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On the complex convexity of Orlicz-Musielak 
sequence spaces (*)

Abstract. Complex extreme point, complex strict convexity and complex uniform convexity 
of complex Banach space are natural generalizations of extreme point, strict convexity and 
uniform convexity. In this paper, we give criteria of the complex convexities of Orlicz-Musielak 
sequence spaces.

D e f in it io n  1 [1]. Let C be a convex set in a complex Banach space X. 
A point и of C is said to be a complex extreme point of C if u + AveC 
whenever \A\ ^  1 and v in X, then v — 0.

D e f in it io n  2 [1]. Let X  be a complex Banach space. We say that A is a 
complex strictly convex space if any point x, ||x|| = 1, is a complex extreme point 
of the closed unit ball U (X) of X.

D e f in it io n  3 [2]. A complex Banach space is called complex uniformly 
convex if for every e > 0 there exists <5 > 0 such that x, у in X, ||x + Ay|| ^  1 
(Щ ^  1) and ||y|| ^  e imply ||x|| ^  1—<$.

Let X  be a complex Banach space, N  be the set of all natural numbers. 
Let Ф = ((pn): X  xiV !—►[(), + 00] be a sequence of Young functions, i.e., <pn is 
convex, (p„{eltx) = (p„(x), fe( —oo, + oo), and (pn{0) = 0 for every n in N. 
Furthermore, for each n in N, the following conditions are assumed:

(a) there exists nonzero x e X  such that (p„{x) <oo;

(b) for each x in X, (pn(tx)\ (0, +oo)!—►[(), + oo] is a left-continuous 
function of t.

00
For a sequence x = (x„) of X, define /^(x) = £  <p„{x„) and

n= 1
lv = \x = ( x j e l :  I<p(kx) < oo for some к > 0], 

llxll̂  = inf ! к > 0: /ф(х//с) ^  1 ) (x in /„),

(*) This work was supported by the Chinese National Science Fund.
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then (19, Ц-ЦД so-called Orlicz-Musielak sequence space, is a Banach space.

L e m m a  1. For every n in N and x, y in X, у Ф 0, if v

(p„{x + Xy) ^  M  < o o  (|A| < 1),

then (pn(x + Xy) is a continuous function of X on {X: \X\ < 1}.

Proof. Taking n in N and x, y in X, у ф 0, we suppose that there is 
M > 0 such that for \X\ ^  1

(pn(x + Xy) ^  M  < oo.

(If M = 0, the assertion of the lemma is obvious.) For all |Л0| < 1 and 0 < e 
< M, set ô =(1 —|A0|)e/M. If \X — X0\ <3, we have

(p„{x + Xy) = (pn(x + X0y + X y-X 0y)

|Я-А0| 1 — |A0|
(pn x +A0y +

1 —|Я0| \X — X0\
(X-X0)y

^  1 1 |A — A0| 4 (  : 4^  ( 1 -0--- го г \(pn{x + X0y)l-|Aol
1Я — Я0|

+ т ч ^ ”
, т , 1 —1̂ о1п : ^x + X0y + - — - { X - X 0)y

\A — A0\

^  (pn(x + X0y) + 8. 

From the convexity of (p„,

2(P„(x + X0y) ^  (pnlx + X0y + {X-X0)y'] + (pnlx  + X0y -(X ~ X 0)y] 

^  (p„{x + Xy) + (pn(x + X0y) + £,

since

<Pn{x + X0y) ^  (p„(x + Xy)-\-E
and so

I <Pn (x + Xy) -  (pn (x + Я0 y)\ ^  £.

The lemma is proved.

Lemma 2. For all n in N, if there are x„, yn in X, y„ Ф 0, such that for 
each \X\ ^  1

( *) 2q>n (x„) = q>n (x„ +  Xyn) +  q>„ {xn -  Xyn) < M <  oo,

then there is a f  in [0, n) such that

(pn(x„) =  <Рп(хл +  & 4 УЖ
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I f  there is still a t" in [0, тс), t" Ф t', satisfying

<Pn(x„) =  (Рп{*п +  \е *’чуп),

then <p„{x) = (pn(x„) for x in {xn + Xy„: |Я| < i}.

