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Notes on modular function spaces. I

Abstract. Let X be a o-algebra which is local in a d-ring # of subsets of a set X such that
w0
X = U X;, X;€#. By a function modular we mean a functional ¢: & xZ —[0, c0] (¢ denotes
i=1
‘he space of all Z-integrable simple functions) such that ¢(0, E) =0 for EcX; if |f| <|g| in E,
then o(f, E) < 0(g, E); ¢(f, *): £ — [0, 0] is a o-subadditive set function. We assume also that
2(, E): &[0, 0] is order continuous in # and continuous with respect to the uniform
convergence topology in &. Having extended the domain of ¢ to all measurable function by the
formula o(f, E) = sup {o(g, E): g€&, lg| <|f| in E}, we observe that the functional o(-, X) is a
modular defined in the space of all measurable functions; the modular space induced by ¢ will
be denoted by L,. In Section 3 we shall prove that the modular space L, is complete. Section 4
contains the definition and some basic properties of the subspace E, of finite elements while

Section 5 contains the separability theorem.

Introduction

The aim of this paper is to develop a theory of modular spaces of
measurable vector-valued functions. This theory is based on the notion of
function modulars, i.e., functionals which depend both on measurable func-
tions and measurable sets.

_ The first attempts to generalize the classical Lebesgue spaces L? were
initiated by Biernbaum and Orlicz in [3], [29], [30]. The theory of Orlicz
spaces was later developed by many mathematicians (see Krasnoselskii and
Rutickii [17], Musielak [23] for review). A theory of more general class of
function spaces was initiated in 1955 by W. A. J. Luxemburg in his PhD
thesis [21] and followed by a series of papers of W. A. J. Luxemburg and A.
C. Zaanen (see also [22]). Recently a new interest in Orlicz spaces is
emerging in connection with problems of convexity in Banach spaces, the
Boyd indices and with the theory of rearrangement invariant function spaces
(see the books of J. Lindenstrauss and L. Tzafriri, Classical Banach Spaces, 1,
11, [19], [20]).

The theory of modular spaces was founded by Nakano [28], then
developed by Musielak and Orlicz [247], [25] and their pupils (see [23]). On
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the base of the modular theory the same authors developed in [24] the
theory of Musielak—Orlicz spaces, i, Orlicz spaces with a function ¢
depending on a parameter. Such spaces were objects of mathematical study
for over twenty years (see e.g. [11] and [13]) and were generalized in many
directions. Among others, Turett in [34] and Kozek in [14], [15] considered
generalizations of Orlicz spaces to the case of vector-valued functions;
Musielak and Waszak [26], [27], Rosenberg [31], Drewnowski and Kamin-
ska [7] considered cases of spaces generated by family of Orlicz or Musielak—
Orlicz modulars.

Preliminaries

Let us recall some basic concepts of the general theory of modular
spaces after [23].

Let Z be a real or complex vector space. A functional o: & —[0, o] is
called a pseudomodular if there holds for arbitrary x, ye &:

(A) ¢(0) =0.

(B) g(ax) = g(x) for every ae K (K = C or K = R) such that |a| = 1.

(©) elax+pBy) < e(x)+e(y) for a, 20, a+p=1.

If in place of (C) there holds

(C) elax+By) <a*-e(x)+p-e(y) for o, f20, «*+p =1, se(0, 1],
then the pseudomodular ¢ is called s-convex; 1-convex pseudomodular is
called convex.

If we replace (A) by

(A") 0(0) =0 and g¢(4x) =0 for all A > 0 implies x =0,
then ¢ is called a semimodular.

If, moreover,

(A”) 0(0) =0 and g¢(x) =0 implies x =0,
then ¢ is called a modular.

