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Strongly exposed points in Orlicz spaces
of vector-valued functions. I

Abstract. It is shown that strongly exposed functions in the Orlicz spaces Lg(u, X) with @
= @ol{x can be fully characterized in terms of the same property for their values in X. We
remove the smoothness condition on X assumed in [4] in the case of Bochner L, spaces, 1 <p
< . A strongly exposing property (SE) is introduced as an appropriate assumption on the
space L,(u, R). We study it in the second part of this paper.

1. Introduction. The paper concerns the characterization of strongly
exposed points in Orlicz spaces Lg(u, X) of vector-valued functions, where @
= @ o[y and ||y denotes a norm in Banach space X. For Bochner L,-case,
1 < p < + o0, a suitable characterization of strongly exposed functions has
been obtained by P. Greim [4] on the basis of earlier but partial results of J.
Johnson [8]. A technique we develop here should lead us to an analogous
characterization for Musielak—Orlicz spaces (see [13] for definition) as well.
It has its origin in the mentioned papers where it is a favourable
circumstance that the scalar L, space, 1 < p < oo, is smooth and uniformly
convex. This is no longer true for L,(u, R) spaces in general. An appropriate
assumption on this space appears to be a strongly exposing property, which
means simply that the unit sphere consists of only strongly exposed points.
This property is easily localized among local uniform convexity (LUR),
rotundity (R) and Radon-Riesz property with rotundity (HR) (see [1] for
definitions). If we denote it by SE we obtain the following implications:
LUR — SE —+ HR, SE - MLUR; [12]. Moreover, it is known that LUR
— HR, [1], and clearly HR — R. Recently, A. Kaminska has kindly informed
me of her result that among Musielak-Orlicz spaces L, (u, R) of scalarly
valued functions also R — LUR, whenever p is nonatomic and 4, condition
is satisfied, [9]. Therefore, under these assumptions any of the mentioned
properties can be applied equivalently. Since L, (u, R) is not a smooth space
in general, our approach is via subdifferentials and selectors. This enables us
to avoid a smoothness condition for X in Theorem 4.4. Hence, the same
condition assumed for X in Theorem 4 from [4] seemed superfluous.

In Section 2, in Proposition 2.3, a useful fact is proved that ||y,
= [||v|||,, where |||, denotes the conjugate norm (i.e., the Orlicz norm) to the
Luxemburg norm ||| in Lg(u, X). As the basic tools for our purposes we
prove, in Section 3, Proposition 3.2 and 3.3. Then, we obtain a
representation theorem, Theorem 3.4, for the subdifferential which is of
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independent interest, too. Theorems 4.1 and 4.4 are the basic results in the
paper. While the first of them characterizes elements u, v being in, say, a
strongly exposing relation, the second one gives a full characterization of
strongly exposed points in Lg (g, X).

We begin with a definition of strongly exposed points and some useful
facts about them. Let Y denote a real Banach space with a norm ||| and let
Y* be a continous dual to Y.

Derinimion 1.1 (cf. [2], p. 199). Let K be any non-empty, bounded subset
of Y. A point y,e K is called strongly exposed if there is an y* ¢ Y* such that:
(i) y*(yo) = supy*(K) (=sup \y*(y): yeK}), (i) if for a sequence (y,), in K
lim y*(yo—y,) = 0, then lim [[y,—y,l| = 0.

The above functional y* is called exposing functional for y, in K. We
will also say that y* strongly exposes y,. A set of all strongly exposed points
for a given set K will be denoted by st.exp.(K).

Sometimes it is convenient to deal with some equivalent formulations of
conditions (i), (ii). Before we collect them, recall the following well-known fact
[7]. Given any proper convex functional f2 Y — R, continous at some point
yo and such that f(y,) < f(ys) = B for some y,, we have

(L.1) R df (yo) = N(yo, K(f, B))

The left-hand side of (1.1) is the cone generated by the subdifferential df (y,)
= {y*eY*: y*(y—yo) < f(¥)—f (o), Vye Y} of the functional f at the point
Yo, While the right-hand side is nothing else but a normal cone to the sub-
level set K (f, B) = |yeY: f(y) < B}, i.e., the set of all functionals attaining its
maximum on K at y,. v

LemMma 1.2. The following statements are equivalent.

(a) yoestexp(K).

