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An application of modular spaces 
to approximation problems. IV

Abstract. The paper gives a generalization o f a theorem on approximation o f a measurable 
function x >  0 by Fp-pseudomodulars, where 0 <  p ^  1 (see [5]), for the case where x is 
approximated by (F„. ф„. (Mj-pseudomodulars. In particular, a measurable function x ^  0 is

b
approximated by singular integrals o f the form o„(f, v) =  <p~k {$Kn(u)(pn(x (u  +  t))du}, where

к a
<p„ (и) =  £  akuPk> with ak >  0, 0 < p nk < 1 .  (In [5 ] the case <pn(u) =  up is discussed for every

k= 1
n =  1 ,2 ,. . . ,  0 <  p <  1.)

Let F be an F-operation in R+  =  <"0, oo), i.e., let F be a mapping F: 
R+ x R + -*F+ satisfying the following conditions (see [l]--[3 ]):

(a) F(u, v) =  F{v, u),
(b) F (m, F (r, w)) =  F (F m, r), w),
(c) F(u, 0) =  u, F(0, v) =  v,
(d) F is non-decreasing in each variable separately,
(e) F is continuous.

Examples, (a) For an increasing (^-function q> (see [1 ] and [2 ]) let

Fv(u, v) =  (p~l ((p(u) +  (p{vj) for u, t> ^  0,

where <p_1 is the function inverse to (p for и ^  0; Fv is an F-operation in 
R+ . In particular, for q>(u) =  np, p >  0, и ^  0,

Fp{u, v) =  (up-hvp)1/p for u, v ^  0

is an F-operation.

(b) F 00(m, v) =  max(u, v) for u, v ^  0 is an F-operation in R + .

If F is an F-operation, then:

(a) F{uu ^  F(u2, v2) for 0 ^  iij ^  u2, 0 ^  Vi ^ v2,
(b) F(u, v) ^  0, F (0, 0) =  0.
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It is known (see [5 ]) that for 0 <  px ^  p2 <  oo we have 

V) ^  F P2{u , v) ^  FPi{u, V) for и, V ^  0.

If

00
(p{u) =  X  OLi (Pi (u) for u ^  0,

i= 1

where af, i =  1, 2, are positive constants, (pt is an increasing cp-function,
00

/ =  1 ,2 ,...,  the series X  af <pf (M) is convergent for every w ^  0, then the
i = 1

F-operation

F ^ m, и) =  <p-1 (<p(n) +  <p(r)) for m, v ^  0 

satisfies the inequality

(*) F x{u, v) ^  supF^.iu, v) for u, v ^  0.

P roo f. For u, v ^  0 and supFv ( m , v) < oo we have

Since

(*) ^  2- ai
i =  1

X  «y<iPj(supFv.(M, v) ) ^  X  +
7=1 ' 7= 1

we get (*).
In particular, for

(Pn(u) =  Z  <*>? (w), Fns(u, v) =  <pn 1 ( X  a"(<P"(*0 +  <P"(*0)),
i= i i= 1

where n =  1, 2, ..., a" >  0 for / =  1, ..., m„; u, v ^  0, we have the following 
statements:

П
(a) If (p"(u) =  upi, p" >  0 for / = 1 ,2 , . . . ,  m„, then for every u, v ^  0

^ ( m, v) <  F (u, v), 
о

where po =  min P?-
I

(b) If <pf"(u) =  logp?(l+ u ),  a" >  1, / =  1, 2 ,...,  m„, then for every 

u, v ^  0

F ^ ( m , v )  ^  u  +  v  +  u v .
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If we set

\F(u, v) if и <  oo, v <  oo,
F(u, v) =  <

(oo if u =  oo or D =  00,

where F is an F-operation, then we can extend F to a function F: R+ xR+  
-*■ R+, where R+ =  <0, oo).

Let X be a real linear space and let F be an F-operation. Suppose that 
со is an increasing continuous function of и ^  0 such that to(0) =  0, to(l) 
= 1, co(u) -> oo as и —► x  and œ(uv) ^  a>(u)a>(v) for u, v ^  0.