Proof. If (pn(xn) = (p„{x„ + ̂ y„) then we may take t' = 0. Now we 
suppose that

( Р п Ы  <  ( p j ^ n + h n ) .

From (*),

(РпЫ  >  <Pn(xn- i ^ -

Using Lemma 1, we get that <p„(x„ + i£lty„) is a continuous function of t on 
[0, я]. There is, therefore, a t' in (0, я) such that

<РпЫ =  <p„(x„ + ie,ry„).
If there is also t" in [0, я), t" ф t', satisfying

<Pn(Xn) =  (Рп{Хп +  № "  У я),
then take Я such that х„ + Яу„ is on the line segment connecting xn + j e lt'y„  

and х„ + з е и ' у п and x„ — X y n is on that connecting xn—j e lt'y„  and 
xn—j e lt” y„. From the convexity of <p„ and (*), we have

<Pn (*„ + Лу„) = (pn (x„ -  Яу„) = (pn (x„).

Analogously, we can get that (pn {x) = (pn (x„) on the line segments connecting 
any two points among х„ + %еи ’ y n, х п + { е и" y n, х п- \ е *  y n and x n - \ e il" y n, 
which implies that (p„(x) = (p„{x„) on the quadrilateral В with vertices at the 
four points. For all |Я| = we may suppose without loss of the generality 
that

<Pn (*„) <  4>n (x„ + Яу„), q>n (x„) >  (p„ (xn -  Яу„)

if (pn(xn) Ф (p„(xn + Àyn). Consider the convex function g (a) and the linear 
function /  (a) on [ — 1, 1],

0(a) = <р„(х„ + аЯу„), /(a) = ia  l<p„{xn + Ayn)-(p n{xn-A yn)] + (pn{xn).

From (*) and the convexity of g, we have that /(1) = g(l), / (  — 1) =g{ — 1) 
and /  (a) ^  g(ct), ot in [ — 1, 1]. Obviously, we can find a0 < 0 such that xn 
+ ol0Яу„ is in B, i.e.,

0(ао) = 0>«(̂ п + ао^У„) = (рпЫ > f  (ao)>

This contradiction implies that for |Я| = j

(p„(x„ + Ay„) = (p„(xn-A yn) = (pn{x„).
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Using the convexity of (pn and (*) again, we can obtain that

(pn{x) = (pn(xn) for all x in \xn + Àyn: |A| ^ i{ .

T heorem 1. An element xeUf l f )  is a complex extreme point of U (l̂ ,) if 
and only if

(i) /<p(x) = 1 or xn is a complex extreme point of the set {w: (p„{w) ^  1}
(n = 1 ,2 ,...);

(ii) for all n in N, yn Ф 0, q>n is not constant on {xn + ky„: |Я| ^  1} ;
(iii) there is at most one number n in N such that xn is not a complex 

strictly convex point of (p„, i.e., if there exists a veX,  v Ф 0, such that for
1Д1 < 1

2 (р„Ы = (pn(x„ + Àv) + (pn(x„-Àv).

Proof. Sufficiency. Let I^fx) = 1. For y in X, if Нх + АуЦ̂  ^  1, |/L| ^  1,
then

2 = 2/v(x) < I(p(x + Ày) + I(p(x-Ày)
00 00

= Z  <Pn(xn + *yJ+ Z  <Pn(Xn-AyJ < 2 .

. From the convexity of tpn,

2(Pn W  < 4>n (*„ + kyn) + tpn (xn -  ky„)

and thus

2 (pn{x„) = (рп{хп + Луп) + (рп(х„-Луп).

