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Some remarks on the Borsuk conjecture

In 1933 K. Borsuk [1] conjectured that every set of diameter 1 in the 
Euclidean «-space E" can be partitioned into « 4- 1 parts each of diameter 
smaller than 1. The conjecture was proved only for « = 2 (Borsuk [1]) and « 
= 3 (Eggleston [6], Griinbaum [7], Heppes [11]) and for some special 
classes of sets in higher dimensions. Hadwiger ([9] and [10], cf. [3], 
p. 35-36) showed that it is satisfied for a convex body whose boundary is 
smooth, Boltyanskii ([2]) proved it for a convex body whose boundary has 
at most « points at which the support hyperplane is not uniquely determined. 
For some results connected with that of Hadwiger, see [3], p. 36 and [8], § 3. 
Besides, Rissling (cf. [4], p. 187) observed that the Borsuk conjecture holds 
for a convex body having the center of symmetry.

In this paper, we distinguish some other classes of sets in £” for which 
the Borsuk conjecture is satisfied. We generalize Rissling’s result first to the 
case of a convex body of diameter 1 for which all the segments of length 1 
included in it have a common point (Theorem 1), and then to a convex body 
of diameter 1 for which all the unit segments included in it pass through the 
same к-dimensional hyperplane, where 0 < к < n (Theorem 2). We present an 
example of application of the last result and we obtain another class of sets 
satisfying the Borsuk conjecture (Theorem 3). Moreover, we show that this 
conjecturé holds for a convex body of diameter 1 in E” containing an (« —1)- 
dimensional simplex with edge 1 (Theorem 4) and for a convex body of 
diameter 1 in En which is not included in any Euclidean «-dimensional ball 
with radius less than 4/«/(2« + 2). Theorem 4 gives us a different, simple and 
effective proof of the Borsuk conjecture for n = 2.

All the results are obtained by considering the set of all the unit 
segments included in a given body. We also prove that a convex body of 
diameter 1 in E" can be partitioned into n+1 sets of smaller diameter iff the 
set of endpoints of all the unit segments contained in it can be partitioned in 
such a manner (Theorem 5).

In the appendix we show that the «-dimensional Euclidean ball of 
diameter 1 is the only set from the class studied in Theorem 1 which cannot
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be partitioned into n sets of smaller diameter. This was suggested to the 
author by Dr. K. Kolodziejczyk (Wroclaw).

In this paper we consider only convex compact sets but it is the well- 
known and obvious fact that it suffices to prove the conjecture for this class 
(here the assumption of convexity is used only to simplify the formulations of 
the theorems under discussion).

We suppose that the reader knows the basic definitions and facts of 
convex sets theory (they can be found, for example, in [4], [5]).

Let us note some simple geometrical facts we will use.
Proposition 0. Let a, b, c be three vertices of a triangle and let p be an 

internal point o f the segment be. Then g(p, a) <max(f?(a, c), g(a, b)). ■
Proposition 1. The common point of two unit segments contained in a set 

of diameter 1 is either the common internal point o f these two segments or their 
common endpoint.

Proof. It follows immediately from Proposition 0. ■
Proposition 2. Each two unit segments contained in a set o f diameter 1 

in E2 have a common point.

Proof. Assume that there are two unit segments pq and rs in a set of 
diameter 1 in E2 which have no common point. It is enough to consider two 
cases:

1. None of the points p, q, r, s lies in the convex hull of the remaining 
ones. Without loss of generality we can assume that the segments fs  and 
rq have a common point. Then by the triangle inequality we have 
g{p, s) + g(r, q) > g{p, q) + g{r, s) = 2, which is impossible.

2. One of these points lies in the convex hull of the others. Then, using 
Proposition 0, we obtain a contradiction. ■

Proposition 3. I f  a set F o f diameter 1 has the center o f symmetry s, then 
s is the midpoint o f each unit segment included in F.

