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Curvature properties 
of four-dimensional Hermitian manifolds

Abstract. In the paper we study Hermitian manifolds of dimension 4. We^obtain basic 
identities for the Riemann curvature tensors, the Ricci curvature tensors and the scalar 
curvatures of such manifolds. Then certain sufficient conditions for a 4-dimensional Hermitian 
manifold to be Kahlerian are derived. Also two examples of Hermitian structures are given, one 
of them is not locally conformal Kahlerian and the other is flat, globally conformal Kâhlerian 
and not Kahlerian.

1. Preliminaries. Let M  be an almost Hermitian manifold with almost 
complex structure J and Hermitian metric g. Let Q indicate the fundamental 
form of M, given by Q(X,  У) = g(X,  J Y ) (X, Y, ... are always vector fields 
on M, if it is not otherwise stated). Moreover, denote by N  the torsion of J, 
i.e., the Nijenhuis tensor field defined by

(1.1) N{X,  Y) = [_JX, J L ] - [ X ,  y ] - J [ J X ,  7 ] - J [ X ,  JY ].

M  is said to be Hermitian if the structure J arises from a complex 
structure on M. A well-known theorem states that M  is Hermitian if and 
only if it is without torsion, i.e., N = 0. It is also shown ([4]) that M  is 
Hermitian if and only if VJX{J)JY  = VX(J)Y, where V is the Riemannian 
connection of M.

When dim M  = 4, another characterisation for M  to be Hermitian is 
found (see [3], Theorem 3.1). Namely, we have the following proposition.

P r o po sitio n  1.1. A 4-dimensional almost Hermitian manifold M is 
Hermitian if and only if the covariant derivative of Q is of the form

(1.2) VX(Q)(Y, Z) = - f \g(X, Y )SQ(Z) -g(X\  Z)ÔQ(Y)

- g ( X , JY)SQ(JZ) + g(X,  JZ)ôQ(JY)},

where ÔÜ denotes the codifferential of the form Q.
Throughout the rest of the paper we shall assume that M is a 4- 

dimensional Herm itlt# manifold if it is not otherwise stated.
Let œ be tKe?Lee form of M  defined by co = ÔQoJ and В the 

contravariant field- of <p called the Lee field. Then the identity (1.2) can be 
expressed equivalenlly-Xn the following form
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(1.3) 2VX(J)Y = g(X,  Y ) J B - g ( X ,  J Y ) B - m ( Y ) J X  + co(JY)X.

Define Ф to be the tensor field on M given by

(1.4) Ф(Х, Y)= -2oo(Vx {J)Y).

As a consequence of (1.3) and (1.4), one obtains that Ф is a 2-form on M  and

(1.5) Ф = \B]2Q - w  л 9,

where 9 — vooJ.  Let АппФ be the annihilator of the form Ф, i.e., it is the 
distribution Af эш и А п п Ф (т), where

A nnФ(m) = { X e T mM\ Ф(Х, Г) = 0 for ali Y e T mM).

Consider also another distribution on M.  Namely, let К (M) be the 
Kâhler-nullity distribution М э т и Х ( т )  (see [2]), where

K(m) = { X e T mM\ F* (J) У = 0 for all Y e T mM}.

With the help of equalities (1.3)—( 1.5) the following proposition can be 
proved. The proof goes just as the proof of Proposition 1.1 in [7].

Proposition 1.2. Let M be a 4-dimensional Hermitian manifold. Then 
K (M) = Ann Ф and, moreover,

(a) the singular points o f К (M) are the vanishing points of со and at such a 
point K(m) = TmM,

(b) at every non-singular point m, K (m) is 2-dimensional and is generated 
by В and A = —JB.

