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On the homogeneous with respect to the differential equation 
Fourier’s first linear iterated problem 

in the (n +  l)-dimensional time-space cube

Abstract. A construction of a solution of the homogeneous with respect to the differential
П

equation of the Fourier’s first linear iterated problem in the domain ( X  ( — ci> c«)) x (0, T],i= 1
T <  oo, is given.

1. Introduction. In the paper we construct a solution of the homo­
geneous with respect to the differential equation of the Fourier’s first linear

П
iterated problem in the domain D = ( X  ( ~ с,)) x(0, Г], T  < oo. For this

i = 1
purpose, we use the Green’s method and we apply the method of heat 
iterated potentials. To construct the solution of the problem considered, we 
use results of papers [3]—[6]. This paper is a continuation of those ones. We 
may apply [4]-[6] since all the results given in those papers in the domain

П
( X ( ~ C;))x(0, T), T  ^ oo, hold also in the domain D.
i = 1

We consider, therefore, the homogeneous with respect to the differential 
equation the Fourier’s first linear iterated problem in the domain D but not

П
in the domain ( X  ( — ci)) x(0 , T)-> T < oo, because we must obtain the

i = 1
solution of this problem in a class of functions which are continuous not 
only in D and also in D. It will be seen here that D is more convenient for this

П
purpose than ( X  ( ~ ci-> c«)) x (0> f 4)» T < oo. Therefore, we must get the

_i= 1
continuous in D solution of the problem considered, because we shall use 
results of this paper in the next paper [7], by the author, on constructions, 
among other things, of solutions of the Fourier’s first quasi-linear iterated 
problems in D. Since for the construction of the solutions of those quasi- 
linear problems from [7] we shall apply also the Poisson theorem (see [8], p. 
523), the solution of the problem from this paper must be continuous in D.

The results obtained here are generalizations of those given by the 
author in [3], by Baranski and by Musialek in [1], and by Milewski in [11].
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2. Preliminaries. Throughout the paper we use the following notations:

R- =  ( — oo, 0), R+ =(0, oo), R =  (-oo,oo),

I S =  | 1 , 2 ,  . . . i ,  /V0 =  i Vui O} ,

Rn = R x . . .  x R, Щ  = N0 x  . . .  x N0 (n-times),

/„= !1,2, ...,ni, = О! (цело,

X =  (x^, . . . ,  X„), Xq =: (Xj , . . . ,  x n), X* (Xj , . . . ,  Xn ), у  (j l̂ ■> • • • » _Уп)>

X* ~  ( x i , . . . ,  X,- _ i , X,- + i , . . .  , Xn), X* (Xj , . • . ,  X,- _ j , X,- + i , . • . ,  Xn ) (i G fn),

x iJ =  ( x j , . . . ,  x,-_ t , ( -  \ y  Ch Xi + ! , . . . ,  x„),

X* = (*î, ... ,  x?_ !, ( -  ly  ci9 xf+ !, ... ,  x*) (i e /„, j  g /2),

Do = X  ( ~ ci’ ci)> ^Dq = Dq\D 0, S0 = D0 x JO}, A  = X  ( — с*» c*)
i= 1 Jk= 1

k*i

A  = ( - C i ,  Cj) X . . .  х ( - с ;_ ! ,  cf_ i )  X ! ( -  lyCil x ( - c i+1 , Ci+1) X . . .  x ( - c „ ,  c„)

( /e /„, j  g /2),

D = D0 x(0, T], 5/ =  D{ x (0, Г], 5/ =  Df x(0, Г], Г  <  oo

(iE/„, j e l 2),

z,. =  5(Â X [0, T]) \ W ,  t): t = 0} (i e /„),
n

P^^zl^ -A and a = Y l at,
i=  1

n
where Ax =  J] а;!)*. and at e R + for ie/„.

i = 1

By Akx and by Pjfl we denote the к-iterations of the operators Ax and Px<t, 
respectively. As long as it does not lead to misunderstanding, the operators 
Ax and Pxt will be denoted by A and P, respectively.

For each a = (a b ...,a„)elVÔ, x e R n, we put:

|«| = £  a„ a! =  П  a,0  <f = П  (<>/'> ^  = Dl \ - Dv
i= 1 /=1 i = 1

Moreover, Dxt : ~ D xD where a =  (â, a*), àe/VÔ, a*eiV0, xe/f" and
f 6 [0 , Т].

We assume that m is an arbitrary fixed natural number.
We consider here only real functions. It is understood that, if it does not 

lead to misunderstanding, then for an arbitrary function /  the symbol /  will
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be used also in the sense: f(x) ,  i.e., in the sense of the value of a function/at 
a point x.

We use the concept of local uniform convergence of considered integrals 
in the sense of [ 10].

Let a,e/?+ for i'e/„. For every fixed index i e l n, we define the function 
°li\ R2\ 10] -> R by the formula

J}{, . i (4тга1т ) '1/2ехр(-(4а1т)^Ч 2) for £еЯ, теЯ +,
( 0  for Ç<=R, te  R -  or ÇeR \ jO], т = 0.

Now, for all x e R n, ysR", 0 ^  s <  t, iGln, j t l 2 and k e N 0 we define the 
functions £/$, Ui by the formulae

, u iil (Xi, t, yit s) = JÜ(y,- — x\îl, t — s; a,),
(2.1)

Ui(xh t, yit s) = UjfoiXi, t, yh s),

where xjj = ( — 1)* (xt + ( — 1У +1 2/cc,).
Next, for every x e  Rn, y 6 Rn, 0 <  s < t ^ T  and for every fixed natural 

number q we define the function Gq by the formula

(2.2) G’(x, f, y, s) =  (~ /  ( t - s f - 1 G(x, t, y, s), 

where
П

(2.3) G(x, t, y, s) = П  L У» «).
i= 1

(2.4) Gi{Xi,t, yt, s)

= Ui(Xi, t, yi5 s) + £  ( -  l)k (£/{,* (*,-, t, у s )+ U S (x h t, уь s))
k= 1

and the functions Uif U\{1 (i e/„, j  e / 2, k e N ) are given by formulae (2.1). If 
q = 1, then we apply the symbol G in place of the symbol G1.

