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On the homogeneous with respect to the differential equation
Fourier’s first linear iterated problem
in the (n+ 1)-dimensional time-space cube

Abstract. A construction of a solution of the homogeneous with respect to the differential
n

equation of the Fourier’s first linear iterated problem in the domain (X (—g¢;, ¢))x(0, T],
) i=1

T < o0, is given.

1. Introduction. In the paper we construct a solution of the homo-
geneous with respect to the differential equation of the Fourier’s first linear

iterated problem in the domain D =( X (—¢;, ¢))x(0, T], T < co. For this
i=1

purpose, we use the Green’s method and we apply the method of heat
iterated potentials. To construct the solution of the problem considered, we
use results of papers [3]-[6]. This paper is a continuation of those ones. We
may apply [4]-[6] since all the results given in those papers in the domain

(X (=¢, ¢))x(0, T), T< oo, hold also in the domain D.
i=1

We consider, therefore, the homogeneous with respect to the differential
equation the Fourier’s first linear iterated problem in the domain D but not

in the domain ( X (~—¢;, ¢))x(0, T), T < oo, because we must obtain the
i=1

solution of this problem in a class of functions which are continuous not
only in D and also in D. It will be seen here that D is more convenient for this

purpose than ( X (—¢;, ¢;))x(0, T), T < oco. Therefore, we must get the
i=1

continuous in D solution of the problem considered, because we shall use
results of this paper in the next paper [7], by the author, on constructions,
among other things, of solutions of the Fourier’s first quasi-linear iterated
problems in D. Since for the construction of the solutions of those quasi-
linear problems from [7] we shall apply also the Poisson theorem (see [8], p.
523), the solution of the problem from this paper must be continuous in D.

The results obtained here are generalizations of those given by the
author in [3], by Baranski and by Musialek in {1], and by Milewski in [11].
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2. Preliminaries. Throughout the paper we use the following notations:
R_=(-w0,0, R,=(0,o), R=(—0w, o),
N=11,2,...!, No=Nu0,

R'=Rx...xR, N}=Nygx...xNy (ntimes),
,='1,2,..,n, T,=1,U0 (neN),
X=(X1y.e0r Xy Xo=(x3,..0, X)), xe=0F..,x8, y=01 s V)
X = (Xgs ooy X ts Xib s oees X)X = (X, o, X X5y, XD (€D,
X = (Xygy ey X g (= 1Y € Xiggs oens X)s

*xi,:j =(x’1k’ CERE] x?‘—l’ (—l)jcia x?‘+l’ ey x:) (iEIm j€’2)9

Dy = X(_cio ¢), O0Dg = Do\Do, So =Dy x 10}, D;= X (—cs )
i=1 k=1

k #i

(iel),

Di=(—cp,c)) %o x(=Cioyy Go) X (=1P¢) x(=Cia1s Ca1) X ono X(—Cpy €4)
(iel, jel,),
D=Dyx(0,T], S =Dix(0,T], 8§ =Dix(0,T], T<ow
Giel, jely),
Z; = 0(D; x[0, TP\ (¢, ): t =0 (iel),

P,,=4,~D, and a=]]a,
i=1
where 4, = ) a; D% and g eR, for iel,.
i=1

By 4% and by P%, we denote the k-iterations of the operators 4, and P,,,
respectively. As long as it does not lead to misunderstanding, the operators
4, and P, will be denoted by 4 and P, respectively.

For each a = (a4, ..., a,)e N3, xe R", we put:

n n
rn X a
o= m at=[lat o= [l@" Di=D3...00.
i= i=

Moreover, D?,:= DZD}*, where « =(&,a,), N}, a,eN,, xeR" and
te[0, T].

We assume that m is an arbitrary fixed natural number.

We consider here only real functions. It is understood that, if it does not
lead to misunderstanding, then for an arbitrary function f the symbol f will
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be used also in the sense: f(x), i.e.,, in the sense of the value of a function f at
a point Xx.

We use the concept of local uniform convergence of considered integrals
in the sense of [10].

Let g;e R, for iel,. For every fixed index iel,, we define the function
#: R*\'0) — R by the formula

(4na;1)" Y2 exp(—(4g;7)" 1 E?) for eR, teR,,

) ca) =
v(e, T a) % 0 for {eR, teR_ or {eR\ |0}, 1=0.

Now, for all xeR", yeR", 0<s <t,iel,, jel, and ke N, we define the
functions UY), U; by the formulae
(,, 1) Ugll(xi, L, Yis S) = ///(y,_xf',,])c, t—s; ai),
- Ui(xi’ L, Yis S) = ng)(xis [a Yis s)a
where x9) = (— D¥(x;+(= 1Y% 2kc;).
Next, for every xe R", yeR", 0 < s <t < T and for every fixed natural
number g we define the function G? by the formula

(2.2) Gi(x, t, y s)=(—1)q_l(t—s)"_1G(x t, v, s)
. 5 s b (q—l)! " b b E]
where
(23) G(X, Y, S) = 1_[ Gi(xia L, Vi, S),
i=1

24)  Gilxi, t, y;, 9)
a0
= Ui(xis ta yia S)+ Z (_ l)k(Ug,lk)(xi, t, yia S)+ Ug,zk)(xh t’ yi’ S))
k=1

and the functions U;, UY), (i€l,, jel,, keN) are given by formulae (2.1). If
q =1, then we apply the symbol G in place of the symbol G!.
In the sequel we shall need the following lemmas:

LEmma 2.1 ([4]). Let 0<s <t, aeNy, x> —1 and iel,. Then there
exist positive constants A, and B,, such that
(i) 1D UE, t—s; a) < A (t—5)"®"D2 for EeR,
(i) [IDFUE, t—s; a)ldE < /8nA A,(t—s)""2,

