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Unconditionality of orthogonal bases in Æ0-algebras

Abstract. Unconditionality o f an orthogonal basis in a B0-algebra has been characterized 
in terms o f certain inequalities satisfied by a defining sequence o f its seminorms. An extension of 
these inequalities to non-metrizable locally convex algebras has also been considered. An 
example is given to show that an orthogonal basis in a B0-algebra, even in a Banach algebra 
need not be unconditional.

Introduction

Let A be a complex topological algebra (i.e., an algebra which is a 
topological vector space with jointly continuous multiplication). If the under­
lying topological vector space is locally convex, A is called a locally convex 
algebra. The topology of a locally convex algebra can be described by a 
family P  =  {p} of seminorms. If, in addition, each seminorm p e P  satisfies the 
inequality: p(xy) ^  p{x)p{y) for all x, ye A, then A is called locally m-convex. 
A complete metrizable locally convex algebra is called a B0-algebra and a 
complete metrizable locally m-convex algebra is called a Fréchet algebra (cf.
[4], [ 6]).

A sequence {e„} in a topological vector space E is called a basis if for
each x e E  there exists a unique sequence {e j(x ) } of scalars such that x

00
=  £  e*(x)e„. A  basis {en} in a topological algebra A is called orthogonal if

n— 1
eme„ =  ômnem for all m ,neN , where Smn is the Kronecker’s delta. This 
concept of orthogonal bases in a topological algebra was first introduced by 
the second author and studied in collaboration with his coworkers, [5], [ 6]. 
It is worthwhile to note that a topological algebra with an orthogonal basis 
is always commutative [ 6].

ао
If each series x =  £  e* (x) e„ in a topological vector space E with a

__________ n— 1
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basis \e„] is unconditionally convergent [9], [13], the basis {e„} is called an 
unconditional basis. A number of characterizations of unconditionality of a 
basis in a Banach space are well-known [9], [13].

Here we give some necessary and sufficient conditions for unconditional­
ity of a basis in a Fréchet space (Proposition 1.1). A seminorm p on a locally 
convex algebra A is called squarely submultiplicative if p2(xy) ^  p(x2)p (y2) 
for all x ,y e A . We show that an orthogonal basis in a J30-algebra A is 
unconditional iff each seminorm of a defining sequence of seminorms of A 
satisfies this inequality (Theorem 2.5).

A basis in a Banach space need not be unconditional [13]. In 2.1 we 
show by examples that even an orthogonal basis in a Banach algebra need 
not be unconditional.

We also study briefly some further consequences of the above inequality 
in Section 3.

For details regarding bases in Banach spaces and topological vector 
spaces, consult [9], [13] and for orthogonal bases in topological algebras, see
[5 ] and [ 6].

1. Conditions that convert Fréchet spaces into Fréchet algebras
A complete metrizable locally convex space is called a Fréchet space. 

Indeed, each Banach space is a Fréchet space. First we prove some necessary 
and sufficient conditions for unconditionality of a basis in a Fréchet space, 
generalizing those known ([13], p. 461) for Banach spaces. We omit the 
proofs of most implications since they are similar to the Banach space case 
(cf. [9 ] or [13]).

1.1. Proposition. Let E be a Fréchet space whose topology is generated 
by a family |||-||a: ae^J  of seminorms, and let \en] be a basis in E. Then: 

(a) The following statements are equivalent:
(i) The basis {e„} is unconditional.
(ii) For every x e E,  lim]T e*(x)e„ exists, where Г is the collection of all

Je Г  neJ

finite subsets J a  IS directed by inclusion and e*(x)e„]Jer is the resulting
neJ

net of all unordered finite partial sums.
(iii) For every f e E '  (the topological dual of E) and x e E,

£  k î(* ) l l  f ( e n)\ <  oo.
H= 1

(iv) I f  Aa =  \f e E': ||/||a =  sup |/(x)| ^  1}, oceIS, then the conver- 

gence in (iii) is uniform on each Aa, i.e.,for x e E, oleN and e >  0 there exists
П

N e IS such that £  k*(-Y)l \f(ek)\ <£  f or every f  e Ax and n > m ^  N.
к = m + 1
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(v) Lei Ta =  !nel\: \\en\\a Ф 0|, oceN; then for every xeE  and every
sequence [/?„} of scalars such that each of the sets { fn: neTa], aeN , is

00
bounded, the series £  f ne*(x)e„ converges.

n=  1

(vi) For every xeE  and every bounded sequence {/?„} of scalars,
00
£  Ряе%{х)ен converges.

n= 1

(vii) For every x e E  and every sequence {£„} of scalars with e„ =  ±  1 for
00

all ne N, £  £ne* (x) en converges.
n=  1

(b) Let the basis {e„} be unconditional. For xeE , aeN  put
00

l№  =  sup £  \e*(x)\\f{en)\, ||x||" =  sup||X e*(x)en\\a.
feAan=l JeT nej

Then each of {Ц • ||«: oteN] and {11*11” : aeiV| is a family of seminorms on E 
generating the original topology and ||x||a ^  ||x||" ^  ||x||'/or all xeE  and aeiV.