Proof. Obviously, it is sufficient to show that each unit segment in F 
contains s. Let S be the symmetry with center s. If p and q are two ends of a 
unit segment in F which does not contain s, then 1 = g(p, q) < g(p ,s) + 
+ g(q, s) =%g(p, S(p)) + \g (q , S(q)) ^  1, which is impossible. ■

Proposition 4. I f  a set F o f diameter 1 in E2 has an axis of symmetry l, 
then l has a common point with each unit segment included in F.

Proof. It follows immediately from Proposition 2. ■

Proposition 5. Assume that F is a convex compact set o f diameter 1 in 
En. F is a set of constant width if  and only if for each direction in En, F 
contains a unit segment situated in this direction.
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Proof. Note that two (« — l)-dimensional hyperplanes passing through 
two endpoints of a unit segment included in F perpendicularly to such 
segment are the support hyperplanes of F. Hence if F contains unit segments 
situated in all directions in £", then the width of F in each direction is 1. 
Conversely, suppose that F is a set of constant width. Evidently, the width of 
F is 1. It is not hard to see that each point of the boundary of F is an 
endpoint of a unit segment included in F perpendicular to the support 
hyperplane passing through this point. Thus F has unit segments situated in 
all directions. ■

As a generalization of Rissling’s result we shall show the following 
theorem:

T heorem  1. Assume that F is a convex compact set of diameter 1 in En. 
I f  all the unit segments included in F have a common point, then F can be 
partitioned into n +1 sets o f smaller diameter.

Proof. Let us denote by p the common point of all the unit segments 
included in F. By Proposition 1 it is enough to consider two cases:

1. All the unit segments included in F have a common endpoint p. In 
this case, F can be partitioned into two sets, Fi and F2, where Ft 
= F nB"(p, j) and F2 =  F \F 1. Obviously, diamFj < 1 . DiamF2 < 1 , be
cause the closure of F2 is included in F and does not contain two endpoints 
of any unit segment at the same time.

2. All the unit segments included in F have a common internal point p. 
Let us take any «-dimensional simplex A = [p0, px, . .., pn] with the point p 
in its interior. For i = 0, 1, . .., n, denote by 5f the (n— l)-dimensional face of 
this simplex not containing the vertex pf. Let Lf be the union of all the half
lines in E” with beginning in p passing through a point in Sf. The simplex A 
determines the partition of the Euclidean «-space E" into и +1 closed subsets 
L,. None of these sets contains a segment having the point p in its interior, 
so none of them contains a unit segment included in F. Hence, if we take F, 
= FnL;,  then diamF,- < 1  for / = 0, ...» и. ■

C o ro lla ry . I f  F is a compact convex subset o f E" of diameter 1 having 
the center of symmetry, then F can be partitioned into n +1 sets o f smaller 
diameter.

Proof. By Proposition 3 the center of symmetry of the set F must 
belong to each unit segment included in F. ■

We obtain another simple proof of this fact by noting that F is 
contained in the Euclidean ball of diameter 1 for which the Borsuk con
jecture is true.

Now we construct an example of a convex body showing that Theorem 
1 is an essential generalization of Rissling’s result.
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E x a m pl e . There exists an n-dimensional compact convex subset F„ of En 
satisfying the conditions:

(a) DiamF„ = 1.
(b) All the unit segments included in F„ have one common point p.
(c) F„ is not included in any set of diameter 1 with center of symmetry.
(d) The boundary of F„ is not smooth, moreover, it contains more than 

n points at which the support hyperplane is not uniquely determined.
Proof. We construct a set F„ such that p is an internal point of the unit 

segments included in F„. Let F„ = conv \An u  Bn\ where

An = \(x1, ... ,  x„) g E \  £  x f = d )2, x 2 = v/3/6 J,
i =  1 ,i Ф 2

B„ = \(xu  ... ,  x„)eEn, £  x f  = й ) 2, x2 = -y /5 /3 } .
i = 1 , i  ^  2

(a) Let a, beF„ be such that g(a, b) = diamF„. We can assume that 
aeA„ and beB„ (cf. Proposition 0). By the Cosine Theorem applied to the 
triangle determined by a, c — (0, — N 3/3, 0, ..., 0) and any point xeB„  we 
have g(a, x) ^ g (a, x0), where x 0 is the point of Bn such that the segment 
cïxo passes through the origin, and equality g {a, x) = g (a, x0) holds only for 
x = x0. Thus b = x0 and it is easy to see that g (a, b) — 1.