R
{
where A = max lay, ..., a,),

(iii) |D§ #(E, t—s: a) < By, |77 (t—sy? for £eR\ 10}
In particular,
(iv) D3, Uk (xis t, v, 8 < (2) %77 Hk=1) 707" 1B, (1 =)

f()r Xis yie[_ci’ ci]e je’21 kGN\‘,II.
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Lemma 2.2 ([5]). Let q be an arbitrary fixed natural number, and let G
and G? be the functions defined by formulae (2.2)H2.4). Then:

G *(x,t,y,s) for k=0,1,...,q—1
. Iﬂ Gq ’t, , — ’ b b b b b b
® 2 G5 Ly, 9) {0 for k=gq,q+1, ...,
where (x, t)eDy x(0, T], (v, s)eD, s <t.

a, !
BeNg T
18l=a,

where (x, t)eDy x(0, T], (v, s)€D, s <t and a, is a natural number.
(i) PX,G%(x,t, y,s)=0for (x,t)eSi(iel, jel,, keN,), (y,s)eD,s <t.
(iv) P, D, Gi(x,t, y",5) =0 for (x, ne8i (i, pel, jrel,, keN,)
(v, s)eD, s <t.

Let Q, be an arbitrary domain in R". Put
(2.5) g0 =73 (—l)i"'(i_)A"fi_j(x) for xeQq, iel, ;.
j=0 J

Lemma 2.3. If the functions D™ f, (a* N3, ok < 2m—2k—2, kel,_))
are defined in Q,, and if the functions g; (i €l,,_ ) are defined by formulae (2.5),
then: '

(i) The functions D g; (B'e N3, |B| <2m—2i—2, iel,_,) are defined in
Q.

(i) The equations

9 A= 3 () g0 (el

J
hold for every xe .

: Proof. (i) Let i be an arbitrary fixed number belonging to the set I,._,.
Then the functions D¥f,_; (Fe N3, || < 2m—2i+2j~2, jel;) are defined in

Q,. Therefore the functions D' g; (8'e N3, |f)| < 2m—2i—2) are defined in Q,

and, by the fact that i is an arbitrary fixed index, assertion (i) holds.

(i) Let iel,_,. By assertion (i) both sides of equations (2.6) together
with their derivatives of order not greater that 2m—2i—2 are defined in Q,.
Therefore, to prove equations (2.6), denote the right-hand sides of those
equations by P;(x) and substitute the functions g; ( jeT)), defined by formulae
(2.5), for P;(x). Hence we have

P =Y (—IV(;)A""’QEO(—IV"(f)A’f;-r(x)>
> (1

Jj=0

= fi(x)+ if (= ;)(jir)).d“'f,(x) fér xe Q.

r=0
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Consequently, in order to prove assertion (ii) it is sufficient to show that

@.7) ér(—l)ﬁ'(;)(]_ir)so for rel,_,.

To this purpose observe that
Wi +wy) =) <l)w’1 whd  for w,, w,eR.

=0

Differentiating both sides of the above equations r times with respect to wy,
we get

i(i—l)-...-<i—r+1><w1_+w2)"-'=i(')m Do e i)

for rel; and therefore

2.8) 2( 1)1+'(>J(; ) (j=r+1) =0 for rel_,.

i=r

Since

Z( e ()())= —Z(—w*'()o e (=r+1)

for rel,, by (2.8) we get (2.7). This completes the proof of Lemma 2.1.

3. Formulation of the homogeneous with respect to the differential equa-.
tion of Fourier’s first linear iterated problem of type (C™). A continuous
function u in D is called a (m)-regular in D if the derivatives D%,u
(@ =(@, a,), &N, a, €Ny, 0 <&+ 2, < 2m) are continuous in D.

Given the functions f,, f (i€l,, jel,, kel,_,), the homogeneous with
respect to the differential equation Fourier’s first linear iterated problem of
type (C™) in D consists in finding a (m)-regular function u in D satisfying the
equation

3.1) P?u(x,)=0 for (x, t)eD,
satisfying the initial conditions

fo(x) for (x, )eS,, k=0,
filx)  for (x, t)eS,, kel,_,
and satisfying the boundary conditions(})

fio(x', 1) for (x,1eSl, iel,, jel,, k=0
G, 1) for (x,0eS, iel, jel,, kel, ;.

(3.2) Dfu(x, t) = {

(33)  Pux, )= {

(') The left-hand sides of equations (3.2) and (3.3) are meant in the limit sense.
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A function u with the foregoing properties is called a (m)-regular solution
in D of the problem above, and this problem is called shortly the (C™) linear
problem. If m = 1, then a (1)-regular solution in D of the (C*) linear problem
is called a regular solution in D of this problem.

4. The (m)-regular solution of the (C™) linear problem. We shall prove in
Sections 5 and 6 that, under certain assumptions concerning the functions f;,
fi Gel,, jel,, kel,_,), the function u of the form

4.1) u(x, t) =ul(x, y+u?(x,t) for (x,t)eD,
where
m—1
4.2 u'(x,t)= Y wu(x,1) for (x,t)eD,
i=0

43)  u(x, 0
[ 9:(0)G* (x,t,y,0dy for (x,1)eDyx(0, T, i€l,_,,

Do
= li (x’ t) for (X, t) ESOa i€ m—1»s
0 for (x, 1)edDy x {0), iel,_,,
@ a0= X 0 ()ah,0)  for yebo, iel,y,
j=o
) fo(x)  for (x, )eS,, i =0,
(43) hx, 1) '“{ 0 for (x, t)eSo, iel,_;,
n m—1
4.6) w(x, )= Y (uix(x, 0)+ul(x, 1) for (x, t)eD,
i=1 k=0