In the sequel we shall need the following lemmas:

Lemma 2.1 ([4]). Let 0 ^ s < t, <xeN0, x >  — 1 and i e l n. Then there 
exist positive constants Aa and Bx y such that

(i) I t - s ;  a,)| ^ Ax{ t- s )~ (a + 1)l2 for £eK,
(ii) J|D \ m f ,  t - s ; Oi)\d£ <  V 8nA Aa( t - s )~ xl2,

R
where A = max !alf ... ,  a„\,

(iii) (e R \ ' ,0 \ .
In particular,
(iv) [£>*. t, y„ s)| «  (2c,.)-" -"-1 ( k -  l ) - - » - 1

for Xi, y ,€ [ - c , ,  c,], j c l 2, k e N \ \  1J.
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Lemma 2.2 ([5]). Let q be an arbitrary fixed natural number, and let G 
and Gq be the functions defined by formulae (2.2)-(2.4). Then:

(i) Pkx>tGq(x, t, y, s)
Gq k ( x , t , y , s ) for к = 0, 1, q - l ,  
0 for k = q, q + 1,

where (x, t) eD0 x(0, T], (y, s) eD, s <t.

(ii) D ^ G ( x , t , y , s )  = £  °^ -a fiDlfiG(x, t, y, s),
PeN„
l/*l = <**

where (x, t)eD 0 x(0, T], (y, s)eD, s < t  and a* is a natural number.
(iii) I*,, Gq(x, t, y, s) =  0 for (x, t) eSj (i e ln, j e l 2, к e!S0), (y, s) eD, s <t.
(iv) _P ^ D ^ G ^ x, t, yp'r, s) = 0 for (x, t)eS{ (i, p e l n, j, r e I 2, k e N 0), 

(y, s) eD, s < t.
Let Q0 be an arbitrary domain in Rn. Put

(2.5) Qi (x) = X ( -  1У "J Ç ) Ajf  _j (x) for x e Q 0, i e lm_ x.
j =  0 V '

Lemma 2.3. I f  the functions Dakf k (ak eNo, |a*| < 2m — 2/c — 2, ^ е /т_!) 
are defined in Q0, and if the functions g{ (i £ lm-!) are defined by formulae (2.5), 
then:

(i) The functions Dplg,• (ft e N n0, \ft\ ^ 2m — 2i — 2, ieTm- i )  are defined in 
Q0-

(ii) The equations

(2.6) f ( x )  =  t  ( - 1  y f V - ^ . ( x )
j= О V /

hold for every x e Q 0-
Proof, (i) Let i be an arbitrary fixed number belonging to the set Jm_ 

Then the functions Dfijf  _ j (ft e N q, \ft\ ^ 2m — 2/ + 2j — 2, j e  /г) are defined in 
Q0. Therefore the functions g{ (fteN o, \ft\ ^  2m — 2i — 2) are defined in Q0
and, by the fact that i is an arbitrary fixed index, assertion (i) holds.

(ii) Let i e l m_ 1. By assertion (i) both sides of equations (2.6) together 
with their derivatives of order not greater that 2m — 2i — 2 are defined in Q0. 
Therefore, to prove equations (2.6), denote the right-hand sides of those 
equations by P,(x) and substitute the functions gj (je /; ), defined by formulae
(2.5), for P,(x). Hence we have

p , w  = £  ( -

= Ш + ' 1 о ( ^ - 1У+г(‘) ( / _ г) У ‘~гШ  for xeC2„.

\
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Consequently, in order to prove assertion (ii) it is sufficient to show that

(2.7) i ( - i y +rQ ( / r)  = 0 for геГ,_!.

To this purpose observe that

(w1+vv2)1 = У ( l )w{wlf j for wl , w 2eR.
j=o  V /

Differentiating both sides of the above equations r times with respect to wx, 
we get

i{i~ 1) * • • • • O' ~  r + 1 )  (wi +  vv2)* "  'r =  £  C ) j ( j - 1 )  •... * ( j -  r +1 ) 'r w2~ j
j — r V /

for re/, and therefore

(2.8) £  ( -  ^  ' Q /U  - 1) •.. ■ • и  -  Г + 1) = 0 for r e ? . , .

Since

for reli ,  by (2.8) we get (2.7). This completes the proof of Lemma 2.1.

3. Formulation of the homogeneous with respect to the differential equa-. 
tion of Fourier’s first linear iterated problem of type (Cw). A continuous 
function и in D is called a (m)-regular in D if the derivatives D* t и 
(a = (à, a*), ôte N q, a* e N 0, 0 < 101 + 206* ^ 2m) are continuous in D.

Given the functions f k, f^k (i e l n, j e l 2, the homogeneous with
respect to the differential equation Fourier’s first linear iterated problem of 
type (Cw) in D consists in finding a (m)-regular function и in D satisfying the 
equation
(3.1) Pmu{x, t) =  0 for (x, t)eD,

satisfying the initial conditions

(3.2) D tu(x ,t)  = \ f̂ X)
ifkix)

for (x, t )eS 0, к = 0 , 
for (x, t )eS 0, k e lm -u

and satisfying the boundary conditions (*)

(3.3) Pku{x, t) = fiio(x‘, t)
f ik t f*  t)

for (x, t)eS{, i e l n, j e l 2, к = 0, 
for (x,t)eS{, i e l n, j e l 2, k e l m- x.

(*) The left-hand sides of equations (3.2) and (3.3) are meant in the limit sense.



6 L. Byszewski

A function u with the foregoing properties is called a (m)-regular solution 
in D of the problem above, and this problem is called shortly the (Cm) linear 
problem. If m = 1, then a (l)-regular solution in D of the (C1) linear problem 
is called a regular solution in D of this problem.

4. The (m)-regular solution of the (Cm) linear problem. We shall prove in 
Sections 5 and 6 that, under certain assumptions concerning the functions f k, 
fiik 1), the function и of the form

(4.1) u(x, t) = m1 (x, t) + u2(x, t) for (x, t)eD,
where

(4.2) M1 (x, t) : II
Im

*
Mf(x, 0 for (x, О^У),

(4.3) t/, (x, t)

( f Gi(y)Gi +*(*> t , у, 0)dy for (x, 0 e /)0 x(0, T], i e1m
) Do

i e ïm" i h {x, 0 for (x, 0 eSo?
l 0 for (x, t)edD0 x {0}, i eTm

(4.4) 01 oo = i ( - D ‘- JQ Ajfi-j(y)  for Уе&о, ' e l - ь
j— о V/

(4.5) li(x, 0 =  1
/oW for (x, t )e S 0, i = 0,
0 for (x, f)eS0, i e l m_i,

n m — 1
(4.6) u2(x, t) =  £  E  0 + «?*(*» 0) for (x, t)eD,

i= 1 k=0
(4.7) uj k (x, t)

2fli J f УЙк (У, S) Dn Gk+1 (x, t, y, s)| 1)ic. dÿ  ds
b i>i 1 1

= « for (x, t)e(Do x(0, n ) \S { ,

g ik ix^ t)  for (x, t)eS{,

0 for (x, t) eS0

for i e l n, j e l 2, k e L - i  and
(4.8) д{,к(х1, t)

_ i fiioi*1’ r) for ( * * » 6 A x (°* * e/„, j  e /2, к = 0,
I 0 for (x\ t)eD ( x(0, T], j'g/„, j e l 2, /се/т_ ь

is the (m)-regular solution in D of the (Cm) linear problem.