2. Basic curvature identities. A general curvature identity for a Hermitian 
manifold is of the form

(2 .1) Rxyzw +  Rjxjyjzjw ~  Rjxjyzw ~  Rjxyjzw ~  Rjxyzjw

~  Rxjyjzw~ RxJYZJW ~ RxYJZJW = 'Q>

where RXYZW = g{RXYZ,  W) and R XY is the curvature transformation 
Py]- ¥{x,y]- Identity (2.1) was obtained by Nagao and Koto [5], 

Theorem 2.1, and Gray [2], Corollary 3.2. In our Corollary 2.2 we shall prove 
that a stronger equality holds good, if the manifold is of dimension four. 

But firstly we introduce some notations.
And so, let L  be the linear operator (i.e., the tensor field of type (1, 1)) 

on M defined by

(2.2) L X  = Vx B + %œ{X)B.

Moreover, if A' is a vector field on M, then denote by ox its covariant 
field (i.e., ox is the 1-form on M such that <rx (Y) = g(X,  Y) for all Y). Note 
easily that Vx (oY) =  aFxY and afX =  f u x , if /  is a function on M.

Assume also the following convention: [Fx, T] = Vx o T— T o  Vx
= VX{T), if Г is a linear operator on M.
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T heorem  2.1. For a 4-dimensional Hermitian manifold M we have

(2.3) 2 IRXY, J ]  = i  \B\}[ Y®gjx -  X  ® gjy + ( J Y) ®ox -  (JX) ® gy}

+ (JX) ®oL,Y -  (J Y) ®gux -  (.JLY) ® gx + (JLX) ® gY 

+ X ®aJVY -  Y®oJUX - (LY)®(TJX + (LX)®gj y .

Proof. At first, using the Jacobi identity, we find

(2.4) IRxy, J ]  = [Vx , [F r , [Vx , J ] ] - [ P [W], J ].

From (1.3) it follows that

2 [ Vx, JJ = 2VX(J) =  (JВ)®(jx + B ® g j x  (JX)®oB X ® g j b , 

which used in (2.4) gives

(2.5) 2[Rxy, J ]  = [Fx, (JB)®(7Y F В ®(JJY — (J*Y)®gb — Y®<jjb]

~  [ Fy 5 (JB) ®Gx -f B ®GjX — (JX) ®GB X  ®GJBJ 

. ~ ( J B ) ® G [ X Y] — B ® G j [ X Y] +  ( J  \ _ X , У])(х)(тв + [X, Y ~ \ ® g j b .

On the other hand, one has

(2.6) [ Vx, (JB)®gy-]-[_Vy, {JB)®Gx]- (JB)®GlXtY]

=  Fx ((JB) ® gY) — Vy ( ( J B) ® gx )  — (JB) ® o " [x ,y ]

= ( Vx (J) В +‘J Vx B)®gy - (  Vy (J)B + J Vy B)®gx 

= (JLX + j  со (JX) В - j \B\2J X ) ® gy

- ( J L Y + \ w ( J Y ) B - \ \ B \ 2J Y )® gx ,

where we. applied (1.3) and used the notation (2.2). Similarly, one can obtain

(2.7) [Fx, B ® gjy] — [Fy, B ® gjxJi — B®Gj[X Y] = (LX) ® gjy

— (LY)®gjx g(X,  J Y ) B ® gb + ̂ cd(JУ)B ®ax ( J X) S ®o Y,

(2.8) - [F x ,  (JY)®gb]F{_Vy, ( JX)®gb-] + ( JI X,  Y^)® gb

= (JX)®GVY- (JY)®Gux + g(X,  J Y ) B ® gb -\<x>(JY)X®gb
+ jco(JX) Y®gb,

(2.9) . - [F x ,  Y®oJB] + i r Y, X ® gjb-] + [_X, У ]® gjb

= X ®GjB'Y Y®gjvx  2to(JX) Y®gb4~2o) (J Y) X  ® gb

+ i l  B\2(Y®GjX- X ® a JY).