47 uli(x, 0

t
—2‘1;' “ " ﬁfk(y‘, s) Dyi Gk+1(x’ t,y, s)lyi=(—1)icidy' ds
0 D;
= for (x, 1) (Do x(0, T\,
gtj,k (xis t) for (X, t) G§{’
0 for (x, t) €S,

for iel,, jel,, kel,_, and
(48)  gl(xX', 1)
3 {fl{'o(x", t) for (X, )eD; x(0, T1, iel,, jel,, k=0,
0 for (x, t)eD; x(0, T, i€l,, jel,, kel,_,,
is the (m)-regular solution in D of the (C™) linear problem.
5. Properties of heat iterated potentials of the first kind. Let iel,_,,

o = (&, a,), *€NG, a, €Ny.
Let us consider the integrals
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Xi(x, ) = [ ()DL, G (x, ¢, y, 0)dy,
Do
where h; are the given functions and G'*' are the functions defined by
formulae (2.2)-(24).
The integrals X} are called the heat iterated potentials of the first kind of
the surface S,.
Given a function h, let us introduce the notation

(5.1) ou(x, )= [ h(»)G(x, t, y, 0)dy.
Do
We shall use the following lemmas:

Lemma 5.1 ([6]). Assume that i el,_,. If the functions h; are measurable
and bounded in the domain D, then:

(i) The integrals X} (|@ + 2a, < 2m) are locally uniformly convergent in
the domain Do x(0, T1.

(iiy For every point (x,t)€Dqy x(0, T] there exist the derivatives D%, X?
(0 <&@ +2a, <2m) and D%, XP(x,t) = X¥(x,t) for all (x,t)eDy x(0, T,
0 < |a]+ 2o, < 2m.

Lemma 5.2 ([6]). The following assertions are true:

() Let k be an arbitrary fixed number belonging to the set I,_,.1If the
functions D* h; (a'e N3, |a'| < 2k —2i, i€ l,) are measurable and bounded in the
domain D, and if these functions are continuous at every fixed point xq€ Dy,
then

Dt fa, (x, ) > 45 hi(x0)  as (x, 1) = (xo, 0%), (x, D) €D (i€ly).

(ii) Let x, be an arbitrary fixed point belonging to D,. If the function h is
measurable and bounded in D, continuous on 6D, and such that hlop, = 0, and

if h is continuous at the point x,, when this point belongs to D, then

wy(x, )= h(xo)  as (x, 1) = (xo, 0%), (x, )e Dy x(0, T].
LeEmmA 5.3. Let k be an arbitrary fixed number belonging to 1,,_ , and let
u;, g; (iel,_,) be the functions given by formulae (4.3)+4.5). Assume that the

functions DY'f; (@ N}, |od| < 2i—2j, jel,, iel,_,) are measurable and bound-
ed in D,. Then:

(i) The functions u; (iel,_,) satisfy the equations

(52 Phui(x, 1) =0 for (x, )e Dy x(0, T] (iel,_,)
and the boundary conditions
(5.3) Pu(x,t) =0 for (x,t)eS, (iel,_,, pel,, rely).

(i) If, additionally, the functions D% f; (@eNG, || < 2k—2j, jel, iel)
are continuous at an arbitrary fixed point xoe Dy, then the functions u
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(iel,_,) satisfy the initial conditions
(0 for i >k,

(54 lim  Dru(x,t) = A )
(x0) ~(xg,0 1) t (=1 (i)A’; gi (xo) for i<k,

where (x, t)€D.
(iii) If, additionally, the function f, is continuous on 0D, and such that
Sol wy = 0, and if x,e€Dg is an arbitrary fixed point at which f, is continuous,

when xq, €Dy, then

Jolxo) for i=0,

5.5 i . =
(55) fim a(x, 1) {0 for iel,_,,

(1) ~(x0,01)
where (x, t)e Dy x(0, T].
Proof. (i) Since the functions g; (iel,_,) are measurable and bounded
in Dy, by assertion (ii) of Lemma 5.1 we have
Pu(x,t)= [ g:(WP G (x,t,y, 0)dy
Do

for (x, t)e Dy x(0, T] (iel,_,, rel,).

Consequently, by assertions (i) and (iii) of Lemma 2.2, and by assertion (i) of
Lemma 5.1 applied to the equations above when r = 0, we obtain formulae
(5.2) and (5.3), respectively. ’

(ii) Formula (5.1) and the Leibniz theorem on the differentiation imply
the equations

-1 & o o
D¥u;(x, t) =( i') Y (.)i(i—1)'...-(i—j+l)t"fo'Jwgi(x, 1),
- j=0]
where (x, )e Do x(0, T], [ =k for i >k and [ =i for i <k.
Consequently,
0 for i >k,

. k

(x,:)—l’l(f;,o’f)Dt e {(—l)i (f) fim + Di ™ wg(x, 1) for i<k,
(x,t) *(x0,0 ™)

vhere (x, t)eD.

Since the functions D* g; ('€ N}, |o] < 2k —2i, ieI,) are measurable and
bounded in D,, and since these functions are continuous at the point x,, by
the above equations and by assertion (i) of Lemma 5.2 we get conditions
(5.4).

(iii) Since the function g, is measurable and bounded in D,, continuous
on 8D, and such that g g = 0, and since this function is continuous at the
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point x,, when x,€D,, it follows that by formula (5.1), by assertion (i) of
Lemma 5.1 and by assertion (ii) of Lemma 5.2 we have
lim  u(x,1)
(1) +(x0,0 )
golxe) for i=0,
0 for iel,_,,

(=1

=—— lim ‘fo,(x1)= %
i! + '
(x,1) > (x(,0™)
where (x, t)eD, x(0, T].
Thus, by formula (4.4), we obtain conditions (5.5).

TueoREM 5.1. Let the functions D*f, (af €N, o] < 2m—2i—2, iel,_,)

be continuous and bounded in Dy, and let, additionally, the function f, be
continuous in Dy and such that fy|, =0. Moreover, let u' be the function

given by formula (4.2). Then:
(A) The function u' satisfies the equation

(5.6) P"ul(x,t)=0 for (x, t)eDy x(0, T],

the initial conditions

(5.7) Diul(x, t) = f,(x) for (x,t)eS, (kel,_,),
(5.8) ul(x, 1) = fo(x) for (x,t)€S,,

and the boundary conditions

(5.9 Pul(x, ) =0 for (x,1)e8, (kel,_,, pel,, rely).