A functional g: A’ /0, x  > is called an (F, со, ф)-pseudomodular if for 
every x, у e X :

(a) g(0) =  0,
(b) (> (-.y) =
(c) o(aix + Py) F(i/c(a)o(x), ф((1)д(у)),

where a, fi ^  0 and со (a) +  со (/?) ^  1, ф: <0, 1 )  -* <0, 1 ), il/ (t )^ t  for 
t e <0, 1). In the case where g satisfies conditions (b), (c) and the condition

(a') o(.y) =  O o.x  =  0,

in the place of (a), g is called an (F, со, ф)-modular (see [4 ] and [7]). Let 

Xe =  { x e l :  iim £(Лх) =  0},
Л - 0  +

where g ,is an (F, со, i/c)-pseudomodular. X 6 is called an (F, со, ф)-modular 
space. In the following, we shall assume that X e contains elements #  0, i.e., 
there exists an x e l  such that x Ф 0 and g(Ax)->0 as Я->0-(-.

If F =  F j, o)(u) =  u, ф (t) =  1, then XQ is a modular space (see [2]). For 
F =  F l5 co(u) =  u, i/c(f) =  r, X e is a modular space generated by a convex 
pseudomodular g.

If co(u) =  и, ф{1) =  1, then Xe is an F-modular space (see [3 ]) which is 
generated by an F-pseudomodular g. In the case ф(1) =  1, X 6 is an (F, co)- 
modular space (see [1], [2]). If F =  F lt co(u) =  us, ф(г) =  ts, 0 <  s ^  1, then 
Xe is an (F b us, rs)-modular space generated by an s-convex pseudomodular 
g. Then Xe is also an (F x , us)-modular space.

Let (Q, I ,  p) denote a measure space with a finite measure p defined 
on X, a cr-algebra of subsets of Q, Q ^ 0 ,  g„(t, x): Ü x //' -*■ (0, oo )  for 
n =  1 , 2 , . . .  and let x e . /  — the space of functions x: Q  - *  <̂ — x ,  x  )  which 
are X-measurable and almost everywhere finite with the convention that 
x = у iff x (f) =  y(t) almost everywhere.

Let us assume that: (i)

(i) g„(t, x) is an (F", co„, i/cj-pseudomodular in 3C for all teQ  and for 
every n =  1 ,2 ,.. .,  where F" are arbitrary F-operations.
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(ii) g„(t, x) is Z-measurable and almost everywhere finite with respect to 
t for every x e  J  and every n =  1 ,2 ,...

(iii) Tf for и = 1 ,2 , . . .  o„(L x) =  0 for almost all t, then x =  0.
For . v f . f  let us write

In the sequel we suppose that the following condition is satisfied, in 
addition to conditions (i)—(iii):

(iv) If x, y g Ж, x (t) <  y (t) almost everywhere in Q, then for n =  1, 2, ... 
we have gn(t, x) ^  g„(t, y) almost everywhere in Q.

We say that a sequence (g„) preserves constants if:
(a) constant functions belong to X^,
(b) gn(t, с) =  c for every teQ, c ^  0 and n =  1, 2, ...,
(c) Qn(t, x —x(0) is a Z-measurable function of t for every x e f ,  x ^  0.

Theorem 1. I f  a sequence (g„) preserves constants, x e f ,  x^O ,  then for

Since the sequence (@„) preserves constants, we have for tEÀ 
=  ' / f f l :  x(r) is finite)

x)dp, gs(x )=  Z
1 , £,«(*)

2" i + e « ( * )

and

X s =  I x e . f (>*(Ях) ->0 for X ->0 + !.

every X >  0, a, fi >  0, (o„(a) +  con(P) ^  1, we have 

gs U | x (- )-0 „ (\  x)\]

4- X max

for n =  1 ,2 ,.. .,  where Hn(u, v) =  Fn(u, v) — u.

Proof. Let xe Ж, x ^  0, X >  0, a, f  >  0, a)„(a) +w„(/?) ^  1, n =  1, 2, ...

gn(t, x{t)) =  x(r).

Therefore, for teA ,

x (t).
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Let Bncx = \teQ: gn(t,cx) is finite, c is non-negative constant). Then 
for t e A n B „  ,x/m we have

g „ ( t ,  x ) - x ( t ) ^  ф п ( Р ) в *  ( и  —
P
, ( .x{t) «A„(a)-a . ,

-ф п(а)---- + ------------x(t).
a a

For tE A r\ Bn x we have

x(t)~g„(t, x) =  [w „(a )^ (0-<An(a )^ (L  x)] +
»A„(a) Ф М

and for t e A n  Bn x n Bnxjp we obtain

( „ / jc (f) — л: a>n(a) — a , 4
^  FnU„{ot)gn(t, x), ф„{Р)дп\1, a -----—  + ----- -̂----x(t )

P P

and for f e ^  n B n>x//J

x(t) — x a>„(a) — a
( t, Ot

P
+  r-' p

x(t) ф „ (Р )~^ -х (1 )  ).

