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Notes on modular function spaces. I

Abstract. Let X be a ст-algebra which is local in a 5-ring Jf  of subsets of a set X  such that
00

X =  U X h X, 6 By a function modular we mean a functional g: A x l  —> [0, oo] (A denotes
i= 1

the space of all ^-integrable simple functions) such that @(0, E) — 0 for EeX;  if | / |  ^  \g\ in E, 
then g(f,  E) <  g(g, E); g(f ,  •): I  —► [0, oo] is a er-subadditive set function. We assume also that 
g(-, E): oo] is order continuous in and continuous with respect to the uniform
convergence topology in A. Having extended the domain of g to all measurable function by the 
formula g(f,  E) =  sup \g(g, E): g e S ,  \g\ <  | / |  in E), we observe that the functional e(-,  X) is a 
modular defined in the space of all measurable functions; the modular space induced by g will 
be denoted by Le. In Section 3 we shall prove that the modular space Le is complete. Section 4 
contains the definition and some basic properties of the subspace Ee of finite elements while 
Section 5 contains the separability theorem.

Introduction
The aim of this paper is to develop a theory of modular spaces of 

measurable vector-valued functions. This theory is based on the notion of 
function modulars, i.e., functionals which depend both on measurable func­
tions and measurable sets.

The first attempts to generalize the classical Lebesgue spaces U  were 
initiated by Biernbaum and Orlicz in [3], [29], [30]. The theory of Or liez 
spaces was later developed by many mathematicians (see Krasnoselskiî and 
Rutickii [17], Musielak [23] for review). A theory of more general class of 
function spaces was initiated in 1955 by W. A. J. Luxemburg in his PhD 
thesis [21] and followed by a series of papers of W. A. J. Luxemburg and A. 
C. Zaanen (see also [22]). Recently a new interest in Orlicz spaces is 
emerging in connection with problems of convexity in Banach spaces, the 
Boyd indices and with the theory of rearrangement invariant function spaces 
(see the books of J. Lindenstrauss and L. Tzafriri, Classical Banach Spaces, I, 
II, [19], [20]).

The theory of modular spaces was founded by Nakano [28], then 
developed by Musielak and Orlicz [24], [25] and their pupils (see [23]). On
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the base of the modular theory the same authors developed in [24] the 
theory of Musielak-Orlicz spaces, i.e., Orlicz spaces with a function cp 
depending on a parameter. Such spaces were objects of mathematical study 
for over twenty years (see e.g. [11] and [13]) and were generalized in many 
directions. Among others, Turett in [34] and Kozek in [14], [15] considered 
generalizations of Orlicz spaces to the case of vector-valued functions; 
Musielak and Waszak [26], [27], Rosenberg [31], Drewnowski and Kamin- 
ska [7] considered cases of spaces generated by family of Orlicz or Musielak- 
Orlicz modulars.

Preliminaries
Let us recall some basic concepts of the general theory of modular 

spaces after [23].
Let Ж be a real or complex vector space. A functional g: Ж -►[(), oo] is 

called a pseudomodular if there holds for arbitrary x, уеЖ:
(A) g(0) = 0.
(B) g (ocx) = g(x) for every ole К  (К = C or К = R) such that |a| = 1.
(C) g(ocx + fiy) ^  p(x) + p(y) for a, /? ^ 0, a + /? = 1.
If in place of (C) there holds
(C) Q(ax + f}y) ^ 0Ls-Q{x) + ps-Q{y) for a, /1^0, as + £s = 1, se (0, 1], 

then the pseudomodular g is called s-convex; 1-convex pseudomodular is 
called convex.

If we replace (A) by
(A') p(0) = 0 and g(kx) =  0 for all Я > 0 implies x = 0, 

then g is called a semimodular.
If, moreover,
(A") g (0) = 0 and g (x) = 0 implies x = 0, 

then g is called a modular.
If g is a pseudomodular in Ж, then

Же = \ х е Ж :  Итр(Ях) = 0] 
я-о

is called a modular space; Же is a vector subspace of Ж. For a pseudomodu­
lar g in Ж we may define an F-pseudonorm by the formula

|x|e = inf I и > 0 : g{x/u) <  n}.

If g is an s-convex pseudomodular, then the functional

||x||* = inf {u > 0 : g(x/ul,s) ^ 1}

is an s-pseudonorm in Ж (a pseudonorm for s = 1).
Observe that the previous formulas defined F-norms and s-norms, 

respectively, if g is a modular or at least a semimodular. One can check that
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|xk — *l<? 0 is equivalent to the condition g (a (xk — x)) -* 0 for all a > 0.
Recall that a sequence (xk) is called modular convergent to x g 9Cq if there 
exists a A > 0  such that д (Я (xk — x)) -* 0 as к -* оо.