(b) From the proof of (a) we obtain that there are no unit segments in 
F„ except those passing through the point p = (0, . .. ,0).

(c) The set F„ contains two unit segments wl w3 and w2W4, where

W, = ( - L  - , / 5 / 3 ,0 , . ..,0), W2 = (i,

щ  = ( i ,  v/5/6, o , .... 0), w4 = (—i ,  J 3 / 6 , 0, . . . ,  0),

which intersect at the point p, but p is the midpoint of none of them. So by 
Proposition 3 we obtain (c).

(d) Obviously, at all the points of A„ и Bn the boundary of F„ is not 
smooth.

By an easy modification of this example we can construct F„ such that p 
is the common endpoint of the unit segments included in F„. ■

The following theorem can be regarded as a generalization of Theorem 1 :

T h eo rem  2. Assume that F is a compact convex set in En o f diameter 1. 
I f  there exists a k-dimensional hyperplane hk, where 0 ^  к ^ n — 1, such that 
the interior o f each unit segment included in F intersects hk at exactly one 
point, then F can be partitioned into n — k + 1 subsets of smaller diameter.
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Proof. We can assume that hk =  {(x1? x„): x 1 — ... =  x„_fc = 0}.
Let p: En->En~k be the natural projection: p(xl5 ..., x„) = (xl5 . .. ,  x„_k). 
Note that p(hk) is the origin of En~k. Moreover, the image by p of a unit 
segment lying in F contains the origin of En~k in its interior. As in the proof 
of Theorem 1 (case 2), En~k can be partitioned into n — k + l  closed subsets 
Lh for / = 0, ... ,  n — k, such that none of them contains the image by the 
projection p of a unit segment included in F . The preimages of the sets L, by p 
give us the partition of En into n — k + l closed subsets such that none of them 
contains a unit segment included in F. Thus, by compactness of F, this 
partition of E" generates the partition of F into n — k + l  subsets each of 
diameter smaller than 1. ■

Lenz [14] proved that no convex compact set in E" of constant width 
can be partitioned into n sets of smaller diameter. He also showed that a 
convex compact set in E" with smooth boundary can be partitioned into n 
sets of smaller diameter if and only if it is not of constant width. By Theorem 
2 we obtain the same result for the class of sets considered in Theorem 1:

C o r o lla r y . Assume that F is a convex compact set of diameter 1 in E" 
and all the unit segments included in F have a common point p. Then the 
following conditions are equivalent:

(i) F can be partitioned into n sets o f smaller diameter.
(ii) F is not o f constant width.

(iii) There exists a straight line in E" passing through p and containing no 
segment of length 1 included in F.

Proof. By the Lenz result mentioned above, (ii) is a consequence of (i). 
By Proposition 5, (iii) is a consequence of (ii) and conversely. By Theorem 2,
(i) is a consequence of (iii) in the case where p is an internal point of unit 
segments contained in F. Obviously, (i) is also true if p is a common 
endpoint of such segments. ■

Theorem 2 enables us to obtain another class of sets for which the 
Borsuk conjecture is true. Its construction will be a generalization of that 
used in Example. It will also give some figures having infinitely many points 
of intersection of the unit segments included in them. First, we need the 
following definition:

Let / be a straight line in E". Let C" denote a map of E" into 2E" such 
that 67(p) = 5"_1(л:(р), g(p, l))n h p, where n(p) is the perpendicular projec
tion of p to the straight line l and hp is the (n — l)-dimensional hyperplane 
perpendicular to l containing p. For F c  £", let 0"(E) = (J £7(p) c  £"•

peF
The map 0" which sends every set F a  E" onto 0"(E) с  E" defined 

above will be called here the rotation in £" about the straight line /.
Let us observe that the sets F„ from Example satisfy F„ =  0"(F2), where 

