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An application of modular spaces
to approximation problems. IV

Abstract. The paper gives a generalization of a theorem on approximation of a measurable
function x >0 by F,-pseudomodulars, where 0 < p< 1 (see [5]), for the case where x is
approximated by (F,. ¢,. m,)-pseudomodulars. In particuiar, a measurable function x >0 is

b
approximated by singular integrals of the form o,(t, x) = ¢@;* {f K,(u) (p,,(x(u+t))du}, where
k, @
Q)= Y a,’"u""*', with a; >0, 0 <pf <1. (In [5] the case ¢,(u) =u” is discussed for every
k=1
n=1,2,...,0<p<l)

Let F be an F-operation in R, = (0, o), i.e, let F be a mapping F:
R, xR, — R, satisfying the following conditions (see [1]}-[3]):

(a) F(u,v) =F(v, u),

(b) F(u, F(v,w)) = F(Fu, ), w),

(c) F(u,0)=u, F(0,v) =0,

(d) F is non-decreasing in each variable separately,
(e) F is continuous.

ExampLEs. (a) For an increasing ¢-function ¢ (see [1] and [2]) let

F,(u,v) =9 oW +e¢() for u,v=0,

where ¢~ ! is the function inverse to ¢ for u > 0; F, is an F-operation in
R, . In particular, for o(u)=u?, p>0, u>0,

F,(u,v) = w”+v")'""  for u,v=0
is an F-operation.
(b) F(u, v) = max(u, v) for u, v >0 is an F-operation in R, .
If Fis an F-operation, then:

(@) F(uy, vy) < F(uy, vy) for 0 < u; Suy, 0< 0, <y,
(b) F(u,v) =0, F(, 0 =0.
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It is known (see [5]) that for 0 < p, < p, < oo we have
Fo(u,v) < Fp,(u,v) < Fp (u,v) for u,v=0.

If
e =Y a;¢;w) for u>0,
i=1

where a;, i =1, 2, ..., are positive constants, ¢; is an increasing ¢-function,
[+ o]

i=1,2,..., the series Y 2 ¢;(u) is convergent for every u >0, then the
i=1

F-operation
Fsu,v) =9 (pw+¢@®) foru,v>0

satisfies the inequality

(*) Fy(u, v) <supF,(u,v) for u,v=0.

Proof. For u,v>0 and supF,, (4, 1) < oo we have

()= X a(@i(w)+;(v)) < @(sup Fy, (u, v)).

i=1

Since

[« 4]

2 %5 05(sup Fo (u, 0)) 2 3 a;(0; () +0;(v)),

=1 ji=1

we get (x).
In particular, for

mp

Pnlw) = Z af of (W),  Fi(u, v) = 07 ' (X of (0] W)+ ¢} (1)),

i=1

where n=1,2,...,af >0fori=1, ..., m,; u, v >0, we have the following
statements:
(a) If of(u) =u?, p! >0 for i=1,2,..., m, then for every u,v >0

Tu, ) < F, (u, v),
Po
where pf = min p;.
(b) If ofw)=log,(1+w), pi>1, i=1,2,...,m, then for every

u,v=0
Fy(u, vy <u+v+uv.
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If we set
Fu,v) ifu<oo,v<oo,
0 if u=o00 or v=o0,

F(u,v)=§

where F is an F-operation, then we can extend F to a function F: R, xR,
— R, , where R, =<0, ©).

Let X be a real linear space and let F be an F-operation. Suppose that
 is an increasing continuous function of u = 0 such that w(0) =0, w(l)
=1, w(u) >0 as u =2 and w(uv) = ww w(v) for u, v = 0.

