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Strongly exposed points in Orlicz spaces 
of vector-valued functions. I

Abstract. It is shown that strongly exposed functions in the Orlicz spaces Ьф{ц, X) with Ф 
=  ф о|-|х can be fully characterized in terms of the same property for their values in X. We 
remove the smoothness condition on X  assumed in [4] in the case of Bochner Lp spaces, 1 <  p 
<  oo. A strongly exposing property (SE) is introduced as an appropriate assumption on the 
space R). We study it in the second part of this paper.

1. Introduction. The paper concerns the characterization of strongly 
exposed points in Orlicz spaces Ьф(/и, X) of vector-valued functions, where Ф 
= (po\-\x and \-\x denotes a norm in Banach space X. For Bochner Lp-case, 
1 < p < +  oo, a suitable characterization of strongly exposed functions has 
been obtained by P. Greim [4] on the basis of earlier but partial results of J. 
Johnson [8]. A technique we develop here should lead us to an analogous 
characterization for Musielak-Orlicz spaces (see [13] for definition) as well. 
It has its origin in the mentioned papers where it is a favourable 
circumstance that the scalar Lp space, 1 < p < oo, is smooth and uniformly 
convex. This is no longer true for L ^ / i ,  R) spaces in general. An appropriate 
assumption on this space appears to be a strongly exposing property, which 
means simply that the unit sphere consists of only strongly exposed points. 
This property is easily localized among local uniform convexity (LUR), 
rotundity (R) and Radon-Riesz property with rotundity (HR) (see [1] for 
definitions). If we denote it by SE we obtain the following implications: 
LUR SE HR, SE -> MLUR; [12]. Moreover, it is known that LUR 

HR, [1], and clearly HR -> R. Recently, A. Kaminska has kindly informed 
me of her result that among Musielak-Orlicz spaces R) of scalarly
valued functions also R-> LUR, whenever fi is nonatomic and A2 condition 
is satisfied, [9]. Therefore, under these assumptions any of the mentioned 
properties can be applied equivalently. Since L^l/л, R) is not a smooth space 
in general, our approach is via subdifferentials and selectors. This enables us 
to avoid a smoothness condition for X  in Theorem 4.4. Hence, the same 
condition assumed for X  in Theorem 4 from [4] seemed superfluous.

In Section 2, in Proposition 2.3, a useful fact is proved that \\v\\̂ . 
— II'MII*» where Ц-Ц* denotes the conjugate norm (i.e., the Orlicz norm) to the 
Luxemburg norm || ||ф in Ьф(ц, X). As the basic tools for our purposes we 
prove, in Section 3, Proposition 3.2 and 3.3. Then, we obtain a 
representation theorem, Theorem 3.4, for the subdifferential which is of
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independent interest, too. Theorems 4.1 and 4.4 are the basic results in the 
paper. While the first of them characterizes elements u, v being in, say, a 
strongly exposing relation, the second one gives a full characterization of 
strongly exposëd points in Ьф(/л, X).

We begin with a definition of strongly exposed points and some useful 
facts about them. Let Y denote a real Banach space with a norm ||-|| and let 
Y* be a continous dual to Y.

D efinition 1.1 (cf. [2], p. 199). Let К be any non-empty, bounded subset 
of Y A point Уо еК  is called strongly exposed if there is an y* e Y* such that: 
(i) У*(>’o) = supy*(K) (=  sup !y*(y): yeK}), (ii) if for a sequence (y„)„ in К 
lim y*{y0- y n) = 0, then lim ||y0- y j |  =  0.

И -> 0 О  П - *  GO

The above functional y* is called exposing functional for y0 in K. We 
will also say that y* strongly exposes y0. A set of all strongly exposed points 
for a given set К will be denoted by st.exp.(K).

Sometimes it is convenient to deal with some equivalent formulations of 
conditions (i), (ii). Before we collect them, recall the following well-known fact
[7]. Given any proper convex functional f  Y -> R, continous at some point 
y0 and such that j  { y f  < f  (Уо) = P for some yl5 we have

(1.1) R + df(y„) = N (y0,K (f ,P )) .