P roo f. We only show that (iv) => (v) => (vi). Assume that (iv) holds and 
let {/?„} be as in (v). For each oteN, put Ma =  sup|/?„|. For xeE , oceN and

пеТлП
£ >  0 let N e IS be such that £| \e* (x)| |/ (ek)\ <  v/Ma whenever n >  m ^  N

к =  m + 1

and/ е /lj. For every such m, n, it follows from a well-known corollary of the 
Hahn-Banach theorem [12] that there exists gmneAa such that

n n

GmA £  Pk 4  (*) ek) =  || £  f k et (x) ek\\a
k = m + 1 k=  m + 1

and hence

|| £  P k 4 ( x ) e k||a ^  £  \ P k \ \ 4 ( x )\\9m,n(Ck)\ =  £  \ P k \ \ 4 ( x )\\ym, n ( c k)\,
k= m + 1 k = m +  1 k = m +  1

k t T a

where the last equality holds since for keN\ Ta we have \дт,„{ек)\ ^  \\ek\\a =  0. 
It follows that

|| £  P k 4 ( x ) e k\\a ^  £  \ P k \ \ 4 ( x ) \ \ 9 m , n i e k)\
к =  m + I k = m ■ I

О /I

^  Ma £  \et(x)\\gmt„(ek)\
k = m + 1 
кеГя

n

^ M a £  \et{x)\\gmtM \  <e
k = m+  1

oo
whenever n > m ^ N .  Since E is complete, ]T Pnet(x)e„ converges. Thus

n~  1
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(iv)=>(v). The desired conclusion follows since the implication (v) => (vi) is 
obvious.

Now we extend a result due to Husain and Watson [ 6]  (Proposition 4.1) 
from Banach spaces to Fréchet spaces. It should be pointed out that the 
unconditional basis in the hypothesis o f Proposition 4.1 [ 6]  should be 
assumed to be normalized which is not possible in general as it will show in 
the example given below.

1.2. P r o p o s it io n . Let {e„j be an unconditional basis in Fréchet space E. 
The following statements are equivalent :

(i) E has a generating family {|| • ||a: aeN } of seminorms such that for 
every aeN , 0 is not a limit point of the set {||ej|a: neN}.

(ii) E can be endowed with a multiplication that makes E into a Fréchet 
algebra with {en} as an orthogonal (unconditional) basis.

P roo f. (ii)=>(i) If {|H|a: a eN }  is a defining family of submultiplicative 
seminorms, then for every aeN , n eN  we have \\en\\a — \\el\\a <  \\en\\i and so 
1 4  =  0 or ||e„||a ^  1 .

(i) =5> (ii) From Proposition 1.1 we have

№(x)\ IkIL =  \\е*(х)еп\\я <  sup || X  e*(x)en\\a =  ||x||" ^  ||x||;
J e T  neJ

for every x e E  and a, neN . By hypothesis, Sa =  inf {ЦепЦа: Це„Ца ф 0} >  0,
neN

and hence, for each fixed aeN ,

le* (x)l
< J W  < W  
" i k I L "  К

< 00

for every n eN  with ||e„||e Ф 0. Thus the sequence {e j(x )} of scalars satisfies 
the condition described in statement (a) (v) of Proposition 1.1. It follows that

ao oo oo

for x =  £  e*(x)e„, y =  £  e$(y)eneE  the series £  e* (x )e* (y )en converges
n=  1 n= 1 n= 1

in E. We define a multiplication on E by
OO

х у = Л е * ( х ) е * ( у ) е п.
n=  1

Under this multiplication, £  is a Fréchet algebra. Indeed, for 
aeN , x, yeE  we have

||xy||; =  sup £  \et(x)\ \e*(y)\ 1 / ( 0 1  =  sup £  \et(x)\\e*(y)\\f(ej\
f €Лф п= 1 fsAqi n— 1

ne T a

«  —  sup 2 . I^T O')! 1/(01 =  —5— sup 2 . k ?  M l 1 / ( 0 1  = - т —
'a /еЛд n= 1 Л* n= 1
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where the second equality from the left and the second equality from the 
right hold since \f(en)\ <  \\е„\\а =  0 for / е Л а and пфТя =  {n e N : ||e„||a ф 0 }. 
Set pa(z) =  ||z||a/<5a for a e N  and z e E; then {px: a e N } is a family of 
seminorms generating the original topology on E, since {IHI*: a e N } is such 
a family by Proposition 1.1. Moreover, each pa is submultiplicative since 
from the last inequality we have

Pa(xy) =
1

■\\xy\\a ^
1 Ш
àa Sa

рА А рА у)-

The proof is completed by the simple observation that the basis {en} is 
indeed orthogonal under the multiplication introduced.

