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On the geometrical properties of local diffeomorphisms
in Banach spaces

Abstract. Let X , Y  be Banach spaces. In this paper we are occupied in local diffeomorphisms 
of the class 4>2 which map an open set Q cz X  into Y. It is shown that each local diffeomorphism of 
class is locally convex in weakened sense.

Let X be a real Banach space with the norm ||• ||. The ball { x e l ;  ||x — x0||
< r} is denoted by B(x0, r), and we will use the abbreviations Br = B(0, r),
B = B1.

The class of all real continuous linear functionals on X regarded as a real 
linear space is denoted by X'. For each xeX  — {0} we define the set

T(x) = {х 'е Г ; ||x'|| = 1, x'(x) = ||x||};

the Hahn-Banach theorem guarantees that T(x) is nonempty.
Let Qer, for 0 < в ^ 1 and r > 0, be the class of maps h: Brx Br-+X such 

that x'(h(x, y)) > 0  for x'eT(x) and (x, y)eBrxBr such that ||y|| <0||x||. If 
9 = 1  then the set Qlr will be denoted by Qr.

In the space X we introduce the semi-inner product as follows. Let us 
choose one nonzero element with the norm equal to 1 from each line in 
X containing the point x = 0 and denote the set of all chosen elements by X0. 
Then, to each yeX 0 let us assign any functional J0(y)eT(y). We have thus 
defined the map J0: X 0->X'. Let us extend that map onto X by putting 
J(/ty) = /J0(y) for y eX 0 and Ae R. Now, we can define the semi-inner product 
denoted by <•, •). For x, yeX , we put <x, y> = J(y)(x).

It has the following properties:
(a) it maps X x X into R,
(b) <x + у, z> = <x, z> + <y, z>, {Ax, у> = A{x, y), <x, Ay> = A{x, у> 

for x, y, z e X  and AeR,
(c) <x, y) = ||x||2 for each x e X,
(d) |<x, y>|2 ^ <x, x><y, y> for x, yEX.
Let Ü be an open set in X and let Y be another real Banach space, and let .

/ :  f i -Y .



72 Tadeusz Poreda

D e f in it io n  1. We shall say that the map /  is locally starlike if for any 
x0eQ  there exists a ball B(x0, r) <= £2 such that for any 0 < q ^ r the set 
f(B (x0,Q)) is starlike with respect to f (x 0).

D e f in it io n  2. We say that the map /  is locally convex on Q if for any 
x0eQ  there exists r > 0 such that B(x0, r) <= Q and for any 0 < q ^ r, 
f(B {x0, £?)) is a convex set.

D e f in it io n  3. The map /  is called locally convex in weakened sense if for 
any x0eQ  and 0e(O, 1) there exists r > 0 such that for any 0 < q ^ r and for 
x, yeB(x0, q) satisfying the condition 0||x — x0|| ^ ||y —x0||,

tf(x) + ( l - t ) f(y )e f(B (x 0,Q)) for te [0, 1].

Remark. The following implications are true. I f /  is a locally convex map, 
then it is locally convex in weakened sense. I f /  is a locally convex in weakened 
sense map, then it is starlike.

T h e o r e m  1. Let X, Y be Banach spaces and Q <= X be an open set. If 
f :  Q-y Y is a local dijfeomorphism of the class 2, then it is a locally convex in 
weakened sense map.

The proof of this theorem is preceded by three lemmas.

L e m m a  1. Let h: Br->X be a map of the class <̂'1 bounded with the first 
derivative on each ball BQ c= Brfor 0 < q < r. Assume that x'(/i(x)) > 0 for any 
x'eT(x), where xeB r and ||x|| > r0for a certain r0 < r. Then, for any x0eBr 
such that ||x0|| > r0 the differential equation

(1) ^ (0  = ~ h(v(tj), v{0) = xo

possesses exactly one solution defined for te [0, oo) and such that v(t)eB\\X0\\ for 
te [0, сю).

