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Abstract. Complex extreme point, complex strict convexity and complex uniform convexity
of complex Banach space are natural generalizations of extreme point, strict convexity and
uniform convexity. In this paper, we give criteria of the complex convexities of Orlicz-Musielak
sequence spaces.

DeriniTioN 1 [1]. Let C be a convex set in a complex Banach space X.
A point u of C is said to be a complex extreme point of C if u+iveC
whenever |4 <1 and v in X, then v = 0.

Derinition 2 [17]. Let X be a complex Banach space. We say that X is a

complex strictly convex space if any point x, ||x|| = 1, is a complex extreme point
of the closed unit ball U(X) of X.

DEeriNiTION 3 [2]. A complex Banach space is called complex uniformly
convex if for every ¢ > 0 there exists § > 0 such that x, y in X, [|x+4y|| <1
(1Al <1) and |]y|| = ¢ imply ||x]| < 1-4. :

Let X be a complex Banach space, N be the set of all natural numbers.
Let @ =(¢p,): X x N+—[0, + 0] be a sequence of Young functions, i.e., ¢, is
convex, ¢,(e"x) = @,(x), te(—o, +0), and ¢,(0) =0 for every n in N.
Furthermore, for each n in N, the following conditions are assumed:

(a) there exists nonzero x€X such that ¢,(x) < oo;

(b) for each x in X, ¢,(tx): (0, + 0)—[0, +00] is a left-continuous
function of t.

[o o]
For a sequence x =(x,) of X, define I,(x) = ) ¢,(x,) and

n=1

I, ={x =(x)eX: 1,(kx) < oo for some k > 0},

llxll, = inf 1k > 0: I, (x/k) <1} (x in I,),

(*) This work was supported by the Chinese National Science Fund.
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then (I, ||-]l,), so-called Orlicz—Musielak sequence space, is a Banach space.
Lemma 1. For every nin N and x,y in X, y#0, if
Palx+iy) <M <0 (A<,
then @,(x+Ay) is a continuous function of A on {i: |A] <1}.

Proof. Taking nin N and x, y in X, y # 0, we suppose that there is
M > 0 such that for || <1

Q. (x+Ay) < M < 0.

"(If M =0, the assertion of the lemma is obvious.) For ail |15 <1 and 0 <¢
<M, set 6 =(1—|Ao))e/M. If |A—4y| <0, we have

On(x+4Y) = @ (x+ Ao y+4y—4oy)

[A— Aol 1—]|4ol ]
=@,| x+Aoy+ = (A=20)y
“’[ VT el iAol
l/l—/l()l)
<|1- (x+A
( Tl Pu(x+40Y)
|A— 4ol [ 1=l J
L x4+ Ay + A—Ao)
1_,/10[(0 o) M—‘)»ol( o)y

< @a(x+40y) te.
From the convexity of o¢,, '
20,(x+40y) < @ulx+doy+(A—10)y1+ @u[x+d0y—(A—=40) ¥]
S Gu(x+4Y)+@u(x+ 240 )) +e,
since
Pu(Xx+240Y) < @u(x+4y)+e
and so
|0n(x+ ) — pu(x+ Ao V)l < .
The lemma is proved.
LEmMMA 2. For all n in N, if there are x,, y, in X, y, # 0, such that for
each |4 <1

‘*) 2(pn(xn) = (pn(xn+j'yn)+(pn(xn_iyn) <M< @,

then there is a t’ in [0, n) such that

On(Xy) = Qu(x,+3€ p,);
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If there is still a t” in [0, n), t" # t', satisfying
@n(xn) = @u(x,+3" y),
then @,(x) = @,(x,) for x in {x,+Ay,: |4 <3}.