A modular g is called
(a) rig ht-continuous if lim р(Ях) = £>(x) for all

я-i+
(b) left-continuous if lim д(Лх) = g(x) for all x e f e,

a-*i -
(c) continuous if it is both right- and left-continuous.
Let A" be a non-empty set and a non-trivial <5-ring (a ring closed with 

respect to the forming of countable intersections) of subsets of X. Let X => & 
be the smallest <r-algebra of subsets of X  such that E contains & and

(i) E is local in i.e., E n A e 0 *  for every Ee& , AeE,
(ii) there exists a non-decreasing sequence X t cz X 2 X t e such

that X  = (J X t.
i= 1

If E с  X,  then 1E will stand for its characteristic function. By a ^-simple 
function on X  with values in a Banach space S we mean a function of the 
form П

g = £  Щ Е., r. eS , Ei e £,■ П Ej = 0  for i # 7.
i =  1

The linear space of all ^-simple function will be denoted by (#) or, briefly, 
by ê.

A function / :  X  -> S is called measurable if there is a sequence of # -  
simple functions (/„) such that lim/„(x) = / (x) for every x e X .  It may be

П
shown that a function /  is measurable if and only if it is separable valued in 
S and for every open B <= S, f ~ l (B)eE,  cf. [8], III, 6.9. Thus, if /  is 
measurable, then |/ |  is a scalar measurable function. It follows from the 
properties of scalar measurable functions that to every measurable function /  
there corresponds a sequence of ^-simple functions (/„) such that lim /„(x)

П
= /(x )  and the sequence of norms (|/„(x)|) is non-decreasing for each x e X ,  
see [10], Theorem В in Section 20. The vector space consisting of all 
measurable functions f :  X - + S  will be denoted by M(X,S) .

The following definitions are taken from [6].
A set function rj: E -* [0, 00] will be called a submeasure (subadditive 

measure) on E iff 
(a )  r \ ( 0 )  =  0,

((3) rj(A и  В) ^ r](A) + t](B) whenever A, BeX,  A n B  = 0 ,
(?) ri(A)^ri(B) if A , B g E, Л с В .

00 ao
If, moreover, /7 ( ( J  En) ^  £  g  (En)  for each sequence En e E, then rj will

n =  1 n =  1

be called o-subadditive submeasure or simply o-submeasure.
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A submeasure rj is said to be order continuous if for each sequence 
(En) c= I  such that E„ \  0 , rj(En) -* 0 as n -* оо.

2. Function modulars
2.1. Definition. A functional g: S  x l  —> [0, oo] is called a function 

modular if and only if the following conditions are satisfied:

(Pt) g(0, E) = 0 for each E e l ,
(P2) if E e l ,  f, g e t  and \f(x)\ < |g(.x)| for all xeE,  then g(f,  E)

<  q(q, E),
(P3) for every / e t ,  g{f,  •): E ->[0, oo] is a a-submeasure,
(P4) for every Е е  '/, ga(E) ->0 as a ->0+, where, for every E e l ,

ga(E) = sup \g{g, E): g e t ,  \g{x)\ ^ a for every xe E ) ,

(P5) if ga(E) = 0 for an a > 0, £  e l ,  then gp{E) =  0 for every p > 0, 
(P6) ga is order continuous on . /  for all a > 0.
The definition of g is extended to measurable /  by defining that

g{f, E) = sup \g(g, E): g e t ,  \g{x)\ < |/(x)| for each x e E ) .

For the sake of simplicity we shall write g( f )  instead of g(f,  X). The 
following properties of function modulars are the immediate consequences of 
the definition.

2.2 Proposition. For f, g e M ( X , S ) and E e l  there holds:
(a) |/(x)| < |gf(x)| for all x e E  implies that g ( f  E) ^  g(g, E),
(b) for every f  e M ( X ,  S), g(f ,  •): I  -* [0, oo] is а о-submeasure,
(c) if f ( x )  = g(x) in E, then g{f, E) = g{g, E),
(d) if \f(x)\ ^ \g{x)\ for each x e X ,  then g { f  E) <  g(g, E),
(e) if f ( x )  = 0 for each xeE ,  then g(f,  E) = 0,
(f) £?(/, E) = g(f ,  E n supp/), where supp/  = ! i e ï :  f ( x )  Ф 0),
(g) e(f ,  Щ = Q ( f h ,  E).

2.3. Definition. A set E e l  is said to be g-null iff ga(£) = 0 for every 
a > 0.

Obviously, a set Е е I  is £-null if and only if g(g, E) = 0 for every ge  S. 
Furthermore, if E is £>-null, then g( f, E) =  0 for each / e M(X,  S). In view of 
(P5) if ga(E) = 0 for an a > 0, then E is £-null.

By the use of the obvious fact that a finite (even countable) union of g- 
null sets is still g-null and that for every E e 0* and a > 0 there holds 
g{rlE, E) = 0 whenever ga(E) — 0 and reS,  \r\ = a, we can easily prove the 
following result.