If o is a pseudomodular in %, then

4, = xeZ: limg(ix) = 0]
-0

is called a modular space; %, is a vector subspace of . For a pseudomodu-
lar ¢ in & we may define an F-pseudonorm by the formula

©Ixl, = inf {u > 0: o(x/u) < u}.
If ¢ is an s-convex pseudomodular, then the functional
lIxlfy = inf {u > 0: o(x/u'¥) < 1)

is an s-pseudonorm in % (a pseudonorm for s = 1).
Observe that the previous formulas defined F-norms and s-norms,
respectively, if ¢ is a modular or at least a semimodular. One can check that
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|x, —x|, —» 0 is equivalent to the condition ¢(x(x,—x))—0 for all a« >0.
Recall that a sequence (x,) is called modular convergent to xe %, if there
exists a A > 0 such that ¢(A(x,—x))— 0 as k — oo.
A modular ¢ is called
(a) right-continuous if lim+ e(Ax) = ¢(x) for all xeZ,,
A1

(b) left-continuous if lim g(Ax) = ¢(x) for all xe%,,
A=1"

(c) continuous if it is both right- and left-continuous.

Let X be a non-empty set and # a non-trivial é-ring (a ring closed with
respect to the forming of countable intersections) of subsets of X. Let 2 > £
be the smallest o-algebra of subsets of X such that X contains 2 and

(i) 2 is local in 2, ie, EnAe P for every Ec P, AcZ,

(i) there exists a non-decreasing sequence X, < X, < ..., X;e %, such

o
that X = (J X;.
i=1
If E X, then Iy will stand for its characteristic function. By a #-simple

function on X with values in a Banach space S we mean a function of the
form

g=2r,-1£l_, r,-eS, E,‘Eg, E‘ﬁEJ=¢f0ri¢j.
i=1
The linear space of all Z-simple function will be denoted by &(%) or, briefly,
by &.
A function f: X — § is called measurable if there is a sequence of #-
simple functions (f,) such that lim f,(x) = f(x) for every xe X. It may be

shown that a function f is measurable if and only if it is separable valued in
S and for every open Bc S, f~'(B)eZ, cf. [8], III, 69. Thus, if f is
measurable, then |f| is a scalar measurable function. It follows from the
properties of scalar measurable functions that to every measurable function f
there corresponds a sequence of #-simple functions (f,) such that lim f,(x)

= f(x) and the sequence of norms (| f,(x)|) is non-decreasing for each xe X,
see [10], Theorem B in Section 20. The vector space consisting of all
measurable functions f: X — S will be denoted by M(X, S).

The following definitions are taken from [6].

A set function 7: X — [0, oo] will be called a submeasure (subadditive
measure) on X iff

(@ (@) =0,

(B) n(4 v B) < n(A)+n(B) whenever A, BeX, AnB=0Q,

(y) n(A)<n(B) if A, BeZ, A cB.

If, moreover, n( | E,) < Y n(E,) for each sequence E,e X, then n will
n=1 n=1

be called g-subadditive submeasure or simply g-submeasure.
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A submeasure n is said to be order continuous if for each sequence
(E,) = X such that E, N @, n(E,)— 0 as n— oo.

2. Function modulars
2.1. DeriniTioN. A functional ¢: & x2 — [0, oo] is called a function
modular if and only if the following conditions are satisfied:

(Py) ¢(0, E) =0 for each EeX,

(Py if E€Z, f, geé and |f(x) <|g(x)| for all xe€E, then o(f, E)
<o(g, E),

(P3) for every feé, o(f, ): X —=[0, o] is a o-submeasure,

(P,) for every E€:#, g,(E) —0 as « —» 0", where, for every E€X,

0.(E) = sup lo(g, E): geé, lg(x)) < a for every xeEj,

(Ps) if g,(E) =0 for an « >0, E€Z, then gz(E) =0 for every >0,
(Ps) 0, is order continuous on .# for all a > 0.

The definition of ¢ is extended to measurable f by defining that

o(f, E) =suplolg, E): geé, lg(x)| <|f(x)| for each xeE].

For the sake of simplicity we shall write ¢(f) instead of ¢(f, X). The
following properties of function modulars are the immediate consequences of
the definition.