In our further considerations, this solution will be denoted by v = v(x0, t) 
for £e[0, oo).

Proof. Let ||x0|| = rl5 r1 > r0 and let r2 > 0 be a number such that 
ri+ r2 < r. Then B(x, r2) с  ВГ1+Г2 for any xeB ri. By the assumption, there 
exist numbers K, L such that \\h{x)\\ < К and \\Dh(x)\\ < L for хеВ Г1+Г2. Let i 0 
be a number satisfying the conditions 0 ^ i0 ^ min(r0/K, 1/L). By Theorem 
IX.2' from [2] there exists exactly one solution v = v{x0, t) of equation (1) for 
£ е [ - т 0, т0].

We prove that v(x0, £)еВц*0ц for £e[0, т0].
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First, let us notice that

(2) ^IN*o> ^  = ~ 2( h(v(x0’ 0), u(xo> 0) 

for almost all te [0, t0] (see [ 1]).
Suppose now that q0 = sup ||u(x0, t)\\ > ||x0||. Then there exists

O^Kto
tx e [0, t 0 ]  such that ||u(x0, t̂ W = q0 and there exists Ô > 0 such that — Ô > 0 
and ||jc0|| < ||i>(x0, Oil ^ Qo f°r tELh~ à, tf\. Since ||u(x0, Oil > ro f°r 
te [tj — Ô, tf\ and equality (2) holds, therefore from the assumptions about the

function h it follows that — ||t>(x0, t) || < 0 for almost all te [t1 — 6, f j .  Hence itct
follows at once that \\v(x0, t1 — <5)|| > \\v(x0, t1)||. This contradicts the defini­
tions of and q 0 . Thus v(x0, t)eB\\XQ\\ for re[0, т0].

Let us denote x0 = v(x0, t0) and notice that х0еЯцХоц.
Now we shall consider the equation

dv . .(3) —(t) = -h(v{t)), v{t0) = x0.

Proceeding analogously as in the first part of the proof, we can show that 
this equation possesses a solution v = v(x0, t) for t g [t0, 2t0] then equation (1) 
possesses a solution v = v{x0, t) defined on [0, 2т0]. Repeating the same 
argumentation infinitely many times we obtain that equation (1) possesses 
a solution v = v(x0, t) defined for te[0,oo). The uniqueness of this solution 
follows immediately by Theorem IX.2' from [2].

L e m m a  2 . Let f  : £r -> У  be a local diffeomorphism of the class %>2 and let 
for some y0 g Bro (where 0 < r0 < r) the map

Цх, У о) = (D(f{x))~1( f (x ) - f (y 0))
defined for xeB r, satisfy the condition x'(h(x, y0)) > 0, where x'eT(x), while 
xeB r and ||x|| > r0. Furthermore, assume that h(x, y0), as a function of the 
variable x, is bounded on every ball Bg for 0 < q <r.

Then, for any xeB r, ||x|| ^ r0 and for te[0 , 1]

Proof. Under the above assumption, from Lemma 1 we get that the 
equation

dv—(x, t) = -h(v(x, t), y0), v(x, 0) = x,

where xeB r and ||x|| ^ r0, possesses exactly one solution v = v(x, t) deter­
mined for t g [0, oo) such that y(x, t)eB\\x\\ for te[0 , oo).



74 Tadeusz Poreda

Since h(x, y0) = (Df (x)) 1 (/(x) — / (y0)) for х е Вг, therefore

Ôt)
—(x, t) = -(Df(v{x, 0))_ 1(/(u(x, t))-f{y 0)), v(x, 0) = x 

for te[0 , oo ). Transforming this equality, we obtain

j tf(v(x, tj) = -f{v (x , t))+f(y0), v{x, 0) = x 

for te[0 , oo). Put
Wx(t) =f(v(x, tj) for t E [0, °o).