(b) There exists a non-zero functional y* such that given & > 0 there is
o > 0, such that yoeS(K, y*, a) and diam S (K, y*, o) <e, where S(K, y*, a)
= {yeK: y*(y) = supy*(K)—a)} (a slice of K). )

(¢) There exists a non-zero functional y* such that for each ¢ > 0 there is
an o > 0 such that S(K, y*, a) = B,(yo), where B,(yo) denotes a closed ball
with radius ¢ and center y,. .

When K = K(f, B) and f is such as above then assertions (ay{(c) are all
equivalent to the following one:

“(d) There exists y*edf(yo) such that lim|lyo—y, =0 whenever
(yu)n = K(f, B) and lim y*(yo—y,) = 0.

n—a
Remark. Clearly, the equivalence of (a), (b) and (c) is still true if one is
confined to rational ¢ >0, o€ |1/nj,y and y*€S, ., where S ., denotes the
unit sphere in Y*. Let us also notice that in (c) necessarily y,eS(K, y*, a)
since Y is complete.
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Proof. The equivalence of (a) and (b) is well known. Since a <a’
implies S(K, y*, a) < S(K, y*, a'), some of the above remarks follow. Let us
consider (c) with rational ¢ >0 and a = 1/n, n =1, 2, ... There is a sequence
(1/n.), -0, convergent to zero as ¢ | 0, such that S(K, y*, 1/n,) < B,(y,) for all
these ¢ > 0. Since Y is complete, taking intersections of the slices and B,(y,)
we get yoeS(K, y*, 1/n,) for rational ¢ > 0. Now (b) easily follows. Clearly,
(b) implies (c¢). Finally, the equivalence of (a) and (d) is an immediate
consequence of formula (1.1).

Condition (c) is used implicitly in [4] for the proof of Theorem 1; with a
norm instead of f. For such f we get the definition of strongly exposed point
given in [4]. We will use it in the paper.

DeriniTION 1.3. A point y,e Y is called strongly exposed if it is strongly
exposed as an elemefit of the set K = K(||'ll, llyoll); i.€., there exists y*e Y*
such that: (i) y*(yo) = lylls lyoll # 0, and (i) lim [lyo—y.ll =0 whenever

n-—a

[l < llyoll and lim y*(yo—y,) = 0.

Remarks. Let us point out if y, is a strongly exposed point, then so is
ayo, where o # 0 is any real number. Moreover, if y* strongly exposes y,,
then equivalently: fy* strongly exposes ay, whenever aff > 0. Thus we can
always confine ourselves to the case where y,eSy and y*eS,,. Also,
following Lemma 1 from [8], the term “lim ||y, —y,|| = 0” in Definition 1.3

n—a

can be replaced equivalently by “there is a subsequence (m), such that
lim [|yo—yy, |l = 0"

n—+w

2. Orlicz spaces and an auxiliary fact. Throughout the paper X will
denote a Banach space with a norm ||y and X* will denote a continuous
dual to X with a dual norm |{,,. Usually the subscripts X and X* in the

norms will be dropped. Let (-, -> denote the duality relation for the dual pair
X, X*. Let ¢: R— R, (the extended half line) be a Young’s function, i.,
convex, even function such that ¢(0) =0, and ¢(r)— + oo if r > + 00, and
being Isc (or equivalently left-continuous for r > 0). Let ®(-) = ¢ ol. (T, Z, p)
will denote a non-trivial positive measure space. Ly, (1, X) is the Orlicz space
of all strongly measurable functions u: T — X (i.e, ue My(T, Z, u)) such
that, for some o > 0, Io(au) = [@(lau(t)))dp < co. It is well known (e.g. [13],
T

[14]) that Lg(p, X) endowed with  Luxemburg norm |||,
=inf{A > 0: I4(-/4) < 1} becomes a Banach space whenever ¢ is continuous

at zero. The Young’s conjugate to @ is defined by @*(x*)=sup(<{x, x*)
xeX

—@(x)). Since ¢ is an even function we get ®*(x*) = p*(|x*¥(,.), x*e X*¥,
where ¢* is the conjugate to ¢. The function ¢* is always Isc and is
continuous at zero. Moreover, if ¢ is continuous at zero, then ¢* is a
Young’s function from R into R,. Thus &* is the Young’s function



124 W. Kurc

continuous at zero whenever ¢ is continuous at zero. Hence Lg.(u, X*) is
then a Banach space under the Luxemburg norm ||||4:. In what follows, the
continuity of ¢ at zero will be always assumed. The Orlicz norm of an

element veLg(u, X*) is given by ||, = sup (u,v), where (u,)
Nullgp<1

= [Cu(t), v(t)>dp. It can be verified that L (u, X*) =dom(||l,)
; .
= (Ndom(u, ), where the intersection is taken over all ue Lq(p, X); cf. [13],