A weaker condition of orthogonality of a basis {en} in a topological 
algebra A is that eme„ =  cmSmnem, where cm, ш е /V are non-zero scalars. This 
type of orthogonality was also discussed in [4], [5 ] and [ 6]. Here we call a 
basis with this property quasiorthogonal. This definition leads to the fol­
lowing:

1 3 . P r o p o s it io n . Let {en} be an unconditional basis in a Fréchet space E. 
Then E can be endowed with a multiplication that makes E into a Fréchet 
algebra with {en} as a quasiorthogonal (unconditional) basis.

P roo f. Let {|H|a: a e N } be an increasing sequence of submultiplicative 
seminorms generating the topology of E.

For each fixed n, put y„ =  \\еп\\Яп, where a„ is the smallest positive integer 
such that ||e„||an Ф 0 and set e'n =  y" 1 en. Then for any fixed o l e  N we have 
IKIL =  IN IJ ln >  1 for all nElS with ||e„||e Ф 0. Thus, condition (i) of Prop­
osition 1.2 is satisfied for the unconditional basis \e'n} and the generating 
family {|| ||a: ae iV } of seminorms. Hence E can be endowed with a multipli­
cation under which E is a Fréchet algebra with {e'„}  as an orthogonal basis. 
Now e2n =  {yne'J2 = y\e'2 =  y„2e'n =  y„(y„e'n) =  y„en and emen =  yme'n-yne'n =  0 
for m Ф n.

If E in Propositions 1.2 and 1.3 is a Banach space with a norm ||-||, 
then ||ej| Ф 0 for all n eN  and so we have:

1.4. C o r o l l a r y . Let {en} be an unconditional basis in a Banach space 
(E, |H|). Then E can be endowed with a multiplication that makes it into a 
Banach algebra with {e„} as an orthogonal (unconditional) basis iff in f ||e„|| >  0.

neN

13. E x a m p l e , (i) For an example of a Banach space with an uncondi­
tional basis \e„] which cannot be made into a Banach algebra with \e„) as an
orthogonal basis, we consider E to be the Banach space of all sequences x

00
=  |x(n)} of complex numbers such that ||x|| =  ]T \x(n)\/n <  oo. Clearly, the

n= 1
canonical basis en =  {<5nm}, n eN  is unconditional. If £  is a Banach algebra
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with \en\ as an orthogonal basis, then xy =  £ х (и )у (л )е „е £  for x, y eE. But 
this multiplication is not possible if x(n) =  n113, n = k3 for some kelS and 
=  0, otherwise since

00

Z
\x(k)\

к

but x2 does not exist because £/c2//c3 =  oo. However, following Proposition
1.3, the product

х(л)}>(л)
— ■*■

converts E into a Banach algebra with {e„} as quasiorthogonal basis.

(ii) The Fréchet space H(D) of all functions holomorphic on the open 
unit disc with the compact-open topology has the unconditional basis 
en(z) =  z" {u e N). With the multiplication xy =  £ ie*(x)e*(y)e„, H (D ) is a B0- 
algebra (but not a Fréchet algebra) in which 'e„\ is an orthogonal basis. The 
increasing sequence \qn\ of seminorms, where qn(x) =  sup J|x(z)|: |z| ^ 
n/{n+\)\ defines the topology of H{D). In view of Proposition 1.4, put 
y„ — <h (en) =  (i)"> then the multiplication xy =  £  2~n e* (x) e* (y) en converts 
H(D) into a Fréchet algebra with \e„\ as quasiorthogonal basis.