Then the last differential equation takes form

Jtwx(t) = ~ wx(t)+f(yo)i wx(0)=f{x),

for fe[0, oo). Solving this equation (cf. [2]), we get that

wx(t) = e~tf(x ) + {\ -e~ t)f(y 0) for te[0, oo).

Hence
f(v{x, t)) = e~tf(x) + ( l - e ~ t)f{y0) for te [0, go).

This implies at once that e~tf(x ) + ( l—e~t)f(y 0)ef(B^x )̂ for te[0, oo), 
which completes the proof.

In our further investigations we shall consider the set Br x Br with a norm 
defined by the equality ||(x, y)|| = max(||x||, ||y||) for x ,y eB r.

L e m m a  3 . Let h: BrxBr^ X  be a map of the class h(0, 0 )  =  0 ,  

Dh(0, 0 ) ( x ,  y ) =  x — y. Then, for any 0 e ( 0 ,  1) there exists 0  <  q < r such that 
h G Qo,e -

Proof. frpm the assumptions about the function h it follows that 

h{x, y) = x - y  + o(||(x, y)||),

where
,• \ \ o ( W ( x ,  y)||)|| n
lim  ™ =  °-(jc,y)-*(0,0) IK*’ lOII

Hence, for any 0e(O, 1) there exists 0 < £ < r such that ||o(||(x, y)||)|| 
< i ( l —0)||(x, y)|| for x ,y e B e. Next, let us notice that
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x'(h(x, y)) ^ ||x||-||y||-i(l-0)||(x, y)|| 
for x, yeBe and x'eT(x).

Since ||(x, y)|| = ||x|| for x, y eBq satisfying the condition 0\\x\\ ^ ||y|| 
(where 0 < 9 < 1), therefore x'(h(x, у)) ^ £||х||(1 —0). As a consequence, for 
x, yeB e such that 0||x|| > ||y||, x'(h(x, y)) > 0, where x'e T(x). Hence hEQe<e 
for any 0 < 0 < 1 and for some q > 0.

P roof of Theorem 1. Let us first consider a function
h(x, y) = (Df(x))~1(f(x )-f(y ))

defined for x, yEÜ. This function has continuous partial derivatives with 
respect to variables x and y then it is of the class on QxQ.

Let x0eQ and r > 0 be a number such that B(x0, r) c= Q and the function 
h and its derivative ôh/ôx are bounded on B(x0, r)xB(x0, r).

We shall show that Dh(x0, x0)(x, y) = x — y for x, y e l  and x0eQ. 
Let us notice that for any x, yEB(x0, t) and for \t\ < 1

x0 + t (x -x 0), x0f t ( y - x 0)eB(x0, r)
and consider an auxiliary function

F(t) = h(x0 + 1(x - x0), x0 + t(y- x0)) for \t\ < 1,
where x, yeB(x0, r).

From the definition of the function F it follows that 
F'(0) = Dh(x0, x0) (x -x 0, y - x 0).

On the other hand, taking account of the definition of the function h, we
have

Df(x о + t(x -  Xo))(F(r)) = f (x 0 + t(x -  x0)) - / ( x 0 + t(y -  x0))

for x, yEB(x0, r) and \t\ < 1. Differentiating the above equality with respect to 
the parameter t and taking F(0) = 0 into account, we get that F'(0) = x —y, 
which implies that

Dh{x0, x0) (x -x 0, y - x 0) = x - y
for x, yeB(x0, r).

Put x —x0 = x, y —x0 = y, then Dh(x0, x0)(x, y) = x —у for any x, yeBr. 
By linearity of the operator Dh(x0, x0), we obtain that

Dh(x0, x0)(x, y) = x - y  for x, yEX.