Proof. If ¢,(x,) = ¢.(x,+31y,) then we may take t' =0. Now we
suppose that

@n(Xn) < Qu(Xy+3y0).
From (%),
PnlXn) > @u(Xy =3 y0).
Using Lemma 1, we get that ¢,(x,+%e"y,) is a continuous function of ¢ on
[0, n]. There is, therefore, a t' in (0, ) such that
@n(X) = @u(xp+ 5" yy).
If there is also ¢” in [0, n), t” # t', satisfying
PulX) = Qu(x,+3€"" y),
then take A such that x,+ Ay, is on the line segment connecting x,+3€" y,
and x,+3ie"’y, and x,—Ay, is- on that connecting x,—%e*y, and
x,—%e"" y,. From the convexity of ¢, and (x), we have
(pn(xn+/1yn) = (pn(xn—'q'yn) = @n(xn)'
Analogously, we can get that ¢,(x) = ¢,(x,) on the line segments connecting
any two points among x,+3e" y,, x,+3e¢" y,, x,—ie"y, and x,—%e""y,,
which implies that ¢,(x) = ¢,(x,) on the quadrilateral B with vertices at the
four points. For all |4 =3, we may suppose without loss of the generality
. that
(pn(xn) < (Pn(xn+'1yn)9 (pn(xn) > (pn(xn—’lyn)
if ¢,(x,) # @,(x,+Ay,). Consider the convex function g(«) and the linear
function f(x) on [—1, 1],
9@ = @u(xptaly,), f(@) =3[0y (X0 +AYs) = @p(Xa— Ay 1+ @ (x,).

From (x) and the convexity of g, we have that f(1) =g(1), f(—1) =g(—1)
and f(x) =2 g(a), « in [—1, 1]. Obviously, we can find o, <0 such that x,
+ag Ay, is in B, ie,

g(aO) = (Pn(xn+a0 lyn) = (Dn(xn) > f(a())'
This contradiction implies that for |A] =1

On(X,+AY,) = 0u(X,— AY0) = @u(X,).
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Using the convexity of ¢, and (x) again, we can obtain that
0a(x) = @,(x,) for all x in |x,+Ay,: |4 <3

THEOREM 1. An element xeU(l,) is a complex extreme point of U(l,) if
and only if

(i) 1,(x) =1 or x, is a complex extreme point of the set {w: @,(w) <1}
n=1,2..);
(i) for all n in N, y,# 0, @, is not constant on {x,+Ay,: |4 <1};
(iii) there is at most one number -n in N such that x, is not a complex
strictly convex point of ¢,, i.e., if there exists a veX, v # 0, such that for
Al <1
2(pn (xn) = Qn (xn + AU) + [ (xn - j'U) .
Proof. Sufficiency. Let I,(x) =1. For y in X, if [[x+Mll, <1, |4 <1,
then
2=2,(x) < I,(x+Ay)+1,(x—4y)
° 4] a0
= Z (pn(xn+lyn)+ Z (pn(xn_iyn) < 2.
n=1

n=1

. From the convexity of ¢,,

2(pn(xn) < (Pn(xn+}~yn)+¢n (xn_lyn)
and thus

2(pn (xn) = @y (xn+'1yn)+(pn (xn_lyn)'
From (iii), there is at most one m in N such that y, # 0. From (ii), there
exists 4, such that |4, <1 and
which implies that

Z (pn(xn-'_;imyn) > Z ¢n(xn) = 1'

n=1 n=1
Hence

lIx+An ¥, > 1,

which obviously contradicts our supposition. Therefore, y =0, and x is a
complex extreme point of U(l,).

If I,(x)#1, then from (i) x, is a complex extreme point of-
{w: ¢,(w) < 1! (nin N), ie, for all v in X, if for 4] < 1, @,(x,+Av) < 1, then
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v=0. Let yel, [[x+4yll, <1, [Al < 1. Then

Y @a(Xy Ay =1, (x+4y) < |lx+yll, <1,

n=1

and thus for all n in N we must have y, =0, i.e, y =0, and x is a complex
~ extreme point of U(l,).

Necessity. If (i) is not true, then I,(x) < 1 and there exist m in N and y,,
in X, y,, # 0, such that for |4 <1

O (X +Aym) < 1.
From Lemma 1, there exists 0 <k <1 such that
(pm(xm+'1y;n) < (pm(xm)+ 1 _Irp(x)

provided that |A] < k. Set y=y,\2,, y,=0, n# m; y, =ky,. Therefore
[
for |4 <1 we have

IL,(x+Ay) < I[,(x)+1-1,(x) =1,

and from [3], [|x+4yll, < 1, which implies that x is not a complex extreme
point of U(l,). This contradiction proves that (i) is true.
If (i) is false then there exist m and y,, # 0 such that for |4 <1,

O (Xt 2Ym) = O (Xpn).-
Take y = {y,};21, ¥, =0, n# m, then for |4 <1
I,(x+4iy) =1,(x) < 1.