[10], [3], where dom(-) denotes the set of finiteness of a given functional
over Mx(T, 2, ). It is well known that the norms ||'||o+ ||'ll, are equivalent.
From the definition of the Orlicz norm follows the Hélder-type inequality
l(u, v)] < llullgllvll, for all ueLgy(p, X) and ve Lg-(u, X*). Therefore (-, °)
becomes a duality relation for the dual pair Lg(u, X), Lg-(u, X) and the
mapping [: v— I(v) = (u, v) defines (isometrically) a linear and continuous

* functional on Lg(u, X) with the integral representation. In general,
Lg- (1, X*) cannot be identified with L, (1, X)*. However, we have (even for
more general P):

TueoreM 2.1. (B. Turret [14], p. 39). Let u(T) < + oo and let ¢ satisfy

A, condition near infinity:
(45) 3 3 Voe2r<Po(r) and ¢a) <.
a>0 >0 r>a .
Then Lg:(u, X*) is isometric to Lgy(n, X)*, endowed with the norm |||\, if and
only if X* has the Radon-Nikodym property.

Remark. However, I;(u, X)* can be identified as a set with
Lg:-(u, X*) in the following case as well: (T, 2, p) is o-finite, X is separable
with X* having the Radon-Nikodym property, ¢ satisfies the 4, condition,
i.e., the above condition with o = 0; [3], [11].

When ¢() =al|?, 1 <p <o, a >0, we get the case of Bochner L,-
space for which the 4, condition is clearly satisfied.

From the definition of Luxemburg norm |||, follows immediatefy that
llullg = lllulll,, where |u|(t) = [u(t)]x on T It is not evident that the same is
true for the Orlicz norm; ie., |[v|l, = |llv|lly = sup (f |v]), where Jv|(t)

fg

il
= |v(t)|x+. We point out that (-, -) will denote a duahty relatlon for the dual
pair L,(u, R), L,«(u, R) as well. Now (f, g) = jf t)g(t)dp. This will not lead
T

to ambiguity since elements of “scalar” spaces will be denoted by f, g or |ul,
|w|, Jv|. In turn, vector-valued functions will be denoted by u, w, v. For the
simplicity the “scalar” Orlicz spaces we will denote also by L ,(u) and L,.(u).

LEMMA 2.2. Let X be a separable Banach space. Let be a non-negative
Sunction feL,(w) and veL,«(u, X*). Then

(2.1) sup | <w(1), v()>du = | sup <x, v(1))du,

weSrf T T xelp()
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where 'yt T — 2% is a multifunction I';(t) = (xe X: |x| < f(1)} and Sr, is the
set of all strongly measurable selectors of T -
Proof. Let A denote the right-hand side of (2.1). Then A = jf(t)lv(t)l du.
' T

If A =0 then (2.1) is evident. Let 4 > 0. Since ve Lg(u, X*), it follows by
Holder inequality that 4 < + oo. Hence T, = supp(f|v]) has o-finite measure
and u(Ty) > 0. It suffices to prove that the left-hand side of (2.1) cannot be
strictly less than 4, or to prove that

(2.2) v 3 f< j(w(t) v(r))du

0<p<i weSrf
To get weS as selectors we shall need some preliminary facts. Let T,
=lteTy: In<|o@) f(1)). Clearly, T, =T, and (T,), is a monotone

sequence of measurable sets. Since T is o-finite, without loss of generality we
can assume below that u(7,) < +oo. Indeed, if necessary we should take
T, N G, instead of T,, where (G,), is a monotone, increasing, o-finite covering
of To. Next, let g,(0)=(v@ fO—=1/n)xr, (1), g(t) =)l f(). These
functions are measurable and such that 0 < g,(t) < g(t), and g,(r) tends to

g(t), p-ae, whenewer n— oo. By the Lebesgue convergence theorem
lim fg,,(t du = yq t)du. Hence it follows that given 0 < f# < A4 there is such

n>owT

n that < {g,( t)d/,t
T

In the final step let us consider a multifunction B,: T, — 2%, B,(1)
= {xeX: @l f()—1/n<{x,v@)) |xI<f(@)), where n=1,2,3,...
Clearly, dom(B,) = T, and Graph(B,)e2 n T, x #x where #y denotes the o-
algebra of Borel sets in X. Therefore, by Aumann’s selection theorem there is
a measurable function w,: T, — X such that w,(t)e B,(t) u-ae. on T,. We
then extend this function by zero on T\ T, and denote it by w,. Clearly, w
are measurable and w,e S, , as desired, where n =1,2,... Now let 0 <f < 4

be arbitrary. Then for some »n and a selector w,e S ry we obtain that
B < {g.()du< f(w ), v(t)ydu < jg(t)du
T

which ends the proof.