Finally, (2.5) implies (2.3) in virtue of (2.6)-(2.9). The proof is complete. 
C oro llary  2.2. The curvature tensor of a 4-dimensional Hermitian manifold
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satisfies the equality

(2.10) RxYJZJW~ R-XYZW — i |B |2 \g(X,  JW)g(Y,  J Z ) ~ g ( X , JZ)g(Y,  J W )

- g ( X ,  W)g(Y,Z)  + g(X,  Z)g(Y, W)}+$\g(X,  W)L(Y,Z)
- g ( X , Z ) L ( Y , W )

+g(Y , Z )L(X ,  W) -g (Y ,  W)L(X,  Z ) - g ( X ,  JW)L(Y,  J Z )
+ g ( X , J Z ) L ( Y , J W )

— g(Y, JZ)L(X,  JW) + g(Y, JW)L(X,  JZ)},
where we assumed (cf. (2.2))

(2.11) Ц Х , Y ) = g ( L X ,  Y) =  Vx ( œ ) Y + i œ { X ) œ { Y ) .

Proof. We have in general

R x Y JZ JW ~ EXYZW — diL^XYf Z,  JW),  .

Thus, using Theorem 2.1, one can easily derive (2.10), completing the proof.
R em ark  2.3. Tensor field L defined by (2.11) is not symmetric in 

general (cf. Example A in Section 5). As L(X,  Y) — L(Y, X) = dco(X, У), we 
see that L is symmetric if and only if M  is locally conformal Kâhlerian (cf. 
[6]).

Define the Ricci curvature tensor, the Ricci ^-curvature tensor, the scalar 
curvature and the scalar ^-curvature of M  by

dix )  Y) =  £  Resxyesi Q*(X, Y) = —2Yj^ esjesxjy-:
s s

T =  E s ) ’ T *  = Z e * ( £ S ’ E s ) ,
s s

respectively, where {Ex, . . . , £ 4j is an orthonormal frame. Note that using 
the first Bianchi identity one can easily get

(2-12) Q * { X ,  Y )  = R Esx j y j e s -
S

Corollary 2.4. The Ricci tensors o f a 4-dimensional Hermitian manifold 
M fulfil the relation

(2.13)

в* ( y, Z) -  e ( Y, Z) =  i  i L( y, Z) -  L(J У, JZ)} + i  (div B -  Ï\B\ 2)g(Y, Z), 

where div B = Es).
S

Proof. Put X  = W  = Es into (2.10) and sum. Then applying (2.12), we
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have

(2.14) e*(Y, Z ) - q(Y, Z) =  i  \L(Y, Z ) -L ( JY ,  JZ)\

+ i (traceL -\B \2)g{Y, Z ) - \ ^ L ( E S, JEs)g(Y, JZ).
s

Again, putting Y = Es, Z  = JES into (2.14) and summing, we obtain

(2.15) £ L (E S, J £ s) = 0.
s

Here we used the relations £f?*(£s, JES) = ^ ^ ( £ s, JES) = 0. Moreover, from
s  s

(2.11) it follows that

(2.16) traceL = divB + j\B \2.

By virtue of equations (2.15) and (2.16), identity (2.14) reduces to (2.13), 
completing the proof.

Our next statement is a consequence of Corollary 2.4.
C oro llary  2.5. For the scalar curvature and *-curvature of a 4- 

dimensional Hermitian manifold M we have

(2.17) t* — t = 2 (d iv B -i |B |2).

3. Certain curvature properties.
P r o po sitio n  3.1. Let M he a 4-dimensional Hermitian manifold. I f  the 

trajectories of the vector felds В and A = —JB are holomorphically planar 
curves (especially: geodesics), then on the open set on which со Ф 0, the К abler- 
nullity distribution К (M ) is integrable.

P roof. Since both В and A belong to K(M),  we have

[ £ ,4 ]  = Vb A - V a B =  - V b J B - V a JA = - J ( V b B + V a A).

Assume now that the trajectories of В and A are holomorphically planar 
curves (for the notion of such a curve see [9], p. 258). Then

VA A = Л  A +f2 JA,  VBB = hvB + h2 JB

for certain functions / 1?/ 2, ht , h2. These equalities used in the above give

[£ , A ] = ( h 1+f2)A + (h2- f i ) B .