A functional g: X = /0, x> is called an (F, w, ¥)-pseudomodular if for
every x, yeX:

(@) ¢(0) =0,
(b) o(—x) = o(x),
(© olax+py) < F(y () o(x), (B o),

where «, >0 and w@+w@) <1, ¥: 0,1>—-0, 1>, y(@)=t for
te {0, 1)>. In the case where ¢ satisfies conditions (b), (¢c) and the condition

(a') o(x)=0<+=x=0,
in the place of (a), ¢ is called an (F, w, Y)-modular (see [4] and [7]). Let

X, ={xeX: lim ¢(ix) = 0},
A—0+
where ¢ is an (F, w, y)-pseudomodular. X, is called an (F, w, y)-modular
space. In the following, we shall assume that X, contains elements # 0, i.e.,
there exists an xe X such that x # 0 and ¢(Ax) -0 as A —0+.

If F=F,. o) =u. Yy(t) =1, then X, is a modular space (see [2]). For
F=F,, o(w=u, y(t)=t, X,is a modular space generated by a convex
pseudomodular .

If o(u) =u, Y(t) =1, then X, is an F-modular space (see [3]) which is
generated by an F-pseudomodular g. In the case Y (t) =1, X, is an (F, w)-
modular space (see [1], [2]). If F=F,, o(u) =u*, Yy (1) =1°, 0 <s < 1, then
X, is an (F,, v*, t’)-modular space generated by an s-convex pseudomodular
0. Then X, is also an (F ., u®)-modular space.

Let (2, 2, p) denote a measure space with a finite measure u defined
on X, a o-algebra of subsets of Q, Q # @, g,(t, x): Qx4 =<0, ) for
n=1,2,...and let ve.2" — the space of functions x: @ — ¢—x, x> which
are Y-measurable and almost everywhere finite with the convention that
x =y iff x(r) = y(t) almost everywhere.

Let us assume that:

() e,(t, x) is an (F", w,, Y¥,)-pseudomodular in & for all te Q and for
every n=1, 2, ..., where F" are arbitrary F-operations.
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(i) g.(t, x) is Z-measurable and almost everywhere finite with respect to
t for every xe & and every n=1, 2, ...

(iii) If for n =1, 2, ... 9,(t. x) =0 for almost all ¢, then x =0.

For xe.7" let us write

o 1 ou(¥)

Ons(X) = !{Qn(t’ X)dﬂ, 0'(x) = flong) 2" m

and
X, = Ixed: 0°(Ax) =0 for A >0+,

In the sequel we suppose that the following condition is satisfied, in
addition to conditions (i}(iii):

@iv) If x, ye &, x(t) < y(t) almost everywhere in Q, then forn=1, 2, ...
we have g,(t, x) < 0,(t, y) almost everywhere in Q.

We say that a sequence (g,) preserves constants if:

(a) constant functions belong to X o

(b) 0,(t, ¢) =c for every teQ, ¢ = 0 and n=1, 2,.
(c) ¢a(t, x—x(1)) is a X-measurable function of ¢ for every xeZ, x=0.

THeOREM 1. If a sequence (p,) preserves constants, xe &, x = 0, then for
every A>0, a, >0, o, (0)+w,(f) <1, we have

0 AIx ()= e, (-, X}

1
¢ {imax[ A (wn(a) X

w,(ﬂ)en(-,Wx(-)—a"_x('))),

B B

(2250 B ,"”;”>)J+

Yu(2)—0,(2) Yp(@)— aJ (,)}
Yul)

+imax[

for n=1,2, ..., where H"(u, v) = F"(u, v)—u.

Proof. Let xe#, x>20,1>0.2, >0, w,(0)+w,f)<1l,n=1, 2, ...
Since the sequence (g,) preserves constants, we have for reA
= "teQ: x(1) is finite!

a(t, x (1) = x ().

Therefore, for te A,

enlt, V—x(0) < F"{wn( )< wn(ﬂ)gn( L "‘x(")}—x(r).

p
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Let B, = 1teQ: ¢,(t, ¢x) is finite, ¢ is non-negative constant]. Then
for te AN B, .5 we have

oults X)—x(0) < F"%ll/,,(d)x—:z, Voo (1, 220 )}—

3
)
o o
For teAnB,, we have
1 —_
X()= 0ty %) = —— [y (@) ()= Y (o) 21, )]+ 2= Ly

Ya(@) Y ()

and for teAnB,,NnB,,; we obtain

(@) x(0) < F"{wn(a)a,.(t, %), ¥n(B) s (t, LTUF | onl) x(r))}

B B

and for te AN B,

x()—x  w,@)—a " x w, ()
Q,.(t,a 5 + 3 5 x(t)><F(I//n(a)en(t,ﬁ>,%(ﬂ) Iz x(t)).