2.4. Proposition. The following conditions are equvalent :
(a) g has property (P5),
(b) if Е е  £/, f  e S’ and g(f,  E) = 0, then E nsupp/  is g-null.
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By the assumption X  = (J X h X x c= X 2 <=..., we can conclude
i = 1

that if q satisfies (P5), then condition (b) in Proposition 2.4 holds for every 
E e l  and / e M ( X ,  S). Therefore supp/  is g-null (i.e,, /  =  0 ^-almost every­
where) if g(f )  =  g(f,  X) =  0. Hence, identifying in M ( X , S) functions which 
differ only on g-null sets we get a functional g: M(X,  S) ->[0, oo] which 
may be regarded as a modular. Namely, we have the following theorem.

2.5. Theorem. The functional g: M ( X , S) -+ [0, x ]  is a modular.
Proof. It is evident that only condition (C) of the definition of modular 

needs proving. Let f x, f 2e M(X,  S) and 0 ^ a, /? ^ 1 be such that oc + fi = 1. 
Observe that

|a/i (*) + P h (*)l <  a • |/j (x)\ + P ' \ f 2(x)| ^  max {\ft (x)|, | / 2(x)|}.

Put Ex = \ x eX:  \ fx(x)\ ^  \f2(x)\], E2 = X \ E x and g = f x l El+f2l Er  Then 
la/i  (•*) + #/2 (*)l ^ |#(x)| for every x g X  and

QWi + Pfi) <Q( g ) ^  в(д, Ex) + g{g, E2)

= e ( f u  E x) + g{f2, E2) <  e(/i ) + e ( /2).

According to the general modular theory we can define now a modular 
space Le = \ f e M ( X ,  S): £>(Л/)-»0 as A — 0+], We shall equip Le with an
F-norm I • |e (norm in the case of convex g) induced by the modular g. It is
evident in view of (P4) that L6 contains all bounded functions with supports 
from in particular, A c- Le. Therefore (P4) guarantees the fact that the
space Lq is not only non-trivial but it is large enough.

The same condition (P4) implies another important fact.

2.6. Proposition. I f  /„, f e M ( X , S ) ,  Ee fA and / „ ^ /  in E, then 
o(<*(fn-f), E) ^ 0  for all a > 0, i.e., \{fn- f ) l E\e -*0.

On account of the obvious analogy with the classical case we put the 
folllowing definition.

2.7. Definition. A function modular g is said to have the F at ou proper­
ty iff for every sequence (f„)f=0 of measurable functions such that /„ -»■ f 0 g- 
a.e. and l/^x)! ^ | /2(x)| ^  ... <  | /0(x)| for all x e X ,  there holds g(fn) A g( f0).

2.8. Theorem. The following conditions are equivalent:
(i) g has the Fatou property,

(ii) g is a left-continuous modular.
Proof. (i)=>(ii). Evident.
(ii) =>(i). Suppose \f„\ s  \ f \  g-a.e. and write y = limg(f„). Since (g(f„)) is
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non-decreasing sequence, we conclude that у is well defined and for all 
natural n there holds g{f„) ^  у <  g if).  Thus, it suffices to prove that 
У > Q(f)-

Let H e l  be a £-null exceptional set, i.e., H — \ x e X:  f„{x)-+* f{x))  and 
let W = X \ H .  Let us choose a .^-simple function g such that |g(x)| <  |/(x)| 
for every x and let us fix a number Ae(0, 1). Let En — {xeW:  A|g(x)| <  |/„(x)|} 
and D„ = W\E„; we observe that Dt => D2 => ... It follows from the definition

QO

of Dn that x e  Г\ D„ if and only if x e  W and |/„(x)| < X\g(x)\ < |/(x)J for all
n ~  1

n = l , 2 ,  therefore, f„{x) -b f ( x )  which contradicts the fact that xeW .
00

Thus, 0  Dn = 0  and consequently we have D„ \  0 .  It is evident that
n — 1

Dn cz W  n  supp g ; since suppge^, we see that D„e Fix e > 0; by (P6) 
there exists a natural n0 such that д(Лд, D„) < e  for n ^ n 0. Thus,

g{Àg) ^  g(Xg, Н) + д{Лд, E„) + g{Xg, Dn) ^ g( fn, E„) + e ^ g{f„) + e ^ y + e.

Since e > 0 was chosen arbitrary, we conclude that g(Àg) ^ y which implies 
g(g) ^ y, because g is left-continuous. The latter inequality holds for arbitrary 
g e t f  such that |^(x)| ^  |/(x)|, so that g( f )  <  y, and the proof is complete.

2.9. T h eo r em . I f  g has the Fatou property, then for every f ne M( X,  S), 
и = 0, 1, ...» \fn\6 S \f\e whenever f n - * f  g-a.e. and \Mx)\ <  | /2(x)| ^ ... ^  |/(x)| 
for every x e X .

Proof. It follows from Proposition 2.2 (d) and from the definition of 
the F-norm that the sequence of F-norm (|/„|0) is non-decreasing. Denoting 
then у = lim|/„|c, assume to the contrary that y + c < \ f \ e for some у ^ 0 and

Л

e > 0. Let a„ > 0 be such that g{fj<xn) <  a„ and <x„ < у -be; such a„ exists, 
because |/„|e < y  + e for all neiV. Hence

Q ( f J y  +  e) < Q ( f M  ^ a„ < y + e.