5. Properties of heat iterated potentials of the first kind. Let г e /m _ t,
a = (ÔT, a*), à eiV ,̂ a* e i \0.

Let us consider the integrals
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Xf (x, t) = f hi (y) D%t Gi + l (x, t, y, 0) dy,
»o

where h( are the given functions and Gl + 1 are the functions defined by 
formulae (2.2}-(2.4).

The integrals X f  are called the heat iterated potentials of the first kind of 
the surface S0.

Given a function h, let us introduce the notation

(5.1) coh{x, t) = j h(y)G(x, t, y, 0)dy.
d0

We shall use the following lemmas:
Lemma 5.1 ([6]). Assume that i e ï m- l . I f  the functions h{ are measurable 

and bounded in the domain D0, then:
(i) The integrals X f  (|a| + 2a* ^ 2m) are locally uniformly convergent in 

the ilomain D0 x(0, Т].
(ii) For every point (x, t) e D0 x(0, T] there exist the derivatives Dxt X°  

(0 < |a| + 2a* ^ 2m) and Dx>tX f  (x, t) = t) for all (x, t)eD 0 x(0, T], 
0 < |ôe| + 2a* ^ 2m.

Lemma 5.2 ([6]). The following assertions are true:
(i) Let к be an arbitrary fixed number belonging to the set /m_ I f  the 

functions D*1 h{ (a'eiVo, ja'| ^ 2k — 2i, i e ï k) are measurable and bounded in the 
domain D0 and if these functions are continuous at every fixed point x 0eD 0, 
then

Df 1а)к.(х, t) -+Akx l hf(x0) as (x, t) ->(x0, 0+), {x, t)eD  (i e î k).

(ii) Let x0 be an arbitrary fixed point belonging to D0. I f  the function h is 
measurable and bounded in D0, continuous on dD0 and such that h\eDo = 0, and 
if h is continuous at the point x0, when this point belongs to D0, then

wh(x, t) —> h(x0) as {x, t)-+(x0, 0+), (x, t)eD 0 x(0, T] .
Lemma 5.3. Let к be an arbitrary fixed number belonging to ïm~1, and let 

щ, gt (i6 fm_j) be the functions given by formulae (4.3)-(4.5). Assume that the
functions DaJfj (aj e N q, |a-,j < 2i — 2j, j  e T(, i еГт_ j) are measurable and bound­
ed in D0. Then:

(i) The functions щ (ielm-i) satisfy the equations

(5.2) Ртщ(х, t) = 0 for (.x , t)eD 0 x(0, T] 

and the boundary conditions
(5.3) 1*щ(х, 0 = 0 for (x, t)eSrp (fеГт_ j, pel„, r e /2).

(ii) If, additionally, the functions DP*fj (aJ e /Vq, |a7| <  2k — 2j, j e l ^  i e Tk) 
are continuous at an arbitrary fixed point x0eD 0, then the functions щ
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(ielfn-i) satisfy the initial conditions

(5.4) lim DfUi(x, t)
(x,t) ->(x0 ,0  + )

0 for i > k,

( -  l)1' for i <  k,

where (x, t) eD.
(iii) I f  additionally, the function f 0 is continuous on dD0 and such that 

fo\dDQ = 0» and if x0 eD0 is an arbitrary fixed point at which f 0 is continuous, 
when x0 eD0, then

(5.5) lim щ (x, t) 
Cm ) - k * o-0 + >

/о (*o) for i = 0,
0 for i e /m_l5

where (x, t)eD 0 x(0 , Г].
Proof, (i) Since the functions gt ( ie lm- i)  are measurable and bounded 

in D0, by assertion (ii) of Lemma 5.1 we have

F  u fx ,  t) J 9i{y)PrGi+1(x, t, y, 0)dy
d0

for (x, t)eD 0 x(0, T] (ie lm -i,  r e l m).

Consequently, by assertions (i) and (iii) of Lemma 2.2, and by assertion (i) of 
Lemma 5.1 applied to the equations above when r = 0, we obtain formulae
(5.2) and (5.3), respectively.

(ii) Formula (5.1) and the Leibniz theorem on the differentiation imply 
the equations

Dt Mi(x, t) = - * О* — 1) * - - * O' —7 -h 1) ̂ J J со (̂ c, t),
11 j=oV//

where (x, t)eD 0 x(0 , T], l = к for i > к and / = i for i ^ k. 
Consequently,

for i >  k,
lim

(M )  -*(*o>0

D ^ufx, t) —
(-1J* lim Dt 1сад.(х, t) for i <  k,

(M )  -*(X 0 .0  +  )

vhere (x, f)eD.
Since the functions Da' g t (a'eiVo, |a'| ^ 2k —2i, i e î k) are measurable and 

bounded in D0, and since these functions are continuous at the point x0, by 
the above equations and by assertion (i) of Lemma 5.2 we get conditions
(5.4).

(iii) Since the function g0 is measurable and bounded in D0, continuous 
on 3D0 and such that go\eDo = 0, and since this function is continuous at the
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point x0, when x0 eD0, it follows that by formula (5.1), by assertion (i) of 
Lemma 5.1 and by assertion (ii) of Lemma 5.2 we have

lim m,(x, t)
(JC,0 -»(X0.0 + )

( - 1)' r , .v ( 3 o W= bm tl CDg. (x, t) = <
1 ’ (x,t) -»(x0 .0  + ) ' U

where (x, t)eD 0 x(0, Т].
Thus, by formula (4.4), we obtain conditions (5.5).

for i =  0 , 
for i e l m- u

Theorem 5.1. Let the functions Da' f  (otl eNo , |a‘| < 2m — 2i — 2, 
be continuous and bounded in D0, and let, additionally, the function / 0 be 
continuous in D0 and such that fo\dDo = 0- Moreover, let ux be the function 
given by formula (4.2). Then:

(A) The function u1 satisfies the equation

(5.6) Pmux (x, t) = 0 for (x, t) eD0 x(0, T],

the initial conditions

(5.7) t) = f k{x) for ( x , t ) e S 0 {ке1т-!),

(5.8) и1 (x, t) = /о (x) for (x, t )eS0, 

and the boundary conditions

(5.9) P^u^x, r) = 0 for ( x , t ) s S rp ( k e îm- u  pel„, r e l 2).