Thus for te AnB, N B, we have

R T (IO N AUIN (R e
* w"_wﬂ)——a"(’)»—@n(fa x)+ h%:{—&a)’—"(—o‘—)x(r).

Hence, for te AN B, , N B, yup) " Bnyp and for n=1, 2, ... we obtain

()=t 91 < max |7 (1,0 ™, g, By, (1, S0 ) )5

p
| n x()—x
<0, b (@t 9. waie, 12

+ ‘//n(a)_a
o

w,(2)—a ) Yo () — w, (@) }

+———xt) | |+ —————x(t) ¢,

) el

where H"(u, v) = F"(u, v)—u. Applying condition (iv), we obtain the assertion.

In particular, if H"(u,v)=v, Y, () =y,B) =1, w,(@) =a for n=
1,2, ..., we have the inequality

0 21X ()= en(-, X! < es%u"-‘;("}+@{za§x(~)}

for a, >0, a+p8=1, 1 >0 (see [1], [2]).
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In the following, we investigate certain particular cases:

1.1. Let 9,(t, x) be the (F", w,, ¥,)-pseudomodular in 4" delned for
reQ. n=1,2,..., hy
kll

Fr(u, 0) = Fi(u, o) = o7 (3 @t +0m),

i=1
ky "
¢u(u) = Y afu”, af being positive constants, pf >0, i=1,..., k, n=
i=1

1,2,..., w,u)=u, y,(t)=1. Moreover, let ¢,(, x)el(Q,2, ) for
n=1,2,...
If po =infpge(0, 1), where py = minp?, then the space XQS, generated

n l
by the sequence (o,), is an F, -modular space.

Proof.

(@) x=0<0%(x) =0.

(b) ¢*(—x) =0°(x) for xe Z.

(c) For x, ye&, a, =0, a+f =1, S(w) = u/(1+u) for u> 0 we have

a

1
¢ x+py) < ¥ 5 S([F3eats %), ealt, Y)d).
n=1 Q
It is known (see [5]) that for x, ye L (2, X, p) and for the F-operation
F,, 0 <p<1, the inequality

@ JIF(x@ ly @) dp} < Fp {Lflx @I du]", [{ly @ du]'"}
Q2 0 Q

holds for r = p.
If0<p<1, u, v, >0, the F-operation F, satisfies the condition

9] a© a0
(***) Z aan(um Un) < Fp( Z AUy, Z anvn)s
n=1 n=1 n=1
where a,, n =1, 2, ..., are non-negative constants (see [5]).
Applying (%), (}) and (,*,) and the inequality S(F,(u, v)) < F,(S(w), S(v))
for pe(0, 1), we obtain

€x

1
Qs(ax+ﬂy) < Z ?S(jFp'(l)(Qn(ta X), Qn(t9 y))d#)
n=1 2

< Z T)—nS(FpO(Qns(x), Qns(y)))

n=1=

=1
< T 5 Fro(Slon (X)) S(ew()) < Fpo(e* (9, ¢*)-

Therefore X ¢ is an F, -modular space.
o 0



Modular spaces and approximation problems. 1V 307
Using Theorem 1 and proceeding as in the proof of Corollary in [5], we
obtain

TueoreM 2. If a sequence (9,) preserves constants, then for every
A>0,e>0, xeXos, x 20, there exists Be(0,1) such that for every n
=1,2,...