Next, let us observe that the function h(x, y) = h(x + x0, y + x0), for 
x, yeBr, fulfils the assumptions of Lemma 3. Hence, by this lemma, for 
each 0e(O, 1) there exists Qo > 0  such that fiEQe>eo.
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With the above notation, we have
й{х ,y) = (Df(x0 + x ))-1( f  (x0 + x) - f  (x0 + y))

for x, yeB r.
From Lemma 2 it follows that if x ,y e B e, where 0 < g < g0, and

||y|| < 0||x||, then
т/ (x0 + x) + ( 1 - 1) /  (x0 + y) e f  (B (x0, q))

for tg[0, 1]. This proves that/ is locally convex in weakened sense.
On account of the remark, the following corollary is obvious.
Corollary. Let X, Y be Banach spaces and Q с  X be an open set. 

If /  : Q -> Y is a local diffeomorphism of the class # 2, then f  is locally 
starlike.

The natural question arises whether Theorem 1 is true in a stronger 
form, namely, if local convexity in weakened sense can be replaced by 
local convexity. An answer to this question is given by the following 
example.

Example. Let X = Y = R2, ||x|| = maxflxj, |x2|) for x = (xl5 x2)eR 2. 
Consider a map f :  B->R2 defined as follows

/(x ) = (Xj+ 2*2, x2) for x = (xl5 x2)eB.

It is not difficult to prove that this map is diffeomorphism of the class ^ 2, 
but for each re(0, 1), f(B r) is not a convex set. Hence, the answer to the 
imposed question is negative.

Next, we formulate a theorem being the criterion of local convexity.
Theorem 2. Let X, Y be Banach spaces and let Q a X be an open set. Let 

f :  Q-*Y be a local diffeomorphism of the class Ч?2. If for any x0eQ there exists 
r > 0 such that B(x0, r) a Q and

wX0(x, y) = (Df(x0 + x))~1(f{x0 + x ) - f ( x 0 + y)),

for x, yeB r, belongs to Qr, then the map f  is locally convex.

We precede the proof of this theorem by the following lemma.
Lemma 4. Let f :  Br^ Y  be a local diffeomorphism of the class c€2 and let 

a function

h(x, y) = (D f(x)yi(f(x)-f(y)),

defined for (x, y)e Brx Br, belong to Qr. Moreover, assume that the function 
h and its partial derivative with respect to the variable x are bounded on Be x BQ 
for any £e(0, r). Then f(B e) is a convex set for any @e(0, r).
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Proof. Let x0, y0 be fixed points from Br such that max(||x0||, ||у0||) 
= ||x0|| = r0. From the assumption that he Qr we have that x'(h(x, y0)) > 0 for 
x'e T(x), xeB r, and ||x|| > rQ. By Lemma 1 it follows that the equation

dv . .
fait) = ~h(v{t), y0), v{0) = xo,

possesses exactly one solution defined for te[0 , oo). (Further this solution will 
be denoted by v — v(x0, y0, t) for te[0, oo).) From Lemma 1 we get also that 
v(x0, Уо’ t) e В || _£0 il for t e l  0, oo). By regard to Lemma 2 we obtain that 
tf (x0) + (l — t)f {y0) e f  (В\\хо\\) for fe[0, 1]. From the above and by free choice 
of x0 and y0 it follows that f(B e) is a convex set for any ge(0, r).

Proof of Theorem 2. In accordance with the assumptions for any 
x0eQ  there exists r > 0 such that B(x0, r) c= Q and wXoeQr. So defined map 
wXo is of the class on BrxBr. Hence there exists £oe (0, r) such that this map 
and its partial derivative with respect to the variable x are bounded on
ВаохВы-

Let x, yeB(x0, q0); then they can be represented in the form x = x0 + x, 
y = x0 + y, where x, yeB eo. Let us consider an auxiliary function

/(x ) = / (x 0, x ) - / (x 0) for xeB eo.

With the above notation the map
where x ,y eB eo,

belongs to Qeo. Hence by Lemma 4, f(B g) is a convex set for ge(0, q0), 
therefore we get at once that f(B (x0, @)) is a convex set for any £e(0, £0). By 
free choice of x0eQ  it follows local convexity of the map f  on Q.
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