(B) The function u® is (m)-regular in D.

Proof. (A) Formulae (5.6) and (5.9) are consequences of formula (4.2)
and of assertion (i) of Lemma 5.3.
To prove (5.7) let us fix an arbitrary x, €Dy. We have, by (4.2) and (5.4),
the equations
k [k
im Dfu'(x,)=Y (—1)*(

(x,1) *(x0,0 ) i=0

)4 (xo)  for (x, €D (keT,,-y).
1
Hence we get, from assertion (ii) of Lemma 2.3, conditions (5.7).

In a similar way, using (4.2) and (5.5), we obtain

m—1

lim  w'(x,n= )  lim ul(x, 1) = fo(xo),
(x,8) ~(xg,0t) i=0 (x,0) ~(x,0%)
where (x, t) €Dy x(0, T], and x, is an arbitrary fixed point belonging to D,.
Therefore condition (5.8) holds.

(B) This assertion is a consequence of assertion (i) of Lemma 5.1, and of
formulae (4.2)-(4.5) and (5.8).
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6. Properties of heat iterated potentials of the second kind. Let i€l,,
jely, gqel, |, a =, o), & =(2q, ..., ) ENg, a, €Ny.
Let us consider the integrals

(x, 1) = —2q f ‘ 0, D5, Dy, G (x, t, y, s)| dy'ds,

'Jq y‘-=(—1)jci

(x t, S) —2a ‘ y S)D Dy,-Gq+1(xa LY, S)I

l

i
uq yi=(~1)jcidya

where f/, are the given functions and G**' are the functions defined by
formulae (2.2)+2.4).

The integrals u?;,, which are equal to the functions u/, for (x, 1)
€(Dy x(0, T1)\ S, respectively, are called the heat iterated potentials of the

second kind of the surfaces S/, respectively.

LEmMMA 6.1. Assume that i€l,, jel,, qel,_,. If the functions J, are
measurable and bounded in the domains D; x(0. T. respectively, then:

(i) The integrals uf;, (|o?]+2cx* < 2m) are locally uniformly convergent
in the domains (D, x (0, T])\S respectively.

Moreover, the integrals Y%, (@] +2a, < 2m) are locally uniformly con-
vergent, as the functions of the variable (x, t), in the domains (D4 x (0, T])\S{,
respectively.

(i) lim ¥(x, 1,5) = 0, respectively, for (x,t)e(Dox(0, TH\S!, 0<s

1,1,
st
<t, where a[r]:=(a, ay—,—1), rei,,._l, o, €N, 0 <|a]+ 20, < 2m.
(iii) For every point (x,t)€(Dy x(0, TI)\S! there exist the derivatives
D2, ul, (0 < |d)+ 2, <2m), respectively, and D%, uf (x,t) =uf; (x, 1) (0 <
@)+ 20, < 2m) for all (x, 1) €(Dy x(0, T1)\S{, respectively.

Proof. (i) According to the argumentation given in the proof of asser-
tion (i) of Lemma 5.1 (see [6], Theorem 1) to prove assertion (i) of this
lemma for the integrals uf;, (iel,, jel,, gel,_y, |4 +20, <2m) it is
sufficient to show that for arbitrary fixed iel,, jel,, gel,_;, a =(@, a,)
such that |a] + 20, < 2m and 0 < a, < g the integral on the right-hand side of
the after-mentioned equation

. 2¢;(— 1) & g, e —p)! »
Ui g (x9 t) = —q'— Z *ap! a

p=0 P jaP|=a,-p
t
R p
< | | f 0, 9= DE D, G xs 3, 9, - -y ' ds,

where af = (@f, ..., af), B =(BY, ..., B), BY =, +20f (rel,), |B?| = b+ 20, —
—2p (pel,), is locally uniformly convergent in the domain (Do x(0, TI)\S/.
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For this purpose, observe that by assertions (i), (iii) and (iv) of Lemma 2.1 we
have

ﬂp
(6.1) |DE D, G(x,1,y, s”y,-=<—nfe,-|

%2 j —a;- 24 -3
SC (=" [1+I(=1Y e —x +

-3

. -ai-Za’i) -3 ¥ 'ai—h';
+(= 1Y ¢+ x4 2¢) =1 ¢+ x,—2¢ Ix

n _ P
« l—[ [(I—S) (ar+2ar+3)/2+(t_s)1/2]
r=1

r#i
for (x, t)e(Do x(0, TH\S, (+, 5) €D; x [0, 1), peL*, where
Cii= max |Bji1,:202¢)7 /7 By, D k7% x
ielpjelyy, k=1

x( max [34;:2(2¢)77%B;; Y k72lyL
i dyje Ty, k=1

Let now x, be an arbitrary fixed point belonging to the set D,\D/ and let

K, (xo), K, (x?) be spheres with the centres at x, and x?, respectively, and a

radius # > 0 such that the set K,,(xo)r\(D_o\Ij{') is closed. Then the set

K, (x?) n([—¢, 1\ (—=1)¢;}) is closed and since the function

i —ai—2a€—3 i —ai—2a€—3
P(06) =1+|(=1)Y ¢;—xi +HI(= 1) ¢;+ x4+ 2¢| +

) —a;— 2P -
== 2620 77

is continuous in the set R\{(—1V¢;, —2¢,—(—1¥c;, 2¢;—(—1Yc;), which
includes K, (x?), there exists a constant C > 0 (independent of #) such that
7(x;) < C for x;e K, (x{). Therefore, y(x;) < C for xe;(,,(xo)' and consequent-
ly, by (6.1), we have