Thus for f e A n  Bn x n  Bn x/p we have

1 / / x(t) — X
x(t)-^„(L  x) ^  F" U„(a)en(L *), Фп(Р)вЛ t, a— ^—  +<Ma) V V P

+ ----- -̂----x(t) -£ „(? , x ) + ------— ------x(f).
P  ' 7 /  ф„(a)

Hence, for fe/1 n Впд. n  Bn xj(xP) r\Bnxjp and for n =  1, 2, ... we obtain 

l-v(r) —e„(f, x)| ^  maxi//" (V „(a )— , *А„(Д) C*n (t,

+ <An(«) _  L_ Hn (фп(х)дп(1, x), ф„{Р)0п^, g X^ " ~ C +
Ф М

P фп( 3t)
where Hn(u, v) =  Fn(u, v) — u. Applying condition (iv), we obtain the assertion.

In particular, if Я"(м, у) =  и, ^„(a) =  ^„(Д) =  1, cu„(a) =  a for n = 
1 ,2 ,.. .,  we have the inequality

es U | x (- )-e „ (- »  x)|] ^  -j2Я-  ~  |̂ +  gs| 2 A ^ x (•) 

for a, P >  0, a +  /? =  1, Я >  0 (see [1], [2]).
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In the following, we investigate certain particular cases:

1.1. Let gn(t, x) be the (Fn, oj„, ij/J-pseudomodular in . Ï  dehned for 
t €Ü, /7 =1 ,2 ,..., hv

k"
Fn(u, v) =  Fny(u, v) =  (p~ 1 ( j  a,"(uPi +  vPi)),

i= I 
kn n

(p„(u) =: X  ai” w/7'\ a." being positive constants, pf >  0, i =  1, ..., kn, n =
1=1

1 ,2 ,..., wn(u) = u, ij/n(t) =  \. Moreover, let g„(-, x )eL (Q , I ,  p) for 
n =  1 ,2 ,...

I f  p0 =  infp£ e(0, U, vv/iere po =  minp”, /7/еи f/ie space A’ s, generated
n i ^

by the sequence (gn), is an F PQ-modular space.

Proof.
(a) x =  0<=>ps(.y) =  0.
(b) gs( — x) =  gs(x) for x e f .
(c) For x,ye3C, a, ^  0, a +  /? =  1, S (m) =  w/(l +  n) for и ^  0 we have

00 J
gs(ax + Py) ^  X  x), e„(f> >’))dg).

n= 1 Z Я

It is known (see [5 ]) that for x, yeU (Q , I ,  p) and for the F-operation 
Fp, 0 <  p <  1, the inequality

О  if [f „ (w o i, \уШ М 11г < f p { [ f  N 0 № ] 1,r,
о Si Si

holds for r ^  p.
If 0 <  p <  1, un, vn ^  0, the F-operation Fp satisfies the condition 

00 00 00 
(*** ) X  anFp(u„, vn) ^  Fp( X  a„n„, £  a„yn),

л= 1 n= 1 n= 1

where a„, n =  1, 2, ..., are non-negative constants (see [5]).
Applying (*), (*) and (*% ) and the inequality S(Fp(u, v)) ^  Fp(S(u), S(vj) 

for pe(0, 1), we obtain

x 1
gs{ctx +  Py) ^  X  ^ ,S (SFP” (Qn(t, x), Qn(t, y ))dp)

n = l Z Si 0

<  X  i  5 (f po (&«(*)> ега(у)))
»i= i -

<  X  ^ ,FPo(S(Qns(x)), S(Q„{y))) ^  FP0(gs(x), д*(у)).
n= 1 Z

Therefore X s is an FPo-modular space.



Modular spaces and approximation problems. IV 307

Using Theorem 1 and proceeding as in the proof of Corollary in [5], we 
obtain

Theorem 2. I f  a sequence (gn) preserves constants, then for every 
X >  0, e >  0, x e X  s, x ^  0, there exists j8e(0, 1) such that for every n 
=  1 ,2 ,... *

where HPQ(u, v) = FP0(u, v ) -u .