/== {(*1, x2, . .. ,  x„)eEn: Xj = x3 = ... =  x„ = 0}, F2 = conv {wu  w2, w3, w4] 
with Wj, w2, w3, w4 as in Example.
® — Roczniki PTM -  Prace Matematyczne XXVIII
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Remark. It is not hard to see, as in the proof of Example (condition (a)) 
that the rotation in £ ” of a compact subset of E2 about its axis of symmetry 
does not change the diameter.

Theorem 3. Assume that F is a compact convex set of diameter 1 in En. 
I f  F can he obtained hy the rotation of a plane compact set F' about its axis of 
symmetry l (F = 0"(E')), then F can be partitioned into n+ 1 parts of smaller 
diameter.

Proof. By Proposition 4, each unit segment included in F' has a 
common point with the straight line /. Assume that there is a unit segment in 
F' with an end belonging to /. There is at most one point on /, denote it by 
p, which may be an end of a segment of length 1 included in F' and not lying 
on /. Otherwise, there are two unit segments a and b in F' which intersect l 
at two different points which are their ends. Thus, either a and b or a and 
the symmetric image of b are disjoint which is impossible. If there exists a 
segment of length 1 lying on / (at most one), then, by Proposition 1, p must 
be one of its endpoints. Hence there are at most two points in the set of 
endpoints of all the unit segments included in F' on the straight line / and at 
most one of them may be an end of a unit segment contained in F' not lying 
on /. The other points of intersection of the unit segments included in F' with 
the straight line / are the internal points of these segments.

There is a straight line к perpendicular to / in E2, which partitions E2 
into two closed half planes E+ and El such that p e E 2+ and d ia m (F n £ 2+) 
< 1. In order to prove it, observe that if r is an end of a unit segment from 
F' with the other end in p, then F' is included in the intersection of two balls 
with radii 1 and centers r and its symmetric image r'. But g(r, r') ^ 1, so it is 
easy to see that there exists a straight line к satisfying the required condition.

Let us consider the set F =  O" (F') с  Е". Note that the set consisting of 
all points of intersection of the unit segments contained in F with the 
straight line / is equal to the analogous set described above for F' (see the 
proof of Example, condition (a)).

The rotation О" maps the straight line к onto (n— l)-dimensional 
hyperplane /с"-1 c= E" passing through the point I n k  and perpendicular to /. 
kn~l partitions E" into two closed half-spaces. Let us denote by E+ this one 
of them which contains p and the other one by E"_. By Remark 
diam (E n  E+) < 1. The set F n  E l is compact and all the unit segments 
included in it have exactly one common internal point with l. Applying 
Theorem 2 we obtain that F n E l can be partitioned into n sets F x, ..., Fn

П
of smaller diameter. Let us take F0 = F n  E+. Then F = (J E, and for each

i = 0
i = 0, . . . ,  n, diam F, <1.

We have assumed here that there is a unit segment in F' with an end 
belonging to l. Otherwise the proof can be simplified in an obvious way and 
in this case F can be partitioned into n sets, of smaller diameter. ■
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Another class of sets satisfying the Borsuk conjecture is given in the 
following theorem:

Theorem 4. Let F be a convex compact set in En of diameter 1. I f  F 
contains an (n-\)-dimensional regular simplex with edge 1, then F can be 
partitioned into n + 1 sets o f smaller diameter.