2. Unconditionality of orthogonal bases in £ 0-algebras

In this section we have necessary and sufficient conditions for an 
orthogonal basis in a B0-algebra (in particular Banach algebra) to be
unconditional. Each of the classical Banach algebras lp, 1 ^  p <  oo of com-

00
plex sequences x =  |x(n)| with the norm ЦхЦ̂  =  ( £  |х(и)|р)1/р < oo and the

n= 1
Banach algebra c0 of complex sequences x =  (x (« )} such that И тх (л ) =  0,

П
with ЦхЦда =  sup|x(n)|, under the coordinate algebraic operations, have an

П
orthogonal basis [e„], where e„ =  n, me IS, which is unique [ 6]  and
unconditional. However, as we shall shortly show by examples, an ortho­
gonal basis in a B0-algebra (and even in the special case of a Banach alge­
bra) need not be unconditional. First we have:

2.1. Examples. 1. For 1 ^  p <  oo, the convolution algebra Lp(T ) over the 
torus group T  is a Banach algebra. For 1 <  p <  x ,  we have

N
(2.1 .1 ) x =  lim £  x(n)ein()

N n=-X

in the L^-norm, where x: Z -> C is the Fourier transform of x e L p{T ) [7].
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Let the sets |e„: n =  0, c [ . p(T) and \e*: n =  0, 1, ...] cr L'p{T)
(the topological dual of LP(T )) be given by: e0(t) =  1, eg(x) =  x(0); elk~\ (t)
= e~ikt, e ffc-iM  =  x ( - k ) :  e2k(t) =  eikt, e$k{x) =  x(k): teT , x e L p(T ), к

00

=  1, 2, ... It is easy to see that the series У  e*(x)en which is a one-sided
n = 0

rearrangement of (2.1.1) also converges to x in the Lp-norm and hence {e„} is 
a basis for L P(T), l < p < o o .  This basis is orthogonal since for 
m, neiVu  {0 } there exist r, s e Z  with em =  eir(), e„ =  eis{) and r =  s Ш m = n, 
consequently

J 2n i 2n

(emen)(t) =  —  f eir(t~u) elsudu = eirt—  f e~l(r~s)udu
2n q 2k q

= s eirt =  ô e (t)u rs c  u mn c m V1/*

For 1 < р < о о ,  рФ 2 this basis is not unconditional. Indeed, there exist 
x e L p(T ) and e: Z - > {  — 1, 1} such that ex: Z -+ C  is not the Fourier 
transform of any y e L p(T ) [3], contrary to statement (vii) of part (a), 
Proposition 1 .1 .

2. Let w0 (also denoted by bv0) be the set of all sequences x =  (x(w)} of
GO

complex numbers such that limx(n) = 0 and ]T |x(n) — x(n + l)| <oo. The
n n=  1

00

function ||*||: w0->R  given by ||x|| =  sup|x(n)| +  £  |x(n) — x (n + 1)| is a
n n= 1

norm on w0 such that (vv0, || -||) is a Banach algebra under the coordinatewise 
operations, which is (algebraically) a subalgebra of c0 [14]. It is easy to see 
that the coordinate unit vectors {en} form an orthogonal basis in w0. This 
basis is not unconditional since

Z  -e„, n

converges in w0 while its subseries

1

n= \ 2 " - 1
e 2 n -  1

does not. (Notice that

GO

I
n= 1

1 1 00 J
=  У  ------- — <  00

00
while У en £n+1

n n + 1 „ ^ « ( n + l ) n= 1 n n + 1
=  00,

where e„ =  1 , n odd and e„ =  0, n even.)

2.2. D e f in it io n s . Let A be an algebra (no topological structure assumed), 
(i) A subset S a  A is said to be a squarely idempotent set (in short, s.i. 

set) if xyeS whenever x2,y 2eS.
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(ii) A seminorm ||-|| on A is said to be squarely submultiplicative (s.s. for 
short) if ||xy||2 <  ||x2|| ||y2|| for a ll x , ye A.

23. Proposition. Let A be as in Definition 2.2 and let S be a circled, 
convex and absorbing subset of A with gauge ||-||. Then S is squarely 
idempotent iff the seminorm || • || is squarely submultiplicative.

P roo f. Assume that || || is squarely submultiplicative and let x, yeA  be 
such that x2, y2eS, then ||xy|| ^  ||х2||1/2 ||y||1/2 ^  1 and so xyeS.

Conversely, if S is an s.i. set and x, yeA  such that ||x2|| Ф 0 and 
||y2|| Ф 0, then x 2/||x2||, y2/||y2|| eS and so

ll*2ll1/2 IIУ 2 \ \ т

eS.

Hence ||xy/||x2||1/2 ||y2||1/2|| <  1 and consequently J|xy|| <  ||x2j|1/2||y2||1/2. I f one
v 2

o f ||x2|| and ||y2|| (say ||x2||) is zero, then for any X >  0 we have 

where p0 >  0 is such that y2/p0eS. Hence,
X2/po

eS,

xy
X

x y

Уу/îh  yfïh
eS

and so xyeXS. Since X >  0 is arbitrary, we have ||xy|| =  0 ^  ||x2||1/2 ||y2||1/2.