The left-hand side of (1.1) is the cone generated by the subdifferential df(y0) 
— {у*еУ*; у*(у — Уо) ^  / ( у ) —/ ( у 0), V y eT j of the functional/ at the point 
y0, while the right-hand side is nothing else but a normal cone to the sub- 
level set K (f ,  fi) = (ye Y: f  (y) ^  /?}, i.e., the set of all functionals attaining its 
maximum on к  at y0.

Lemma 1.2. The following statements are equivalent.
(a) y0est.exp(K).
(b) There exists a non-zero functional y* such that given s > 0 there is 

ot >  0, such that y0eS{K , y*, a) and diamS(X, y*, a) < e, where S(K, y*, a) 
= {yeK:  y*(y) ^  supy*(K) — a] (a slice of K).

(c) There exists a non-zero functional y* such that for each s > 0 there is 
an a > 0 such that S(K, y*, a) a  Be(y0), where Be(y0) denotes a closed ball 
with radius e and center y0.

When К = К if, P) and f  is such as above then assertions (a}-(c) are all 
equivalent to the following one:

(d) There exists y* e df (y0) such that lim ||y0 —y„|| = 0 whenever
П - *  GO

(yn)n <= К (/, P) and lim y* (y0 -  y„) = 0.
И-+00

R em ark . Clearly, the equivalence of (a), (b) and (c) is still true if one is 
confined to rational e >  0, ae{ l/n j„6W and y*eS r „ where Sr , denotes the 
unit sphere in Y*. Let us also notice that in (c) necessarily y0eS(K ,  y*, a) 
since Y is complete.
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Proof. The equivalence of (a) and (b) is well known. Since oc<a' 
implies S(K, y*, a) c= S(K, y% a'), some of the above remarks follow. Let us 
consider (c) with rational e > 0 and a = 1/n, и =  1 ,2 , . . .  There is a sequence 
(l/n£)£>0, convergent to zero as £ jO, such that S(K, у*, 1 /nE) a  Be(y0) for all 
these e > 0. Since Y is complete, taking intersections of the slices and Be(y0) 
we get y0GS(K , y*, l/nE) for rational г > 0. Now (b) easily follows. Clearly, 
(b) implies (c). Finally, the equivalence of (a) and (d) is an immediate 
consequence of formula (1.1).

Condition (c) is used implicitly in [4] for the proof of Theorem 1 ; with a 
norm instead of /. For such /  we get the definition of strongly exposed point 
given in [4]. We will use it in the paper.

D e f in it io n  1.3. A point y0e Y  is called strongly exposed if it is strongly 
exposed as an element of the set К = K (||j|, ||y0||); i.e., there exists y*e Y* 
such that: (i) y*(y0) =  IMI* \\y0\\ Ф 0, and (ii) lim \\yQ- y n\\ =  0 whenever

1WI < ILVoll and lim —J'J =  0-
n -►  00

R em arks. Let us point out if y0 is a strongly exposed point, then so is 
ay0, where а Ф 0 is any real number. Moreover, if y* strongly exposes y0, 
then equivalently: Py* strongly exposes oty0 whenever a/? > 0. Thus we can 
always confine ourselves to the case where y0eS y and y*eSy*. Also, 
following Lemma 1 from [8], the term “ lim ||y0 — Уи11 =  0” in Definition 1.3

n -*■ 00
can be replaced equivalently by “there is a subsequence (nk)k such that 
lim Цуо- ^ J I  = 0”.
n—► 00

2. Orlicz spaces and an auxiliary fact. Throughout the paper X  will 
denote a Banach space with a norm H* and X* will denote a continuous 
dual to X  with a dual norm |-| . Usually the subscripts X  and X* in the
norms will be dropped. Let <•, •) denote the duality relation for the dual pair 
X, X*. Let tp: R -> R + (the extended half line) be a Young’s function, i.e., 
convex, even function such that <p(0) = 0, and (p(r)-> Too if r -> +oo, and 
being lsc (or equivalently left-continuous for r > 0). Let 0(-) = tp o \U T yl \ p )  
will denote a non-trivial positive measure space. L0(p, X) is the Orlicz space 
of all strongly measurable functions и: T -* X  (i.e., u e M x {T,Z,p))  such 
that, for some a > 0, / ф (au) = J <p(\ocu(r)|)dp < сю. It is well known (e.g. [13],