Since g has the Fatou property, it follows that g( f j y  + e) s  g{f/y + e) so that 
Q ( f / y  + e) ^  У + e and consequently |/|e < y  + e. Contradiction.

2.10. C o r o lla r y . I f  g has the Fatou property, then for every f  e M ( X ,  S)

\f\e =  sup \\g\e: g e t ,  \g{x) | ^  \f(x)\ for each x e X } .

3. Completeness of L e

In the previous section we introduced the submeasure ga: Г -> [0, oo], 
a > 0 ; it is an immediate fact that for every bounded measurable function /  
and E e l  we have

M E )  < e(f ,  E) ^  др(Е),
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where a = inf|/(x)|, /? = sup|/(x)|. The notion of ga will be used to define
xeE xeE

another convergence in M(X,  S).
3.1. D e f i n i t i o n . Let /„, / e M ( X ,  S). We say that (/„) converges to f  in 

the submeasure ga and write f n~* f  (ga) if and only if for every £ > 0

ëe(lxeX: \f„{x)-f{x)\  ^ e}) -*0 as n->oo.
We say that (/„) converges to f  in the submeasure g and write f , -> f  ({?) if and 
only if f n~* f  (&*) for all a > 0.

The definition of Cauchy sequences is analogous.
3.2. P r o p o s i t i o n , (a) I f  (/„) is a Cauchy sequence in Le, then (/„) is a 

Cauchy sequence in submeasure (g),
(b) if f „ , f e L e, \fn—f \ e -»0, then f n -*•f { g ).
Proof, (a) Let us fix e, a > 0 and denote

E„,k(£) = 'x e X ;  |/„(x)- f k(x)| ^ £j ;
then

Qe(EnA£)) < e(fn~fk , En<k(s)) <  g{f„- fk).
Hence

Qa(En,k (fi)) <  g f n- fk ), En>k(£)j  ^ g (^ ( f„- fk) j  -+0

as n, к -» oo.
Proof of (b) is similar.
3.3. P r o p o s i t i o n , (a) Given a > 0, let a sequence (f„) satisfy the Cauchy 

condition in submeasure ga; then there a re f eM( X,  S) and a subsequence (gn) of 
(/„) such that f„-> f  (@a) and gn -> f  g-a.e.

(b) (The Egoroff  Theorem). Let /„, f e M ( X , S )  and f n-+ f  g-a.e.
00

There exists a non-decreasing sequence o f sets Hk e 2P such that [j Hk = X
k= 1

and f nzZ f  on every Hk.

We omit the proof of the previous results, because they are rather simple 
modifications of the standard proof. Nevertheless we want to call the reader’s 
attention to the fact that proving assertion (a) of Proposition 3.3 we conclude 
that g„{x)-t*/(x)}) = 0; it follows from (P5) that this set is g-null.

The next proposition is also an easy result of (P5).

3.4. P r o p o s i t i o n . I f L ^ g A g J  and f n-> g2(gj, then gt = g 2 a.e.

3.5. P r o p o s i t i o n . I f  {fk) is a Cauchy sequence in (g), then there exists a 
function f  e M ( X ,  5) such that f k -* f(g).

Proof. In virtue of Proposition 3.3 (a) to every a > 0  there exists а 
function hae M ( X , S )  such that f k -+K(ga). Let us choose an arbitrary
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sequence of scalars 1 = aj < a 2 < . . . ,  a„ ->oo and define gn = h^. If i ^ j, 
then f k ' &• (&,.), because f k ->gi(gaj) and ga. <  ga.. On the other hand, since 
fk —* g j ( Qaj)’ ^ follows by Proposition 3.4 that gx = gi g-a.e. Put f  = g i and 
take an a > 0. For a certain natural n we have a ^ a„. For given e > 0 we 
have

^ ( ! x g X: \fk( x ) - f ( x ) \ ^ e } ) ^ Q aH( \ x e X:  \fk( x ) - f  (x)\ ^  e))

= дЯп( \ х е Х:  \fk(x) -g„{x) \^e) ) -+0  as k - x .

Finally, f k -» / (0«). It follows then that /„ — / (g), because a was fixed 
arbitrary.

Proposition 3.2 (a) and 3.5 are the main tools for proving the main 
result of this section, the theorem on the completeness of Le.