2.4, Definitions, (i) A  topological (locally convex) algebra A is said to be 
a topological (locally convex) s-algebra if A has a О-neighborhood base °V 
=  \U] such that each U is an s.i. set, in addition to being circled (convex) 
and closed.

From Proposition 2.3 we easily see that a locally convex s-algebra can 
be equivalently defined as a locally convex algebra whose topology can be 
generated by a family of squarely submultiplicative seminorms.

(ii) A  locally m-convex algebra is said to be a locally m-convex s-algebra 
if A has a О-neighborhood base W =  {U} in which each U is an s.i. set, in 
addition to being circled, convex, idempotent (U 2 a U) and closed.

Clearly, the topology o f a locally m-convex s-algebra can be generated 
by a family of submultiplicative, squarely submultiplicative seminorms.

Consequently, a B0 s-algebra is a complete metrizable locally convex s- 
algebra, a Fréchet s-algebra is a complete metrizable locally m-convex s- 
algebra, a normed s-algebra is an algebra which is topologized by a 
submultiplicative, squarely submultiplicative norm and a Banach s-algebra is 
a complete normed s-algebra.

Now we prove our main result:
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23. Theorem. An orthogonal basis {e„} in a B0-algebra A is unconditional 
iff A is a B0 s-algebra.

P roo f. Let {II'||a: oteN} be a generating family of squarely submultipli­
cative seminorms on A. I f  / c  J cz N, J is finite and Xk, keJ  are scalars, 
then because of the orthogonality of the basis {en} we have

Y  ek — X  Л1/2 ek ‘ Tj ^k2 ek and so for every a e N,
kel kel keJ

(2.5.1) 112 v »||.2 «  112 V A - I I E  V 4 -
kel kel keJ

If ||Y  Akek\\a =  0, then we trivially have
kel

(2.5.2) ||£ V *| H | | I V *||«.
kel keJ

If \\Y Лкек\\а Ф 0, then (2.5.2) follows by dividing both sides of (2.5.1) by
kel 00 co

\\Y ^kek\\<x- Let X  K ek- be a subseries of a convergent series Y  Ak ek. Given
kel j=l J J k= 1

n

cteN and e >  0, there exists N e N  such that || Y  K ek\\a<£ whenever
k= m+ 1

n >  N. Let N ' eN  be so large that kj ^  N  for j  ^  N', then for j  >  i ^  N r 
we have kj >  k} ^  N  and consequently

j kJ

|| É  I  Якек||«< £ ’
r = i + l  k = k( + 1

in which the first inequality follows from (2.5.2). Hence the sequence of
00

partial sums of the subseries Y  Ak. . is Cauchy and, from the completeness
j=i 1 1

of A, it is convergent. From Proposition 1.1 (a) it follows that the basis {e„} 
is unconditional.

Conversely, if the basis {en} is unconditional then by Proposition 1.1 (b) 
we have an equivalent family {||-|£: txeN} of seminorms on A given by

OO

INi; =  sup Y  № (x)\\f(eX xeA , cceN
/еЛ д  n=  1

(see Proposition 1.1 for Aa). We show that each of the seminorms ||-||; is 
squarely submultiplicative. For each fixed oteN and /еЛ4 we can define a 
measure nf  on the power set of N  by — Y  I/ (en)l> an<3 each x eA  can

ne T
be thought of as a function x: N ->  C  given by x(n) =  e*(x), neN . Since
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Z Ie * (x)l2lf (e n)l = X  № (x2)\\f(en)\ < ll*2ll« < °o for all xeA , it follows
n= 1 n= 1
from the Holder’s inequality that for x, ye A,

X  le* ( xy ) l l f (en)l =  X  № ( х)\№(у )\\/Ы\
n=  1

00 00

« ( I leîWPl/M^Œ \e *(y )\2 \ f ( e n)\)U2

n= 1

n=  1

=  ( X  ie* (* 2)l 1/Ю1)1/2( X  \e*(y2)\ l/(^)l)1/2-
n= 1 n= 1

Whence, we have

llxyli; =  sup Z  \et{xy)\ 1 / ( 0 1
/еЛя n= 1

^  (sup Z  le* (x2) l l / M ) 1/2(sup Z  \et ( y 2)\\f{e „ )\) l/2
f e A a n=  1 / € Ла n -  1

=  1И | ; 1/2 н Л 1/2,

thus proving that A is a B0 s-algebra.