We can get a contradiction as above.
Suppose that (iii) is false and there are m, k in N, m # k and y,, # 0,
e # 0, such that for |4] <1

20m(Xm) = O (Xt AYm) + Qo (X — AV 1),
20 (%) = Ox (X + AYk) + @i (X5 — AYi)-
Since (ii) is true, from Lemma 2, there exist t,, t, €[0, m) such that

O (X3 Y1) = Ou(X)y G+ 3™V = @i (%)

Set yy = 4™y, yi =3e™yi, then
(a) (Pm (xm+y;r'l) = (pm (xm),
(b) @+ Y1) = 04 (%)

and for 1A <1
20m(Xm) = Pm (X +24Y1) + O (X — 24Y30),
20 (%) = @i (Xi + 2291) + @p (X — 24y5).
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Consider the function ¢,,(x,,+¢€" yy) of t on [0, m), if there are ¢/, t" €[0, n),
such that

O (X €Y Yr) > Om(X)s  Om(Xm €Y Yi) < Op(Xp).

From Lemma 1, there is a t,€(t’, t”) satisfying

O (Xm+ €0 Y) = P (X

Thus we get t, = 0 according to (ii) and Lemma 2. This contradiction gives
that the function ¢,,(x,+é€"ys)—@n(x,) does not change the sign for

it |07

te(0, m). In this manner we can obtain that the function ¢, (x,+ ey
— ¢ (x;) does not change the sign on (0, n). Without loss of generality we
suppose that for r€[0, n]

it 11

Om (xm +e Vm > Pm (xm)s (o (xk + eit yllc,) > (" (xk)

s e 117 17

(otherwise we replace y,, by yi', ym = —Ym, O i by yi’', v’ = —y{). Then
clearly

Om(Xm—€" Y1) < Om(xm), @1 (0—€" Yi) < @4 (x0).
We also suppose that
P (Xm+ €2 yo) + @1 (X — €2 ) 2 (= €™ yr)+ @4 (x5 + €712 y}).

From Lemma 1, there exists 0 <a < 1 such that

O (X + 21y ) + 04 (X5 —1VE) = @ (X — 2iy) + @i (X5 +iY5)
and thus
O (X +2iy1n) + O (X~ 19K
' = O (%) + 5 [0 (X %) = O (X — iy ] + @ (X2 — i)
= O (Xm) + 3 L1 (5 +194) — o1 (i = iy ]+ @ (x = iyi
= O (Xm) + @1 (%) = @ (X —2iY7a) + @1 (i + 175

Set ¥y = Walnz1> Yu=0, n# m, ki yp =0ym, ¥ = —yi, then
I(p(x+y) = Icp(x_y) = I(p(x+ly) = I(p(x_ly) = I(p(x) < la‘
by (a), (b) and the convexity of ¢,. Thus from [3]

Ixtll, <1, llxtiyll, <1

and x is not a complex extreme point of U (l,). The contradiction proves that
(iii) is true.
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DeriniTION 4 [3]. We say that @ = (¢,) satisfies condition A if there exist

a0

A>1,a>0, K >1and a nonnegative convergent series Y ¢, such that for
: n=1

all large n, we have ¢,(iu) < Ko, (u)+c, for all u in X satisfying ¢,(v) < a.
THEOREM 2. [, is a complex strictly convex space if and only if

(1) sup tk: @,(ku) <o} > 1 for all nonzero u in X with ¢,(u) <1 and
all nin N,

(2) @ satisfies condition 4,

(3) ¢,(u) is not constant on \v+Aiw: [A| <1} for any v, w in X with
¢0,(0)< 1, w#0 and for all nin N,

4) for any m, k in N, m # k, and each (u, v) in

1%, 9): o)+ () <1, x, yeX},

.u is a complex strictly convex point of ¢, or v is a complex strictly convex
point of @,.