IJp(x, [)I < CCI sup I.f;{ql (p(t) ‘ dyl
D; x(0,T]

Ky(xh)

for (x, )e(Do x(0, TN\, |x—xo| <, pel,,, where

, .
Joo,0:=1 [ fL0/, 9)DP—s DL D, G(x, t, y,9)| _ _, . dvids,
0 D,-nlé,,(x';)) g l
t n —a .
o(t):= [(t=2 Dt~y [] [e—9) """ 42 —9)"7) ds
0 ot
and K, (x{) is the sphere with the centre xip = (x}, ..., x>, x%y, ..., x0)
and the radius . Choosing » so large that exponent of ¢~ is positive in the
integral ¢(r), we obtain the inequality ¢(f) < ¢(T) for te[0, T]. Therefore
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W,(x, )l < CCy sup |filo(T)t,_ """
D; x(0,T)

for (x, f)ye(Do x(0, TI\&/, |x—xol <6, pel,, where 7,_, is the volume of
the (n— 1)-dimensional unit sphere,

] 5 s :|l/(n"1)
2 =1 < - :
6.2 1 [Cchsupnlfija gl e(T)tu—s

i x(0,
and ¢ is an arbitrary positive number. Then
W,(x, 0 <& for (x, 1) €(Do x(0, TY\S, |x—xo| <6, pel,,.

Since & > 0, the indexes i, j, ¢, the multi-index o and the point x, are
arbitrary, it follows that the proof of assertion (i) is complete for the integrals
”The proof of locally uniform convergence of the integrals Y7, is
analogous to the proof of locally uniform convergence of the integrals uf; ,.
Indeed, applying all the notations from the above argument except formula
(6.2), which now is of the form

1/(n~ 1)

’

8 .
5: < =
1 [ccl sup u:-wmrn-lJ
DiX(O,T]

where
W(t—s)i=(t—sy2DP(t—s)f [ [t—s) V2 4 —5)12],
r=1
r#i

we obtain for so large x for which exponent of t —s is positive in ¥ (¢t —s) the
following estimations:

|| S04, 9DP(E—97DE D, G(x, 1, y, )
D; K (<)

dyil

yi=(—1)j€i

< CCy sup |f (D1, 1" ' <e
D; x(0,T]

for (x, t) (Do x(0, T\, |x—xo| <8, pel, . This completes the proof of
assertion (i).

(i) Fix indexes i€l,, jel,, qel,_, and a = (&, a,) such that a, €N,
0 < |&]+ 2x, < 2m. Observe now that by the Leibniz theorem on the differ-
entiation and by assertion (ii) of Lemma 2.2 we get

20, (-1t L g —r—1 (0, —r—p—11 ,

afr] L S A * Vx ~F e

Y;,j,q(x’ t, S) - q‘ p;o( p ) ~ Z al’! a x
|laP|=a,—r—p—1

DT —aapt’ .
X ’ i{q(y , §) DY (t —s)? Dy Din(x’ Y, S)'yi=(—l)jci v,
D;
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where (x, t)€(Do x(0, T)\S!, 0<s <t, I=a,—r—1 for 0<a,—r—1<gq

and [=gq for g <o ,—r—1<m, a?=(f,...,ad), P =(B%,...,BD), Bf =

ak+2a£ (kEIn)a |ﬂpl = |o"c]+2a*—2r—2p—2 (peia*—r—l or peiq’ réia‘—l)-
Simultaneously, by assertions (ii), (iii) and (iv) of Lemma 2.1, we have

|{ S, 9 D=9 DY D, G (s 6,3, 9 _ ]
D; = (- 1
—a;—2af —x—2
<4@=1)..(g=p+1C; sup_ Iﬁql[1+l( I ¢i—x| +
D; x(0,
=1 ek 26T 2+|(—1)fci+xi—2ci| BT

x(t—92+97 T [(t—3) % 202 (o _gyri2y,
-

k #i

where (x, 1) €(D, x(0, T:_])\S?, 0<s <t PP satisfy the above properties,
€l,,-,—, or pel,, rel, _,, the constant

o ¢}
(63) C,:= max |Bj,1,;2(2c) " 2By, Y kT3 x
k=1

ielp,jelyy,

x( max |3 814 A;;2(2c)7I72B;, ¥ k™))t
ielpje Iy k=1

and » is a constant greater than —1.

Consequently, assertion (ii) holds since ix+g—p—3% Y (o4 +2xf) >0

k=1
k #i
all possible p from both the cases where » > 4m.
(i) First we shall show that
z,—1
(6.4) D ul (x, t) =ufj,(x, )+ Y, Di(lim ¥*l(x, t, 5))
r=0 st

for all (x, t) (Do x(0, TI\S}, i€l,, jel,, qel,_, and a = (@, «,) such that
o, €N, 0 <]+ 20, < 2m.

Since, by assertion (i) of Lemma 6.1, the integrals uf;, 6 and Y%, (iel,,
jely, qel,_,, [a] + 20, < 2m) are locally uniformly convergent, as the func-
tions of the variable (x,t), in the domains (DO x (0, T])\SJ (iel, jel,),
respectively, and since the variable x is not in the integration limits, we can
calculate the derivatives D% uJ (iel, jel,, gel,_,, |&] < 2m) in the usual
sense by differentiating under the integral sign. Therefore, it is sufficient to
prove formulae (6.4) by induction with respect to a, under an arbitrary fixed
ae Np, ie., it is sufficient to show that under an arbltrary fixed &e N§, the
following equations

a,—1

(6.5) DIDu] ,(x, t) = u®% (x, 1)+ Z D;(lim ;%37 V(x, 1, 5))

r=0 S—'t
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hold, where (x, 1)€(Do x(0, T)\S/, i€l,, jel,, qel,_, and a,eN, 0 <
ot} + 22, < 2m. ~

To prove formulae (6.5), hix iel,, jel,, gel,,_, and xeNg.