ProrosiTioN 23. Let (T, Z, u) be a positive measure space and let
ve Lyi(u, X*). Then |lvfl, <||vllly, and |lvll, = lllv]ll, if, moreover, X is
separable. :

Proof. It is almost evident that the following relation is true

lll, = sup [ <u(), v(t))dp = sup  sup j(w(t),v(t))d,u; f=0.

fullgstT hritps1 weSr, T
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By virtue of (2.1) we obtain that

Hvll*=“ SllIP [ sup Cx,0())ydp=sup ff(f)lv(t)ldﬂ—lllvlll*

fllp=1T xel'st) £l
which was to be proved.

Remark. The separability of X is not necessary. In [6] it was proved
that the equality ||'||, = |lI'|ll, is also true whenever X is a reflexive Banach
space.

3. Subdifferentials of the Luxemburg norm. Our aim here is to
characterize the subdifferential J||||, taking into account that @ () = ¢ o||x.
Quite a lot is known about subdifferential of the modular 1,4, even in more
general cases, [10], [11]. We shall need, however, less restrictive assumptions
than usually. In what follows ¢ is a Young’s function, continuous at zero, X
is a Banach space and (7, X, p) is a measure space as it was assumed above.

LEmMA 3.1. Let ugeintdomliy and |juglle = 1. The following statements
on le Ly(p, X)* are equivalent.

(@) le0lluolle-

(b) I = k/||kll, for some functional ke 0l 4(uo).

Proof. The proof easily follows if one applies formula (1.1). Let us
consider two sub-level sets K; = lueLg(u, X): Jullo <1}, K, =
fue Ly(u, X): Im) < 1}. It is well known that K, = K,. Therefore the
normal cones at u, for these sets coincide, since u, is in K; and in K,. Thus,
from (1.1), R, Ol|uglle = R 0l4(uy). The lemma follows -since both
subdifferentials do not contain zero functional.

Remark. It is a known fact that ueintdom(l,) and |ju|l, = 1 implies
I,(u) =1. When ¢ satisfies 4, condition it is easy to check that |lul|l, =1
implies both ueintdom(I,) and I4(u) = 1. The first implication follows from
the continuity of the function 4 — I4(4u) at A = 1. The second one is from
local boundedness of I, at u by 4, condition.

ProrosiTioN 3.2. Let us assume, moreover, that X is separable and let
uecintdom(Iy) NSy, S =supp(u). Given ve Lg:(pt, X¥) then the following
statements are equivalent.

(a) vedllulle-

(b) There exists we Lgs(u, X*) such that

(i) v =w/lIwll,

(i) w(t)e 0@ (u(?)) p-a.e. on the support S of u,

(iii) I5(w) = Igls(Wls) = f‘l’*( (1)) dp.
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If (T, X, W) is o-finite, then (ili) can be dropped and in (i1) we put T instead
of §.
/ We omit a standard proof. Let us note only that it is based on the
Rockafellar representation theorem for the conjugate I of I, with respect to
Lo(S, Zlg, u; X); see [10], p. 284, and the above lemma. Both the lemma and
the proposition become true and formally unchanged even for &: Tx X
— R, being a Young’s function (N function in [10]) continuous at zero (see
[10], however, with somewhat stronger assumptions on X and ®).

ProrosITION 3.3. Let ¢ satisfy A, condition and let ue Ly(p, X),
ve Lg:(u, X*). The following statements are equivalent for X separable.

(@ (u, v) = lullollvll, # 0.
(b) @ (ul, [ = Il ll1vl]]4 # O,

(i) <u(r), v(t)> = [u()jv(r) # 0 p-a.e. on S = supp(u).
If, moreover, (T, X, u) is o-finite and ¢ is smooth at zero, then instead of (ii) we
have

@11y <u(t), v(®)> =Ju@®llv{) #0 or v(t) =0=u(t), p-ae. on T.