2.2 Prorosition. For f, ge M(X, S) and Ec X there holds:

(@) |f ()] <lg(x)| for all xeE implies that ¢(f, E) < ¢(g, E),

(b) for every feM(X,S), o(f,"): 2 —[0, 0] is a o-submeasure,
© if f(x) =g(x) in E, then o(f, E) = ¢(g, E),

@) if |f ()| <l|g(x)| for each xe X, then ¢o(f, E) < ¢(g, E),

(e) if f(x) =0 for each xeE, then ¢(f, E) =0,

® o(f, E) = o(f, E nsupp f), where supp f = {xeX: f(x) # 0},
@ o(f, B) = e(f15, E).

2.3. DerFiniTION. A set Ee X is said to be g-null iff g,(E) =0 for every
a>0.

Obviously, a set Ec X is g-null if and only if g(g, E) = O for every ge é.
Furthermore, if E is g-null, then o(f, E) = 0 for each fe M (X, S). In view of
(Ps) if g,(E) =0 for an o > 0, then E is g-null.

By the use of the obvious fact that a finite (even countable) union of g-
null sets is still g-null and that for every E€ % and o >0 there holds
o(rlg, E) =0 whenever g,(E) =0 and reS, |r| =a, we can easily prove the
following result.

2.4. ProrosiTiON. The following conditions are equuvalent:
(@) ¢ has property (Ps),
(b) if E€?, fe & and o(f, E) =0, then E nsupp f is g-null.
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By the assumption X = {J X;, X; < X, ..., X;e 2 we can conclude
i=1

that if ¢ satisfies (Ps), then condition (b) in Proposition 2.4 holds for every
E€X and feM(X, S). Therefore supp f is o-null (ie, f =0 g-almost every-
where) if o(f) = ¢(f, X) = 0. Hence, identifying in M (X, S) functions which
differ only on g-null sets we get a functional ¢: M(X, S) —[0, co] which
may be regarded as a modular. Namely, we have the following theorem.

25. THeoreM. The functional 9. M(X, S)— [0, x] is a modular.

Proof. It is evident that only condition (C) of the definition of modular

needs proving. Let f;, f,e M(X, S) and 0 <a, B <1 be such that a+8 = 1.
Observe that

lofy )+ BL2 (XN < - | f1 N+ B 12 (0] < max{|fy (x)], | f2(x)]}-

Put E; = ixe X: |fi(x)| =2 |2(x)|}, E; = X\E, and g = f, lg, +/f21g,. Then
lafy (x)+ Bf2 (x)] < lg(x)| for every xe X and

eafi +Bf) <el@ <olg, E)+olg, Ey)
=01, ED)+o(f2, E)) < o(f)+e(fo).

According to the general modular theory we can define now a modular
space L, = {feM(X, S): o(4f)—0 as A —0"}. We shall equip L, with an
F-norm |+|, (norm in the case of convex ) induced by the modular ¢. It is
evident in view of (P,) that L, contains all bounded functions with supports
from 2; in particular, & < L,. Therefore (P,) guarantees the fact that the
space L, is not only non-trivial but it is large enough.

The same condition (P4) implies another important fact.

2.6. ProrositioN. If f,, feM(X,S), E€® and f,3f in E, then
e(@(f,~f), E) =0 for all « >0, ie, [(f,—f)1g, ~O.

On account of the obvious analogy with the classical case we put the
folllowing definition.

2.7. DeriniTION. A function modular g is said to have the Fatou proper-
ty iff for every sequence (f,),>, of measurable functions such that f, — f, o-
ae. and |fi(x)| <o) <...<|fo(x) for all xe X, there holds o(f,) 7~ ¢(fo)-

2.8. TueoreM. The following conditions are equivalent:

(i) o has the Fatou property,

(i) ¢ is a left-continuous modular.

Proof. (i) = (ii). Evident.