Put now a, = 1. Then, applying the known formula about the differen-
tiating under the integral sign (see [9], p. 329)., we obtain
(6.6) DID,ul,(x, t) = ul%)(x, )+ lim YEN(x, 1, 5)

st

for (x, 1) €(Do x(0, TI)\ /. ‘

Assume next that formula (6.5) is true for an arbitrary fixed natural
number a,. Hence, by (6.6), we get the following sequence of the equations

DIDP  ul (x, 1) = w5t V(x, 4 lim Y5 (x, 1, 5)+
st

a,~1

+D,( Y Di(lim Y&%" "D (x, 1, 5)))

r=0 st

= UtV (x, 0+ Y Di(lim Y50 (x, 1, 9)
r=0 st

for (x, ) e(D, x(0, T])' §V.

Then, by induction and by the fact that i, j, q, X are arbitrary, formulae
(6.4) hold.

Observe now that if «, = 0, assertion (iii) is a corollary from assertion (i)
of Lemma 6.1, and if a, e N, assertion (iii) is a consequence of assertions (i)
and (ii) of this lemma and of formulae (6.4).

This completes the proof of Lemma 6.1.

LEmMA 6.2 ([3]). Let xeDy\D! (iel,, jel,) and s <t. Then
a "2@m) (= 1Y ¢ —x;) x

1

x [ | (=5 " Texp(—(4(r—5)" " K(x, y))dy'ds = 1,
~ Rn'—l )
where
. -1 i r— . )2 n _ 2
Kx, yy:= CVamxl ¢ Gemxd®
i k=1 A
*i

LemMma 6.3. Let i, pel,, jrel,, k qgel,_,. Moreover, let x, €D,
%o€Dy, xo€Do\Di, to€(0, T] and i, €[0, T] be arbitrary fixed points, and
let ul, be the functions defined by formulae (4.7), (4.8). Then:

(i) If the functions fJ, are measurable and bounded in the domains
D; x(0, T, respectively, then the functions ui, satisfy:

(a) The equations
(6.7) P uj (x,1) =0 for (x, t)e(Do x(0, T])\ 5.
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(b) The initial conditions

-~

(68) Dfuj (x,1) =0 as (x, 1) =(xo, 0%), (x, 1)€(Dy x(0, T\,
(6'9) u{.q(xy t) -0 as (X, I)— ("?0’ 0+)) (x’ I)?DOX(O’ Tja q#()'
(¢} The boundary conditions
Pul (x, ) =0 for (x,1)€S,, (p, r, k) #(i.}j, q),
(6.10) ul,(x, ) =0 for (x,t)eS), q+#0,
uo(x,)=0 for (x,NeS,, (p.r) #(i.)).
and moreover:

(d) The functions ul, together with their derivatives D%, ul, (x = (&, &),
ZeNg, a, €No, 0 <|al+2a, <2m) are continuous in the domains
(Do x(0, TI)\S{, respectively. The functions ul, (q+ 0) are continuous in
D, besides.

(i) If the functions fJ, are continuous and bounded in the domains
D; x(0, T), respectively, and if f3|, =0, then the functions ui, satisfy the
boundary conditions
(6.11)  Puly(x, 1) = fl (X, to)

as (x, 1) > (X, to), (x, 1) €(Do x(0, T\ 8.

(iii) If the functions fJ, are continuous in the domains D; x[0, T], re-

spectively, and iff,-{'olz.vw_”o” =0, then:

(a) The functions uf, satisfy the boundary conditions
(6.12)  uio(x,1) "’ﬁ,jo (x4, To)
as (x’ t) —)(xi;:j’ t~0), (xa t) e(DO X(O’ T])\S:II
{b) The functions ul, are continuous in D.

Proof (i) (a) This assertion is a consequence of assertion (iii) of Lemma
6.1 and of assertion (i) of Lemma 2.2.

(i) (b) To prove conditions (6.8) let us fix indexes i€l,, jel,, k, gel,,_,
and observe next that assertion (iii) of Lemma 6.1, the Leibniz theorem on
the differentiation and assertion (ii) of Lemma 2.2 imply the equations

, 20,(— 1)k L oglg=1)...-(g—p+ 1) a*’
Dful (x, 1) = , ) , X X
q! =0 p! == p*
< |0 9e=97D, DX G(x 1y, dyids,

K yi=(- g
0 D;

where (x, 1) €(Do x(0, TI)\SY, I =k for k < q and I =gq for k > q.
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Simultaneously, by assertions (ii), (iii) and (iv) of Lemma 2.1, we get the
estimations

l)-ici dy' dS|

t
If [0/, 9(—5""7"D, DF"G(x, 1, y, s)|
0 b; ‘ W=

i
- . —2aP —x-
TH(= e 4x+2a] T

-x

s . ) "’
<C, sup |fI0+I(—Ye—x "
D; x(0,T]

i ~ 248 —x- t. - z -af
F= e+ x—2¢) 2 T T [t —sp 2t [T [e—s) " +(t—5)"/2]ds,
0 r=1

r#i

where  (x, t)€(Dg x(0, TY\SI, a? =(af, ..., aD)eND, |aP|=k—p, p=
0,1,....,k or p=0,1,...,q; C, is the positive constants given by for-
mula (6.3) and x» is a constant greater than —1.

Consequently, conditions (6.8) hold since 3x+q—p— Y of >0 for all
r=1
r#i

possible p from both cases where » > max {0, k—q}.
Observe now that, by assertions (i), (ii) and (iv) of Lemma 2.1, we obtain

the inequalities

(6.13)  ul (x, 1)
s—z—‘ﬁcg, sup |f7| ‘(t—s)“((t—s)"‘+(t—s)”2)(1+(t—s)”2)"'1ds,
T] .

q! " p;x,
[}

where (x, t)e Dy x(0, T, iel,, jel,, qe I,_, and

a0
C;:=(max {34,, 3/8nA4 A, max {2(2¢)73By 5 ¢ ' Boa) 3 kT2
k=1

iel,

By the above inequalities we get conditions (6.9).