(B) The function и1 is (mfregular in D.
Proof. (A) Formulae (5.6) and (5.9) are consequences of formula (4.2) 

and of assertion (i) of Lemma 5.3.
To prove (5.7) let us fix an arbitrary x 0eD0. We have, by (4.2) and (5.4), 

the equations

lim D ïu 'ix ,  t) = £  ( - î y h A ^ g f x o )  for (x, t)eD
(x,t) -> (x0 ,0  +  ) i = 0

Hence we get, from assertion (ii) of Lemma 2.3, conditions (5.7).
In a similar way, using (4.2) and (5.5), we obtain

m- 1
lim ux (x, f) == £  lim щ(х, t) = f 0(x0),

(x,t) ->(X0 ,0  +  ) i = 0  (X,t) -> (X Q ,0  +  )

where (x, t)eD 0 x(0, T], and x0 is an arbitrary fixed point belonging to D0. 
Therefore condition (5.8) holds.

(B) This assertion is a consequence of assertion (i) of Lemma 5.1, and of 
formulae (4.2H4.5) and (5.8).
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6. Properties of heat iterated potentials of the second kind. Let / e ln,
j e l 2, q e ï m- l9 oi = (à, a*), à = (al5 ccn) e N n0, a* e N 0.

Let us consider the integrals

Kj,q(x ’ l) = - 2 a ( f  f  f  * ( / ,  s)D*,t Dy. Gq+l(x, t, y, s ^ ^ ^ d ÿ  ds, 

Y*M (x, r’ s) = ~ 2ai .1' fiqiÿ* s)D*,t DyiGq + 1(x, t, y, s)|yi = (_ l)Jcidÿ,

where f \ q are the given functions and Gq+1 are the functions defined by 
formulae (2.2H2.4).

The integrals u°j<q, which are equal to the functions uJiq for (x, t) 
e(D0 x(0, Т ])\5/, respectively, are called the heat iterated potentials of the 
second kind of the surfaces Sj, respectively.

L em m a  6.1. Assume that i e l n, j e l 2, I f  the functions f \ q are
measurable and bounded in the domains D, x(0, T], respectively, then:

(i) The integrals ufJ>q (|o] + 2a, < 2m) are locally uniformly convergent 
in the domains (D0 x(0, T])\S/, respectively.

Moreover, the integrals Y*Jtq (|a| +  2a* < 2m) are locally uniformly con­
vergent, as the functions of the variable (x, t), in the domains (D0 x(0, Tf)\S j,  
respectively.

(ii) lim Y$l(x, t, s) = 0, respectively, for (x, t)e(D0 x(0, T])\Sj, 0
s - f

< t, where a [r] : =  (à, a*_r_ J, r e / l r l , a* e/V, 0 < |a| + 2a* <  2m.
(iii) For every point (x, t) e(D0 x(0, T])\S/ there exist the derivatives 

(0 < |a| +  2a* ^ 2m), respectively, and D* t u{<q(x,t) = uf j q( x , t ) (0 <
|a] + 2a* ^ 2m) for all (x, t) e(D0 x(0, Tf)\S{, respectively.

Proof, (i) According to the argumentation given in the proof of asser­
tion (i) of Lemma 5.1 (see [6], Theorem 1) to prove assertion (i) of this 
lemma for the integrals 9 (i e l n, j e l 2, g e | a |  + 2a* ^ 2m) it is 
sufficient to show that for arbitrary fixed iel„, j e l 2, ^ е /т _ 1? a = (â, a*) 
such that |a| +  2a* ^ 2m and 0 ^ a* ^ q the integral on the right-hand side of 
the after-mentioned equation

Kj,q(X’ 0
2 а Л - 1)9+1 **

£  <g* _P>V x
---  \ n / t

p= 0 P |aP | =  a * - p  '

X I \fiqiÿ> s)D f{ t-s )qDiPDn G(x, t, y, s)\yi=(_ l)Jcidÿds,
0 D:

where ap = (a?, ..., aj), Pp = (Pi, ■ ■■, Pp), Pp = ar + 2a? (r e ln), |/?_p| = |tx| +  2a* -  
— 2p (p e îaJ, is locally uniformly convergent in the domain (D0 x(0, T])\S/.
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For this purpose, observe that by assertions (i), (iii) and (iv) of Lemma 2.1 we 
have

(6.1) \D{eD G(x, r,y ,s)| , I

C, (r -  S)"2 [ 1 + 1( -  1У c, -  x,| " ~ 2“ ' " 3 +

+  К -  1У с, + х,- +  2с,-Г 4  '" 2‘ ‘' '  '3 + 1( -  1Ÿ с, +  .V, -  2с, \" " 2* ' " 3]  х 

х  f l  № - s ) “ l“r+2‘, '  + 3’,2 +  ( t - s ) ' /2]
г= 1
г i-i

for (х, t)e(D0 х(0, T])\S/, (у\ s)e£>, х [0, г), /?е/а#, where

Сх := max 2 (2cf)"J'"3^ +1>x f  /c_2J x
ie,n'J^hm k= 1

x (  max |ЗЛ7-; 2(2Ci)~j ~2 BjA £  /с- 2 })"-1 .
' !,rj‘ hm ft= 1

Let now x0 be an arbitrary fixed point belonging to the set D0\Di and let 
X^(x0), K v(xf) be spheres with the centres at x0 and x°, respectively, and a 
radius t] > 0 such that the set K^(x0) r\{D0 \Dj) is closed. Then the set 
/C,,(x?) n ([ — Ci, ci]\ !(— is closed and since the function

y (x,) = 1 + 1( -  1У с, -  x f 4 - 2“'’ " 3 +  К -  1)Х, + х, + 2с,| “ •' - 2“ ' - 3 +