Now, because В and A generate the distribution K(M)  on the open set on 
which со ф 0 (cf. Proposition 1.2), by the Frobenius theorem, the distribution 
is integrable. The proof is complete.

One of the most interesting curvature equalities occurring in certain 
classes of almost. Hermitian manifolds is (cf. [2])

(3-1) Rxyjzjw — Rxyzw-
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Any Kâhlerian manifold fulfils (3.1), but not every almost Hermitian 
manifold (even if it is Hermitian) satisfying (3.1) is Kâhlerian (cf. ibidem). 
Concerning this equality we prove here the following result.

P r o po sitio n  3.2. Let M be a 4-dimensional Hermitian manifold. Then, M  
satisfies (3.1) if and only if

(3.2) (a) L{JX,  JY) = L(X,  Y), (b) trace L = \B\2.

Proof. Let (3.1) be satisfied for M. Consequently, we have q* — q = 0 
and t* — t = 0. Therefore, one can deduce (3.2) (a), (b) from (2.13), (2.16) and
(2.17).

Conversely, suppose we have (3.2) (a), (b). We want to prove (3.1). From
(2.10) we see that it is sufficient to prove the following

(3.3) - g ( X ,  W) L(Y, Z) + g{X,  Z) L(Y, W) -  g (Y, Z) L ( X , W)
+ g ( Y , W ) L ( X , Z )

+ g(X,  JW) L( Y , J Z ) - g ( X , JZ)L(Y,  JW) + g(Y, JZ)L(X,  JW)
/  ~g(Y,  JW)L(X,  JZ)

= \\B \2 {g(X, JW)g(Y , J Z ) - g ( X ,  JZ)g(Y , J W ) - g ( X ,  W)g(Y, Z)

+ g(X,Z)g(Y,  W) \ .

It will be convenient to use the linear operator L' defined by g(X,  L' Y) 
=  L(X,  Y). Note that (3.2) (a) is equivalent to the commutativity of 
operators J and L', i.e., JL'  = L' J. We prove now that

(3.4) (JZ) л  {Jü  W) + (JL'Z) a  ( J W ) - Z  a  (L’ W) - ( L 'Z )  a  W

= i|B |2'{(JZ) a  (JW) — Z a  W],

where a  is the exterior product of the vector fields (i.e., X a  Y — X ® Y  
— T®Z). Our first observation is as follows: in virtue of JL' = L' J, (3.4) is 
satisfied if W = JZ> and, moreover, if Z and W  satisfy (3.4), then JZ  and J W  
do the same. Take a local orthonormal frame [Ex, ..., £ 4} such that Еъ 
=  J E 1 and E4 = JE2. It will be sufficient to prove (3.4) for two pairs E lf E2 
and E l , E4. But this is a straighforward verification if we write down 
explicitly the operator E! with respect to the local orthonormal frame. By
(3.2) (a), (b) and (2.15), the operator L' is given by

L ' Ex =  aEl + bE2 + cE3 + dE4, L 'E 2 = eEl +(^\B\2 — a)E2+ f E 3—cE4,

E! E3 = —cEl —dE2 + aE3 + bE4, E' E4 — —f E l +cE2 + eE3 + (2\B\2 — a) E4.

Define now the scalar product

<У a  X , Z  a  W } = g (Y, Z) g (X, W ) - g ( Y , W)g(X,  Z).
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Finally, projecting (3.4) onto У л X  with respect to product <•,■> one 
obtains (3.3). This completes the proof.

Another interesting curvature identity considered in almost Hermitian 
manifolds is (cf. [2], [8])

(3-5) RjXJYJZJW ~  &XYZW-

It is clear that (3.1) implies (3.5), and as it is known the converse statement 
fails in general.