(i) (¢) The first part and the third part of conditions (6.10) are conse-
quences of assertions (i) and (iij) of Lemma 6.1 and of assertion (iv) of
Lemma 2.2. Simultaneously, by (6.13), the integrals u/, (i€l,, jel,, gel,-1)
are locally uniformly convergent in Dy x(0, T]. Hence, from assertion (iv) of
Lemma 2.2, we obtain the second part of conditions (6.10).

(i) (d) The first part of this assertion is a consequence of assertions (i)
and (iii) of Lemma 6.1. The second part of assertion (i) (d) is a consequence
of the first part of this assertion, of conditions (6.9), of the second part of
conditions (6.10) and of formulae (4.7), (4.8).

(ii) To prove conditions (6.11) let us fix indexes iel,, jel,, kel,_, and
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observe that, by assertion (iii) of Lemm'fl_ 6.1 and by assertion (i) of Lemma
2.2, we obtain for (x, t) (Do x(0, T])\S! the equation
(6.14) Prul(x, 1) = al o (x, )+ bl (x, )+cli(x, 1),

where

jf;{k(yis S) Dy,' Ui'y,-:(—l)jc,- H Ur(xr’ L YVrs s)'dy"ds,
. r=1

D;

t
ai{k (X, t) = -2ai “
(o]

r#i

t n
bii,k(xa t) = —2aij fﬁ{k(ylo S) Dyi Uily.=(..1)j,_..(n G,(x,, Ly, S)—
0 D; ! br=1

r#i

= [[ U.(x, 2, yp, 8))dy' ds,

r=1
r#i
t o ©
dax 0= =2a [ [ 4049 T (=N (D, UR+D, UB), _ _

x [] G/ (x,, t, y,, s)dy' ds.
r=1
r#i

First, we shall prove

(615) axj,k(x9 t) “’f;{k (xl*’ lO) as (X, t) -é(xl;.':j’ tO)’ (xa t) e(50 X(O, T])\gf
Put

:,]k(y,, S) c= {f;{k(y‘9 S) for (yis S) GD_;' X(O’ T],

0 for (', s)eR"™* x(— o0, TI\(D; x(0, T]),
Mi,:= _Sup Ifil,  Kf:={leD: ly,—x} <o (rel, r#i)y},
D" x(0,T}

where ¢ is an arbitrary positive number. Moreover, let ¢ denote an arbitrary
chosen positive number.

By continuity of the function f, at the point (xi, to)e D; x(0, T] (see
assumptions from (ii) of this lemma) there exists a number §, > 0 such that

(6.16) |y 8) = (X, to)] <ie
for yiED—,‘(\K?l, 0 <t0—61 <SS <t0+51 < T

Simultaneously, the set R""! x(— o0, t) may be represented as an union:

4
Rn_l X(—'w’ t) = U Zl'a,ra
r=1

2 — Roczniki PTM ~ Prace Matematyczne XXVIII
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where
zZ, =(D; nK}) x(to—9, 1), Z, = KI\D) x(to—9, 1),
Z}y = K] x(—o0, to—9), Z}, =(R"M\K)) x(— o0, 1)
and
en/a\*"
6.17) 0= mm{él, 21((4M{’k) }
Therefore, by Lemma 6.2, we have
4
(6.18) af i (X, —=fh (X, to) = Z K (x, 1)

for (x, ) e(Do x(0, T\ S, [t—to| <48, where

Eiulx, t)= j(:k(ylas)_fk(x‘*’ 0)) T2 (4m) T (t—s) T2
z°

" x(-=W¢ —x,-)exp(—-(4(t—s))‘ VK (x, yi))dyids.
It is seen that formulae (6.16), (6.17) and Lemma 6.2 imply the inequality
(6.19) |1} (x, 0) <%e for (x,t)e(Dy x(0, T\SY, |t—to] <30
Now
1215 (x, 0 < 2Ma™ 2 (Am) "2 (= 1Y ¢;— x| x
x | } (t—s)""2 " texp(—(4(t—5) ' K(x, y))dy' ds

R""l\ﬁi - ®
for (x, t) (Do x(0, TY\S, [t—to] <46.
Applying to the right-hand side of the above estimation the substitution
(6.20) v, =(4(—9)" ' K(x,)),

we get inequality

|I;21k(x /IS 2M1ka—1,2 (=1 ¢ —xil f 2~ Lexp(—v;)dy; x
0
x [ K(x,y)""dy’ for (x,1)€(Do x(0, TS, |t—to| <46.

g1 \D;
Simultaneously, the transformation
(621) V=X, = \V (ar/ai) ,(_l)jci—xi‘ v, (relm r# l)

maps the domain D; into the domain
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Q= WeR ™ —x,—¢ < \/(ar/ai)l(-l)jci_xilvr
< —x,+c¢, (rel,, r#1i)},
and since we can assume that |x,—x* <316 (rel,, r #i), so
R™IN\Q:; < RINQ,,
where
Q) =eR 1 —x*—46—c, \/(;7a_|( 1Y ¢;—x;| v,
< —x¥+46+c¢, (rel, r#1i)}.