T
[14]) that L0{p, X) endowed with Luxemburg norm ||-||ф 
= inf [Я > 0: / Ф( /Я) ^ 1 }  becomes a Banach space whenever tp is continuous 
at zero. The Young’s conjugate to Ф is defined by Ф* (x*) =  sup(<x, x*>

x e X
— Ф(х}). Since (p is an even function we get Ф*(х*) =  <p*(|x*| J, x*eX *,  
where (p* is the conjugate to cp. The function q>* is always lsc and is 
continuous at zero. Moreover, if q> is continuous at zero, then tp* is a 
Young’s function from R into R +. Thus Ф* is the Young’s function
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continuous at zero whenever q> is continuous at zero. Hence L0*(p, X*) is 
then a Banach space under the Luxemburg norm |[||0*. In what follows, the 
continuity of cp at zero will be always assumed. The Orlicz norm of an 
element v e L 0*(p, X*) is given by \\v\\  ̂ =  sup (и, v), where (и, v)

= J (u(t), v{t)}dp. It can be verified that L0,(p, X*) = domdl-Ц*) 
г

— ndom (u, •), where the intersection is taken over all u e L 0(p, X); cf. [13],
u

[10], [3], where dom(-) denotes the set of finiteness of a given functional 
over M X{T, I ,  p). It is well known that the norms |Н|Ф*, Ц-Ц* are equivalent. 
From the definition of the Orlicz norm follows the Holder-type inequality 
|(u, ü)| ^  ||м||ф||г]|* for all u e L 0(p, X) and v gL 0*(p ,X*). Therefore (•, •) 
becomes a duality relation for the dual pair L0(p, X), L ^ (p ,  X) and the 
mapping /: v —► l(v) — (u, v) defines (isometrically) a linear and continuous 
functional on L0 (p, X) with the integral representation. In general, 
Ьф*(}л, X*) cannot be identified with Ьф(ц, X)*. However, we have (even for 
more general Ф):

T h eo rem  2.1. (B. Turret [14], p. 39). Let ц(Т) < +co and let (p satisfy 
A 2 condition near infinity:

(A2) 3 3 V  <p(2r) <  f(p(r) and (p(oc)<cc.
a > 0  /? > 0 r > a

Then Ьф*(ц, X*) is isometric to Ьф(/л, X)*, endowed with the norm ||-||*, if and 
only if X* has the Radon-Nikodym property.

R em ark . However, Lp{p, X)* can be identified as a set with 
L0 (p, X*) in the following case as well: (T, I ,  p) is <r-finite, X is separable 
with X* having the Radon-Nikodym property, cp satisfies the A2 condition, 
i.e., the above condition with a = 0; [3], [11].

When (p(-) =  a [ |p, 1 < p < oo, a >  0, we get the case of Bochner Lp- 
space for which the A2 condition is clearly satisfied.

From the definition of Luxemburg norm |[||0 follows immediately that 
IMI<p = IIMIU> Where \u\(t) = \u{t)\x on T. It is not evident that the same is 
true for the Orlicz norm; i.e., ||г]|* =  ИМИ* == sup (/, |y|), where |i;|(t)

— MOIx*- We point out that (•, •) will denote a duality relation for the dual 
pair Lyip, R), Lyfip, R) as well. Now (/, g) = j / (t)g(t)dp. This will not lead

T
to ambiguity since elements of “scalar” spaces will be denoted by f  g or \u\, 
|w|, \v\. In turn, vector-valued functions will be denoted by u, w, v. For the 
simplicity the “scalar” Orlicz spaces we will denote also by L (p(p) and L^ip).