A sequence (g„) is called singular at a point x e X eS, x ^  0, if for every 
a' >  0, h' >  \ , m — 1 ,2 ,... we have

as n -*• oo.
From Theorem 2 follows the following corollary.

Corollary 1. I f  a sequence (@„) preserves constants and (g„) is singular at 
a point xeX ^ , x ^  0, then for every X >  0

qs Ц [ х ( •)-{?„(% * )] ]  ^ 0

as n -*• x .

1.2. l£t Q = /a, h\ where a =  k(h — a) and к is an integer, let I  he the a- 
algebra of Lebesgue measurable sets in <a, b )  and p be the Lebesgue measure. 
Let Ж denote the set of Z-measurable and almost everywhere finite functions in 
Sa, b), extended by periodicity, with period b — a, outside <a, b). Let K„, n 
=  1, 2, ..., be I-measurablefunctions positive almost everywhere in <a, b)  and 
such that

2X max

J™{x) =  \Qm<t, a’max Hn
n

b
§Kn(u)du =  1 for и =  1 ,2 ,...
a

Let
b

(A) Qn{t, x) =  (pH 1 K n{u) (P„(\x{u + t)\)du],
a

р"е(0, 1 ) for n =  1 ,2 ,...;  i =  1, ..., kn\ pn0 =  minp", p0 =  infpn0 >  0.
i n
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For n =  1, 2, ... and tG <a, b} the inequality

(ï î)  * X  £  (jK.(u)|x(i/ + » r ’ <ia)1" '
i = 1 a

holds.

P roo f. Since

| К „(м )[Х  а?|х(и +  г)|й']<*и (р„(шах {|Хи(м)|х(м +  Г)Г‘‘ <*и}1/к)>
в i = 1 i а

we have
b n n

Q„(t, x) ^  max ! ( K„(u)\x(u + t)\Pi du]1/Pi
i a

for n — 1 ,2 ,. . . ;  t G<a, by. Hence (* *) follows.
The sequence (@„), where g„(t, x) is defined by formula (A), satisfy 

conditions (i)-(iv) and Q„ ( -, x)eL(£2, I ,  /i) for n =  1, 2, ..., x e . f ;  (e„) pre­
serves constants.

We say that (K n) is a singular kernel if
b-0

lim j  K n{u)du =  0
n —* со a + d

for every 3 e(0, (b — a)/2).

Theorem 3. If:
(a) x ^  0, x e  L 1 +y{(a, by, I ,  ц) n 3C, where 0 <  у <  1,
(b) the sequence (g„) is defined by formula (A), where

sup kn <  oo,
П —  — )  

1 + Г 1 + 1 /
Poe

/ =  max m =  1, 2, У >
m— 1 

m+ 1

and (K „) is a singular kernel, then for every À >  0 we have

es U  [> -£ „(• , * ) ] }- >  0

as n —*• oo, where gs is an FPQ-modular.

P roo f. Let x g L 1 + 7(Q, I ,  ц) n  9£, x ^  0, where 0 <  у <  1, and let (q„) 
satisfy condition (b), a' >  0, b' >  1, m =  1, 2, . . .

Let us denote

НР0(еЛ-> x), e„(-, Ь '( х - х (  » ) )  .

у ( •) =  a'max
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Then, applying (* *) we have

*m
Jn(x) =  JQm{t, y)dt ^  y)dt,

Q i = i a
where

 ̂ m m
QmiU, У) = {J^m(M)l>(w + 0 ]Pi ^W}1/W •

a

Let
b' _ b

Ul s=I7 ~ rx (“ +/)» u2 = (pn1 {$KH(v)<pn(x(v + u + t))dv},
D l  a

b

Vo = <P»-1 {J^«(»)ç>«(b'|x(i; + u + f)-x(M  + f)|)di;}.
a

Since 1/(1+1) ^  Po <  1 //,
*w« ( ь b m

J™(x)^a'Y, 21/рГ“ 1 <(/ + 1)1/рГ" 1 l '[ iX OT(u)i;  ̂ dM]1/p"'df +
i = 1

1/pf
+  J

k= 1 '  ̂

l
J*„(«)( Z , ,

Mc= 1 ' к
,+ 1'"