Proof. Let A = [pi, . .., p„] be an (n— l)-dimensional simplex with edge 
1 included in F. Denote by p0 and q0 two points in En lying at the distance 1 
from all the vertices of this simplex. F has the diameter 1 so at least one of 
these points, say p0, is not contained in F. Moreover, F is compact and 
hence there exists an open neighbourhood U of p0 which is disjoint with F. 
The set F is contained in the intersection P of n «-dimensional unit balls 
with centers at pl5 ... ,  p„. For i =  1, . .., n, let B, be the convex hull of the 
set containing p0 and the barycentric centers of all к-dimensional faces of A 
with a vertex in p, (k = 0, . . . , « — 1, A is considered as its own («— 1)- 
dimensional face). Denote by 0 the barycentric center of A. For / = 1, ... ,  «, 
let be the intersection of P and the union of all the half-lines in En with 
beginning in 0 passing through a point in Д  . Note that all the sets P, are 
contained in the intersection of «4-1 «-dimensional unit balls with centers at 
Po, P i , ... ,  p„. This intersection has the following property: all the unit 
segments included in it have one of their endpoints in the set |p0, ..., p„}. 
Thus for each i =  1, . .., « the set P, also has this property. Hence there are 
no two other points in P, at the distance 1 except p0 and p,. It follows that, 
for i =  1, . .., «, diam(P,\I/) < 1 . It is easily seen that we can take points 
pi, ..., p'„ on the boundary of P such that for each i = 1, ..., «:

(a) p[ lies on the boundary of the intersection of « — 1 «-dimensional unit 
balls with centers at \px, ... ,  p„}\ ip,}, in the plane designed by p,, 0 and p0.

(P) Q(p[, Qo) < Q(p1, Po)-
(У) Q(Pi» 4o) = QiPj, Qo) for each j  = 1, . .., «.
(Ô) Diam(Р[\и) < 1, where P[ is the figure obtained analogously as Pt if 

Pi is replaced by p\.
П

Let us take P'n+i = P\ ( (J  PJ). P'n+\ is contained in the intersection of
i = 1

n+ l «-dimensional unit balls with centers at q0, pl5 . .., p„, thus each unit 
segment included in P'n+l has one of its endpoints at q0, and it is obvious 
that diamP'„ +1 < 1. Hence the set P \U  containing F has been partitioned 
into /7-4-1 sets P \\U ,  . .., P'„\U and P},+ 1 each of diameter smaller than 1. 
The proof is finished. ■

Theorem 4 gives a new proof of the Borsuk conjecture for « = 2.
Jung [12] showed that every set of diameter 1 in En can be included in an

«-dimensional ball with radius r ^ 4/«/(2«4-2). Moreover, if r = v/n/(2« 4- 2), 
then the closure of this set contains vertices of an «-dimensional simplex with 
edge 1. Thus, applying Theorem 4, we have the following:
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Corollary. Let F be a compact convex set of diameter 1 in En. I f  F is 
not included in any n-dimensional ball with radius r < Jnj{2n  + 2), then F can 
be partitioned into n+ 1 sets o f smaller diameter. ■

At the end we shall show that for proving the Borsuk conjecture for any 
convex compact set F of diameter 1 it suffices to consider only unit segments 
included in F. Moreover, it is enough to consider only the set of endpoints of 
these segments.

Theorem 5. Assume that F is a compact convex set in En o f diameter 1. 
I f  the set o f endpoints o f all the unit segments included in F can be partitioned 
into k sets of diameter smaller than 1, then F can be partitioned into к such 
sets.

Proof. Denote by F' the set of endpoints of the unit segments included 
in F, i.e., F' = {xeF : there exists yeF : д(х, у) = 1]. Assume that for an

к
integer к e N  there exist sets F\ , . . . ,  F'k such that F' =  (J F- and diam F\ < 1

i= 1
for each integer i ^  к. Without loss of generality we may assume that all the 
sets Fj are compact (otherwise we can consider their closures).

Consider the set F \. Let x, y ^ F \ .  Take e =  (1 — g(x, y))/2. The union of 
two open balls Bn{x, e) and Bn(y, e) contains no two points of the set F at 
the distance 1. For a fixed point x e F \  define the function f x as follows: f x(y) 
= (1 — g(x, y))/2 > 0, where y e F \ .  Since F\ is compact, sx = inf f x(y) >  0

yeF'i
for each xeF*.