L em m a  2.2. Let X  be a separable Banach space. Let be a non-negative 
function fe L p ip )  and veL^fip ,  X*). Then

(2.1) sup j  <w(f), v(t)}dp = J sup <x ,v { t) )d p ,
w e S T f  T  T  x e f f U )
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where Г f : T  —► I х is a multifunction Гf (t) =  { x e l :  |x| ^  / (f)} and Sr is the 
set o f  all strongly measurable selectors of Tf .

Proof. Let A denote the right-hand side of (2.1). Then A = j/(f)|t?(f)|dg.
T

If A — 0 then (2.1) is evident. Let A > 0. Since v e L 0..(g, X*), it follows by 
Holder inequality that A < + оо. Hence T0 =  supp(/|t>|) has c-finite measure 
and g(T0) > 0. It suffices to prove that the left-hand side of (2.1) cannot be 
strictly less than A, or to prove that

(2.2) V 3 0 <f <w ( f ) ,  v ( t ) )d g ^ A .
0  <p <X w e S г j- T

To get w g S  as selectors we shall need some preliminary facts. Let Tn 
= {teT0: \/n ^  \v{t)\ - f { t )}. Clearly, T0 = (J Tn and (T„)„ is a monotone

n
sequence of measurable sets. Since T0 is cr-finite, without loss of generality we 
can assume below that fi(Tn) < +oo. Indeed, if necessary we should take 
Tnn G n instead of Tn, where (G„)„ is a monotone, increasing, cr-finite covering 
of T0. Next, let g„(t) ={\v(t)\- f( t)- l /r i)xTn(t)> 0(0 =  MOI/(0 -  These 
functions are measurable and such that 0 ^  g„(t) ^  g (r), and gn{t) tends to 
g(t), g-a.e, whenewer n->oo. By the Lebesgue convergence theorem 
lim \gn(t)dg = \g(t)dg. Hence it follows that given 0 < P < A  there is such
п -* о о  Г  T

n that p ^  §gn(t)dg ^  A.
T

In the final step let us consider a multifunction B„: T„->2X, Bn(t) 
=  [x e I :  \v(t)\ f  {t) — l/n <  (x, v { t ) y ,  | x | ^ / ( f ) } ,  where n = 1 , 2 ,3 , . . .  
Clearly, dom(fi„) =  Tn and Graph (Bn) e Z  слТп x& x  where fMx denotes the a- 
algebra of Borel sets in X. Therefore, by Aumann’s selection theorem there is 
a measurable function w'n: Tn^>X such that w'„(t)eBn(t) /r-а.е. on Tn. We 
then extend this function by zero on T \T n and denote it by w„. Clearly, w„ 
are measurable and w„ e Sr as desired, where n = 1 , 2 , . . .  Now let 0 < p < A 
be arbitrary. Then for some n and a selector w„ESrf we obtain that

P < $gn(t)dg ^  j  <wn{t), v(t))dg  ^  $g(t)dg
T  T  T

which ends the proof.
Proposition 2.3. Let (T, Z, g) be a positive measure space and let 

v e L 0*(g,X*). Then ||p||* ^  IINII*, and IM|*=|IMII* if moreover, X  is 
separable.

Proof .  It is almost evident that the following relation is true 

INI* = sup I (u(t), v ( t) )dg=  sup sup Uw(t), v(t))dg; /  ^  0.
H u l l  I T  | | / | | ^ 1  w e s r /  T
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By virtue of (2.1) we obtain that

Ml* =  sup f sup <x ,v ( t)}d p  = sup jf{t)\v(t)\dfi = HMli*
11/11^=1 Г  « Г /W  II / IIV = 1 T

which was to be proved.

Remark .  The separability of X  is not necessary. In [6] it was proved 
that the equality Ц-Ц* = 1ЩЦ* is also true whenever X  is a reflexive Banach 
space.

3. Subdifferentials of the Luxemburg norm. Our aim here is to 
characterize the subdifferential д|| ||ф taking into account that Ф() = <po|-|*. 
Quite a lot is known about subdifferential of the modular / ф, even in more 
general cases, [10], [11]. We shall need, however, less restrictive assumptions 
than usually. In what follows q> is a Young’s function, continuous at zero, X  
is a Banach space and (T ,Z ,p )  is a measure space as it was assumed above.