3.6. T heorem . The linear metric space LQ is complete.
Proof. Let (/„) be a Cauchy sequence in (Le, | -|e). By Proposition 3.2 (a) 

(/„) is also a Cauchy sequence in the sense of convergence in submeasure 
g; hence, in virtue of Proposition 3.5, there exists a function /  e M ( X ,  S) such 
that /„ -►/({?)•

Let us fix an a > 0; then choose a subsequence (gk) of (/„) such that 
g(2x(gk —  д к + п)) l/2fc+1 for each i i p ! \ .  Let us fix temporarily a natural 
number к and take arbitrary h e S  such that \h(x)\ ^  \ f  (x) — gk{x)\ for 
each x e X .  Let us denote a = inf|/i(x)|, b = sup|/i(x)| and A „ = \ x e X :

x s X  x e X
\gk + n( x ) - f ( x ) \ >a / 2} e Z .  Since g„ -^f(g),  it follows that gxb(An) <  l/2*+1 
for n sufficiently large. On the other hand, for each x e l \ 4 n we have

\h{x)\ ^  \ f { x ) - g k(x)\ ^  I / (x)- 2k+ „(x)| + |gk+ „(*)-0*(*)l 

^ a/2 + |0k + „ (x) — gk (x)| ^ |Л(х)|/2 + |0к + и( х ) - 0к(х)|.
Hence,

|/i(x)K  2 |0k + n( x ) - 0k(x)| for x e X \ A K 

and finally for n sufficiently large there holds

g{cth) ^ g{oth, An) + g(txh, X \ A J ^  ёаьИ п) + е(2а(0к + п-0к)> X \ A n)

^ Qxh(An) +  g ( 2 x ( g k + n - g k)) < l/2*+1 + l/2k + 1 -  1/2*.
Since h was an arbitrary chosen simple function such that \h\ ^  \ f — gk\, it 

follows that g(ct(f— gkj) < 1/2* -> 0 as к  -> oo, i.e., \gk—f \ Q — 0. We conclude 
then that \fk—/ | e -* 0, because (/„) is a Cauchy sequence in Le.

We have to show now that f  e Lq. Let X„ ^ 0, X„ — 0 and let X > 0 be 
such that X„ ^ X for n sufficiently large. Fix e > 0 and take ke/V such that 

( /* - /) )  <£• We have g(Xn(fk- f ) )  ^  g(X(fn- f ) )  < e for n sufficiently 
large.
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The above-mentioned inequality implies that д(Ап(/к — /))  -► () as n ->oo. 
Thus f k—f e L e and f  e L e, because f k eL e and Le is a linear space.

This completes the proof of Theorem 3.6.

4. Subspace Ee
Recall that a function f e M ( X , S ) is said to have an absolutely con­

tinuous F-norm if and only if for every sequence of sets E„eZ such that 
En \ 0  there holds \ f l E \e 0. Clearly, not all members of Le have this 
property, therefore we shall distinguish the class of function having it. Since 
the condition \ f l En\e -*• 0 may be equivalently stated in the modular form, we 
put the following definition.

4.1. D e f i n i t i o n . Eq — { /  e M( X,  S): g(ccf, •) is order continuous for 
every a > 0].

The position of Ee with respect to Le is described in the next theorem.

4.2. T h e o r e m . Ee is a closed subspace of LQ.
Proof. Step 1. First we prove that Ee is a subspace of Le.
Clearly, Eq is a linear space; therefore, it suffices to prove that Ee a  Le. 

Let f e E Q and 0 ^ Я„ -*■ 0. Since f e M ( X , S \  if follows that there exists a 
sequence smerf such that |sm(x)| ^ |/ (x ) | and sm(x)-> f ( x ) for each x e X ,  
meN.  By the Egoroff theorem (Proposition 3.3 (b)) we get a sequence (Я,)

GO

such that Я ,е H l cz H 2 cz у  Я, = X and sm zZ f  on every Hk. Let us
/=i

choose а Я > 0 such that Я„ ^ Я for all natural numbers n and fix an 
arbitrary number e > 0. Since /  eEe, there exists an index k0 such that 
{?(Я/, X \ H ko) <e/3. There holds sm z t f  on HkQ, therefore, we may choose a 
natural number m0 such that Q(2À(smo—f) ,  HkQ) < e/3. The function smQ 
belongs to c- Le; thus, there exists an n0 such that Q(2Ansm, HkQ) <e/3 for
n ^ n0. Finally, for n0 we have

QiKf)  <  Qttnf, X \ H k0\ + Q(lnf ; HkQ)

«  Q (Xf ,  H \H t0) + e(2An(s„0-/ ) ,  H t o ) + e ( 2 X s mo, Ht0) 

^ E/3+fi/3 + E/3 = £,

that is, f  e L e.
Step 2. Now we shall prove that Ee is closed. Let f neEe, \f„—f \ e ->0, 

/ e L e. Take a sequence of sets E „ e l , E „ \ 0 ;  fix e, a > 0. We have 
Q ( M f ~ f k0>) <e/2  for a certain index k0. Since f kQ eEe, it follows that for n 
sufficiently large g{2otfko, EJ  <e/2. Thus, for n sufficiently large there holds
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e(«f, E j  s: o (2 * ( /- /jo), £ .)+е(2ой0, £„)

«  е(2Й (/-Л 0))+в(2аЛ0, E„) < s/2+8/2 = e,

that is, f  g E6. Hence E6 is a closed subset of Le.
The exposition of some basic properties of Ee will be started with the 

result which is called the Vitali convergence theorem because of its similarity 
to the classical Vitali theorem.