Consequently

Wi, 8 < 2M’w‘"’2§v"” texp(=u)dy [ [1+ ¥ oF]T
=1

n— 1,00
R \Qi,j r#i

for (xy t) G(D-O X(O, T])\S?’ Ixr_xfl <%6 (rEIm r# l)9 |t"tol <%5
Hence, by the convergence of the integrals

‘v”’z Lexp(—v,)dy;, [ [1+ Y oF] "2 av
r=1

0 n—1
K r#i

and by the fact that the edges of the cube Qf; are equal with the interval
(— o0, o), as x; = (— 1) ¢;, there exists a number §, dependent on ¢ such that

(6.22) 2, (x, t)f <3e
for (x,t)e(Do x(0, TY\S/, |x,—x* <46 (rel,, r#i), |x—(—1Yc¢| <d,,
ft—tol <16.
Next
to—é
1B (x, )] < 2Mi,a~ Y2 (4m)~ "2 |(— 1)’c—x|jdy | (t—9)~"2"1ds
K. —-®©

13

for (x, t)e(Do x(0, TN\ S/, |t—to] <36 and since, by (6.17),

5<in (”'f)y",

4Mi
we have
(623) I l]k(x’ t)l <%8

for (x9 t)E(EO X(O’ T])\§{9 'xi—(_l)jc' <z 5 lt_t0| <2 5
Finally, applying to the integral I?;, the substltutlons (6.20) and (6.21)
successively, we obtain the inequality

I ja(x, O < 2Mi n™ "2 (o2 Yexp(—v)dy, | [1+ ) oF]7"*av
0

n— 1,59
Rk \éi,j r#i
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for (x, ) (Do x(0, TY\S, Ix,—x* <46 (rel,, r #1i), Jt—to) <34, where
Q.'?,j = {U‘ER"_II ’U,.' < 5\/‘-1_!-
, 2(— 1Y e—xil\/a,

Hence, by an analogous argument as in the proof of the convergence of the
integral I7;,, we get that there exists a number J; dependent on & such that

(6.24) B (x, 0l <%e

(rel,, r# i)}.

for (X, t) E(D-O X(O, ﬂ)\S?, ‘xr"'x;." <—17.5 (rEIm r# l)a 'xi'—(—l)jcil <53;
[t—tol <33.
Conditions (6.18), (6.19), (6.22)(6.24) imply the inequality

la{.k (xa t) _f;fk (Xi, tO)l <é&

for 'xr_x:’ <%5 (rel,,, r# l)$ Ixi—('—l)jciI <mln(%6r 62’ 63)’ It_t0| <%5
and therefore (6.15) holds.
Since D, U;(x;, t, (= 1Y ¢, 5)— 0 as x;— (=1Y¢;, 0<s <t, we have

(625) biu(x,t)>0 as (x,t) = (X, to), (x, t)e(Dy x(0, T\ SI.

Finally, analogously as in the proof of assertion 3° of Lemma 3 from
[3], we obtain that D, Ri(x;,t,(—1)c;,s)—0 as x;—(—1)¢, 0<s<t
(rel,) and therefore

(626)  dcii(x,8) >0 as (x, 1) = (xi, to), (x,8)€(Dy x(0, T\SV.

By (6.14), (6.15), (6.25), (6.26), and by the fact that the indexes i, j, k are
arbitrary, we get (6.11).

(iii)(a) Conditions (6.11) for ¥ = 0 and an analogous argument as in [8]
(see Section 59.5) imply assertion (iii)(a).

(ii)(b) This assertion is a consequence of assertion (i)(d), of
conditions (6.8), (6.12) and of formulae (4.7), (4.8). Therefore the proof of
Lemma 6.3 is finished.

Remark 6.1. It follows from the proof of assertion (ii) of Lemma 6.3
that to prove the following conditions:

Pku{k(xa 3] —'fgk(xia to)

as (x, t)— (X4, to)eSi, (x, t)e D, iel,, jel,, kel,_,, instead of conditions
(6.11) for ke, _,, it is sufficient to assume that the functions f/ (iel,, jel,,
kel,_,) are measurable and bounded in D; x(0, T] (iel,) and continuous at
the points (x4, to) (iel,), respectively.

TueoreMm 6.1. Let the functions f/, (iel,, jel,, qel,_,) be continuous
and bounded in the domains D; x(0, T], respectively, and let the functions f,
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(iel,, jel,) be continuous in the domains D; x [0, T, respectively, and satisfy
the equations

(6.27) flo(x, =0 for (X, )eZ; u(D; x{0}) (iel,, jel,).

Moreover, let u* be the function given by formula (4.6). Then:
(A) The function u® satisfies the equation

(6.28) - P"ui(x,t)=0 for (x, t)eD,
the initial conditions

0 for (x, t)eS,, k=0,

k., 2 —
(6.29) ' Dyu*(x, 1) = { 0 for (x,t)eS,, kel, .,

and the boundary conditions

( fio(Xd, ) for (x,0)€S8], iel, jel,, k=0
630) Pru?(x, 1) ={ ot . 0e8], iel, jeb, k=0,
(30 Furte if.-?k(x', 0y for (x,1)€S}, iel,, jel,, kel,_,.

(B) The function u?® is (m)-regular in D.

Proof. Equation (6.28) is a consequence of formulae (6.7) and (4.6), and
conditions (6.29) are a consequence of formulae (6.8), (6.9), (6.27), (6.12) and
(4.6). Next, formulae (6.27), (6.9) and (6.10), Remark 6.1, and formulae (6.12)
and (4.6) imply conditions (6.30). Finally, assertion (B) is a consequence of
conditions (i) (d) and (iii} (b) of Lemma 6.3 and of formula (4.6).

7. Theorem on the existence of the (m)-regular solution of the (C™)

linear problem. As a consequence of Theorems 5.1 and 6.1 we get the
following:

THeoreM 7.1. If the functions fi, f (iel,, jel,, kel,_,) satisfy the
assumptions of Theorems 5.1 and 6.1, then the function u given by formulae
(4.1)14.8) is the (m)-regular solution in D of the (C™ linear problem.

Remark 7.1. If all the assumptions of Theorem 7.1 are satisfied for
m = 1, then Section 22.7 from [8] or Theorem 2.1 from [2] imply that the
function u given by formulae (4.1)(4.8) is the only one regular solution in D
of the (C!) linear problem.
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