L em m a  3.1. Let woe i n t d o m/ 0 and \\и0\\ф =  1. The following statements 
on l e L 0(p, Y)* are equivalent.

(a) 1ед\\и0\\ф.
(b) / = /c/ЦкЦ* for some functional k e d l 0(uo).

Proof .  The proof easily follows if one applies formula (1.1). Let us 
consider two sub-level sets K 1 = {usL 0 {p, X): \\и\\ф <  1}, K 2 = 
{ueL0(g,.X): / ф(и )^ 1 ] . It is well known that K l = K 2. Therefore the 
normal cones at u0 for these sets coincide, since u0 is in К x and in K 2. Thus, 
from (1.1), R + д\\и0\\ф =  R+ д1ф(и0). Tfye lemma follows since both 
subdifferentials do not contain zero functional.

Remark .  It is a known fact that u e in td o m (/0) and ||м||ф =  1 implies 
I 0(u) =  1. When (p satisfies A2 condition it is easy to check that ||м||ф = 1 
implies both M eintdom (/0) and 1ф{и) =  1. The first implication follows from 
the continuity of the function À-> 1Ф{Щ at X =  1. The second one is from 
local boundedness of / ф at и by A2 condition.

P roposition 3.2. Let us assume, moreover, that X  is separable and let 
и e int dom (7Ф) n S L0> S =  supp (u). Given v e L0*(ju, X*) then the following
statements are equivalent.

(a) ved\\u\\0.
(b) There exists w e L 0*(p, X*) such that
(i) v — w/llwll*,

(ii) w(t)ed<P(u(t)) g-a.e. on the support S o f u,
(hi) I£(w) = V IsH s )  = j Ф* (w(tj)dp.

s
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I f  (T, E, p) is а-finite, then (iii) can he dropped and in (ii) we put T instead
of S.

We omit a standard proof. Let us note only that it is based on the 
Rockafellar representation theorem for the conjugate 1% of I 0 with respect to 
L0(S, Z|s , p; X); see [10], p. 284, and the above lemma. Both the lemma and 
the proposition become true and formally unchanged even for Ф: T x X  
-> R+ being a Young’s function (N function in [10]) continuous at zero (see
[10], however, with somewhat stronger assumptions on X  and Ф).

P roposition 3.3. Let tp satisfy A2 condition and let u e L 0(p, X), 
v e L 0*(p,X*). The following statements are equivalent for X  separable.

(a) (u, v) =  NUIMI* Ф 0.
(b) (i) (M, M) = IIMIUIN1I* Ф o,

(ii) (u(t), v(t)} =  |w(t)| |t>(0l Ф 0 p-a.e. on S =  supp(u).
I f  moreover, (T, I ,  p) is о-finite and tp is smooth at zero, then instead of (ii) we 
have

(ii)' <u(t), v (t)} =.\u{t)\ |u(r)l Ф 0 or v{t) =  0 =  u{t), p-a.e. on T.
P roof. By virtue of Proposition 2.3 we get (i) and that /i-а.е. on T, 

(u(t), v(t)) = |w(f)| |r(f)|. To prove the second part of (ii) let Tv = {te  T: v(t) 
=  0 and u{t) Ф 0} and Tu — {teT: u(t) = 0 and v(t) Ф 0}. Let Ty 
= T\{Tuu T v). Thus 0 Ф  IMUHI* = (m, v) = \ (u{t),v{t))dp

Tl
< ta rJ U M I*  ^  Щт\ти\\фЫ\* < IImIUIIHU- Since and hence Ф, satisfies A2 
condition we get finally that j  (p(\u{t)\)dp = 0. Again by A2 condition (p is

T  11;
strictly positive except zero. Thus p(Tv) = 0 and therefore (ii) follows.