@ BEx -t ) < (o fiman| h, (5 0 (. 25E))
—x(- PO
HPO (Qn(., X), @n ('s a ;( )>) I}) +85

A sequence (g,) is called singular at a point xe qu, x =0, if for every
a>0 b>1,m=1,2,... we have

b’
Jn(x) = [Om {t, a'max[H" (b'— 1 x(*), el b'(x—x(-)))),
o

H"(0,(, %), (" b’(x—x('))))]}du—* 0

where Hpo(u, v) = Fp (4, v)—u.

as n— .
From Theorem 2 follows the following corollary.

CoroLLARY 1. If a sequence (g,) preserves constants ard (g,) is singular at
a point xe XQS, x =0, then for every 1 >0

o IAx()—g,(, )] =0

as n— .

1.2. Let Q = ¢u, b, where a =k(b—a) and k is an integer, let X be the o-
algebra of Lebesgue measurable sets in {a, b> and pu be the Lebesgue measure.
Let Z denote the set of X-measurable and almost everywhere finite functions in
‘a, b), extended by periodicity, with period b—a, outside <a,b). Let K,, n
=1, 2, ..., be Z-measurable functions positive almost everywhere in {a, b> and
such that )

b
[K,wdu=1 forn=1,2,...

Let

b
(A) 0.(t, x) = @, P K, () @, (Ix(u+1))du?,

kp "
where n=1,2,..., teda,bd, xeL(Q, X, 1), @,u)=) ofu’, of >0,
i=

pre0,1) for n=1,2,...;i=1,...,k,. pi = minp!, py =infpy > 0.
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For n=1,2,... and te{a, b) the inequality

ky b n "
G3 on(t, X) < Y ([ Ko (w)|x (u+0)|" du)'/P

i=1 a

holds.

Proof. Since
b

b kn n n n
(K[ Y aflx (u+ 017 du < @, (max {[K, (@) [x(u-+ /" du}/7),
a i=1 i a

we have

b
0, (1, x) < max ([ K, (u)x(u+ 0|7 du)o
for n=1,2,...; teda, b>. Hence (f ¥) follows.

The sequence (p,), where g,(t, x) is defined by formula (A), satisfy
conditions (i}Hiv) and o,(-, x)eL(2, 2, n) for n=1, 2, ..., xeA"; (g,) pre-
serves constants.

We say that (K,) is a singular kernel if

b—-é

lim | K,(wdu=0

n—=awo g+é

for every 6 €(0, (b—a)/2).

Tueorem 3. If:
(@ x>0, xel*"(a, b), Z, W) "I, where 0 <y <1,
(b) the sequence (g,) is defined by formula (A), where

supk, < © "e< ! 2 < L1
npn s Di I+1,I+1 i Po€ l+19l >
-1
| = max{m =1,2,...:9 >m——},
and (K,) is a singular kernel, then for evefy A >0 we have
Qs {i['x'—gn(., X)]} -0
as n— oo, where ¢* is an F, -modular.

Proof. Let xe L'""(Q, Z, "%, x>0, where 0 <y <1, and let (Q,,)‘
satisfy condition (b), @' >0, ¥ >1, m=1,2,...
Let us denote

’

b
y() = a’max [Hpo (ﬁx()v Qn(" b’(X—X(‘)))>,
H,, (2., %), o(- b'(x—x('))))]-
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Then, applying (§ ¥) we have

Ji(x) = jem(t ydt < :fl !flgm.-(t, y)dt,
where
Omit, V) = {?Km(u)Lv(u+t)]";”du}””'m :
Let .,

/

W=D, u = g7 ij () @u(x(v-+u-+ 1) do},

b
vo = @y ' {[K,(0) 0, (b |x (v+u+1)—x(u+1))dv}.