+  | ( - 1 У с , +  х , - 2 о Г ' _ 2 ‘, ' _ 3

is continuous in the set R \ { ( - îy'c,-, -2c,• - ( - l ÿ ch 2 c , - ( - i y с{\, which 
includes Kv (xf), there exists a constant C > 0 (independent of rj) such that 
y(x,) < C for x, G/C^(xf). Therefore, y(x,) ^ C for x e K n(x0) and consequent­
ly, by (6.1), we have

\Jp(x, t)\ ^ CCX sup If i q\(p{t) J' dÿ
° 1' Х(0’Г] K„(x‘0)

for (x, t)e(D0 x{О, Г ])\5/, |х - х 0| <rj, р е /а+, where 

JP(x, t):=  f f / i ( y ,  s ) D n t - s Y D tPDyiG(x, t, y, s)| ^  dÿds,

<p(t):= ]{ t- sy"2D?(t-syi f i  [ (t-s)" <*r+2“' + ‘),2+ ( t - s ) 1'2]ds 
Ь r= 1r*i

and X^(x‘o) is the sphere with the centre x‘0 =  (x°, ... ,  x°_ l5 x?+1, . . . ,x j )  
and the radius rj. Choosing x so large that exponent of t — s is positive in the 
integral <p(r), we obtain the inequality tp(t) ^ (p(T) for ts [0 ,  Т]. Therefore
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\Jp(x, t)\ ^  CCi sup \fiiq\(p(T)zn- i rin 1
D; x (0 ,T ]

for (x, t)e(Do x(0, T])\S/, |x —x0| < <5, pe/^ , where т^ц is the volume of 
the (n— l)-dimensional unit sphere,

(6.2) Ô =  rj <
CCi sup I

Df x(0 ,T]

l/(n- 1)

and e is an arbitrary positive number. Then

\Jp(x , t )I ^ e for (x, f)e(^o x(0, T])\S/, |x - x 0| < 3 , реГа#.

Since e > 0, the indexes i, j, q, the multi-index a and the point x0 are 
arbitrary, it follows that the proof of assertion (i) is complete for the integrals

The proof of locally uniform convergence of the integrals Y*Jtq is 
analogous to the proof of locally uniform convergence of the integrals uaUj q. 
Indeed, applying all the notations from the above argument except formula
(6.2), which now is of the form

where

ô =  rj <
e

CCi sup \ £ { 9\ Ф ( Т ) т п- 1
Di X(0,T]

П  [(r -s )" ter+2“? + ll,2+ ( t - s ) 1/2],
r =  1 
r* i

we obtain for so large x for which exponent of t — s is positive in \J/(t — s) the 
following estimations:

I f f lq (/» s)Df {t — s)qDpx Dy G (x, t, y , s)| dyг|' ; 1 У,' = ( -  1 )JCjDinK^0)
sup \fiiq\ ф{Т)тп̂ 1Г]п~1

Of X(0 ,T]

for (x ,0 e (D o x(0, T~\)\S{, |x - x 0| < <5, р е /а̂ . This completes the proof of 
assertion (i).

(ii) Fix indexes ie/„ , j e l 2, ^еГт_! and а = (а, a*) such that a*eiV, 
0 < |al + 2a* ^ 2m. Observe now that by the Leibniz theorem on the differ­
entiation and by assertion (ii) of Lemma 2.2 we get

P = °  P ' \aP\ = a , - r - p - 1
<xp !

a x

x filq(У , s)Df (t — s)4Dfix Dy G{x, t, y, s)| . dÿ,
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where (x, t) e(D0 x(0, T])\S/, 0 ^ s < t, l =  a* — r — 1 for 0 < a* — r — 1 ^ q 
and / = q for q < a * - r - l  ^ m, ap = (af, .. <x£), fiÿ, =
ak + 2a£ (fee/J, |0P| = |à| + 2a* -  2r -  2p -  2 { p e î ^ . r^ l or p efe, r e î ^ - J .  

Simultaneously, by assertions (ii), (iii) and (iv) of Lemma 2.1, we have

I f f W ’ s )D f( t-s )“DiPDn G(x, t, y, s)I d /l

< 9 (9 - 1) - . ..-(9 - p + l ) C 2 sup |Л ,|[1 + |(-1У с(- х , Г ' " М _ ’‘" 2 +
Df x(0 ,T ]

~ I—a.- —2 аЦ—х — 2 ,, < , — a,-—2a# — x—2-,+ | ( - 1)/с|- + х,- + 2с1-| + |( - l> / cf + xi - 2ci| ] x

x(r-s)* /2 + « - ' r ï  [(*“ «) (afc+2̂ )/2+ ( t - 5 ) 1/2],
fc= 1 
к */

where (x, t) e(D0 x(0 , T])\S/, 0 ^ s < t, Pp satisfy the above properties, 
or p e lq, г б /1г1 , the constant

00
(6.3) C2 : =  max \Bj+Ux\ 2(2Ci)-J~x- 2Bj+ltX £  fc~2| x 

ielnJeT2m k= 1

x( max J3 ч 8тсЛ Лу;2(2с,-) J 2В]Л £  к 2})" 1
ieln, je î2m k= 1

and x is a constant greater than — 1.
П

Consequently, assertion (ii) holds since — p —j  Z  (ak + 2a£) > 0
fc = 1 
к

all possible p from both the cases where x > 4m.
(iii) First we shall show that

(6.4) Dax,tuiq(x, t) = ulM (x, 0 +  Z  D'(lim Y $ ]q(x, t, s))
r=  0

for all (x, r)e(Z>0 x(0, T])\S/, i e l „ , j e l 2, q e ï m- 1 and a = (a, a*) such that 
а* еУУ, 0 < |a| + 2a* ^ 2m.

Since, by assertion (i) of Lemma 6.1, the integrals and Y*Jf9 (i e l n, 
j e l 2, qelm-x,  |0| + 2a* <  2m) are locally uniformly convergent, as the func­
tions of the variable (x, t), in the domains (D0 x(0, T])\S/ (ie/„, j E l 2), 
respectively, and since the variable x is not in the integration limits, we can 
calculate the derivatives Dxu{q (i e l „, j e l 2, q e î m- 1, |a| ^ 2m) in the usual 
sense by differentiating under the integral sign. Therefore, it is sufficient to 
prove formulae (6.4) by induction with respect to a* under an arbitrary fixed 
ôte N q, i.e., it is sufficient to show that under an arbitrary fixed x e N q the 
following equations

a*- 1
(6.5) D Î B * .« x ,t )  =  « !5ÿ(* ,t)+  I  ВГ(ИтУгЙ*--‘>(х,(^))

r= 0
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hold, where (x, t) e(D0 x(0, T])\S/, i e l n, j e l 2, q e î m_ 1 and a*EN, 0 <  
|a| + 2a* ^ 2m.

