used by Z. Stodkowski in [5]. Let I be a left ideal of 4 which
belongs to #,(A4) and let codimension of I (as a linear subspace of 4) be greater
than one. This implies that there exists an element ae A such that a— 1 does
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not belong to I for every complex number A. Since, by Lemma 2, every left
ideal which belongs to /,(A) is contained in an /-maximal left ideal and every
left ideal from /,(A4) of codimension one is a kernel of a certain multiplicative
functional ¢ € M(z;; A), it suffices to show that there exists a left ideal J which
belongs to {,(4) and properly contains I.

For an arbitrary {a, ..., a,} € (4) n1,(4) we shall write

Z(a,, ..., a, a)={ieC: {a,, ..., a,, a— A} e{(A)}
={1eC: (0, ..., 0, Yer(a,, ..., a, a)}.

The projection property of 7, implies that this is a non-empty compact subset of
the complex plane. It is evident that if {a,, ..., a,} and {b,, ..., b,,} are subsets
of I, then

Z(ay,...,a, b, ... b, a)cZ(ay,...,a,, a)nZ(b,, ..., b,, a).

This means that the family {Z(a,, ..., a,, a)}, where {a,, ..., a,} runs through
all finite subsets of I, has the finite intersection property. Hence its intersection
is non-empty. Taking A, from this intersection we see that the set I U {a—1,}
consists of joint left topological divisors of zero. Therefore, in view of Lemma 1,
it is contained in a left ideal J€/,(A4). The ideal I is a proper subset of J since
a—lio¢l. m

Remark. The similar result is true for the right approximate point
spectrum T,.

The analogous theorem for the joint approximate point spectrum 7 reads
as follows:

PROPOSITION 2. Let A be a complex unital Banach algebra. The following
conditions are equivalent:

(1) T has the projection property;

(2) © possesses the spectral mapping property;

(3) t(ay, ..., a,) ={(e(ay), ..., ¥(a,): eeM(z; A)} for an arbitrary
{a, ..., a,} €F (A);

(4) for every {a,,...,a,}€F (A) which belongs to I(A) there exists
peMNi(t; A) such that @(a)=0 for j=1,...,n;

(5) for every Sel(A) there exists @eWi(z; A) such that S c kerg;

(6) for every ideal I (left or right) of A which belongs to 1(A) there exists
@eM(r; A) such that I < kero.

The proof is similar to the proof of Proposition 1 and therefore will be
omitted here.

6 — Comment. Math. 29.1
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Concluding remarks and examples.

1. If 7, has the projection property on the algebra A, then ﬂ {kero: ¢
eM(t;; A)} =radA (radA denotes the radical of the algebra A).

Indeed, if ae(){kerp: peM(z;; A)} and be A, then do(ab) < t,(ab)
- ={p@eb): peM(z; A)} = {0} (cf. [4], Lemma 4.1), where o(a) denotes the
usual spectrum of an element ae A. Thus we get o(ab) = {0} which means that
aeradA. On the other hand, if aerad 4, then o(a) = {0}. This implies that
7,(a) = {0}, and therefore @(a) =0 for every peM(zr,; A).

We do not know if the converse holds true, ie., if the equality
(V{kerp: peM(r;; A)} = radA implies that 7, possesses the projection prop-
erty on A.

The same observation can be made for t, and <.

2. From the equality () {kerp: @eM(1;; A)} =rad4 it follows that the
algebra A/rad 4 is commutative (but the converse does not hold true). In [6] it
has been conjectured that the algebra A itself must be commutative. The
author is indebted to Dr V. Miiller for pointing out that this is not the case.
A suitable algebra will be presented in Example 1 below.

3. If 7, and 1, have the projection property, then it is obvious that t also
possesses this property. In [6] it has been observed that t can have the
projection property while 7, and 1, fails to possess this property. We shall give
an example of an algebra on which 7, and ¢ have the projection property but t,
has not. See Example 2 below.

ExaMpLE 1. Let & be the free algebra on two symbols u, v, and the unit 1,
and let (w,) be the standard enumeration of the words given by

3 3 4

1, u, v, u?, uv, vu, v, u3, u?v, w?, v3, u, ...

By v, we shall denote the length of the word w, (length of w, = 1 is equal to

zero). Let A be the algebra of all infinite series a = ) o,w,, where [al

n=0
©

= Y la,l/v,! < co. Then A is a noncommutative Banach algebra such that

n=0

A =r1adA@PC1 (see [2] or [1], p. 255). There exists a single multiplicative

functional ¢ on A, namely ¢(a) = «,. We shall show that ker¢p =radAe
L(A)N1,(A). If we take x, = klu* for k=1,2,..., then |lx,| = 1. Since

v, k! 1

—t—— < —— for all n=1,

oAk Skyr AT
we get the following inequalities:

1 ' l
' <— <——|al,
Jaxll < =gllal  and  Ixal < lal
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where a is an arbitrary element of rad 4. This implies that rad 4 €/,(4) N £,(A4).
Thus = A

@y, ..s @) =1,(ay, ..., a) =t(ay, ..., a,) = {(@(ay), ..., ¢(a,)}
for all {a, ..., a,} € #(4). This means that the approximate point spectra 1,,
1,, and 7 have the projection property on A.

ro

ExampLE 2. Let us take the following three matrices:

010 100 010
e= 000, f=(000 and ¢g= (000
000 100 010

Thene? = g2 = ef =0, f2 = f,and fe = g. Let A be the algebra generated by e,
f, g, and the unit matrix 1. A typical element of 4 has the following form:

og+o, oy +oay 0
a=oyl+oetoa,f+a;g= |0 o 0
a, oy tg

Therefore its spectrum o(a) = {a,, ®y+a,}. There are two multiplicative
functionals on 4: ¢(a) = o, and Y(a) = a,+a,. Since A/rad A is commutative
the joint spectrum o(a,,...,a,) is equal to {(e(ay),..., ¢(a,),
(W(ay), ..., ¥(a,)} (see [3]). It is a matter of easy' computations to show that
kerp el (A)n1(A), kery el (A), and kery ¢1,(4). Therefore we have

@y, - @) =1(ay, ..., a) = {(@(ay), ..., o(a), (¥(ay, ..., ¥(a,))}

for each {a,,...,a,} € (4). Moreover, for a single element aeA it is
1(a) = 1,(a) = o(a) (see [4], p. 98). Now, taking the couple (f, 1+¢) we get
0(f, 1+6) = {(p(f), o(1 +e))} = {0, }. But 7,(/) = {o(/). ¥()} = {0, 1}
# Pit,(f, 1+e) = {0}. This means that 7, does not possess the projection
property on A while 7, = 7 has such a property. Changing rows to columns in
this example we can get the situation in which 1, fails to have the projection
property but t, =t has this property. '
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