Proof. Necessity. If (3) is false then there are m in N and x,, y,, in X
with ¢,,(x,) <1, y, # 0, such that for || <1

O (Xt AYm) = P (Xp).-
Take k in N, k # m. Since there is x; in X such that ¢,(x;) < co, we set
Ko =sup{K > 0: ¢ (Kx}) + @ () < 1}.

Let x = {x,};2,, x, =0, n # m, k, x, = K, x;; then it is not difficult to obtain
lIxll, = 1. From Theorem 1, x is not a complex extreme point of U(l,). This
contradicts the complex strict convexity of /, and thus (3) holds.

Suppose that (1) is not true; then there are m in N and x,, in X with
Om(X,) <1 such that, for any a > 1, ¢,(ax,) =oc. Write x= {x,]2,,
x, =0, n # m. It is clear that ||x||, = 1. Take k in N, k # m. Since (3) is true,
there is y, in X, y, # 0, such that ¢,(y,) <1. Thus 0 is not a complex
extreme point of U (l,), which contradicts the complex strict convexity of [,
too.

If (2) is false then, from [3], there are x = {x,};2; and M > 1 such that

Y @u(x,) <1, and IO, ..., 0, xp, Xpgeqs, -, = 1. Since M > 1, we can find
n=1
~an x in [, ||x]|, = 1, which is not a complex extreme point of U(l,). This is
proved in the same way as (1). So we get a contradiction.
If (4) is not true then there are m, k in N, m # k, and x,,, x, in X, such
that
Pm (xm)+(pk (xk) < 1
and x,, x;, are not the complex strictly convex points of ¢,,, ¢, respectively,
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i.e., there are nonzero y,, y, in X such that for |4 <1
20 (Xm) = P (X AV ) + O (Xin = AYm)>
204 (i) = o (X + Ay) + o1 (X — Ayi).-
Take j in N, j# m, k, and xj in X with xj # 0, ¢;(x}) <oo. Let
Ko =sup |K > 0: @n,(x,)+ @ (x)+¢;(Kx) < 1.
Define x=ix,/%;, x,=0, n#¥m, k, ji x;=Kyx; and thus |[|xl, = 1.

According to Theorem 1, x is not a complex extreme point of U(l,). The
contradiction implies that (4) is true.

Sufficiency. If ||x||, = 1, then from (1), (2) and [3] we can get I,(x) = 1.
Since ¢,(x,) <1 for nin N, from (3) ¢, is not constant on {x,+4y: |4 <1}
for any y in X with y # 0. Let x,, be not a complex strictly convex point of
@, then since for j# m

(pm(xm)'*'qoj(xj) < 1,

x; must be a complex strictly convex point of ¢; from (4). Therefore, from
Theorem 1, x is a complex extreme point of U(l,) provided that ||x|, = 1.
Thus we obtain that I, is a complex strictly convex space.

THEOREM 3. [, is a complex uniformly convex space if and only if
(o) for every & >0, there exists 6 >0 such that ||x|l, >¢ implies

I,(x)>6:
: () for every & >0, there exists 6 >0 such that 1,(x)<1—¢ implies

(y) for every € > 0, there exists 6 > 0 such that for any x, y in I, with
1-0<I,(x+Ay) <1 (A=1, —1,i, —i)

and 1,(y) > & there exists a subset N' of N which satisfies that Xy ¢,(y,) = 6
and for all n in N’

4(pn(xn) < (1 _5) "(Pn(xn+yn)+qon(xn_yn)-}"(pn(-xn+iyn)+¢n(xn_iyn)} ]

i

Proof. Sufliciency. For all ¢ > O, if there are x, y in I, with [|y|, = ¢ and
lx+Ayll, <1 (A=1, —1,i, —i), then I,(y) =& >0 and I,(x+4y)<1
(A=1, —1,i, —i) from (o) and [3]. For the ¢ we can find § > O satisfying
(y). Supposing