To prove formulae (6.5), fix i e l „ , j e l 2, g e /m- i  and oceISq- 
Put now a* = 1. Then, applying the known formula about the differen­

tiating under the integral sign (see [9], p. 329), we obtain

(6.6| Of O, h/„(x, f) = wj5”(.v, r)+ lim I, s)

for (x, r)e(D0 x(0 , T])\Sf.
Assume next that formula (6.5) is true for an arbitrary fixed natural 

number a*. Hence, by (6.6), we get the following sequence of the equations

Of«f- + l < ( x ,  r) = h|5.V + 1,(.v, !)+ lim Yfâ->(x, t, s) +

a*— 1
+ 0 , ( 2  O T ( l im ® .- '-1»(Jc,t,s)))

r=  0

1)
uiJ,4 (x , 0 + 2  D r(lim l® ,* .--,»(x,t,s))

r = 0  s-*t

for (x, t) e(D() v(0, T])N S/.
Then, by induction and by the fact that /, j, q, à are arbitrary, formulae

(6.4) hold.
Observe now that if a* = 0, assertion (iii) is a corollary from assertion (i) 

of Lemma 6.1, and if a*E/V, assertion (iii) is a consequence of assertions (i) 
and (ii) of this lemma and of formulae (6.4).

This completes the proof of Lemma 6.1.
Lemma 6.2 ([3]). Let x e D0\D{ (iel„, j e l 2) and s < t. Then 

a~ 1/2 (4 л )~ “/2 (( — \)Jct — x,) x

where

x )' t‘ ( f - s )  "/2 1 ex p (-(4 (f-s ))  1 K(x, y tydÿds = 1,
— 00 ffH — 1

( ( — l y C i —  x , ) 2 ^  ( У к ~ х к ) 2
K (x, ÿ ) :  = - ---- — -----^ -+  У  —---- —

a i к=  1 a k
к Ф1

Lemma 6.3. Let i , p e l n, j , r e l 2, k ,q e 7 m_ 1. Moreover, let x* eD0, 
x 0 eD0, x 0eD 0\Dj, t0 e(0, T] and Foe[0, T] be arbitrary fixed points, and 
let u{q be the functions defined by formulae (4.7), (4.8). Then:

(i) I f  the functions fdq are measurable and bounded in the domains 
Df x(0, T], respectively, then the functions u{q satisfy:

(a) The equations

Pmu(q(x, t) = 0 for (x, t) e(D0 x(0, T])\S/.(6.7)
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(6.10)

(b) The initial conditions

(6.8) D ? < (x , t) -*0 as (x, !) *(x0, 0+), (x, t) e(D0 x(0, T])\S/,

(6.9) «{„(x, I) -  0 as (x, r) - (x0, 0+), (x, П- ï)„ x(0, T], q Ф 0.

(c) T/?c boundary conditions
Pkulq(x, r) = 0 for {x, t) ESrp, (p, r, k) #  (/',7, q),

K q(x, 0  = 0 /or (.x, 0 #  0,

m/.o(.x, 0 = 0 for (x , 0 eSp, (p, г) Ф (/. 7),
ага/ moreover:

(d) The functions u{q together with their derivatives D*t u{q (a = (à, a*), 
ae/VS, a*e/Vo, 0 < |a| + 2a* ^ 2m) are continuous in the domains 
(D0 x(0, T]) \S/, respectively. The functions u{q (q Ф 0) are continuous in 
D, besides.

(ii) I f  the functions f jk are continuous and bounded in the domains 
Д  x(0, T], respectively, and if f jk I = 0, then the functions u{k satisfy the 
boundary conditions

(6.11) I* {x, 0 ^ fiïk  (4 » to)

as (x, 0 ->(*'*j, t0), (x, t)e(D0 x(0, T])\S/.

(iii) I f  the functions f j0 are continuous in the domains Д  x [0, T], re­
spectively, and if fio\ziUDi x -о» = °» then:

(a) The functions u{ 0 satisfy the boundary conditions

(6.12) m/,o (x , 0 fiîo (*'*, Д)

as {x, 0 ->(*‘*', Г0), (x, 0e(D o x(0, T])\S/.

■(b) The functions m/>0 are continuous in D.
P roof (i) (a) This assertion is a consequence of assertion (iii) of Lemma

6.1 and of assertion (i) of Lemma 2.2.
(i) (b) To prove conditions (6.8) let us fix indexes i e l n, j e l 2, k, 

and observe next that assertion (iii) of Lemma 6.1, the Leibniz theorem on 
the differentiation and assertion (ii) of Lemma 2.2 imply the equations

W x , t) = 2a‘( r  *' Î  P+1> I  ^ x
p = 0 |аР| = * - р а *

i i /Д  (У. s) (t -  s)« - " D3,. oî"1’ G (x, t ,y ,s ) | dÿds,
■ У/ = (-1 )JCi

0 D;

where (x, t)e(D0 x (0, T])\S/, / = к for к ^ q and / = q for к > q.
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Simultaneously, by assertions (ii), (iii) and (iv) of Lemma 2.1, we get the 
estimations

|f Ï V d - s r ' D y . D l ’"G(x, t, y, s)\ dÿds\

^  C2 sup \ f jq\ [1 +|( — 1У Ci — Xi\~2"l‘ ~’l~2 + \{ — ^yCi + xi + 2cif 2‘‘l‘ ~*~2 +
Dt X(0,T]

+  |( —  î y  Ci -I- X, — 2c,| ~ 2*Pi ~ * ~ 2]  C(f _ s f / 2  + q - p  f ]  [ ( t - S) " a , ,+ ( f - s ) 1/2] d s ,
0 r= 1

r * i

where (x, t) g(D0 x(0, T])\§{, ctp = (a?, . .. ,  <xp) e N n0, \ocp\ - k - p ,  p = 
0 ,1 , . . . ,  к or p = 0, l , . . . , g ;  C2 is the positive constants given by for­
mula (6.3) and x is a constant greater than —1.

n

Consequently, conditions (6.8) hold since \ x + q —p — £  ocp > 0 for all
r =  1 
r 9*1

possible p from both cases where x  > max {0, k — qj.
Observe now that, by assertions (i), (ii) and (iv) of Lemma 2.1, we obtain 

the inequalities

(6.13) \u j jx ,  r)|
t

< ~ C 3 sup \ f jq\ j(£ —s)9((f — s)~1 + (t — s)1/2)(l + (f — s)1/2)"~1 ds,
4  ! D. xfO.T]

0

where (x , t ) e D 0 x(0, T], iel„, j e l 2, and

C3 : = (max [3A u  3 ^j8nA A 0, max {2(2c*) 3В 1Л;с( 1 Вол ) £  k 2})и-
i eln к = 1

By the above inequalities we get conditions (6.9).
(i) (c) The first part and the third part of conditions (6.10) are conse­

quences of assertions (i) and (iii) of Lemma 6.1 and of assertion (iv) of 
Lemma 2.2. Simultaneously, by (6.13), the integrals uJi>q (i e l n, j e l 2, <7e /m-i)  
are locally uniformly convergent in D0 x(0, Т]. Hence, from assertion (iv) of 
Lemma 2.2, we obtain the second part of conditions (6.10).