(i) = (i). Suppose |f,| ~ |f] o-a.e. and write y = limg(f;). Since (¢(f,)) is
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non-decreasing sequence, we conclude that y is well defined and for all
natural n there holds o(f,) <7y < o(f). Thus, it suffices to prove that

y 2 e(f)

Let HeX be a g-null exceptional set, i.e, H = {xe X: f,(x) + f(x)} and
let W = X\H. Let us choose a .Z2-simple function g such that |g(x)| < |f (x)|
for every x and let us fix a number 1€(0, 1). Let E, = {xeW: dlg(x)| < |fn(¥)|}
and D, = W\E,; we observe that D, > D, > ... It follows from the definition

of D, that xe () D, if and only if xe W and |f,(x)] < Alg(x)} <|f(x)| for all
n=1

n=1,2,...; therefore, f,(x)+ f(x) which contradicts the fact that xe W.
e o]

Thus, () D,=® and consequently we have D, Q. It is evident that
n=1

D, = W nsuppg; since suppge 2, we see that D,e 2. Fix ¢ > 0; by (Ps)
there exists a natural n, such that ¢(ig, D,) <e¢ for n > n,. Thus,
0(dg) < e(lg, H)+o(4g, E)+e(dg, D)) < o(f, E)+e<e(f)+e<y+e.

Since ¢ > 0 was chosen arbitrary, we conclude that ¢(Ag) <y which implies
0(g) < v, because g is left-continuous. The latter inequality holds for arbitrary
g €& such that |g(x)] <|f(x)], so that g(f) <y, and the proof is complete.

2.9. TueorReM. If ¢ has the Fatou property, then for every f,e M (X, S),

n=0,1,...,|f), 7 1fl, whenever f, = f o-a.e. and |fy ¥)| < |f,(x) <...<|f (X
for every xeX.

Proof. It follows from Proposition 2.2 (d) and from the definition of
the F-norm that the sequence of F-norm (|f,],) is non-decreasing. Denoting
then y = lim| f,|,, assume to the contrary that y+& <|f], for some y > 0 and

£>0. Let a, >0 be such that go(f,/2,) <a, and «, < y+¢; such a, exists,
because |f,J, <y+e¢ for all ne N. Hence

o(fly+e) <olf/a,) <a, <y+e.

Since ¢ has the Fatou property, it follows that o(f,/y+¢) 7 o(f/y+¢) so that
o(fly+¢) < y+e& and consequently |f], < y+e. Contradiction.

2.10. CoroLLARY. If ¢ has the Fatou property, then for every fe M(X, S)

Iflo =supllgl,: ge &, lgx)| <I|f(x)| for each xe X}.

3. Completeness of L,

In the previous section we introduced the submeasure g,: X — [0, o],
o > 0; it is an immediate fact that for every bounded measurable function f
and EeX we have

. (E) < e(/f, E) < gy(E),
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where a = inf|f(x)|, # = sup|f(x)|. The notion of g, will be used to define
xeE xeE

another convergence in M (X, S).

3.1. DerinmmioN. Let f,, fe M(X, S). We say that (f,) converges to f in
the submeasure g, and write f, — f(g,) if and only if for every ¢ >0

G eX: [f,(0=f () 2 ) >0 as n—oo.

We say that (f,) converges to f in the submeasure ¢ and write f, — f (o) if and
only if f, — f(@,) for all a > 0.

The definition of Cauchy sequences is analogous.

3.2. ProrositioN. (a) If (f,) is a Cauchy sequence in L,, then (f,) is a
Cauchy sequence in submeasure (),

(b) Iff;n feLg’ |fn—f|0 _)05 then fn _)f(é)

Proof. (a) Let us fix ¢ a >0 and denote

E,i(e) = xeX; |f,(x)=fi(¥)] > &};

@s (En.k (8)} < Q(f;l —ﬁn En.k (8)) S Q(fn _fk)

then

Hence

—éa (En,k (8)) < 0 (g (.f;1 _ﬁc)a En,k (8)) < 0 (g (fn _j;t)) -0

as n, k — oo.

Proof of (b) is similar.