From (iii), there is at most one m in N  such that ym Ф 0. From (ii), there 
exists km such that \Àm\ ^  1 and

km ym) > (pm (Xm),

which implies that

Hence

Z  <p»(x„+kmy j  > z  <р»ы = 1
n= 1

||хН-Ят у||^ > 1,

which obviously contradicts our supposition. Therefore, у — 0, and x is a 
complex extreme point of U (/ф).

If /^(x) Ф 1, then from (i) x„ is a complex extreme point of- 
{w: (pn(w) ^  1} (n in N), i.e., for all v in X, if for \k\ ^  1, q>n(xn + kv) ^  1, then
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V = 0. Let y e lv, ||х + Яу||ф < 1, \M ^  1. Then
00

E <P«(xn + ly J  = ЛДх + Яу) ^  ||х + Я;И1„ ^  1,
n= 1

and thus for all n in N  we must have yn = 0, i.e., у = 0, and x is a complex 
extreme point of L(/^).

Necessity. If (i) is not true, then /^(x) < 1 and there exist m in N and y'm 
in X, y'm Ф 0, such that for |Я| ^  1

<Pm(xm + ty J  < 1-
From Lemma 1, there exists 0 < к < 1 such that

<Pm (*m + W J  ^  (pm (X w) + 1 ~ Iv (X)

provided that |Я| ^  k. Set у  = \y„]%L i, yn — 0, п фт\  ym = ky'm. Therefore 
for |Я| ^  1 we have

I ^ x  + Лу) ^  (x) "H 1 I(p (x) = 1,
and from [3], Цх + Я̂ Ц̂  ^  1, which implies that x is not a complex extreme 
point of U (/ф). This contradiction proves that (i) is true.

If (ii) is false then there exist m and ym Ф 0 such that for |Я| ^  1,

<Рт(Хт + Лут) = (pm(Xm)-
Take у = y„ = 0, n Ф m, then for |Я| ^  1

I<p (x -f Лу) = I v ( x )  ^  1.

We can get a contradiction as above.
Suppose that (iii) is false and there are m, к in N, m Ф к and y'm Ф 0, 

y'k Ф 0, such that for \Л\ < 1

2tpm (-̂ m) Фт (Xm T ̂ Ут) T" фт (X m Луm),

2 cpk (xfc) = (pk {xk + Лук) + (pk (xk -  Лук).

Since (ii) is true, from Lemma 2, there exist tm, rke [0, я) such that

< Р т{Х т+ У ,т Ут) =  Ф т(Хт), Фк(Хк +  У к) =  Фк{Хк)-

Set y ^ = y tmy'm, y ' ; = y tky'k, then
Ф т(Хт~̂ ~ Ут) Ф т{Хт)’

(b) Фк(хк +  У'к) =  Фк(хк)

and for )Я| ^  1
2 (рт (x J  = (рт (хт + 2лу”) + (рт (хт -  2Яу"),

2 <рк (*к) = <Рк (хк + 2Лук) + (рк (хк -  2Лук).
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Consider the function (pm(xm + elty”) of t on [0, tu), if there are t', f"e[0, n), 
such that

9m (*« + eil' y") > <jom (xJ ,  (pm (xm + eu" y") < <pm ( x j .

From Lemma 1, there is a t0 e(t’, t") satisfying

(Pm (Xm “Ь б y m) (pm (Xm) .

Thus we get t0 = 0 according to (ii) and Lemma 2. This contradiction gives 
that the function (pm (xm + elt y") — cpm (xm) does not change the sign for 
fe(0, 7i). In this manner we can obtain that the function (pk (xk + eil yk) 
— (рк(хк) does not change the sign on (0, тг). Without loss of generality we 
suppose that for t e [0, я]

9m(xm + eU Ут) > 9m (* J  » 9k (Xk + ̂  Ук ) ^  (f>k (xk)

(otherwise we replace y" by y"', y"' = -y " , or y£ by y'l', y'k = - y k). Then 
clearly

9m (*m -  elt Ут) < 9m Ы , 9k(xk~ é ' Ук) ^  Ц>к (xfc).