Proof. By virtue of Proposition 2.3 we get (i) and that p-a.e. on T,
u(t), v(t)> = lu(®) [v(t)|. To prove the second part of (i) let T, = {te T: v(t)
=0 and u(®#0} and T,={teT u()=0 and L([) #0}. Let T,
=T\(T,uT,). Thus 0 # |lullollvlly, = (u, v) = ‘ (u ,o(0)>dp

< luxr Nlollvlly < uxrirllolivlle < llullollvlly - Since ¢, and hence ®, satisfies 4,
condition we get finally that jqo(lu(t)[)d,u 0. Again by 4, condition ¢ is

strictly positive except zero. Thus u(T) =0 and therefore (ii) follows.

Let, moreover, (T, X, u) be o-finite and ¢ be smooth at zero. To prove
now that u(T) =0 we refer to Proposition 3.2. We get then from
@): u@/llullg, w(t)y = @u(t)/||ullg)+P*(w(t)) p-ae. on T, where w is some
function that appears in Proposition 2.2. Hence, for teT,, ®*(w(1) =
Therefore v(t) = 0 y-a.e. on T,, but this is possible only when u(T;) = 0. Thus
(a) implies (it). The converse implication, (b) =>(a), is clear. For this we need
only the assumptions from the beginning of this section.

It is worth noticing the following characterization theorem for 0|lul|,,
mcludmg & = ¢ o}, which is now an immediate consequence of Propositions
3.2 and 3.3. We will apply mainly Proposition 3.3, however, the forthcoming
theorem is of independent interest. It will be applied elsewhere.

THeoreEM 34. Let the conditions of Proposition 3.3 be satisfied and let
UESL yu x> VELg(, X*). The following statements are equivalent.
(a) vedllullo.
(b) () lvledlllulll,
i) v(t)/lv(t)le u(t)| 0, pu-a.e. on S = supp(u).
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If, moreover, (T, X, p) is a-finite and @ is smooth at zero, then conditions (i), (i1)
can be replaced by the following ones.

(1)’ There exists ge L,«(i, R) such that |v| = g/|lgll, and g(t)e dp (Ju(t)]) p-
ae. on T

(i) v(t)/lv()€dlu(®) 20 or v(t) =0 =ul(t), u-ae on T.

In (i) and (i)' the subdifferentials are taken with respect to the function |ul;

|ul (£) = lu (D).

4. Strongly exposed functions in Lg,(u, X). In this section two main
theorems will be proved. Apart from the assumptons of the preceding
section, i.e, ¢ is a Young’s function continuous at zero and X is a Banach
space, let, moreover, ¢ satisfy 4, condition and X be separable.

THeOREM 4.1. Let ue Ly(u, X) and ve Ly(u, X*). Let S = supp(u). The
following statements (a) and (b) are equivalent.

(a) v strongly exposes u.
(b) (1) |v| strongly exposes |ul,
(i) p-ae. on S, v(t) strongly exposes u(t).
If, moreover, (T, X, p) is o-finite and ¢ is smooth at zero (i.e, inf @(r)/r

r>0
= 0), then (ii) can be replaced by
(ii) u-a.e. on T, either v(t) strongly exposes u(t) or v(t) =0 = u(t).

Remark. The implication: (b) implies (a) holds without separability
of X.

Proof. (b)=-(a). According to the definition of strongly exposed
function we should prove that (u, v) = [{ul[4[[v]l, # O, and given a sequence
(u,), in Lg(p, X) such that |ju,lje < |Jully and (u—u,, v) = 0 as n— oo, then |ju
—u,l|leg— 0 for a subsequence at least.

First, from (b) we get (u, v) = ||ul|4l|vll, # O, however, without applying
Proposition 2.2 (therefore X needs not be separable; cf. Remark). Further for
the above mentioned sequence (u,), we obtain inequalities: 0 < (|u| —|u,|, [v])
= (u, v)—(lu,, |v]) < (u—u,, v), where the last term tends to zero by
assumption. So (lu]—|u,l, [v]) tends to zero as well as n— oo0. Since
Null, < llulle, we get by (1) that |||u]—|u,||, — 0 when n— co.

Next, let us define w,(t) = |u(t)|signu,(t), teT and neN. We have
0< w()—w,y(t), v(t)), u-ae. on T, in virtue of the equality {u(zr), v(r))
= |u(t)||v(t), wu-ae. on T, and the definition of w,. Since (u—w,, v) =(u
— Uy, V) + (Uy— Wy, 1) < (u—u,, v)+||oll, |llul~|u,|l,, (u—w,, v) tends to zero as
n— oo. In consequence <u(t)—w, (t), v(z)) tends to zero p-ae. on T for a
subsequence (n);. Since |w, (t)f = [u(t)] then by (i) [u(t) —w,, (¢)], being equal
to zero on T\S, tends to zero pu-a.e. on T It suffices to make use of 4,
condition to get |lu—w,[le—0, n— co.
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Finally, since [u()—u, () < u(t)—w, (N+Iw, (O)—u, (), we get
lu—upllo < llu—wyllo+ Il lul —|uylll,. Collecting these all, we get the desired
convergence.