3.3. ProPOSITION. (a) Given x > 0, let a sequence (f,) satisfy the Cauchy
condition in submeasure @,; then there are f e M (X, S) and a subsequence (g,) of

(f) such that f,— f(g,) and g,— f ¢-ae.
(b) (The Egoroff Theorem). Let f,, feM(X,S) and f,— f g-ae.

There exists a non-decreasing sequence of sets H,e 2 such that \) H, = X
k=1
and f, = f on every H,.

We omit the proof of the previous results, because they are rather simple
modifications of the standard proof. Nevertheless we want to call the reader’s
attention to the fact that proving assertion (a) of Proposition 3.3 we conclude
that g, ({xe X: g,(x) + f(x)}) = 0; it follows from (Ps) that this set is g-null.

The next proposition is also an easy result of (Ps).

3.4. ProvositioN. If f, — g, (0,) and f,— g,(8,), then g, =g, a.e.

._3.5_; Prorosition. If (fy) is a Cauchy séquence in (), then there exists a
function fe M(X, S) such that f, — f ().

Proof. In virtue of Proposition 3.3 (a) to every a > 0 there exists a
function h,eM (X, S) such that f; »h,(g,). Let us choose an arbitrary
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sequence of scalars 1 = o, <a, <..., a, oo and define g, = h,,. If i2]j,
then f, — g,-(éaj), because f; — ¢;(0,,) and @aj < 0,;- On the other hand, since
fe— gj(@aj), it follows by Proposition 3.4 that g; =g; ¢-a.e. Put f =g, and
take an a > 0. For a certain natural n we have a < a,. For given &¢ > 0 we
have

&(xeX: |f(x)—f (X)) =¢]) < g, (Ixe X: [fi(0)—f (0] =¢))
= 0, (IXEX: | /() =g, (x) > &)) =0 as k— .

Finally, f; — f(g,). It follows then that f, — f(0), because a was fixed
arbitrary.

Proposition 3.2 (a) and 3.5 are the main tools for proving the main
result of this section, the theorem on the completeness of L,.

3.6. THEOREM. The linear metric space L, is complete.

Proof. Let (f,) be a Cauchy sequence in (L,, |-|,). By Proposition 3.2 (a)
(f,) is also a Cauchy sequence in the sense of convergence in submeasure
0; hence, in virtue of Proposition 3.5, there exists a function f e M (X, S) such
that f, — f (o).

Let us fix an a > 0; then choose a subsequence (g,) of (f,) such that
0(22(g—gx+n) < 1/271 for each ne N. Let us fix temporarily a natural
number k and take arbitrary heé such that Jh(x)| <|f(x)—gi(x)| for
each xeX. Let us denote a = inflh(x)l, b =suplh(x)] and 4, = {xeX:

xeX xeX
gk +n(¥)—f (x)| > a/2) €Z. Since g, — f(0), it follows that g, (4,) <1/2**!
for n sufficiently large. On the other hand, for each xeX\4, we have

(RN < |f ()= g N < 1S (X) = s (XN + G+ n (%) — o (X)]
< /241G +n ()= g ()| < TR/ 241G+ 0 () — Gic (X)]-
Hence,
[A(X)] < 2|gg+n(x)—gi(x)|  for xe X\ A4,
and finally for n sufficiently large there holds
0(xh) < ¢(xh, A)+e(xh, X\ A,) € 2 (A)+0 (2% (Gh+n—90), X\ 4,)
S éah(A:n)+Q(2x(gk+n_gk)) < 1/2k+l+ 1/2k+1 = 1/2k

Since h was an arbitrary chosen simple function such that [h| < |f—g,, it
follows that ¢(x(f—gs)) < 1/2* - 0 as k — oo, i€, |gi—f], — 0. We conclude
then that |f,—f], — 0, because (f,) is a Cauchy sequence in L,.