=  a' Z  21" ’Г - ‘ | (/+1 )■/-:- ‘ / ,+ (( +  1)>/рГ- ■ £  ( ' +̂ / 2 + / 3L  

where (/, /с) =  (/ + 1 — k)/(l+ 1).
In the sequel we shall apply the generalized Minkowski inequality

b d d b

(M ) ü)| dvfdu ^  [f(||F(u, v)\qdu)ltqdv\q
a c c a

for measurable function F  in the rectangle (a, b} x (c, d}, q ^  1 (see [6]). 
Using inequality (* *) and (M), we have

Z  M K„(o)[nx(i> +  s)-x(s)|ds]pJ ^ > l/p"
j  =  1 a a

and

l n b

b '(b '- l )~ k/(,+ 1)M X  \iK„(v)[i\x(v +  s)-x(s)\{l’k)Pdsyjm’k)PUv}il,k)/Pl
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where P =  (1+ l)(et>+ l)p",

1 +  У t 1 +  7 л ç l — 1 ,
(1 + y  +  yl)Pj Ip ” 1 +  1

because for x e L l+7 there exists a constant M  such that for к =  1, . . /  and 
Q =  P / (P -1)

(J (x (s )f^ (l+l4s )1/Q̂ M .
a

Applying the generalized Minkowski inequality, we obtain

h ml'i"?-' £ f,+ l')[i'Km(M)(U‘/'+,lD««' dtyrduy"?
к = 1 к a a

and, using (* *), we have

bi u f l+X)v(l 'k)dt
a

^  b'(l'k) Mk„ Yj |J ^ n(y)[f|x(iH-s) — x(s)\(l,k)Pds]p?l(il’k)P)dv]il,k)lp?,

where

1 + } ’
— 1 < a) <  min

1 + у
— 1

( i + r +уОя" " ' ip] ’ (/ + d p ; - i

For <5e(0, (b — a)/2) and j  =  1, ..., kn; к =  1, ..., /, we obtain

h b
\ iK„(v) [i|x (i; + s) — x(s)| ds]p̂ dv\llpj
a a

Ü 2llP0 lU b - a r ,>’- IIO+'',ojl ^/(S; x )],u ,+

+  J K„(v)dvy-t,lpJ [(fc — й)"1'1 ~ 1 ~v |lxll i + J ,,,B},
a+ 15

where

(У, l, k, pD = (l,k) ( i  +  y (11fĤ ?’<) 1 -1 ,

11*11, =  {J | * ( f r * } l/',

ù)p (ô ; x ) =  sup {$\x(t +  h)-x{t)\pdtY,p,
\h\$S a

w(y) = <

1

1 + y’
1 + y + y/

1 + y ’

when b — ae(0, 1>, 

when b — a >  1.
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Therefore, for m =  1 ,2 ,.. .,  we have

sS a'A(m)<B(b’, I, p0) кУ"0a , (â; x) +

+  B ( b ' ,  l, P o ) C ° " ‘ l M l 1 t  ( f  K M d v ) 4 r "  +
j = 1 a + Ô

+c(i> ', m , p0) x  f t ' W ' -  * • ' ) *
fc = 1 *

x[2knE(y, к, I, p0)(cu1 + ,(i5; x))1,l,+ 1> +

+  F(y, к, I, Po)(l|x||i + ,)(W) £  ( { K M d v f * 4 " î ]
j = 1 a + à

where В, C, D, E, F  are bounded functions.
Since x e L 1 + y(ü, I ,  p), (K„) is a singular kernel and supk„ <  oo, we

П
have for every m =  1, 2, ... «/™(x)- » 0 as n-r  oo.

It follows from Corollary 1 that for every X >  0

qs {X [x  — £„(•, x )]} -> 0 as n-> oo.

Corollary 2. Suppose that:
(a) x ^  0, x eL 1 + y(Q, I ,  p) n SC, where 0 <  y <  1,
(b) the sequence (q„) is of the form

Qn(t, x) =  { lK n{u)[x{u +  t)]Pndu}llPn,
a

where n =  1 ,2 ,...;  te (a ,  b}, pne <Cl/(/ +  1), 1//) for n =  1 ,2 ,...,

f m — 1
/ =  max < w =  1 ,2 ,...: y > ----- -

I m+1

and (K n) is a singular kernel 
Under these assumptions:
(a) if pn I Po, then for every X > 0

qs \X [x  — Qn(-, x )]] ->0 as n -> oo,

where qs is an FPQ-modular in SC,
(b) if p„ Î  Po, then for every X >  0

gs \X[x — Qn(-, x )]} ->0 as n oo, 

where qs is an Fp^modular in SC.
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