(a) = (ii). By Proposition 3.3, we have <u(t), v (t))> = lu(t)||[v(t)] # 0 on S,
or, moreover, v(t) = 0 = u(t) otherwise, whenever (T, X, u) is o-finite and ¢ is’
smooth at zero. Further, we proceed by a contradiction. .

Making use of the equivalence of (a) and (c) in Lemma 1.2 and denoting

T, ={teS: ¥V 3 xeS(Bjy, v(1), 1n), ju(®)—x| > ¢} = N A,

n xeX

A, ={teS; 3 {x, v(@)) > u@lo@)]—1/n, ju()—x| > &}
xeX
we obtain u(Ty) >0 and T; together with A4, are in X since X is now
separable. Moreover, A,,, < A4,. Therefore u(4,) >0 for all n. In what
follows without loss of generality we can assume that u(A4,) < oo, for all n,
and pu(T)) < oo, since (S, Zlg, p) is o-finite.
Let us consider a sequence of multifunctions I',: A, — 2%,

(1) = {xeX: xeS(Buyy, v(t), 1/n), lu(®)—x| >¢}, n=1,2,...

Clearly, domI', = 4, and it is not difficult to see that Graph(I',) is in g
x #x. Therefore, by virtue of the Aumann selection theorem, [5], there is a
strongly measurable selector x,(t)el’,(t), p-a.e. on A,, n=1,2, ... Let u,(r)
= x,(t) on A, and u,(t) = u(z) on T\ A,. These functions are measurable and
lu, (O] <lu(t), u-a.e. on T Hence |lu,le <|lulle and therefore u, are in
Ly(u, X) for all n. Moreover, by the construction of u, we get
Ca (1), 0(1)> > [u (@) [0(0)] = 1/n, p-ae on T. Hence (u,, v) > (|ul, [v])— p(A,)/n
= (u, v)—pu(A,)/n since (|u|, |v|) = (u, v). The easily verified inequalities (u
—u,, ) = (U] —|u,l, |v)) =0 imply finally 0 <(u—u,, v) < u(d,)/n, ie, (u
—u,, 1) » 0 when n— co. Thus, from the assumption |ju—u,||, — 0 when n
— 0. On the other hand, again by the construction of the sequence (u,),, we
obtain [u(t)—u,(t)] = ex,, (1), w-ae. on T Hence [u—ulle=cellxally
2 ¢llxr,ll > 0. Thus we get a contradiction and therefore (a) implies (ii).
() =(i). Given (g,), in L, (¢, R), llg.ll, <llullp for which (ju|—g,, [v) -0
as n— co, we prove that ||fu| —g,l|, tends to zero for a subsequence at least.
Let us first consider the case where g, > 0, n =1, 2, ... Assume then for
a moment that ||{u| —g,ll, does not tend to zero, ie., there is some ¢ > 0 and
a subsequence (m), such that ||[u]—g,|l, > ¢, or equivalently I, ((Iul—g,,k)/a)
21 for k=1,2,... Let w/(t) =g, (1)signyu(t). We already know that

u(t), (1)) = u()l[v()], p-ae. on T Hence <uy (1), v(2)) = [v(t)] g, (1), p-a-e. on
T Integrating over T yields (i, v) = (g, lv]). Hence we get (ju| —g,,, [v]) = (u
—u,v), k=1,2,... Therefore (u—u,v)—0, as k—oo, and |ulle

9 — Prace Matematyczne 27.1
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= |lgnll, < llull. Thus from (a) it follows that |lu—u]le— 0 as k — 0. On the
other hand, we have inequalities 1 < I, ((lul—g,,)/e) = L, ((lul —|u)/e) < I, ((u
—w)/e) so that we obtained a contradiction.