We have to show now that feL,. Let 4,20, 4, —~0 and let 4 >0 be
such that 4,.< 4 for n sufficiently large. Fix ¢ > 0 and take ke N such that

e(A(fi—=f)) <e. We have o(L,(fi—/) <e(A(f,—)) <e for n sufficiently
large.
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The above-mentioned inequality implies that ¢(4,(fi—f)) =0 as n = .
Thus f,—f €L, and f€L,, because f, €L, and L, is a linear space.
This completes the proof of Theorem 3.6.

4. Subspace E,

Recall that a function feM (X, S) is said to have an absolutely con-
tinuous F-norm if and only if for every sequence of sets E,eX such that
E, \Q there holds |f1; |, — 0. Clearly, not all members of L, have this

property, therefore we shall distinguish the class of function having it. Since
the condition |f 1 |, — 0 may be equivalently stated in the modular form, we

put the following definition.

4.1. DerFiNiTioN. E, = {feM(X, S): ¢(of, -) is order continuous for
every a > 0).

The position of E, with respect to L, is described in the next theorem.

4.2. TueOREM. E, is a closed subspace of L,.
Proof. Step 1. First we prove that E, is a subspace of L,.

Clearly, E, is a linear space; therefore, it suffices to prove that E, < L,.
Let feE, and 0 < A,— 0. Since fe M(X, S), if follows that there exists a
sequence s, € & such that |s,(x) <|f(x)] and s,,(x) — f(x) for each xe X,
me N. By the Egoroff theorem (Proposition 3.3 (b)) we get a sequence (H;)

such that H;e #, Hy c H, <..., |) H; = X and s,, = f on every H,. Let us
i=1

choose a 4 >0 such that 1, <A for all natural numbers n and fix an

arbitrary number ¢ > 0. Since f €E,, there exists an index k, such that

e(¥, X\ H,,) <¢/3. There holds s,, =3 f on H,, therefore, we may choose a
natural number m, such that @(24(s,.,~f), Hy,) <¢/3. The function s,,
belongs to & < L,; thus, there exists an n, such that ¢(24,s,, Hy,) <é&/3 for
n 2 ny. Finally, for n > n, we have

00 f) < 0l fy X\ Hy )+ fs Hyy) ,
< Q(lf’ H\Hk0)+9(21n(sm0 —f)a Hk0)+9(2lsm09 Hko)
<

¢/3+¢e/3+¢/3 =¢,

that is, feL,.

Step 2. Now we shall prove that E, is closed. Let f, €E,, |f,—fl, =0,
feL,. Take a sequence of sets E,eX, E, \@; fix ¢ a>0. We have
0(2a(f— fio)) <#&/2 for a certain index k. Since fi, €E,, it follows that for n

sufficiently large ¢(2afy,, E,) <é¢/2. Thus, for n sufficiently large there holds



96 W. M. Kozlowski

o(of, E,) < e(2a(f~fip)s En)+eQafiy, En)
< (B (f=fip) + 024y En) <&/2+8/2 = ¢,
that is, fe E,. Hence E, is a closed subset of L,.
The exposition of some basic properties of E, will be started with the

result which is called the Virali convergence theorem because of its similarity
to the classical Vitali theorem.

4.3. THEOREM. Let f,€E, and feL, and f, — f ¢-a.e.; then the following
conditions are equivalent:

(1) fEEe and If;t_flq - Oa
(ii) for every a >0, ¢(af,, ) are order equicontinuous, ie., if E,eZ,
E, ~Q, then supo(af,, E)— 0 as k— 0. :

Proof. (i) =(ii). Let us choose a sequence of sets E,eX such that
E, N~ and fix arbitrary numbers ¢, a > 0. Since |f,—f|, — 0, it follows that
there exists n, such that ¢(2x(f,—f)) <¢/2 for n > no. Let ko be a natural
number such that

(4.3a) olof,, E) <e for k=zkyand n=1,2,...,ny—1.

Similarly, since feE,, there exists k; > ko such that for k >k,
o(2af, E,) < &/2.