We also suppose that

9m (xm + em'/2 y") + 9k (xk -  eni/2 y* ) ^  q>m (xm -  eщ'/2 у") + <pk {xk + e7*12 y ^ . 

From Lemma 1, there exists 0 < a < 1 such that

9m (xm + cdy'Z) + <pk (xk -  а д  = (pm (xm - aciyZ) + 9k {xk + iyk)

and thus

9m (*m + Xiy'Z) + (pk (xk -  а д

=  9m (*m) +  i  [9m (*m +  ШУт) ~  9m (*m ~  ОВД] +  9k (** ~  *>fc)

=  9m (* j+ i  [9к (xk+ ад -  9k (*k -  а д ]+ 9 k ( x -  ад

= 9m (*m) + 9k Ы  = 9m (*m ~ ШУт) + 9k (*k + O'*) •

Set у = yn = 0, пфт,  к ; ym = ay”, yk = - y k, then

1<р(х +  у)  = ^ ( х - У )  =  I<p (x  + O') =  I ? ( x  — iy) =  /„(x) ^  1,

by (a), (b) and the convexity of (pm. Thus from [3]

||x ± y ||* < l, ||x±i>||v ^ l

and x is not a complex extreme point of U (/v). The contradiction proves that 
(iii) is true.
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D efinition 4 [3]. We say that Ф = ((pn) satisfies condition A if there exist
00

Л > 1, я > 0, K > l and a nonnegative convergent series Z  c„ such that for
n — 1

all large n, we have (pn(Xu) ^  K(pn(u) + cn for all « in I  satisfying (p„(u) ^  a. 
T heorem 2. is a complex strictly convex space if and only if
(1) sup \k: (pn(ku) <  oo] >  1 for all nonzero и in X with (p„{u) <  1 and 

all n in N,
(2) Ф satisfes condition A,
(3) (p„(u) is not constant on \v + Xw: |A| < 1] for any v, w in X with 

tpn(v) ^  1, w Ф 0 and for all n in N,
(4) for any m, к in N, m Ф k, and each (и, v) in

У)- <Pm(x) + (pk(y) < 1, x , y e X \ ,

.и is a complex strictly convex point of tpm or v is a complex strictly convex 
point of (pk.

Proof. Necessity. If (3) is false then there are m in N and xm, ym in X  
with (pm{xJ  ^  1, ym Ф 0, such that for \X\ ^  1

(Pm(Xm + Xym) = (pm( x j .

Take к in N, к Ф m. Since there is x'k in X  such that (pk(xk) < oo, we set 

K0 = sup{K ^O : (pk{Kxk) + (pm{xm) ^  1}.

Let x = x„ = 0, n Ф m, k, xk = K 0xk; then it is not difficult to obtain
ЦхЦ̂  = 1. From Theorem 1, x is not a complex extreme point of L(/<?,). This 
contradicts the complex strict conVexity of and thus (3) holds.

Suppose that (1) is not true; then there are m in N and xm in X  with 
<Рт(*т) < 1 such that, for any a > 1, <pm(a x j = oo. Write x = Îx„} x, 
x„ = 0, n Ф m. It is clear that ЦхЦ̂  = 1. Take к in N, к Ф m. Since (3) is true, 
there is yk in X, yk Ф 0, such that (pk(yk) < 1. Thus 0 is not a complex 
extreme point of U {1̂ ), which contradicts the complex strict convexity of l̂ ,, 
too.

If (2) is false then, from [3], there are x = {x„}„® x and M > 1 such that
oo
Z  ФпОО < 1» 11(0, ..., 0, xM, xM+1, ...)||v = 1. Since M > 1, we can find
n= 1
an x in ly, ЦхЦ̂  = 1, which is not a complex extreme point of U (/J. This is 
proved in the same way as (1). So we get a contradiction.