1—5<I‘0(X+/1y)<1 (2.21, —1917 —1)9
from (y) there exists N' = N such that 2y @,(y,) = ¢ and
4(pn(xn) < (1 —5) :(Pn(xn+yn)+q)n(xn—'yn)+(Dn(xn+iyn)+(pn(xn_iyn)‘9

for n in N’. According to the convexity of ¢, we have
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1-1,(x)
2 Iy A& [0n(Xn+ Y0 + 0 (X = Y+ 0u(Xa+ V) + 00 (X, — iy) ] — 9 (X))
2 402N {0n (X F Y + 00 (X0 = V) + 00 (Xu V) + @, (x, — i)
=40Zn 10 (Vat+ %) + 0 [ = (Vo= %) 1+ 0, [ 00— ix) 1+ @, [ — i (y+ix,)]
= 202N 1 @u(Ynt X0) + @0 (V= X) + 0 (Y +iX,) + 0 (Vo — i)}
2 02y @u(ya) = 0,

which implies I,(x) < 1-~6% If there exists Ze{l, —1,i, —i! such that
I,(x+4y) < 1-9, then

I(x) 3 U, (x+ Y+, (x=y)+1,(x+iy)+1,(x—iy)} < 1-15.

Take &' = min {62, 5}, then I,(x) < 1—¢'. From (), there exists 6" > 0 such
that ||x||, < 1-¢" and thus from Definition 3 we obtain that I, is a complex
uniformly convex space.

Necessity. We suppose that (o) is false and there exist 0 <&, <1 and
{xm}>_y <1, with ||x™|, > &, and I,(x™) <1/m for all m in N. Since I, is
complex strictly convex (see [2]), & satisfies condition 4 from Theorem 2.
Therefore, there are K > 1, A>1, a>0, My > 1, p>1 and a nonnegative

a
convergent series Y c, such that

n=1
Pn(2u/20) < 0, (27u) < KP @, (u) + pe,
for all n> M, and u in X when ¢,(u) <a/AP~'. Take M, in N, which

satisfies that Y pc, <3, and define M, = max {M,, M,} then
n=M0

Z (pn(2x:1n/80)<Kp Z §0n(x':)+%<1
n=M, n=Mj

when m > max {477 /a, 1/2K?}. Set [x"]y, = (xT, X5, ..., X3,~1, 0, ..)),
then ||x™—[x"]y,ll, < €0, Which implies that
IEx™ Tyl = ™ = (™= LT Ml = 1571, = 1" =[x Tag,
> g0 =380 = 3€o.
From the properties of ¢y, there exists zy, in X, zj, # 0, such that
®m,(2y,) <oo. For every m in N, take

My-1
K"=sup{K >0: Y @,(x0)+ou,(KPzy,) <1}

n=1
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m) oo

Set "= "Z;l”}r;‘):l Elqn an = 07 n ‘71: MZ’ Z;\nlz = KmZMZ; ym = Iyn in=1>» [ym]Mz
=[x"Im, Yn =0, n>M,. Obviously, ||y, >3e, and |lz"+2Ay"|, =1
(A=1, —1,i, —i). Since [, is complex strictly convex, from Theorem 2 we
have that I,(z"+4y™ =1for min N and A =1, —1, i, —i. Since I, (y™) =0,
we get that I,(z™) — 1 and, further, ||z™|, — 1, which contradicts the complex
uniform convexity of [,.

If (B) is not true then there are ¢ > 0 and XMy <, with I,(x™) <
1—¢gy and ||x™||, = 1~1/m for m in N. Since (%) is true, for every min N there

exists n,, in N such that ¢, (mx, ) <1, that is to say, if we set x' = Xy,
X, =0, n#n,, x, =x,, then |[X|l, <1/m. We define z" = iz7|;2, €l,,
Zy =Xy, n#n,, zy =0, n=n, and take yj in X such that y; # 0 and
Pn (y;‘"m) < 0. Let

K™ =sup{K >0: I,(z"+¢, (Kym)<1}
and y"={y"M= €l,, yr=0, n#n,, ypr =Kmyr, then [y"+z", = L.
According to Theorem 2, we have
I,(y"+2z") = 1,(y")+1,(z2") =1
and
Wy™le 2 1,(y™) = 1=1,(z") Z &0,  llz"+y"ll, =1 (A<D,
for all m in N. But
z"ll, = Ix™l,—1/m 2 1-=2/m -1 (m —o0),

I, is not a complex uniformly convex space, by the definition. The contradic-
tion gives that () is true.