Thus,

(4.3b) o(afys E) < e(u(fo—f))+02of, E) <e&/2+e/2=¢

for k > k, and n > n,. Inequalities (4.3a) and (4.3b) give the desired result.
(i) = (i). Given ¢, « > 0; since f, = f g-a.e., it follows by the Egoroff
theorem that there exists a non-decreasing sequence of sets H, € # such that

(U Hy = X and f, = f on every H,. By the order equicontinuity of modulars
k=1
(assumption (ii)) we can take an index ko such that ¢(2«f,, X\ H, ) <¢/4
for all natural n. Since f, 5 f on H, , one can find a natural n, such that
0(2x(fa—f), Hy,) <#¢/4 for n > ny (cf. Proposition 2.6). Let n, m > no; then
we have
Q((Z (j;x'_fm)) < Q(a (f;l"fm)9 X\Hko)+Q(a(.f;x—fm)9 Hko)
< Q(2af;u X\Hko)+g(2afm, X\Hko)+g(2a(f;1—f)’ Hk0)+Q(2a(fm_f)9 Hko)
<efd+¢efd+efd+¢e/d =c.

Hence, the sequence (f,) satisfies the Cauchy condition in the sense of F-
norm |-|,. Since f,eE, and E, is complete as a closed subspace of the
complete metric space L, (cf. Theorems 3.6 and 4.2), it follows that there
exists a function g€E, such that |f,—g| —0. Therefore, by Proposition
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3.2 (b), f, —g(0). It follows by Proposition 3.3 (a) that there exists a subse-
quence of (f,) which converges to g g-a.e. On the other hand, f, = f ¢-ae,
therefore f = g g-a.e. and finally we obtain |f,—f|, =0, which is the desired

result.
Making use of the Vitali theorem and Proposition 3.2, 3.3 one can easily
prove the following result.

44, COROLLARY For f,, feE, Ihe following conditions are equivalent:

M) 1fi=fle =0,

@) f, = f (o) and g(af,, *) are order equicontinuous for every o > 0.

As an immediate corollary of the Vitali theorem we obtain the next
theorem.

4.5. Tueorem (the Lebesgue dominated convergence theorem). If f, — f
g-ae. (f., fEM(X,S)) and there exists a function geE, such that
[fo(X)] < |g(x)| g-ae. for every natural n, then |f,—f|, = 0.

We shall use this theorem to determine the space E,.

4.6. THEOREM. E, is a closure (in the sense of ||,) of the space of all -
simple functions, ie., E, = cl(#).

Proof. Step 1. We shall prove first that cl(&§) < E,. Take a function
geé, a number 4 >0 and a sequence E, <X such that E, Q. Write
« = sup|ig (x)|; observe that

xeX

¢(4g, E,) = o(4g, suppg N E,) < g,(suppg N E,) =0

because suppg N E,€ 2. Thus & < E,. Since E, is closed in L, (Theorem 4.2),
it follows that cl(&) c E, as well.

Step 2. Now the inverse inclusion will be proved. Let feE, and ¢ >0
be given. Since fe E, and X is a countable union of sets from .#, it follows
that there exists a set E € # such that | f] xlp < &/2. Let us choose a sequence
(9.) of #-simple functions such that suppy, < E for all n, |g,(x)| < |f(x)| for
each xeE and g, (x) — f(x) for every xeE. By the Lebesgue dominated
theorem (Theorem 4.5) we get |g,—f1g|, =0, therefore, |gng —f 16l <&/2 for a
certain n,. Finally,

'gno_flg S lgno_fIE’Q+lgn0 IX\E'Q+|f1X\E]q < i’/2+8/2 =&,

ie, E, < cl(&).
We can now establish the major step towards the characterization of
Compact subsets of E,.

4.7. THEOREM. A set D c E, is conditionally compact iff the following
condition are satisfied:
(i) for every a >0, lo(af,-): feD) are order equicontinuous,
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(ii) for every sequence (f,) of elements from D there exists a subsequence
(fw) and a function feE, such that f, — f(0).