If (4) is not true then there are m, к in IV, m #  k, and xm, xk in X, such
that

<РтЫ + (рк(хк) ^  1
and xm, xk are not the complex strictly convex points of (pm, tpk, respectively,
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i.e., there are nonzero ym, yk in X  such that for |2| ^  1 
2 (pm(xm) = (pm (xm + 2ym) + (pm (xm -  2yJ,

2<Pk (xk) = <pk (xk + Xyk) + <pk (xk -  Xyk).

Take j  in N, j  Ф m, k, and x) in X with x'- Ф 0, <pj(Xj) < oo. Let

K0 = sup \K > 0: (pm(x J  + (pk(xk) + <Pj{Kx'j) ^  1 |.

Define x = !x ,()' x=1, x„ = 0, n Ф m, k, j; Xj = K 0x'j and thus ||x||v = 1. 
According to Theorem 1, x is not a complex extreme point of U (Ẑ ). The 
contradiction implies that (4) is true.

Sufficiency. If ||x||p = 1, then from (1), (2) and [3] we can get /<Дх) = 1. 
Since (p„(xn) ^  1 for n in N, from (3) (p„ is not constant on (x„ + 2y: |2| ^  1] 
for any у in X  with у Ф 0. Let xm be not a complex strictly convex point of 
(pm, then since for j  Ф m

(Pm{xm) + (pj{Xj) ^  1,

Xj must be a complex strictly convex point of cpj from (4). Therefore, from 
Theorem 1, x is a complex extreme point of U [l )̂ provided that ||x||,, = 1. 
Thus we obtain that Ẑ is a complex strictly convex space.

T h eorem  3 . I^ is a complex uniformly convex space if and only if 
(a) for every e > 0, there exists Ô > 0 such that ЦхЦ̂  > e implies 

I<p(x) > <5;
(P) for every s > 0, there exists S > 0 such that /ф(х )< 1 —г implies

M l *  <  i - < 5 ;
(y) for every e > 0, there exists Ô > 0 such that for any x, у in lv with

1 -  <5 < (x + 2y) ^  1 (2 = 1, —l , i ,  — 0

and /<p(y) ^  £ there exists a subset N' of N which satisfies that XN>(pn(yn) ̂  Ô
and for all n in ЛГ

4(p„ (*„) ^  ( 1 -  3) ! q>n (x„ + y„) + <p„ (x„ -  y„) + (p„ (x„ + iy„) + <p„ (x„ -  iyn) J.
<

Proof. Sufficiency. For all e >  0, if there are x, y in lv with ||y||v ^  e and 
!|x + 2y||,, ^  1 (2 = 1, - 1 ,  i, -i) , then /Ду) ^  e' > 0 and /ф(х + 2у) < 1
(2 = 1, — 1, i, — i) from (a) and [3]. For the e' we can find ô > 0 satisfying
(y). Supposing

l-<5 ^ /^ (x  + 2y) ^  1 (2 = 1, — 1, г, —г),

from (у) there exists N' c: N such that ZN>(p„(yn) ^  Ô and

4 фп (xn) ^  ( 1 I q>n (^и "b У„) "F Фп {xn У ni ~b Фп (-̂ n ”b fVn) “b Фп (-̂ n ffn) » 
for n in N'. According to the convexity of cpn we have
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1 -M * )
^  ZN> 4̂ [>„ (x„ + У„) “b (pn (x„ y„) -f- (pn (x„ + 1Уп) ~Ь <Pn(Xn 00 ] Фп (̂ и) i

^ i S Z N'\(pn (x„ + y„) + <pn (x„ -  yn) + (pn (x„ + iyn) + cpn (xn _  iyn) >

= i<52^ {<ри (y„ +  x„) +  (pnl - { y „ - x„)] + (pn [i (y„ -  ix j] + (p„ [ -  i (yn + ix„)] |

= iS Z N' {<pn (yn + xn) + (pn (y„ -  x„) + (pn (y„ + ixn) + (p„ (yn -  ix„)}

> àZN- <Рп{Уп) > à2,

which implies (x) 1-<52. If there exists Xe\ l ,  - l , i ,  ~i\  such that
Iv (x + Xy) ^  1— Ô, then

M *) ^*'I<P(x + y) + I(p( x - y )  + I(p(x + iy) + I<p(x-iy)} ^  1 - i d .