Now we suppose that (y) is false and there are ¢, >0 and {xJ} 2,
{yme, cl, with I,()™) =g, 1-1/m<I,x"+y"M<1 A=1, ~1,i, —i)
for all m in N such that for any set N’ of natural numbers Zy- @,(yy) > 1/m,
or there exists n in N’ such that

4, (x7) = (1= 1/m) {@, (x7+ Yy + @, (0 =y + @, (x5 +iym) + @ (xy —iym)}-

Take M, in N, 1/M,, > &,. Then for any m > M, we have I,(y") > 1/m and
thus there exists n,, in N which satisfies the following inequality

4(0nm1 (xnmml = (l_l/m) :(anl (xnmml"'ynml)'*"(pnm1 "'nx_y"m)

+(p"m1 (x;,"ml +iynml)+(pnm (xnm1 - y"ml)) .

Considering Y o@,(vm), if Y @M <1/m, we set N, =N-{n,,}

n#nml n:ﬁnml
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if D @,(y7) > 1/m, then there exists n,, # n,, such that
n#n,
m > _ { m m m __.,m
40, (X1 ) > (L= 1/m) {9, (X8 + V2 )+, (0 =0 )

nmz

m

+ §0nm2 (x"mz +ly:'nm2)+ ¢nm2 (xnmmz _ly:lmz)}

and we go on with this process. Since I,(y™) < oo, we can find a set N,, of
the natural numbers such that Zy’ @,(yn) < 1/m and

40,(x) = (1=1/m) (@, (7' + YW + @, (X5 — y) + @, (x5 +iyn) + @, (x5 —iyn),|

for n¢ N,,. From the complex uniform convexity of [,, there exists 6 >0
such that for all m in N

I,(x™) < |Ix™l, < 19,
which implies that
L, (™ Y™+ 1, (xm =y + 1, (x™ +iy™) + 1, (x™ —iy™)| — 1, (x™)
=21-1/m-(1-6)=0—1/m.

Since
Y GLonr+yD+ o, (xn— Y0+ 0. (X0 +iyD) + @, (x5 —iym ] — @a (x7)}
neN;n
< 14m Y [0,(xX7+ YD)+ @, (xn—ym + @, (xp +iym) + @, (xp —iyy)] < 1/m,
nN!,
we have

Y w0+ v+ 0u(Xn = v+ @, (X7 + iym) + @u (X7 —iyn)] — @a (X7

,
neNm

> 8—1/m—1/m =6—2/m > /2

when m >4/6. Define x7)2,€l,, Xp=xy, neN,, xy=0, n¢gN,, m
> max (Mo, 4/6}; \yiiac1€ly, Vi =y, neN,, yr=0, n¢N,. Then for
1A <1

0
fm_*_ — lym
1y ™ly

L <&M, +6<1-0+5=1

and thus

s
i (xm+ - Ay—m)sl.
! 15",

Consider the convex function

9o (@) = Ly (=" + 225"
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and the linear function

S @) = [, (X" +37) = 1 (XT) ] o= 1, (x)

on [0, o). Note ¢,,(0) = f,,(0) and g,,(1) = f,.(1). From the convexity of g,,
we have that g, (2) > f,,(¢) for « > 1. In virtue of ||y”||, 0, we have also
o/lly"ll, > 1 for all large m and thus

, 5™ o pm 5
) 1/ I m___ "7 m
> { (" +nwu)“ (" uy""'uq,)““’ (" +’umr¢)
o
o (x ’uf"'nq,)}

22, (X" + 7"+, (X" =Y+ L (X" +iT™)+ 1, (X" ~iy™)

0

—41,(x™)} e+ 1, (X™)

_ 157",

2
D S re—
215"y

But 6%/2|]y™|, - o, and this contradiction proves that (y) is true.

J. E. Jamison, Irene Loomis and C. C. Rousseau discuss the complex

strict convexity of Orlicz spaces in [4]. The criterion of rotundity of Orlicz-
Musielak sequence spaces was given first by A. Kaminska in [5].

I,(x™).
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