P r o po sitio n  3.3. Let M be a 4-dimensional Hermitian manifold whose 
curvature tensor satisfies (3.5). Then

(3.6) L{JX, JY)  + L { J Y , J X ) - L { X ,  Y ) -L(Ÿ ,  X) =  0

Proof. For the Ricci tensor q* we always have q*(JX,  JY) =  q*(Y, X). 
And for the Ricci tensor q from (3.5) follows q(JX,  JY)  = (?(ЗГ, У). 
Consequently, puting JZ, J Y  instead of Y, Z  into (2.13), we find

Q*(Y, Z) — q(Z, Y) = i \ L ( J Z , J Y ) - L ( Z ,  Y)) + i ( d iv B - i |B |2)6f(Z, У),

which together with (2.13) gives (3.6). The proof is complete.

4. Certain sufficient conditions for M  to be Kâhlerian.
T heorem  4.1. Let M be a conformally flat compact 4-dimensional 

Hermitian manifold. I f  the scalar curvature т of M is non-positive, then т 
vanishes identically and M is Kahlerian and, moreover, M is locally a product 
of two surfaces with mutually opposite constant Gauss curvatures.

Proof. By the vanishing of the Weyl conformal curvature tensor we
have

(4.1) RXYz w = i \q( X , W ) g ( Y , Z ) - g ( X , Z ) g ( Y ,  W) +  q(Y, Z ) g ( X , W)

- q(Y, W ) g { X , Z ) ) ~ h \ g { X ,  W)g(Y, Z) — g(X,  Z)g(Y, W)) .

Put Es, JZ,  JES instead of X, Z, W  into (4.1) and sum. Then, using also 
(2.12), one gets

Q*(Y, Z) = i  [q(Y, Z) + q(JY, J Z ) } - h g ( Y ,  Z).

Hence it follows that i* = -ji, which used in (2.17) yields

(4.2) i  =  3 ( i |£ |2-d iv B ).

Now, integrating (4.2) along the manifold M  with respect to the natural 
volume element and using famous theorem of Green, we obtain

So, if г ^  0, then т =  0 and В = 0. In this case, by (1.3), it must be VJ — 0.
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Thus, M is Kahlerian. The remaining part of our assertion follows from [1], 
Remark 2. The proof is complète.

T heorem 4.2. Any 4-dimensional compact Hermitian manifold fulfilling the 
condition R xyjzjw = Rxyzw Kahlerian.

P roof. Under our condition, from Proposition 3.2, we have trace L 
= \B\2. So, by (2.16), it holds that divB = ^|B |2. Now, integrating this 
equality along the manifold M  and using the Greenn theorem, we see that В 
= 0. This completes the proof.

From Theorems 4.1 or 4.2 the following corollary obviously follows.
Corollary 4.3. Any locally flat 4-dimensional compact Hermitian 

manifold is Kahlerian.
R em ark  4.4. Note that in Theorems 4.1 and 4.2 and Corollary 4.3 the 

compactness of the manifold M  can be replaced by the assumption divB ^  0. 
Our Example В in Section 5 shows that the compactness (or divB ^  0) 
cannot be omitted in the above.

T heorem 4.5. Let M  be a 4-dimensional Hermitian manifold fulfilling the 
condition R j x j y j z j w  =  R x y z w ■ U  В an infinitesimal automorphism of the 
structure J, then M is Kahlerian.

Proof. From Proposition 3.3, by (2.11), we obtain

Vjx (со) (J Y) +  Vjy (со) (JX) -  Vx (со) ( Y ) - V y ( с о )  (X) Y со ( J X) со ( J Y)
— со(Х)со(У) — 0.

Hence it follows that

(4.3) g(VJXB - J V x B ,  JY)  + g(VJYB — JFYB, JX)

= со (X) (o(Y) — co(J X) со (J Y).

As VB{J) = 0 (cf. Proposition 1.2) we find

* [B, JX) — J [В, X] = Vb J X - V j x B - J V b X  + JVx B =  -  vj x b  + j v x b , 

which used in (4.3) becomes

(4.4) g&B, JX~\ — J  [В, X], JY) + g{lB,  J T ] - J [ B ,  7], JX)

= -co(X)co(7) + co(JX)co(J7).