Now we assume g, to be of arbitrary sign, where n =1, 2, ... Let T,
=1teT ¢,() 20} and T,” = T\T,", 9, = guir+> 9n = gnXr-- Clearly, g,

=gs +9g. and |lgsll, < llgall, < udlly.  Also " (ful =g [0) = (ul —g, , [v])
+(ga 1, o) = (ul—gu, [v]) > 0, since (g, , [o]) < llullo o]l (g4l 10D < lullo llvll,
and ([u], [v]) = |lullollvll, . Thus (Jul—g, , |t]) — 0. Hence, by the above result, || |u|
~gnll, =0, n—oo. Moreover, (jul—g,lv]) = (ul—Ilg,l, [v)) > 0. Hence (lul
—19., [v)) > 0 as n— oo and simultaneously |lg,ll, < |I[ulll,. Hence, again by
the above result, |||ul—]g,lil, — O, as n — co. To end the proof let us now note
that because of |||u] —1g,lll, = HHu( —g,’,*Hq,—Hg,,‘H(pl we obtain that |jg, [, — 0, as
n— oo. But we have [|[ul —g,ll, < |llul —g, |, +lg. |l, and the proof is finished.

Remark. It is very important for our further purposes that the proof
given above remains still true if the function v, from T into X* is scalarly
measurable only. In other words, without additional assumptions in the
theorem it is still true if one considers instead of the space L, (¢, X*), a space
LX (u, X*) of all scalarly measurable functions v from T into X* such that
I 4 (av) is finite for suitable scalar o depending on this function.

Our next task is to describe strongly exposed points in Lg(y, X) in
terms of strongly exposed points being the values of a given function. Such
characterization will be available under some additional assumption on
L,(u, R). This a new aspect in comparison with the L, case considered in
[4].

THEOREM 4.2. Let, moreover, X* have the Radon-Nikodym property. Let
0 # ueLgy(p, X). If u is a strongly exposed function, then either u(t) is strongly
exposed or u(t) =0, y-ae. on T

Remark. If the above Orlicz space reduces to Bochner L,-space with 1
< p < o0, then the Radon—Nikodym property for X* can be dropped. It was
found and proved by P. Greim in [4], Theorem 4. We expect that his
approach will be still effective in the case of Orlicz spaces as well. A solution
of this problem needs some additional material about characterization of
Lg(pn, X)* in terms of L% (u, X*) and singular functionals. Therefore, the
Radon-Nikodym property for X seems to be superfluous (see [12]).

Proof. Let u be strongly exposed in L,(y, X) and let S = supp(u). Then
ulg is a strongly exposed function in the Orlicz space L4 (uls, X) over o-finite
measure space (S, Z|g, u). Since X has the Radon-Nikodym property and ¢
satisfies condition 4,, the dual space Lg(u, X)* can be identified with

Lg+(n, X*), [14], [10]. Thus there exists a functional, now determined by a
function ve Lg:(u, X*), strongly exposing the element u|s. To end the proof it
suffices to recall Theorem 4.1.
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DeriniTioN 4.3. We say that a normed linear space has strongly exposing
property (abbreviation: SE property) if the unit sphere consists only of
strongly exposed points.

THEOREM 4.4. Assume that the assumptions from the beginning of this
section are satisfied and, moreover, let the Orlicz space L,(u, R) have the SE
property. Let 0 # ue Lg(u, X) and

(%) llfullly O Ly (ut, R) # @.

If u(t) is strongly exposed p-a.e. on supp(u), then u is strongly exposed.
. Moreover, if (T, X, i) is o-finite, then condition () can be omitted.

Remark. For the Bochner L,-case, 1 < p < oo, this theorem has been
proved by P. Greim [4] with smooth X. Thus we dispose of this assumption
in the Bochner L,case as well. Let us note that assumption (*) 1S now
superfluous. However recall that X is now separable.

Proof. Let u(r) be strongly exposed in X, u-a.e. on S = supp(u). Our
approach will be by considering the following set-valued mapping I': S —2%:
Fit)y={x*eSy«: V 3 V {x, x*><u(t) -6, or [u(t)—x| <e,

£>0 0>0 xeX
or |x| > |u(t)l}.

By Lemma 1.2 (c) for K = By, = {xe X: |x| <|u(r)]} a functional x*e X*
(or in the unit sphere Sy.) strongly exposes u(r) precisely when x* e I'(1), so
that dom(I') = S. Let us note that, by virtue of the remark given below,
Lemma 1.2 both ¢ >0 and 6 > 0 can be rational. Further

Graph(IN= N U NAUVBU(0),

Where £>0 >0 xeX

= {(t, x*)e S x Sx=: |x| > [u())l},
={(t, x)e S xSy« |u(t)—x| <e},
A=, X): §xSy: {x, x*)< I“(f)l;‘é}- )

Since ¢ and § are rational and X is separable; I' is a multifunction from §
into Sy with Graph(I) in Z|5 x #s,.. Moreover, the unit ball in X* is now
separable and metrizable in J(X*, X) topology of X*. Applying Aumann’s
selection theorem, we obtain that there is a weakly measurable selector
x(t)el(t), y-a.e. on §.