Let, moreover, (T, E, p) be tr-finite and tp be smooth at zero. To prove 
now that p{Tu) =  0 we refer to Proposition 3.2. We get then from 
(a): (u(t)/\\u\\0, w(t)) = Ф(и(1)/\\и\\0) + Ф*^(1)) p-a.e. on T, where w is some 
function that appears in Proposition 2.2. Hence, for t e T u, Ф*(и>(г)) = 0. 
Therefore v(t) = 0 p-a.e. on Tu, but this is possible only when p(Tu) =  0. Thus
(a) implies (ii)'. The converse implication, (b)=>(a), is clear. For this we need 
only the assumptions from the beginning of this section.

It is worth noticing the following characterization theorem for d\\u\\0, 
including Ф = <po|j, which is now an immediate consequence of Propositions 
3.2 and 3.3. We will apply mainly Proposition 3.3, however, the forthcoming 
theorem is of independent interest. It will be applied elsewhere.

T heorem 3.4. Let the conditions of Proposition 3.3 be satisfied and let 
uçSl^ x)’ v e L 0*(p, X*). The following statements are equivalent.

(a) 1?е5||м||ф.
(b) (i) M ed||M IU

(ii) r(f)/|r(t)|e d|u(r)| ^0, p-a.e. on S =  supp(u).
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I f  moreover, (1\ I ,  g) is о-finite and (p is smooth at zero, then conditions (i), (ii) 
can be replaced by the following ones.

(i) ' There exists g e L ^ ig ,  R) such that |u| =  g/\\g\\* and g(t)e d(p(\u(t)\) g- 
a.e. on T,

(ii) ' v(t)/\v(t)\e d\u(t)\fiO or v(t) = 0 = u(t), g-a.e. on T.
In (i) and (i)' the subdifferentials are taken with respect to the function \u\ ; 

\u\(t) = \u(t)\.

4. Strongly exposed functions in L0(g, A). In this section two main 
theorems will be proved. Apart from the assumptons of the preceding 
section, i.e., (p is a Young’s function continuous at zero and X  is a Banach 
space, let, moreover, (p satisfy A2 condition and X  be separable.

T heorem 4.1. Let u e L 0(g, X) and v e L 0*(g, X*). Let S =  supp(u). The 
following statements (a) and (b) are equivalent.

(a) v strongly exposes u.
(b) (i) \v\ strongly exposes \u\,

(ii) g-d.e. on S, v(t) strongly exposes u(t).
If, moreover, (T, I ,  g) is о-finite and (p is smooth at zero (i.e., inf (p(r)/r

r> 0
= 0), then (ii) can be replaced by

(ii)' g-a.e. on T, either v(t) strongly exposes u(t) or v(t) = 0 = u(t).
R em ark . The implication: (b) implies (a) holds without separability 

of X.
P roof. (b)=>(a). According to the definition of strongly exposed 

function we should prove that (u, v) =  ||м||ф||г[|* Ф 0, and given a sequence 
(u„)„ in L 0(g, X) such that ||ми||ф ^  ||м||ф and (u — un, v) -> 0 as n-> oo, then ||w 
— un\\<t>->® f°r a subsequence at least.

First, from (b) we get (u, v) = Цм||ф||г||* #  0, however, without applying 
Proposition 2.2 (therefore X  needs not be separable; cf. Remark). Further for 
the above mentioned sequence (un)^ we obtain inequalities: o < (N  — k l ,  N) 
= (u, v) — (\un\, |u|) ^  (u — un, v), where the last term tends to zero by 
assumption. So (\и\—\ип\, \v\) tends to zero as well as n->oo. Since 
H kllL ^IM U , we get by (i) that |||u| -\u„\ ||„ -> 0 when n ^  oo.

