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TapEUsZ PoreDA (L0dZ)

On the geometrical properties of local diffeomorphisms
in Banach spaces

Abstract. Let X, Y be Banach spaces. In this paper we are occupied in local diffeomorphisms
of the class ¥ which map an open set 2 < X into Y. It is shown that each local difffomorphism of
class %? is locally convex in weakened sense.

Let X be a real Banach space with the norm |-||. The ball {xe X; ||x—x,]|
<r} is denoted by B(x,,r), and we will use the abbreviations B, = B(0, r),
B =B,.

The class of all real continuous linear functionals on X regarded as a rea!
linear space is denoted by X'. For each xe X —{0} we define the set

T(x) = {x'eX’; X =1, x¥(x) = lIx[};

the Hahn-Banach theorem guarantees that T(x) is nonempty.

Let Q,,, for 0 < 0 < 1 and r > 0, be the class of maps h: B, x B,— X such
that x'(h(x, y)) > 0 for x'eT(x) and (x, y)€ B, x B, such that [y|| <0|x|. If
0 =1 then the set Q,, will be denoted by Q,.

In the space X we introduce the semi-inner product as follows. Let us
choose one nonzero element with the norm equal to 1 from each line in
X containing the point x = 0 and denote the set of all chosen elements by X,.
Then, to each ye X, let us assign any functional J,(y)e T(y). We have thus
defined the map J,: X,—X'. Let us extend that map onto X by putting
J(Ay) = AJy(y) for ye X, and 1€ R. Now, we can define the semi-inner product
denoted by (-, ->. For x, ye X, we put {x, y) = J(y)(x).

It has the following properties:

(@) it maps X x X into R,

(b) <x+y,z) =<x, 2)+<y, 2), Ax, pp = ALx, y), <x, Ayd = ALx, y)
for x, y, ze X and AeR,

(c) <x, y> = ||x||*> for each xeX,

(@) IKx, I < <x, x)<y, y) for x, yeX.

Let Q be an open set in X and let Y be another real Banach space, and let
f: Q-Y.



72 Tadeusz Poreda

DErFINITION 1. We shall say that the map f is locally starlike if for any
Xo€Q there exists a ball B(x,, ) = Q such that for any 0 < ¢ <r the set
f(B(xo, @) is starlike with respect to f(x,).

DEFINITION 2. We say that the map f is locally convex on Q if for any
Xo€Q there exists r >0 such that B(x,,r) < Q and for any 0 <o <7,
S(B(xo, @) is a convex set.

DEerINITION 3. The map f is called locally convex in weakened sense if for
any x,€Q and 0€(0, 1) there exists r > 0 such that for any 0 < ¢ < r and for
X, y€ B(x,, ¢) satisfying the condition 8|x—x,| = [|y—x,l.

() +1—1)f()ef (B(x,, @) for te[0, 1].

Remark. The following implications are true. If f is a locally convex map,
then it is locally convex in weakened sense. If f is a locally convex in weakened
sense map, then it is starlike.

THEOREM 1. Let X, Y be Banach spaces and Q < X be an open set. If
f: QY is a local diffeomorphism of the class €2, then it is a locally convex in
weakened sense map.

The proof of this theorem is preceded by three lemmas.

LEMMA 1. Let h: B,— X be a map of the class €' bounded with the first
derivative on each ball B, = B, for 0 < ¢ <r. Assume that x'(h(x)) > 0 for any
x'e€ T(x), where xe B, and || x|| > r, for a certain ro, <r. Then, for any x,€ B,
such that | x4l > r, the differential equation

(1) D0 = ~ho@),  0(0) = x,

possesses exactly one solution defined for te [0, c0) and such that v(t)€ B, for
te[0, o).

In our further considerations, this solution will be denoted by v = v(x,, t)
for te[0, o).

Proof. Let ||xo| =7y, r; > 7, and let r, >0 be a number such that
ry+r, <r. Then B(X, r,)  B,,,,, for any XeB, . By the assumption, there
exist numbers K, L such that ||h(x)| < K and |Dh(x)| < L for xeB,, 4,,. Let 1,
be a number satisfying the conditions 0 < 7, < min(r,/K, 1/L). By Theorem
IX.2’ from [2] there exists exactly one solution v = v(x,, t) of equation (1) for
te[—14, To)-

We prove that v(x,,t)e B, for t€[0, 7,].
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First, let us notice that

0
) = I(xo, D17 = =2¢h(v(xo, 1), v(xo, )

for almost all te[0, 7,] (see [1]).
Suppose now that g, = sup [v(xy, ) > lIxoll. Then there exists

0<t<7t

t, €[0, t,] such that ||v(x,, t,)|| = ¢, and there exists 6 > O such thatt, —é > 0
and | x,l < o(xq, V)| < 0o for te[t;—6,t,]. Since |v(x,, )| >r, for
te[t, -9, t,] and equality (2) holds, therefore from the assumptions about the

0
function h it follows that % v(xq, 8){| < O for almost all te[t; —J, t,]. Hence it

follows at once that |v(x,, t; —d)| > [lv(xy, t,)ll. This contradicts the defini-
tions of ¢; and @o. Thus v(x,, t)€ By, for te[0, 7,].