2.6. Examples. 1. Since the canonical orthogonal basis in each o f the 
Banach algebras lp, 1 ^  p <  oo is unconditional, these are B0 s-algebras by 
Theorem 2.5. To verify this fact directly, we see that for x =  |x(n)î,y 
=  {y (n )}e lp we have:

00 00 00IM, = ( I |x(n)y(nr)1"’<[(£ |x(n)|î',)1'2(E |y(n)P'’)I,2]1,p
n— 1 n— 1 n— 1

00 GO

= [ ( I  I*2 (nr ) " * ( £  \y2(n)\PYIPY 12 = ||x2||J'2||y2||J/2,
n— 1 n= 1

and hence lp is a Banach s-algebra. The same is true for the Banach algebra 
c0 because

\\ху\\ъ =  sup |x(n) у (n)| ^  sup |x (n)| * sup |y (n)|
n n n

=  (sup|x(n)|2) 1/2 (sup|y(n)|2)1/2 =  ||x2||10'2 ||y2||10'2.
n R

2. The Banach algebras LP(T ), l ^ p ^ o o ,  р Ф 2  (Example 2.1.1) are 
not B0 s-algebras. For the case рФ  1, this follows from Theorem 2.5 since 
LP(T ), 1 <  p <  oo, p Ф 2 has an orthogonal basis which is not uncon­
ditional. For the case p =  1, we notice that the Banach algebra L ^ T ) has a 
bounded approximate identity [ 8]. Let (xaj be an approximate identity with
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||xj| ^  К for all a and some K >  0. If ||-||' were an equivalent squarely 
submultiplicative seminorm on L l (T ) with ||x|| ^  j|x||' ^  M 2 ||x|| for some 
M x, M 2 > 0 and for all x e L l (T), then

11*11 <  iw r  =  - X—  lllim x x j r  =  - i -  lim ЦххаЦ'
M x M i a M i a

1 1 (M-, |lx2lll1/2
<  —  supllxxjr ^  —  sup||x2|r1/2 ||xa2|r1/2 < -------------- sup(M2 ||x2||),/2

tx M l a  M 1 a

^-l|x2||1/2sup||x2||1/2 ^ T̂7~ 11 X2| {1/2 SUp ||xa|| < —^ 2 II Y2!!1/2
M i M l M t

where the second inequality from the right follows from the submultiplica- 
tivity of || • ||. It would follow that ||x||2 ^ {K M 2/M1)2 ||x2||, thus leading to the 
false conclusion that the Fourier transform L1( T ) [ ^ ( Т )  cz C0(Z ) is a 
topological isomorphism [ 8].

3. Let В be the locally convex algebra of all bounded complex sequences 
x =  {x(n )j with coordinatewise operations, whose topology is generated by 
the family of seminorms р<Дх) =  sup|<p(n)x(n)|, where tp ranges over the set

n
(p of all sequences {(p{n)} with (p(n) ^  0 for all n and lim<p(n) =  0. This

П
topology is known as the “strict topology” and was introduced by R. C. 
Buck [2] in a more general setting. В is complete [2] and, clearly, it has an 
orthogonal basis (the coordinate unit vector basis) and an identity. Hence, if 
В were locally m-convex, it would follow that B, as a set, coincides with the 
set of all complex sequences [ 6], a contradiction. Hence В is not locally m- 
convex. However, В is a complete locally convex s-algebra. Indeed, for 
x, ye A and среФ we have

Pv(xy) =  sup\(p(n)x(n)y(n)\ =  (sup \cp2 (ri) x2(n) y2 (n)])112
n n

=  (sup I(p(n) x2 (n) ■ q> (n) y2 (n)|)1/2 ^  (sup |(p{n) x2 (n)|)1/2 (sup |<p (w) y2 (n)|)1/2
n n n

= рЦ2{х2)рЦ2{у2)-

4. The set C(N ) endowed with the point wise algebraic operations and 
the product topology is a Fréchet algebra which is usually denoted by s. It is 
a Fréchet s-algebra since its topology is generated by the family of sub- 
multiplicative, squarely submultiplicative seminorms \р3\ J cz N, J is finite], 
where pj(x) =  max|x(w)|, xes.

neJ

5. The Arens Algebra Lw is defined as Lw =  f| bp[0, 1] with point-
1 < p < 00

wise algebraic operations, topologized by the family {|| ||p: 1 ^  p <  oo} o f

4 -  Prace Matematyczne 27.2
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seminorms where ||x||p =  (J|x(t)|pdf)1/P, x e L w, 1 ^  p <  oo [1 ]. Lw is a B0-
o

algebra. If x ,y e L w and 1 <  p <  oo, then x, y e L 2p [0, 1] and so
x2p, y ^ e L ^ O , 1] but then xp, / g L 2 [ 0, 1]. It follows from the Holder’s
inequality that

l|xy||p =  $\x{t)\p\y{t)\pdt 
0

<  (\\x{t)\2pdt)1'2(\\y(t)\2pd tf12 =  [||x2||p ||y2||p] 1/2 
b b

and so ||xy||p <  ||x2||J/2 ||y2||J/p. Hence Lw is a B0 s-algebra. However, Lw is 
not locally m-convex and lienee is not a Fréchet algebra [1].