4.3. T h e o r e m . Let f„eEe and f e L e and f „ - * f  Q-a.e.; then the following 
conditions are equivalent:

(i) f e E e and | / „ - / |e - 0 ,
(ii) for every а > 0, Q(ofn, •) are order equicontinuous, i.e., if Eke l ,  

Ek \  0 , then sup Q(otfn, Ek) -* 0 as к —> oo.
П

Proof. (i)=>(ii). Let us choose a sequence of sets Eke Z  such that 
Ek \  0  and fix arbitrary numbers e, а > 0. Since \fn—f \ e -> 0, it follows that 
there exists n0 such that q(2a(/„—/)) < e/2 for n ^ n 0. Let k0 be a natural 
number such that

(4.3a) @(a/„, Ek) < e  for к ^ k0 and n =  1, 2, . .. ,  n0 — 1.

Similarly, since / e E Q, there exists k 1 ^ k0 such that for к ^ k t

Q(2af Ek) < e/2.
Thus,

(4.3b) q (a/„, Ek) ^ q (2a (/„ - / ) )  + q (2a/, Ek) < e/2 +  e/2 = e

for к ^ k, and n ^  n0. Inequalities (4.3a) and (4.3b) give the desired result, 
(ii) => (i). Given e, а > 0; since f n - * f  £-a.e., it follows by the Egoroff

theorem that there exists a non-decreasing sequence of sets Hke such that
00
[j Hk — X  and f„ ZX f  on every Hk. By the order equicontinuity of modulars

k= 1

(assumption (ii)) we can take an index k0 such that e(2a/„, X \ H kJ  < e /4 
for all natural n. Since f n ^Xf  on HkQ, one can find a natural n0 such that 
q(2a(/„—/) ,  HkQ) <e/4  for и0 (cf. Proposition 2.6). Let n, m ^ n0; then 
we have

e ( « ( / . - /J )  « x \ H t 0 ) + e ( « W n - f J ,  H J

q (2a/„, x \ H k<) + e ( W m ,  x \ H t0 ) + Q( M f n - f ) ,  H t o ) + e (2x ( /„ - / ) ,  я»0)
< s/4 + £/4 + e/4 4- e/4 = £.

Hence, the sequence (/„) satisfies the Cauchy condition in the sense of F- 
norm |-|e. Since f ne E e and Ee is complete as a closed subspace of the 
complete metric space Le (cf. Theorems 3.6 and 4.2), it follows that there 
exists a function g e E e such that |/„ —g\ ->0. Therefore, by Proposition
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3.2 (b),/„ -*g(o). It follows by Proposition 3.3 (a) that there exists a subse­
quence of (/„) which converges to g  q - a.e. On the other hand, f n - * f  q - a.e., 
therefore /  =  g  д-а.е. and finally we obtain |/„ — f \ e ->0, which is the desired 
result.

Making use of the Vitali theorem and Proposition 3.2, 3.3 one can easily 
prove the following result.

4.4. C o r o l l a r y . For f n, f e E e the following conditions are equivalent:
(О 1 / - - Л - 0 , .

(ii) f n -> f  (q) and g(ofn, •) are order equicontinuous for every ot > 0.
As an immediate corollary of the Vitali theorem we obtain the next 

theorem.

4.5. T h e o r e m  (the Lebesgue dominated convergence theorem). I f  f n -+ f  
g-a.e. (/„, f e M ( X , S )) and there exists a function g £ E e such that 
\fn(x)\ ^ |g(x)| Q-a.e. for every natural n, then \fn—f \ e -»0.

We shall use this theorem to determine the space EQ.

4.6. T h e o r e m . Eq is a closure (in the sense of \ - \Q) of the space of all 
simple functions, i.e., Ee = c\(A).

Proof. Step 1. We shall prove first that c\(S) <^Ee. Take a function 
gzS ,  a number Л > 0  and a sequence En czZ such that En \ 0 .  Write 
a = sup \Xg (x)| ; observe that

x e X

g(Àg, En) = g (kg, suppg глЕп) ^ ga(suppg nE„) -*0

because supp# слЕпеР/. Thus â  c  Ee. Since Ee is closed in Le (Theorem 4.2), 
it follows that cl(r?) a  E6 as well.

Step 2. Now the inverse inclusion will be proved. Let f  eEQ and e > 0 
be given. Since f  e Eg and X  is a countable union of sets from PA, it follows 
that there exists a set E e p /  such that \ f l x\£\Q < e/2. Let us choose a sequence 
(g„) of ^-simple functions such that supp gn c= E for all n, |g„(x)| ^ |/(x)| for 
each x e E  and gm(x)-> f ( x )  for every x g E. By the Lebesgue dominated 
theorem (Theorem 4.5) we get |gn- f l E\Q -*0, therefore, \g„0~ f l E\e < s/2 for a 
certain n0. Finally,

\gno- f \ e < \gn0- f l E\e + \gr,0 lx\E\e + \fIx\E\e <  e/2 + e/2 = £, 

i.e., Eq ccl(tf).
We can now establish the major step towards the characterization of 

compact subsets of Ee.