Let us denote x, = v(xy, To,) and notice that X,e B, .

Now we shall consider the equation

d
3) d—lt)(t) = —h(o(®), (o) = o.

Proceeding analogously as in the first part of the proof, we can show that
this equation possesses a solution v = v(%,, t) for t €[, 27,] then equation (1)
possesses a solution v = v(x,, t) defined on [0, 27,]. Repeating the same
argumentation infinitely many times we obtain that equation (1) possesses
a solution v = v(x,, t) defined for te[0,00). The uniqueness of this solution
follows immediately by Theorem IX.2" from [2].

LEMMA 2. Let f: B,— Y be a local diffeomorphism of the class ¢* and let
for some y,€B, (where 0 <r,<r) the map

h(x, yo) = (D(f ()™ (f (x)~f (o))

defined for xe B,, satisfy the condition x'(h(x, y,)) > 0, where x' € T(x), while
x€B, and |x|| > r,. Furthermore, assume that h(x, y,), as a function of the
variable x, is bounded on every ball B, for 0 <o <r.

Then, for any x€B,, x| = r, and for t€}0, 1]

tf (x)+(1—1) f (o) ef (Byxy)-

Proof. Under the above assumption, from Lemma 1 we get that the
equation
ov '
E(x, f) = —h(v(x, 1), yo), v(x,0)=x,
where xeB, and |x| > r,, possesses exactly one solution v = v(x, t) deter-
mined for t€[0, o) such that v(x, t)e By, for te[0, o).
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Since h(x, y,) = (Df (x))"*(f (x)—f (o)) for x& B,, therefore
%(X, t) = —(Df(v(x, t)))_l(f(v(x’ t))‘f()’o))a v(x, O) =X

for te[0, «0). Transforming this equality, we obtain

2 Plote, 0) = ~7 (o, D) 47 00), 003 0= x

for te[0, ). Put
w, () =f(v(x,t) for te[0, o).

Then the last differential equation takes form

d

wa(t) = _wx(t) +f(y0)' Wx(o) =f(X),

for te[0, o). Solving this equation (cf. [2]), we get that

w.()=e 'f(x)+(1—e ) f(y,) for te[0, o).
Hence
flox, ) =e ' f(x)+(1—e ) f(yy) for te[0, ).

This implies at once that e™'f (x)+(1—e ™) f (vo) €f (Byjx) for te[0, ),
which completes the proof.

In our further in\;estigations we shall consider the set B, x B, with a norm
defined by the equality |(x, y)| = max(||x|, [|yl) for x, yeB,.

LEMMA 3. Let h: B,xB,—»X be a map of the class ¢*, h(0,0) =0,
Dh(0, 0)(x, y) = x—y. Then, for any 0€(0, 1) there exists 0 < ¢ <r such that

he QO,Q"

Proof. From the assumptions about the function & it follows that

h(x, y) = x—y+o(l(x, yl),

where

i leiee il _

(x,y)~(0,0) e, I

Hence, for any 0e(0,1) there exists 0 <g <r such that [o(l(x, )l
<3(1-0)|(x, y)| for x, yeB,. Next, let us notice that
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xX'(h(x, y) = xl =yl =31 =0)li(x, »)
for x, yeB, and x'e T(x).
Since |(x, y)I = lIx|| for x, yeB, satisfying the condition 6] x| > ||y|
(where 0 < 6 < 1), therefore x'(h(x, y)) = 3lix|[(1—06). As a consequence, for

x, y€ B, such that | x|l > |yll, x'(h(x, y)) > 0, where x' € T(x). Hence he Q,,
for any 0 <6 <1 and for some g > 0.

Proof of Theorem 1. Let us first consider a function
h(x, y) = (Df (¥))™*(f () —f ()

defined for x, ye Q. This function has continuous partial derivatives with
respect to variables x and y then it is of the class ¥' on Qx Q.

Let x, €2 and r > 0 be a number such that B(x,, r) = £ and the function
h and its derivative dh/0x are bounded on B(x,, r) X B(x,, r).

We shall show that Dh(x,, Xxg)(x, y) =x—y for x, ye X and x,eQ.