6. The Banach algebra w0 (Example 2.1 (2)) is not a B0 s-algebra by
Theorem 2.5 since it has an orthogonal basis which is not unconditional.

3. Locally convex s-algebras

In this section, we briefly discuss some consequences of the definition of 
a locally convex s-algebra. Further details of such algebras will be studied 
elsewhere. We assume in this section that all algebras are commutative.

3.1. P r o p o s it io n . Let ||-|| be a squarely submultiplicative seminorm on an 
algebra A. For every n eN  and xeA , set ||x||„ =  |j(x)2”||1/2 . Then:

(i) Each ||-||„ is a squarely submultiplicative seminorm on A.
(ii) If, in addition, || -|| is submultiplicative, so is every || -||и and ||x|J ^  HxjJj 

^  ||x||2 ^  f or x e A .

P roo f, (i) Clearly ||0||„ =  0 and ||ax||„ =  |a| ||x||„ for a ll neN, cceN  and 
x e A .  It remains to show that each || ||„ is squarely submultiplicative and 
satisfies the triangular inequality. For this, we use an induction argument. 
Assume that for some neN , [| *||„ satisfies the triangular inequality and is 
squarely submultiplicative, then

l|x + y||„+1 = H(x + ^ " +1||‘' 2"+1 =(II[(X + J02] 2"||1/2")1' 2 = 11(х+ у)2ИУ2

=  \\x2 + 2xy +  y2\\l„>2 sS (l|x2||„+ 2 ||xy||„ + ||y2||n)1/2 

«  (||x2||„ +  2 ||х2||У2 1И 1У 2 +  Ц Л 1,,)1' 2 =  ||х2||У2 +  \\у2\\1'2.

Since

(3.1.1) ||х||„+1 =  ||(X)2'1+‘ ||1'2"+I =  (||(х2)2"||‘ ' 2")‘ '2 =  ||х2||У2,

it follows from the last inequality that ||x +  y ||n+1 ^  l|x||n+1+  ||y||„+1, which is 
the triangular inequality for |HI„+i. From (3.1.1) and the square submulti- 
plicativity of \\-\\n we have ||xy||„+1 =  ||х2у2||У2 ^  (||(x2)2||J/2 ||(y2)2||J/2)1/2
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=  (||x2||n+1 ||y2||„+ 1)1/2 and so IH|„+i is squarely submultiplicative. This 
completes the proof of part (i) since, by hypothesis, the original norm ||-|| 
(=||-||0) is squarely submultiplicative.

(ii) If, in addition, ||-|j is submultiplicative, then for ne IS, x ,y e A  we
have

\\xy\l = ll(xy)21l1/2” = Н(*)2Л(>,)2”111/2И ^  (1!(х)2Л1И1(у)21|)1/2И = IMUML
and so each || -||n is submultiplicative. It then follows from (3.1.1) that ||x||n+1 
= Н*2НУ2 ^  (IM U M U 1/2 =  IML for all xeA , nel\.

3.2. Corollary. Let U be a squarely idempotent, convex, circled and 
absorbing subset of an algebra A. For each ne IS define the function f„ on A by 
f n: x —>(x)2", then f n~l (U ) is also squarely idempotent, convex, circled and 
absorbing.

Proo f. Let || || be the gauge of U. From Proposition 2.3 we see that 
|| || is a squarely submultiplicative seminorm on A and hence so is every 
||-||„, by Proposition 3.1. Thus, for every neN  we have

f - ' ( U )  =  \xeA: (x f"eU \  =  [xeA : ||(x)2"|| <  1]

=  [xeA : ||(x)2"||1/2” sS 1| =  [xeA : ||x||„ $  1}

is a squarely idempotent, convex, circled and absorbing subset of A.

3.3. Proposition. Let be a family of squarely submultiplicative semi­
norms on an algebra A. Let be the family of squarely submultiplicative 
seminorms given by =  {px: pel?}, px(x) =  p1/2 (x2). Then A is a topologi­
cal algebra under iff generates a stronger topology on A than 0>x.

Proo f. If multiplication is jointly continuous under then for every 
peâ? there exists qe0> such that p(xy) ^  q{x)q{y) for all x, ye A. In 
particular, p (x2) ^  (q(x))2 and so px (x) =  p1,2(x2) <  q(x) for all xeA .