4.7. T h e o r e m . A set D a  Ee is conditionally compact iff the following 
condition are satisfied:

(i) for every a > 0, \q (of, •): f  e D] are order equicontinuous,
7 — Roczniki PTM — Place Matematyczne XXVIII
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(ii) for every sequence (/„) of elements from D there exists a subsequence 
(f„ ) and a function f e E e such that f„k ~* f  ({?)•

Proof. Sufficiency. Let f„eD  for all n. By (ii) we can choose a subse­
quence ( fnk) and a function f e E e such that f„k -►f { g )• By (i) g(af„k, •) are
order equicontinuous for every a > 0. From Corollary 4.4 it follows that
\ f * - A  - o .

Necessity. To prove (i) let us fix an e > 0 and sets Ek \  0 .  By the 
conditional compactness of D we may find a set !/), .. .,f„] of elements from 
Ee such that to every f  eD there corresponds an i e { l , . . . , n ]  for which 
I/—/île <e/2. Since all ^ eE6 (1 ^ i ^ n), it follows that there exists a natural 
number k0 such that \ f l EklQ < £/2 f°r к ^  k0, 1 ^ i ^ n. Hence,

\ f h k\e < \ f - f \ e + \ f i h k\e < £ for k ^ k 0.

This completes the proof of (i). To prove (ii) let us choose an arbitrary 
(/„) cr D. Since D is conditionally compact, it follows that there exists a 
subsequence (/„ ) of (/„) and a function / e £ e such that | /nfc—/ | e -> 0. Thus, 
fnk -*.f(Q) in yiew °f Proposition 3.2.

5. Separability of Ee and LQ

5.1. D e f i n i t i o n . Given Z  cr M ( X ,  S ), we say that the modular q is 
separable on Z  if and only if | / l ( )|e is a separable set function for each / e Z .  

The latter means that there exists a countable cr #  such that to every 
A f .JZ there corresponds a sequence (Ak) of elements -r/  such that 
Q(of, A — Ak) ->0 for all a > 0; the symbol — denotes the symmetric differ­
ence.

We start with an interesting result.

5.2. P r o p o s i t i o n . I f  a linear space L cr Le is separable and âP-solid (i.e., 
f e L ,  A e 'ZP imply f l AsL), then g is separable on L.

Proof. Suppose to contrary that g is not separable on L; there exists 
then a function f e L ,  a number e > 0 and an uncountable family of sets 
S  cr yA such that |/ Л  >  £ for arbitrary В, B' e $  such that В  Ф B \  Thus, 
e <  =  \ f 1B ~ f h \ Q- Put W  =  \ f l B: B e  3d),  then observe that W  is
an uncountable subset of L and there holds \g — h\e > г for g, heW, g Ф h. 
The latter fact contradicts the separability of L.

The following separability theorem is the main result of this section.

5.3. T h e o r e m . T w o  following conditions are equivalent:
(i) El> is separable,

(ii) S is separable and g is separable on S'.



Modular function spaces. 1 99

Proof. (i)=>(ii). Let us fix a set AeJ*  which is not £-null. Write W 
= \rlA: r e S } cr Ee and observe that W is separable. Define a one-to-one 
mapping cp: W -> S by the formula (p(rlA) = r. We conclude that ç  is 
continuous; indeed, \rm 1A — rlA\e -»0 implies rml A -*rlA(g) (Proposition
3.2 (b)), i.e., for every g, a > 0 there holds • \rH- r \ e > e] ПЛ) ->0.
Thus, \rn — r\ < в for n sufficiently large. Finally, 5 is a continuous image 
of the separable set W  and therefore 5 is separable itself.

Since A is a .^-solid subspace of Le and is a subset of the separable 
space Eq, it follows from Proposition 5.2 that g is separable on A.

(ii)=>(i). Let us denote by Q a countable dense subset of S and by J?„.r a 
countable subfamily of sets dense in {Xnr\A: Ae0>} with respect to the 
pseudometric & x &э(А, В) ^ \ r l Xfjn(Â В)|в. Let us put = (J It is

" n e N
r e Q

enough to prove that Jr lB: reQ, BeJâ j is dense in \slA: seS,  Ae3P). Given 
seS, AefP  and e > 0, by the density of Q in S and by Proposition 2.6 we 
can choose an reQ  such that \slA — r lA\e < e/3. Since A, X„e SP and X n /  X  
it follows that A \ X n \ 0  and then by (P6) we have \rlA\XJe < e/3 for n
sufficiently large. It follows from the assumptions that there exists a set 
Befûnr such that |r lAnXn- r l B\e = |г1ХпЫА^В)\в <e/3. Finally,

\slA- r l B\e ^ \slA- r l A\e + \rlAnXn- r l B\e + \rlA\XJe < e.