Take à’ = min {Ô2, £<5}, then /^(x) ^  1—Ô'. From (P), there exists Ô" > 0 such 
that ||x||„ ^  1 —Ô" and thus from Definition 3 we obtain that lv is a complex 
uniformly convex space.

Necessity. We suppose that (a) is false and there exist 0 < e0 < 1 and 
{xm}*=1 c  lv with ||xm||</) > e0 and /Дх"1) < 1/m for all m in N. Since is 
complex strictly convex (see [2]), Ф satisfies condition A from Theorem 2.
Therefore, there are К > 1, A > 1, a > 0 ,  M0 >1,  p > 1 and a nonnegative

00

convergent series ]T c„ such that
w= 1

(pn(2u/s0) ^  ^  Kp(pn(u) + pcn

for all n > M 0 and и in I  when фп{и) < a/Xp~l. Take M x in N, which
00

satisfies that £  pcn < \,  and define M2 = max {M0, Mx} then
n~ Mq

£  ¥>„(2x"/£0) < Kp £  V>„(xT) + i < l
n=M2 n= M 2

when m > max {Xp~l/a, 1/2K p}. Set [xm]M2 = (x™, x2, x^2- i ,  0, ...),

then ||xm- [ x m]M | |„ < ie 0, which implies that

II[x"]„2||, = | |x " - (x " - [x " ]M2)H, ^  | |x l , - | |x " - [ x " ] M2||,

> £0—I £0 = 1£0-
From the properties of (pMl there exists zMl in X, zM2 ^  0, such that 

<Pm2(zm2) < 00• For every m in N , take
m2- i

Km = sup {К > 0: X <РЛХп) + (Рм2(Кр2м2) ^  M-
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Set z” = !z” }“ ,£ („  z : = 0, п Ф М 2, z ^ = K mzM - y” = ! < ! “ b )>”]\M-
= [хт]м2, Уп = 0, n> M 2. Obviously, ||ym|Lp ^  \e 0 and \\zm + Àym\\<p = 1 
(Я = 1, — 1, ï, — i). Since l̂  is complex strictly convex, from Theorem 2 we 
have that I(p(zm + Xym) = 1 for m in N  and Я = 1, — 1, i, —i. Since /<p(ym) ->0, 
we get that Iv (zm) -> 1 and, further, ||zm||<?> -» 1, which contradicts the complex 
uniform convexity of l^.

If (P) is not true then there are £0 > 0 and Um]m=i c  ^  with /«Дх"1) < 
1 — £0 and ||xm||<p ^  1 — 1/m for m in N. Since (oc) is true, for every min N there 
exists nm in N such that (p„m(mxnJ  < 1, that is to say, if we set x' = i x ' j ^ i ,  
x; = 0, п ф п т, х'„т = хПт, then ||x'||„ < 1/m. We define zm = \z™]?= ! e/„, 
zn = xn> n Ф nm> zn — 0> n = nm and take y„m in X  such that y™m Ф 0 and 
V .  M l) < =0 - Let

K"m = sup {К > 0: Iv (z^  + <p. (К < )  s; 1}

i s nm ,,mK Уптand ym = {K}*=i е/ф, у™ = 0, n Ф пт, у™
According to Theorem 2, we have

Мтм+2т) = М Л +Л Ю  = 1
and

then ||ym + zm|L = 1.

НУХ > K i y m) = 1 ^ eo, lkM + y %  = 1 (|Я| ^ 1),
for all m in N. But

\\zm\\v ^  l|xm||(/) — 1/m ^  1-2/m  ->1 (m ->oo),

lv is not a complex uniformly convex space, by the definition. The contradic­
tion gives that ((3) is true.