On the other hand, one has ^ B(J)X = [B, JX ] — J  [В, X], where L£ 
indicates the Lie derivative. Let us now assume В is an infinitesimal 
automorphism of J, i.e., LYB(J) = 0. Then, (4.4) gives co(X)co(7) 
=  (d (JX)co(JY), which immediately implies со = 0. This completes the proof.

T heorem 4.6. Let M be a 4-dimensional Hermitian manifold fulfilling the 
condition R jxjyjzjw  =  R xyzw■ I f  the trajectories of the vector fields В and A  
are geodesics, then M is Kahlerian.
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P roof. We shall use equality (4.4). Taking there X  = Y — В, we find

(4.5) 2 g & B , A ] , A ) = - \ B \ \

Let now the trajectories of В and. A be geodesics, that is, VBB = 0 =  VA A. 
As we have seen in the proof of Proposition 3.1, it holds good that [B , A] = 
— J(VB B+ VA A). So, in our case [B, A] = 0. Using this in (4.5) we get В 
= 0, completing the proof.

R em ark  4.7. Theorems 4.2, 4.5 and 4.6 for Hermitian manifolds being 
locally conformal Kâhlerian are proved by Vaisman in [7].

5. Examples.
A. Let s f  be the 4-dimensional Lie algebra whose skew-symmetric 

multiplication is given by

(5.1) [eu  e2] = e3, [e2, e3] = elt [e2, e4] = 2e3,

and [eh ej] = 0 in other cases,

where {e1, . .. ,  e4) is certain fixed basis of sé.
Consider a connected Lie subgroup G of general linear group GL(k, R), 

for certain natural k, such that the Lie algebra q of G is isomorphic to 
Let s: sé —► q be the isomorphism. Let {Eu  ..., E4) be the basis of q formed 
by left invariant vector fields on G such that s(e,) = Eit 1 ^  i ^  4. Then we 
have

(5.2) [E j, B2] = E3, IE2, E3] =  E x, [B2, B4] = 2£3,

, and [B,-, Ej] = 0 in other cases.

Let (J, g) be the left invariant almost Hermitian structure on G defined 
by J E X = E3, JE2 = E4, JE3 = - E u  JE4 =  - B 2, and g(Et, Ej) = 6Ф 1 ^  i, 
j  ^  4. Using (1.1) and (5.2), by strightforward calculation, one verifies that 
N(Eh Ej) = 0 for 1 ^  i , j  ^  4. So, (J, g) is a Hermitian structure on G.

We need here the Riemannian connection with respect to the metric g. 
This is given by

II-<N ~ E 3, Pe2E3 = E i — E4, VEi E4 — E3, Ee3 Ег — ~ E 4,

(5.3) FE3E4 = e 2, Ee4 E3 =  e 2,■ EEa E2 = — E3, 

and VE. Ej = 0 in other cases.

From (1.3) we find £  VEs (J) Es = JB.  Hence В = -  £  (J VEg JES + VE$ Es).
s s

Consequently, using (5.3), we obtain В = 2EX. Therefore, with the help of
(2.11), (2.2) and (5.3), one gets for the tensor field L

L(E2, E3) - L ( E 3, E2) = g{VElB , Е3) - д ( 7 ЕъВ, E2) = - 2 .

12 — Prace Matematyczne 27.1
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We may conclude that L is not symmetric and our Hermitian structure (J, g) 
is not locally conformal Kâhlerian.