References

[1] J. B att, Nonlinear integral operators on C(S,  E), Studia Math. 48 (1973), 145-177.
[2] J. B ergh and J. L o fstr  dm, Interpolation Spaces, Springer-Verlag, A Series of Compre­

hensive Studies in Mathematics 223 (1976).
И  Z. B irn b a  um and W. Or liez , Über die Verallgemeinerung des Begriffes der Zueinander 

Konjugatierten Potenzen, Studia Math. 3 (1931), 1-67.
[4] I. D o b ra k o v , On integration in Banach spaces 1, Czech. Math. J. 20 (1970), 511-536.
[5] - ,  On integration in Banach spaces II, ibidem 20 (1970), 680-695.
[6] L. Dr ew n o w sk i, Topological rings of sets, continuous set functions, integration I, II, Bull. 

Acad. Polon. Sci. Ser. Sci. Math. Astronom. Phys. 20 (1972), 269-286.
[2] L. D rew n o w sk i and A. К a m in  s k a , Orlicz spaces of vector functions generated by a 

family of measures, Comment. Math. 22 (1981), 174-186.
[8] N. D u n ford  and J. S ch w artz , Linear operator, Part I, Interscience, New York 1958.
[9] N. F r ied m an  and A. E. T ong, On additive operators, Canad. J. Math. 23 (1971), 468-480. 

DO] P. R. Ha lm os, Measure Theory, D. Van Nostrand, New York 1956.
D l] H. H udzik, Musielak-Orlicz Spaces Isomorphic to Strictly Convex Spaces, Bull. Acad. 

Polon. Sci. Ser. Sci. Math. Astronom. Phys. 29 (1981), 465-470.
[12] A. К a min ska, On some compactness criteria for Orlicz subspace Еф(й), Comment. Math. 

22 (1982), 245-255.
[13] —, Strict Convexity of Sequence Orlicz-Musielak Spaces with Orlicz Norm, J. Funct. Anal. 

50 (1983), 285-305.



100 W. M. Koz lowski

[14] A. K ozek , Orlicz spaces of functions with values in Banach spaces, Comment. Math. 19 
(1976), 259-288.

[15] —, Convex integral functionals on Orlicz spaces, ibidem 21 (1979) 109-135.
[16] W. M. K o z lo w sk i and T. S zczyp ir isk i, Some remarks on the non-linear operator 

measures and integration, Coll. Math. Soc. Janos Bolyai 35 (1984), 751-756.
[17] M. A. K r a s n o s e ls k iî  and Ya. B. R u tick il, Convex functions and Orlicz spaces (in 

Russian), Moscow 1958.
[18] M. K rbec, Modular Interpolation Spaces I, Zeitschrife fur Analysis und ihre Anwendungen 

1 (1982), 25-40.
[19] J. L in d e n str a u ss  and L. T zafr ir i, Classical Banach Spaces I, Sequence Spaces, 

Springer-Verlag, A series of Modern Surveys in Mathematics 92 (1977).
[20] —, —, Classical Banach Spaces II, Function Spaces, Springer-Verlag, A Series of Modern 

Surveys in Mathematics 97 (1979).
[21] W. A. J. L uxem burg, Banach function spaces, Thesis, Delft 1955.
[22] — and A. C. Z aan en , Riesz spaces, Amsterdam 1971.
[23] J. M u sie la k , Orlicz Spaces and Modular Spaces, Lectures Notes in Math. 1034, Springer- 

Verlag, 1983.
[24] — and W. O rlicz , On modular spaces, Studia Math. 18 (1959), 49-65.
[25] —, —, Some remarks on modular spaces, Bull. Acad. Polon. Sci. Ser. Sci. Math. Astronom. 

Phys. 7 (1959), 661-668.
[26] — and A. W aszak , Countably modulared spaces connected with equisplittable families of 

measures, Comment. Math. 13 (1970), 267-274.
[27] —, —, Some new countably modulared spaces, ibidem 15 (1971), 203-215.
[28] H. N a k a n o , Modulared semi-ordered linear spaces, Tokyo 1950.
[29] W. O rlicz , Über eine gewisse Klasse von Raumen vom Typus B, Bull. Acad. Polon. Sci. Ser. 

A (1932), 207-220.
[30] - ,  Über Rdume LM, ibidem (1936), 93-107.
[31] R. L. R osen b erg , Orlicz spaces on families of measures, Studia Math. 35 (1970), 16-49.
[32] T. S zczyp ir isk i, Non-linear operator valued measures and integration, to appear.
[33] H. T rieb e l, Interpolation Theory, Function Spaces, Differential Operator, VEB Deutscher 

Verlag Wissenschaften, Berlin 1978.
[34] B. T u rett, Fenchel-Orlicz spaces, Dissertationes Math. 181 (1980).

DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCES
JAGIEI I ONIAN UNIVERSITY, KRAKOW