Conversely, if generates a stronger topology on A than , the joint 
continuity of multiplication under #  follows from p(xy) ^  plf2(x2)p ll2(y2) 
= P i(* )P i(y ), x, ye A, pe0>.

3.4. Corollary. Let A be a locally convex s-algebra with & as a 
generating family of squarely submultiplicative seminorms. Then each of the 
families SPn =  {pn: pe ?/), pn(x) =  (p [ (* )2"])1/2", is equivalent to 0>, provided 
that A has a bounded approximate identity.

P roo f. From (3.1.1) we have pn+1 (x) = pl,2{x2) for all pe&  and xeA  
and so 0>n+1 is derived from 0>n the same way as is derived from 
Hence, the proof for all n e N  follows inductively once we have a proof for n 
=  1. From Proposition 3.3, each px, p e&  is a continuous squarely submulti-
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plicative seminorm and hence if 'xa' is a bounded approximate identity in 
A, then for each px e there exists M P1 >  0 such that px (xe) ^  M Pl for all 
a. Thus for each pe£? and xeA  we have

p(x) =  p(limxxa) =  limp(xxa) ^  supp(xxa)
a a a

^  sup p112 (x2) p1/2 (x2) =  px (x) sup px (xa)
a a

^  M n Pi (x).

Hence t^i generates a stronger topology on A than é? and so the two 
topologies are equivalent by Proposition 3.3

3.5. Proposition. Let p be a squarely submultiplicative seminorm on an 
algebra A. Then p is submultiplicative iff рх(х) — p1/2 (x2) ^  p(x) for all xeA .

Proof. If Pi (x) =  p1/2(x2) ^  p(x) for all xeA , then p(xy) ^  
p1,2(x2)p 1/2(y2) = pi (x)pi (y) ^  p(x)p(y) for all x, ye A. Conversely, if 
p(xy) ^ p(x)p(y) for all x, yeA  then, in particular, p(x2) ^  p2(x) and so 
Pi (x) =  pl/2(x2) ^  p(x) for all xeA .

3.6. Corollary. Let A be a semisimple Banach s-algebra. Consider the 
following:

(i) A has a bounded approximate identity.
(ii) (A, || • ||„) is complete for some ne IS.
(iii) I! -|| and Ц-^ are equivalent.
(iv) All the norms ||-|| and ||-||„, neN  are equivalent.
(v) The Gelfand map (p: A -* A is a topological isomorphism.
Then (i) => (ii) <=>(iii) <=>(iv) o (v ) .

P roo f. By Proposition 3.1, (T,||-||„) is a normed s-algebra for each 
neN. (ii) =>(iii) follows from the inequality ||x|| ^  ||x||j ^  ||x||„ for all xeA  
(Proposition 3.1 (ii)) and the Banach Open Mapping theorem, (iii) (iv) 
follows inductively from (3.1.1) as in the proof of Corollary 3.4, and (iv)=>(ii) 
is trivial. The equivalence of (iii) and (v) follows from the fact that (p: A —* A 
is a topological isomorphism iff there exists M  >  0 such that ||x||2 ^  M||x2|| 
for all x eA  [ 8]. Finally, the implication (i)=>(iv) follows from Corollary 3.4.

3.7. Corollary, (a) I f  in addition to the hypothesis of Corollary 3.6, A is 
self-adjoint, then from the Gelfand-Naimark theorem [ 8], (v) can be replaced 
by:

(vi) A is topologically isomorphic with c0{A), where A is the maximal 
ideal space of A.

(b) I f  in addition to the hypothesis of Corollary 3.6, A has an orthogonal 
basis {en}, then (v) can be replaced by:

(vii) A is topologically isomorphic with c0.
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Indeed, in this case A is homeomorphic with jV in the discrete topology
[ 6]  and in addition to being closed in c0{A) =  c0 [ 8], A is dense in c0 since 
it contains all elements of c0 with finitely many non-zero coordinates. 
Moreover, in this case, all the statements in Corollary 3.6 (with (v) replaced 
by (vii)) are equivalent since c0 has a bounded approximate identity 
fZ  ek}jen where Г is the set of all finite subsets of N  directed by inclusion.
keJ

This characterizes c0 (up to a topological isomorphism) as the semisimple 
Banach s-algebra with an orthogonal basis and an approximate identity. 
(Notice that w0 has all these properties except the square submultiplicativity 
for the norm.)

It would be interesting to know when the topology of a metrizable 
locally convex or B0-algebra can be described by a sequence of squarely 
submultiplicative seminorms, as is the case for the Arens algebra Lw.
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