(i) (d) The first part of this assertion is a consequence of assertions (i) 
and (iii) of Lemma 6.1. The second part of assertion (i) (d) is a consequence 
of the first part of this assertion, of conditions (6.9), of the second part of 
conditions (6.10) and of formulae (4.7), (4.8).

(ii) To prove conditions (6.11) let us fix indexes i e l n, j e l 2, k e l m- l and
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observe that, by assertion (iii) of Lemma 6.1 and by assertion (i) of Lemma
2.2, we obtain for (x, t)e(Do x(0 , T ])\5/ the equation

(6.14)

where
P'Xfctx, 0 = <*(*> 0 + Hk(*. 0 +  c/,k(x, t),

<*(*, 0 = ~ 2a, j J fiikiÿ, s)Dy. Ut\ _ l)Jc П  u '(*r, t* Уг> s)dÿds,
0 D( 1 1 r= 1гФ1
t n

Ы.к(х >f) = ~ 2ai ! f f à ( ÿ ’ s) Dyi и 1.=<-ысШ  Gr(xr, t , yr, s ) -
0 Di * * r=l

r ï i

- П Vr(x„ t, yr, s))dÿds,
r= 1
Г Ф1

0 D: r = 1
cj'Ax, t) = -2a , f  I f U Ÿ ,  s) £  ( - l f ( D yi U ff + Dy. x

n

X Yi Gr(xr, t, yr, s) dÿ  ds.
r= 1r*/

First, we shall prove

(6.15) a{*(x, t) - ^ ( х 1*, t0) as (x, t) -►(x,y , f0), (x, t) e(D0 x(0, T])\S/. 

Put

„  , , . = f f â (У, 5) for (У, s) e A  x(0, 71,
Jt* { y , s h  [ 0  for (У ,5)бЛ"-1 х (-о о , 71 \  (A x(0, 71),

M(k : =  sup \ fû \ , *7 : =  {У 6 A  : |JV -  x*| < q (r e r ^ i)},
Df x(O.T]

where p is an arbitrary positive number. Moreover, let e denote an arbitrary 
chosen positive number.

By continuity of the function f û  at the point (x1*, (o)e Â x (0 , 71 (see 
assumptions from (ii) of this lemma) there exists a number <5j > 0 such that

(6‘16) I fik  (У » s ) -f ù  (x**, f 0)| <  i  e

for y  G Â  n  К?1, 0 < t0-<5i < s < г0 +  ̂ ! < T.

Simultaneously, the set R""1 x( — oo, t) may be represented as an union:

R”- ‘ x ( - o o ,t ) =  U Z}„

2 — Roczniki PTM — Prace Matematyczne XXVIII
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where

Zf., = (Д п К ? )х (  t0- b ,  (), Z i 2 = (K f\D ,)x ( t0- S ,  C),

Z i 3 = K f x ( - o o , t 0-ô ) ,  Z U = ( R ”- l \K f ) x ( - o o ,  t)

and

<617> ô = [
Therefore, by Lemma 6.2, we have

(6.18) a{k{x, t0) = £  0
r= 1

for (x ,l)e(D o x(0, T])\S/, | t - t 0| <i<5, where

4 j , k ( x ’ t) =  .f Ш Л У ,  s ) - f i { k {x**, t 0j ) a ~ 1/2( 4 n ) ~ nl2{t — s ) ~ nl2~ 1 x

i,r
X (( - 1 У с,- -  x.) exp ( -  (4 (f -  s))- 1 К (x, / ) )  dÿ  ds.

It is seen that formulae (6.16), (6.17) and Lemma 6.2 imply the inequality

(6.19) IIlj,k(x, t)\ < ie  for (x, t)e(D0 x(0 , T])\§{, | f - f 0| < R  

Now

|/?M(x, t)| ^ 2М{ка~ 1/2(4я)“"/21(— iy с, —xf| x

x j J {t — s)_"/2_1 e x p (-(4 (r -s ))-1 K{x, ÿ ) ) d ÿ ds
Rn~ 1 VD;

for (x, t)e(Do x(0, T])\S{, \ t - t 0\ < \6 .

Applying to the right-hand side of the above estimation the substitution

(6.20) Vi = (4 (t -  s))“ 1 K (x, / ) ,  

we get inequality

Ili,j,k (x, 01 <  2M/>k a~1/2 к~п121( -  iy  ct - Xi\ J v f 2~1 exp( -  vt) dv{ x
b

x J K { x ,ÿ ) ~ nl2dÿ  for (x, t)e(D0 x(0, T])\§{, \ t - t 0\ < \d .
Л” — 1 \D,-

Simultaneously, the transformation

(6.21) yr ~ xr — V (arM) К ~  iy  ct - x,| vr (r e /„, г Ф i) 

maps the domain Д- into the domain
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Qu  = {vl eR n 1 : - x r- c r ^  у/(аг/а{) |(-  1)J'cf- xf| vr

< - x r + cr (r e l n, г Ф 0},
and since we can assume that |xr — x*| < \5  (r e l n, г Ф i), so

K " - 1 \ Q i J c : r - 1 \ Ô f >j

where
Qfj = {i/ s R n 1 : -  x* - j ô  -  cr <  ^ (а г/а{) |( - l)7' ct -  x,| vr

< -x*+ i<5 + cr (re/„, r # i) } .