Now we suppose that (y) is false and there are £0 > 0 and {x™}£L i , 
{Уп }«°°= 1 c  К with /„ ( /”) > e0, 1 -  1/m ^  /„ (xm + Xym) < 1  (Я = 1, - 1 ,  i, - i )  
for all m in N  such that for any set N' of natural numbers ZN'(p„{y™) > 1/m, 
or there exists n in N’ such that

4(pn (x?) ^  ( 1 -  1/m) {q>n (x- + y") + <p„ (x” -  y™) + <pn (x* + iy%) + q>n (x™ -  iy™)}.

Take M0 in N, 1/M0 > £0. Then for any m > M0 we have /v(yw) > 1/m and 
thus there exists nmi in N  which satisfies the following inequality

4<Pnm. « J  >  (1 -  1/m) !<?„_. + y 7 )  + <p. .)

+ <p„ CC +iy" ) + <?„ (X? — ïjC )!.~ v j v •'"mi7'

Considering J] <P„W), if L  4»«0O < 1/m. we set
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if Yj (pn(y™) > 1/m, then there exists птг Ф nmi such that
пФпт

> (1 — 1/m) {%„2(Cn2 + < „2) + %„2(x^2- < m2)

+ «Ч,2 w „ 2+ W m2 -  *К,2>}

and we go on with this process. Since I(p{ym) < oo, we can find a set N'm of 
the natural numbers such that £^т<Рп(Уп) ^  1/m and

4<P„ (xJD > ( 1 -  1/m) ! (pn (x? + yfi) + <pn (x? -  K) + (x" + 0C) + (*« -  Л )  !

for n f N ’m. From the complex uniform convexity of /„, there exists <5 > 0 
such that for all m in N

M x mK » * Mll,< l - à ,
which implies that

i  + ym) + Iv (xm- y m) + I<p(xm + iym) + I<p(xm- i y m) \ - /„ (x m)

^  1 — 1/m —(1 — <5) = <5 — 1/m.
Since

Z  { i  !>« W  +  J#) +  <Pn (X ? -  Л  +  (p„ (X- +  iy%) +  <p„ (X -  -  ijO ] -  <p„ (XT)}

^  1/4m X [</>в(х7 + у7) + <л)и(х?-у7) + Фи(х? + *>Г) + ф(|(х"-*>0] < 1/m,
m

we have

Z  l > „  W  +  Л  +  (X * - Уп) +  <Pn«  +  iy") +  <Pni*n - * > " ) ]  - <Pn( X D Î

neN'm
^  <5 — 1/m— 1/m = ô — 2/m > <5/2

when m > 4/<5. Define !x™],£Lг e/^, x„ = x™, n eN ’m, x% = 0, n£N'm, m 
> max |M0, 4/d ; ; ; ,Ti 1 G /,,, y” = y", ne№ i, ÿ” = 0, и^Лу,. Then for
|AK1

vmJ___V Ay' * ; | | х % + £ < i - г + г  = i

and thus

/ J x M + ------ /vm U  1.
и  и л и  '

Consider the convex function

0m (a) = I(p{xm + ctXym)
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and the linear function

L  (a) = [/„ (xm + ÿm) ~ К  (*m)] a -  (*m)
on [0, oo). Note gm(0) = f m(0) and gm( 1) = f m( 1). From the convexity of gm 
we have that gm(a) ^  / m(a) for a > 1. In virtue of ||y'r,||<p ->0, we have also 
m r \ \*  > 1 for all large m and thus

dym \  (_ Ôу
w % r I<p xm

+ I<p[ xm + i ~ y
llÿ%

, àÿm
+ L \ x m- i - é:

ПУТ
> i  {/  ̂(xm + y m) + I<p(xm-  y m) + I<p(5cm + iym) + l (p{xm-  iym)

2 ||ÿ %

But <52/2||ym||(p and this contradiction proves that (y) is true.
J. E. Jamison, Irene Loomis and С. C. Rousseau discuss the complex 

strict convexity of Orlicz spaces in [4]. The criterion of rotundity of Orlicz- 
Musielak sequence spaces was given first by A. Kamiriska in [5].
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