Let g be in intersection (*). By the SE property of L,(u, R) the function
lul is strongly exposed by g. Let us define v(r) = g(t) x*(t), p-a.e on T. Clearly,
v(t) still strongly exposes‘u(t), u-a.e. on S, since supp(g) > S (see remark
below Definition 1.3).

Further, (-, |v]) =(;, g) defines a linear and continuous functional on
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L, (1) which strongly exposes |ul. Moreover, given we Lg(u, X) we obtain

w, o)l = |{g () <w(®), x* (> dy| < [Iwllollglly

i.e., (-, v) defines a linear and continuous functional on Lg(y, X). Our task is
to prove that this functional (we-identify it with v) strongly exposes u. Let us
note that

(D), (1)) = g (1) <u(®), x* (1)) = [u (@) g (1) = [u@) (),

and hence (u, v) = (Jul, |v]) = ||ullo]Igll.. Now, the remainder of the proof runs
.quite analogously to the proof of the implication (b) =(a) for Theorem 4.1.
JThis is so because the weak measurability of the function v does not lead to
“additional difficulties. Thus, with this remark, the proof is finished.

Remark. -Let us note that assumption (x) in the theorem can be
replaced by a stronger one, namely by L,(u, R)* = L,«(u, R).'As it was
already mentioned, it is satisfied when (T, Z, u) is J-finite and ¢ satisfies 4,
condition. When (T, 2, p) is non-atomic, from the remarks given in Section
1, it follows that the SE property for L,(u, R) can be replaced by strict
convexity of ¢, since A, condition is satisfied. Indeed, as mentioned, by [9]
we know that now for L,(u, R) the SE property and strict convexity of ¢
coincide, because this last property means strict convexity of L,(u, R) when
4, condition for ¢ is satisfied [13], [14].

Remark. When X is smooth a little shorter proof is possible. However,
much more is available, namely the separability of X can be dropped, as in
[4]. We will formulate a suitable theorem with a sketch of proof.

THEOREM 4.5. Let the assumption from the beginning of this section be
satisfied except for the separability of X and let L,(n, R) have the SE
property. Let 0 # ueLgy(n, X) and let

(%) Olllullly N Lys(u, R) # @.
If X is smooth and u(t) is a strongly exposed point u-a.e. on supp(u), then u is
a strongly exposed function. If (T Z, 1) is o-finite, then condition () can be
omitted. .

Proof. Since X is smooth, then given a function we Ly(y, X) we get
that the following mapping

Sat— (w(t), Vu(t)) = lim (ju(t)+ Aw (1) —u(t))/4
-0

is a measurable function with respect to (S, Zls, y), where S = supp(u) and
V|u(t) denotes a gradient of the norm || at u(r). We have now &d|u(¢)|
= {V|u(1)|}, p-a.e. on S. On the other hand, L,(u, R) has the SE property
and therefore there is a function g from intersection (x) strongly |i|. Let us
define v(t) = g (&) V]u(t)|, u-a.e. on S and v(¢) = 0 on T\S. Since X is smooth,

N
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the gradient Vju(t)| ‘must strongly expose u(t), as u(t) is strongly exposed.
The same is true for v(r), where r is in S up to a set of zero measure.
Moreover, ]Vlu(t)|| =1, thus as a constant function is measurable on S. By
Proposition 3.3 we can always assume that g > 0, u-a.e. on supp(g) as in the
proof above. Moreover, § < supp(g). Thus, we have all we need to continue the
proof along the lines of the preceding proof.

A theorem of P. Greim follows as a corollary, which was mentioned in
the remark below Theorem 4.4.

CoroLLARY 4.6. Let L,(u, X) be a Bochner L,-space, where 1 < p < oo,
over a measure space (T, X, w). Let 0 # ue L,(u, X) and be strongly exposed in
X, p-a.e. on supp(u). Then u is strongly exposed in L,(u, X).

Proof. It suffices to remark that the dual to L,(u, R) is L (g, R), and
therefore condition () in Theorem 4.4 can be dropped. Moreover, L,(u, R),
1 <p < 400, is uniformly convex and therefore has the SE property.
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