Finally, we describe an example of a Lie group whose Lie algebra is 
isomorphic to the Lie algebra sé of the form (5.1). Namely, note that sé may 
be represented as a subalgebra of gl(4, R). It is sufficient to put

0 0 0 0 0 0 1 0
0 0 1 0 0 0 0 0

= 0 0 0 0 » ^2 = - 1 0  0 0
_-0 0 0 0_ _  0 0 0 0_

0 0 0 0 0 0 0 0

e3 =
- 1 0  0 0 

0 0 0 0 » *4 =
0 0 - 2 0  
0 0 0 0

_  0 0 0 0 _ _ 0  0 о 1 _

Hence, s i  is formed by the following matrices

0 0 x2 0 ~
X3 0 x 1 0 !

- X 2 0 0 0 ’ *  ’ "
_  0 0 0 x4_

The corresponding Lie group G is formed by the matrices

b 0 c 0 
d 1 a 0 

- c  0 b 0 ’
__ 0 0 0 e _

where a, b, c, d, eeR,  b2 + c2 = 1 and e >  0. We see that G is a connected Lie 
subgroup of GL(4, R).

B. Let M = R4 — {0} and let (x1, ..., x4) be the Cartesian coordinates 
system of R4 restricted to M. There is the standard Kâhlerian structure 
(J, g') on M  defined by

J
_a_
à ?

J дx2 ~ д x 4,

j__  _ __ d_ ' ( J L  A
dx1’ ^  ôx4 ôx2 аП ^ Icbd’ ôx

1 ^  i , j  ^  4.

Below we deform the metric g’ conformally to a new metric g being flat 
too. Before doing this recall the formulas from conformal Riemannian 
geometry.
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Let g = a2 g', a > 0 being a function on M. Assume that P = d(log a) 
and C is the vector field defined by the condition P(X) = g'(C, A). Then for 
the Riemannian connections V and V  we have

s(X,  Y) =  V>x (p)(Y) -P(X)p(Y)  + ±P(C)g'(X, Y), g’(SX , У) =  s(A, Y).

Then for the curvature operators R and R' we have

(5.5) Rxy Z  = R'xyZ - s (Y, Z ) X  + s(X,  Z ) Y - g ’{Y, Z)SA +  ̂ '(^ , Z)SY. 

Coming back to our considerations suppose additionally a = Q](xr)2)~1

Consequently, s(d/dxl, d/dxj) =  0, i.e., s = 0 and S = 0. Therefore and by R' 
= 0, from (5.5) we have R =  0. Thus, (J, #) is a flat Hermitian and non- 
Kâhlerian manifold.

[1] A. D erd z in sk i, Self-dual Kahler manifolds and Einstein manifolds of dimension four, 
Composite» Math. 49 (1983), 405-433.

[2] A. G ray, Curvature identities for Hermitian and almost Hermitian manifolds, Tôhoku Math. 
J. 28 (1976), 601-612.

[3] — and L. M. H erve lla , The sixteen classes of almost Hermitian manifolds and their linear 
invariants, Ann. Mat. Рига Appl. (IV) 123 (1980), 35-58.

[4] S. K o to , Some theorems on almost Kahler spaces, J. Math. Soc. Japan 12 (1960), 422-433.
[5] M. N a g a o  and S. K oto , Curvatures in almost Hermitian manifolds, Memoirs of the 

Faculty of Education, Niigata University, 15 (1973), 1-6.
[6] I. V aism an, On locally conformal almost Kahler manifolds, Israel J. Math. 24 (1976), 338— 

351.
[7] —, Some curvature properties of locally conformal Kahler manifolds, Trans. Amer. Math. 

Soc. 259 (1980), 439-447.
[8] L. Van heck e, Almost Hermitian manifolds with J-invariant Riemannian curvature tensor, 

Rend. Sem. Mat. Univers. Politecn. Torino 34 (1975-1976), 487-498.
[9] K. Y ano, Differential geometry on complex and almost complex spaces, International Series 

of Monographs in Pure and Applied Mathematics, Vol. 49 (1965).

VX Y = V'x Y + p ( X ) Y + p ( Y ) X - g ' ( X ,  Y)C,
Put

Then one has

P = —2aУ xrdxr, С = — 2 аУ хг—--, p{C) = 4a,
T  T  oxr
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