Since 1/(I1+1) < po < 1/1,

s //\

b b m m
Jry<a Y 21 %(I+1)””5"“‘ ([VK ()08 du]Vo! dr +

1

i

m ! 1+1
+(I+ et
(I+1) k;(k

bfe Loyl e
R (§ (2 o] Tl

km 1
=da Z 2p “{(1+1)1/P; L +(+)) “" -1 Z (l+1)12+13},
1 _

i= k=

)‘[U( () kP10 08T gy 110 gy

where (I, k) =(+1—-k)/(I+1).
In the sequel we shall apply the generalized Minkowski inequality

b d

d b
M) [(JIF (u, v)| dv)t du < [[(fIF (u, v)|* du) dv]®

for measurable function F in the rectangle {a, b> x {c,d), q =1 (see [6]).
Using inequality (¥} ¥) and (M), we have
m kn b
LSRN Y K, (@) [Hx(v+s) x(s)| ds]"7 dv) "7
j=1 a
and

kn b
<HE-1)TM Y K, (v)[‘lx(v+s) x (9P ds]eitm gy HOIE

j=1 a



310 S. Stoinski

where P = (1+1)(w+1) pj,
1+7y 1 1+
(L+y+7y0) p; /p;'
because for xe L' *? there exists a constant M such that for k=1, ..., [ and

Q = PAP—1)

1 f -1 <y<l
pu— r—— Y N
T T

({21 1 d)e < M.

a

Applying the generalized Minkowski inequality, we obtain

Iy < (V=1 Z ('“)[lK (@) (110% 1) ofb0 de el du] oF

a a
and, using (¥ ¥), we have

b
U Dy gy

a

kn b
< b0 Mk, Z '|K (v) [“X(U‘t-S) x(s)|(”‘)Pds]"r’(“ »k)P) duw k)/p,
r=1 a

where
147 ) ( . 1 )
—————— —1 <w < min —, - —
(1+y+yD pf Ipj ~(I+1) pj—1

For 6€(0,(h—a)/2) and j=1,...,k,; k=1,..., 1, we obtain
b b
K, 0 [V]x (0 +5) = x ()| ds]7 dv /75
< 2P0 ([(b—a)"~ Y+ N g (85 x)]¢0+
b-3é
+ 20 bk [ [ K.(v) dv]u,kvp;‘ [(b—a*P~ 17|« ,,]OM],

a+aé
where
}’(1+“‘+V1)) .

(s 1 ks p) = (1 k)( =

Ixll, = {jIX(t)I"dt}”",

b
w,(8; x) = sup {fIx(t+h)—x()|Pde}',
<6 a

1
—, when b—ae(0, 1),

w(y) = 1+y
n= 1+y+9yl

, when b—a>1.
1+y
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Therefore, for m=1, 2, ..., we have

J™(x) < a' A(m) {3(5, 1, poyka "0, (8; X)+

ky b-o

+B®, 1 po) ka0 HIxll X ( f Ka(v)do) i+

j=1 a+é
L1
+C(b, 1, M, po) Y, (: )D(bf, k, 1) x
k=1
x[2k, E (1, k, I, po) (@1+,(8; %)+

kp p-s
+F('}’, k’ 19 pO)(”x”l +y)“’k) z ( | Kn(v)dv)“’k)/pj]}a

j=1 até

where B, C, D, E, F are bounded functions.
Since xe L'*(Q, X, p), (K,) is a singular kernel and supk, < oo, we

n

have for every m=1,2,... J?(x)— 0 as n— 0.
It follows from Corollary 1 that for every 4 >0

O {A[x—g,(, x)]} >0 as n— .

CoroLLARY 2. Suppose that:
(@ x=0, xel'™(Q, 2, %, where 0 <y <1,
(b) the sequence (g,) is of the form

b
0n(t, %) = {[ Ko@) Dx (u+ 017" du}'"",
where n=1,2,...; teda, b, p,e {/I+1), 1/I) for n=1,2, ...,
l=max{m= l, 2,...: y>m—-l‘},

and (K,) is a singular kernel.
Under these assumptions:
(@) if pulpo, then for every A > 0

0 1A[x—g,(, x)]} 20 as n— o,

where o° is an F po-modular in 4,
(b) if p,Tpo, then for every 1 >0

Qs {'1 [x—Qn('9 X)]} -0 as n — oo,

where ¢° is an F pl-modular in&.
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