Consequently

I%j,k (x , 01 <  2M(k n~n/2]  v?12~1 exp( -  vt)dvt j [1 + £  v2] " "/2 dvr
0 nit — 1 \л<5 r =  1* xvi,j r *i

for (x, t)e(D0 x(0, T])\ Sj, |xr-x * | < \ d  (r e l n, г Ф i), \ t - t 0\ <i<5. 
Hence, by the convergence of the integrals

\ v f 2 1 exp( — Vi)dVi, f [ 1+ X v2~\ n/2dvr
0 %n- 1 r =  1r ïi

and by the fact that the edges of the cube Qfj are equal with the interval 
( — 00, oo), as xt ->(—1 y q ,  there exists a number b2 dependent on s such that

(6.22) \Iij,k(x ’ 01 < i e

for (x, t)e(D0 x(0, T])\S{, |xr-x * | < \ b  {reln, г ф л \  |xj — ( — 1Усг| < S 2, 
\t — t0\ <-5 <5.

Next
t Q - &

14j,k (*, 01 < 2M\tk a~1/2 (4rc)~n/21( -  iy  Ci -  Xfl J dÿ  J (t - s)~"/2" 1 ds
Kf “ <®

for (x, t) e(D0 x(0, T~\)\S{, \ t - t 0\ <i<5 and since, by (6.17),

we have 
(6.23)

à  ^  Ь
en у/ a  \ 2/n
4 M { J  ’

II?,j,k(x ’ 01 < i e
for (x, t) g(D0 x (0, T])\§{, lxf — ( — 1)Jcf| < H  \ t - t 0\ < H

Finally, applying to the integral IfJtk the substitutions (6.20) and (6.21) 
successively, we obtain the inequality

Iltj,k (*, 01 < 2M/>k n n/2 J v?2 1 exp ( -  Vi) dv{ 1 [ l + i v î r < 2d ï



20 L. Byszewski

for (x, t)e(D0 x(0, T])\S/, |xr- x r*| < \ 5  (г е /и, г Ф i), |r — r0| < \d ,  where

Qtj =  U  gR"~1 ‘ k l < , r~ (r e /n> r Ф 0} •
I 2 1( — ly ct — Xj| yjar J

Hence, by an analogous argument as in the proof of the convergence of the 
integral we get that there exists a number <53 dependent on £ such that

(6.24) \ l f j j x ,  ()l

for (x ,t)e(D 0 x(0, ТУ)\5{, \xr x*| < {ô  (re/„, r *  /), | х , - ( -
<i <5 -

Conditions (6.18), (6.19), (6.22H6.24) imply the inequality 

K*(x, fo)l < e

for |xr- x r*| < {d  (rel„, г ф 1), |х, —(- ly c f l <min(|<5, S2, <$3), | f - f 0| < i^  
and therefore (6.15) holds.

Since D Ui(xh t, ( — 1 y q ,  s) -» 0 as x, -> ( — 1 ych 0 < s < t, we have

(6.25) b{*(x, t) -*0 as (x, t) -»(xÿ, t0), (x, t)e(D0 x(0, T])\S/.

Finally, analogously as in the proof of assertion 3° of Lemma 3 from
[3], we obtain that Dy. Ri(xh t, ( — 1)гсь s) -*■ 0 as x, -*■ ( — 1Ус{, 0 ^ s < t  
(r e /2) and therefore

(6.26) cj'k(x, t) - ►O as (x, t) -*(xÿ, t0), (*, t)e(D0 x(0, T])\S{.

By (6.14), (6.15), (6.25), (6.26), and by the fact that the indexes i, j, к are 
arbitrary, we get (6.11).

(iii)(a) Conditions (6.11) for к = 0 and an analogous argument as in [8] 
(see Section 59.5) imply assertion (iii)(a).

(iii)(b) This assertion is a consequence of assertion (i)(d), of 
conditions (6.8), (6.12) and of formulae (4.7), (4.8). Therefore the proof of 
Lemma 6.3 is finished.

Remark 6.1. It follows from the proof of assertion (ii) of Lemma 6.3 
that to prove the following conditions:

(x1*, t0)

as (x, t)-»(x iJ, t0)eS{, (x, t)eD, ie/„, j e l 2, k e l m- 1, instead of conditions 
(6.11) for k e l m- 1, it is sufficient to assume that the functions f  \  ( i e /„, j e I2, 
k e l m- i)  are measurable and bounded in Д  x(0, 7"] (/e/„) and continuous at 
the points (x1*, t0) (i e l „), respectively.

Theorem 6.1. Let the functions f j q (ie1n, j e l 2, q e l m~i) be continuous 
and bounded in the domains Dt x(0, T ], respectively, and let the functions ffo
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(ie /„, j e  /2) be continuous in the domains Д  x[0, T], respectively, and satisfy 
the equations

(6.27) 0(x \ 0 =  0 for (x\ t ) e Z t u(D, x {0}) ( ie /„, j e I2).

Moreover, let u2 be the function given by formula (4.6). Then:
(A) The function u2 satisfies the equation

(6.28) Pmu2{x, 0 = 0 ./or (x, t)eD, 

the initial conditions

(6.29) D t U 2 ( x ,  0
0 for (x, t )eS 0, k = 0,
0 for (x, t )eS 0, k e l m-! ,

and the boundary conditions

(6.30) р * и П х , ,) = for {x' t)eS{:  i 6 ,"’ J e l >’ к m °*
0 / ° r i g/„, j e l 2, к е /да_ j .

(В) 77ге function и2 is (m)-regular in D.
Proof. Equation (6.28) is a consequence of formulae (6.7) and (4.6), and 

conditions (6.29) are a consequence of formulae (6.8), (6.9), (6.27), (6.12) and
(4.6). Next, formulae (6.27), (6.9) and (6.10), Remark 6.1, and formulae (6.12) 
and (4.6) imply conditions (6.30). Finally, assertion (B) is a consequence of 
conditions (i) (d) and (iii) (b) of Lemma 6.3 and of formula (4.6).

7. Theorem on the existence of the (m)-regular solution of the (Cm) 
linear problem. As a consequence of Theorems 5.1 and 6.1 we get the 
following:

T h eo rem  7.1. I f  the functions f k, f { k (i e l n, j e l 2, k e l m- i)  satisfy the 
assumptions of Theorems 5.1 and 6.1, then the function и given by formulae
(4.1)-(4.8) is the (m)-regular solution in D of the (Cm) linear problem.

Remark 7.1. If all the assumptions of Theorem 7.1 are satisfied for 
m — 1, then Section 22.7 from [8] or Theorem 2.1 from [2] imply that the 
function и given by formulae (4.1)-(4.8) is the only one regular solution in D 
of the (C1) linear problem.
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