Obviously, F[ cz (J Bn(x, e j. The union У B"(x, ex) contains no two
xeF\ xeFj

points which are the ends of the same unit segment included in F. Otherwise, 
they would belong to two different balls, say Bn{p, sp) and Bn(q, £q), where p, 
q e F \. Thus they must belong to Bn(p, max(ep, £,)) and Bn(q, max(ep, e9)), 
but this contradicts the definition of ep or eq.

Consider the cover of F\, \Bn(x, ?£х)]хеГ1. Let us note that 
F\ c  U Bn(x,?£x), where F'0 is a finite subset of Fi. Take F'{ =

' *e*Q______
( У Bn(x, ^£x)) n F . We have
xeF'o

U B " U , K )  <= U B"(x, ex) C U B"(x, e j.
xeF’q xeF'tо xeF'j

Thus the closed set F'{ contains no two endspoints of a unit segment included 
in F.

For each integer i, 2 ^ i ^  к, we define the set F" in the same way. Let
к

us take F, =  F” for i ^ к — 1 and Fk = Fk u  (F \ y  F"). For each i ^ к — 1, all
i= 1
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the sets F, have the diameter less than 1, because they are compact and none 
of them includes two ends of any segment of length 1 belonging to F. 

The set Fk has the same property since:
(a) F* contains no two ends of any unit segment included in F;

к
(P) F \  U F'i contains no point which is the end of any unit segment

i = 1 _________
к

included in F. In order to prove it, we shall show that ( F \ [ j  F") n F j  = 0
i= 1

к к _______
for j  = 1, k. Note that (F \ (J F[') cz (F\F"). But it is easy to see

i=J____ /=1
that x cannot belong to F'• and F\F'-' simultaneously.

к
We have shown that F = [j Ft and diamFf < 1 for i = 1, . . к so the

i — 1
proof is finished, ш

Let us add that it is known that if the boundary of a convex body F can 
be partitioned into к parts of smaller diameter, then F can be partitioned 
into к such parts. Here we have shown something more. To conclude we 
have:

C o r o lla r y . I f  F is a convex compact set o f diameter 1 in En, then the 
following conditions are equivalent:

(i) F can be partitioned into к sets o f smaller diameter.
(ii) The boundary o f F can be partitioned into к sets of smaller diameter.

(iii) The set of endpoints o f the unit segments included in F can be 
partitioned into к sets o f smaller diameter. ■

Appendix. The result of Theorem 1 can be improved as follows:
T h eo r em . Assume that F is a compact convex set in En of diameter 1 and 

all the unit segments included in F have a common point. Then either F is the 
Euclidean n-dimensional ball or F can be partitioned into n sets o f smaller 
diameter.

Proof. In the case where all the unit segments contained in F have a 
common endpoint, F can be partitioned into two sets of smaller diameter. 
Suppose that there is an internal point p of all the unit segments included in 
F and each straight line passing through p contains a unit segment included 
in F. If F is not the n-dimensional ball, then there exists a plane convex 
compact set F' with no center of symmetry with the same property (to obtain 
F' take the intersection of F with any plane containing a unit segment 
included in F for which p is not the midpoint). But by the result given in 
[13], p. 141 (Corollary from Lemma 13.1), such a set F' cannot exist. Hence, 
if a set F of diameter 1 in E" for which all the unit segments included in it 
have a common internal point p is not the n-dimensional ball, then there
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exists a straight line passing through p not containing any of these segments. 
Thus, by Theorem 2, F can be partitioned into n sets of smaller diameter and 
the proof is complete, because it is known ([1]) that the n-dimensional 
Euclidean ball cannot be partitioned into less than n + 1 parts of smaller 
diameter. ■

C o r o lla r y . Assume that F is a compact convex set in En o f diameter 1 
with the center o f symmetry. I f  F is not the n-dimensional Euclidean ball, then 
F can be partitioned into n sets o f smaller diameter. ■

The author would like to thank Dr. Krzysztof Kolodziejczyk for valu
able comment concerning the manuscript.
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