Let us notice that for any x, ye B(x,, t) and for |t] < 1

Xo+t(X—Xg), XoFt(y—Xo)€B(xy, 1)
and consider an auxiliary function
F(2) = h(xo+1t(x —Xo), Xo+1(y—xo)) for |t| <1,

where x, yeB(x,, ).
From the definition of the function F it follows that

F’(0) = Dh(x4, xo)(X—Xq, ¥y — X)-

On the other hand, taking account of the definition of the function h, we
have

Df (xo+t(x —xo))(F(t)) = f (X0 +t(x —x0)) —f (X0 + t(y — X))

for x, ye B(x,, r) and |t| < 1. Differentiating the above equality with respect to
the parameter ¢t and taking F(0) = 0 into account, we get that F'(0) = x—y,
which implies that

Dh(x4, Xo)(x —Xq, y—Xo) = X—y
for x, yeB(xy; 7).
Put x—x, = X, y—x, = 7, therl Dh(x,, x,)(X, §) = X—J for any X, jeB,.
By linearity of the operator Dh(x,, x,), we obtain that
Dh(x,, xo)(X, y) = X—§ for X, jeX.

Next, let us observe that the function h(x, y) = h(x+x,, y+x,), for
x, ye€B,, fulfils the assumptions of Lemma 3. Hence, by this lemma, for
each 0e(0, 1) there exists g, > 0 such that heQ,,,.
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With the above notation, we have
h(x, y) = (Df (xo+ X))~ (f (xo +X) =1 (x+))

for x, yeB,.
From Lemma 2 it follows that if x, yeB,, where 0 < g <g,, and
Iyll <0lx|l, then .

1 (X +x)+(1—7) f (X0 +y) €f (B(xo, 0))

for te[0, 1]. This proves that f is locally convex in weakened sense.
On account of the remark, the following corollary is obvious.

COROLLARY. Let X, Y be Banach spaces and Q < X be an open set.
If f: QY is a local diffeomorphism of the class €*, then f is locally
starlike.

The natural question arises whether Theorem 1 is true in a stronger
form, namely, if local convexity in weakened sense can be replaced by
local convexity. An answer to this question is given by the following
example. :

EXAMPLE. Let X =Y = R?, | x| = max(|x,|, |x,]) for x = (x;, x,)eR>.
Consider a map f: B— R? defined as follows

f() = (x4 +3x3,x;)  for x = (x;, x,)€B.

It is not difficult to prove that this map is diffeomorphism of the class %2,
but for each re(0, 1), f(B,) is not a convex set. Hence, the answer to the
imposed question is negative.

Next, we formulate a theorem being the criterion of local convexity.

THEOREM 2. Let X, Y be Banach spaces and let 2 < X be an open set. Let
f: QY be a local diffeomorphism of the class €. If for any x, € Q there exists
r >0 such that B(x,,r) < Q and

Wyo (%5 ¥) = (DS (xo+X)) " (f (%o +X) =1 (xo + ),
for x, yeB,, belongs to Q,, then the map f is locally convex.
We precede the proof of this theorem by the following lemma.

LEMMA 4. Let f: B,— Y be a local diffeomorphism of the class € and let
a function

h(x, y) = (Df ()~ (f)—f ),

defined for (x, y)e B, x B,, belong to Q,. Moreover, assume that the function
h and its partial derivative with respect to the variable x are bounded on B, x B,
for any ¢€(0, r). Then f(B,) is a convex set for any ¢€(0,r).
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Proof. Let x,, y, be fixed points from B, such that max(||xql, ||yol)
= | xoll = ro. From the assumption that he Q, we have that x'(h(x, y,)) > 0 for
x'eT(x), xeB,, and ||x| >r,. By Lemma 1 it follows that the equation

dv
_a_t(t) = —h(v(®), yo), v(0) = x,,

possesses exactly one solution defined for t € [0, o0). (Further this solution will
be denoted by v = v(x,, y,, t) for te[0, 00).) From Lemma 1 we get also that
U(Xg, Yo, 1)E€B|x for te[0, o0). By regard to Lemma 2 we obtain that
tf (xo)+(1—1) f (o) €f (B} ) for te[0, 1]. From the above and by free choice
of x, and y, it follows that f(B,) is a convex set for any g€(0, r).

Proof of Theorem 2. In accordance with the assumptions for any
X, €€ there exists r > 0 such that B(x,, r) c Q and w, €Q,. So defined map
w,, is of the class €' on B, x B,. Hence there exists ¢, €(0, ) such that this map
and its partial derivative with respect to the variable x are bounded on
Beo X BQo‘ .

Let x, ye B(xy, 0,); then they can be represented in the form x = x,+ X,
y =X+, where X, yeB, . Let us consider an auxiliary function

J® =f(xp, H—f(x;) for eB,,.

With the above notation the map

(DF (®) " Y(f(®)—F(9), where %, jeB,,,

belongs to Q,,. Hence by Lemma 4, f (B,) is a convex set for g€(0, g,),
therefore we get at once that f(B(x,, ¢)) is a convex set for any ¢ €(0, g,). By
free choice of x,eQ it follows local convexity of the map f on Q.
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