Proof. Sufficiency. Let f,eD for all n. By (ii) we can choose a subse-
quence (f,) and a function f €E, such that f, — f(@). By (i) o(«f,,, ") are

order equicontinuous for every a > 0. From Corollary 44 it follows that

o —Ile =0,
Necessity. To prove (i) let us fix an ¢ >0 and sets E, Q. By the
conditional compactness of D we may find a set f,, ..., f,] of elements from

E, such that to every feD there corresponds an iell, ..., n] for which
|f—fil, <&/2. Since all f,€E, (1 <i< n), it follows that there exists a natural
number ko such that |f Ig |, <é&/2 for k > ko, 1 <i<n. Hence,

f1gle <If~fle+1filgl, <&  for k=ko.

This completes the proof of (i). To prove (i) let us choose an arbitrary
(f,) = D. Since D is conditionally compact, it follows that there exists a
subsequence (f,,) of (f,) and a function feE, such that |f, —f|, — 0. Thus,

Jo. = f(@) in view of Proposition 3.2.

5. Separability of E, and L,

5.1. DeriniTioN. Given Z < M (X, S), we say that the modular o is
separable on Z if and only if |f1,|, is a separable set function for each f'e Z.
The latter means that there exists a countable ./ < Z such that to every
Ae .# there corresponds a sequence (A4,) of elements ./ such that
olf, A = A,) =0 for all « > 0; the symbol — denotes the symmetric differ-
ence.

We start with an interesting result.

5.2. ProrposiTiON. If a linear space L < L, is separable and #-solid (i.e.
fel, A2 imply f1,eL), then ¢ is separable on L.

Proof. Suppose to contrary that g is not separable on L; there exist$
then a function feL, a number ¢ >0 and an uncountable family of sets
# < # such that |[f1,_ 4|, > ¢ for arbitrary B, B'e # such that B # B'. Thus,
e <|flg.pl,=1fls—f1yl,. Put W= {fIg: Be A}, then observe that W is
an uncountable subset of L and there holds |g—hl, > ¢ for g, he W, g # h.
The latter fact contradicts the separability of L.

The following separability theorem is the main result of this section.

5.3. THEOREM. Two following conditions are equivalent:
(i) E, is separable,
(ii) S is separable and o is separable on &.
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Proof. (i) =(ii). Let us fix a set Ae # which is not g-null. Write W
= |rl4: reS} c E, and observe that W is separable. Define a one-to-one
mapping ¢: W —S by the formula ¢(rl,) =r. We conclude that ¢ is
continuous; indeed, |r,1,—rl,|, >0 implies r,1, —rl, (g) (Proposition
3.2 (b)), ie., for every & o >0 there holds o.(ixeX: r,—r|, = ¢ N A4) ~0.
Thus, |r,—r| <& for n sufficiently large. Finally, S is a continuous image
of the separable set W and therefore S is separable itself.

Since & is a #-solid subspace of L, and is a subset of the separable
space E,, it follows from Proposition 5.2 that ¢ is separable on &.

(if) = (i). Let us denote by Q a countable dense subset of S and by 4, a
countable subfamily of sets dense in {X,NA: A€ with respect to the
pseudometric 2 x #3(4, B)—rly ~u-pl,- Let us put =) 2,,. It is

e
enough to prove that {rlg: reQ, Be #| is dense in |sl,: seS, Ae 2}. Given
seS, Aec 2 and ¢ > 0, by the density of Q in S and by Proposition 2.6 we
can choose an re Q such that [sI,—rl |, <&/3. Since 4, X,e Z and X, ~ X

it follows that A\X, \ @ and then by (Ps) we have |rl,y|, <&/3 for n

sufficiently large. It follows from the assumptions that there exists a set
Be4,, such that [l 4~x,—"1Ble = Ir1x,nu-pl, <&3. Finally,

sl —rlgl, < |s14 —rIAI(,+lr1Anxn—r1,,lg+|r1A\X"le <e.
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