Next, let us define w„(t) = \u(t)\ sign u„(t), t e T  and neiV. We have 
0 <  (u(t) — w„(t), v(t)}, p-a.e. on T, in virtue of the equality (u(t), v(t)} 
= \u(t)\\v(t)\, g-a.e. on T, and the definition of wn. Since (u — wn,v )= (u  
-u„, v) +  (un- w n, v) ^ ( u - u n, u)  +  I N *  Н М - | м и| | | ф , (u-w„, v) tends to zero as 
n —>oo. In consequence (u(t) — w„k(t), v(t)} tends to zero g-a.e. on T  for a
subsequence (nk)k. Since |w„ (t)| = |u(t)| then by (ii) \u(t) — w„k(t)\, being equal 
to zero on T\S, tends to zero g-a.e. on T. It suffices to make use of A 2 
condition to get \\u — w„k\\0 -> 0, n —> oo.
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Finally, since \u ( t ) -unk(t)\ ^  \u(t)-w„k(t)\ + \wnk(t)-u„k(t)l we get 
\\и -и Пк\\ф ^  ||м -ю Ик||ф+ |||м |- |и ,.к111«»- Collecting these all, we get the desired 
convergence.

(a)=>(ii). By Proposition 3.3, we have <u(t), v (r)> = |m(r)| |u(f)| Ф 0 on S, 
or, moreover, v(t) = 0 = u(t) otherwise, whenever (T, Z, pi) is tr-finite and ip is 
smooth at zero. Further, we proceed by a contradiction.

Making use of the equivalence of (a) and (c) in Lemma 1.2 and denoting

Ъ = {teS:  V 3 x e S (B l m , v{t), \/n), \u{t)-x\ > s} = f]A n,
n xeX  n

A„ = {teS;  3 (x, v(t)} > \u(t)\\v(t)\-1/n, |и (г )-х |> е }
xeX

we obtain > 0 and Tt together with An are in Z since X  is now
separable. Moreover, Tn+1c:T„. Therefore fi(A„) > 0 for all n. In what 
follows without loss of generality we can assume that pi(A„) < oo, for all n, 
and < oo, since (S,/2’|s , /л) is c-finite.

Let us consider a sequence of multifunctions Гп: An-+ 2X,

Гn{t) =  {xeX :  x e S (B ]u{t){, v(t), l/n), \u(t)-x\ >e}, n = 1, 2, ...

Clearly, dom f„ = An and it is not difficult to see that Graph (F„) is in Z\s 
x,~%x- Therefore, by virtue of the Aumann selection theorem, [5], there is a 

strongly measurable selector x„(t)eГ„(t), pi-a.e. on A„, n — 1, 2, ... Let un(t) 
= x„(t) on A„ and u„(t) = и (t) on T\A„. These functions are measurable and 
\un(t)\ ^  |w(r)f, ju-a.e. on T. Hence ||ми||ф ^  ||н||ф and therefore un are in 
L0(pi, A) for all n. Moreover, by the construction of u„ we get 
<u„(t), v(t)) >  \u{t)\\v(t)\ — \/n, pi-a.e on T. Hence (un, v) >(|w|, |i?|) — pi(A„)/n 
^  (u, v) — pi(A„)/n since (\u\, \v\) = (u, v). The easily verified inequalities (и
— u„, v) ^  (|w| — \u„\, |u|) ^  0 imply finally 0 ^  {u — un, v) <  piiA^/n, i.e., (и
— u„, v)->0 when n —► oo. Thus, from the assumption ||м —ми||ф->0 when n 
-* oo. On the other hand, again by the construction of the sequence (un)„, we 
obtain \u{t)-un(t)\>exAn(t), pi-a.e. on T  Hence ||и -м и||ф ^  
^ е \\Хт1\\ > 0. Thus we get a contradiction and therefore (a) implies (ii).

(a) =>(i). Given (gn)n in L^pi, R), W g^  ^  ||м||ф for which (\u\-gn, |i>|)->0 
as n-> oo, we prove that |||u| — дп\\ф tends to zero for a subsequence at least.

Let us first consider the case where gn ^  0, n = 1, 2, ... Assume then for 
a moment that |||u| — g ^  does not tend to zero, i.e., there is some e > 0 and 
a subsequence {пк)к such that |||m|-0„JU  > £, or equivalently /„((|и\-д„к)/е)
^ 1  for k — 1 ,2 , . . .  Let uk(t) = g„k(t)signx u(t). We already know that 
(u(t), v(t)) =  \u(f)| |i?(0|, /^-a.e. on T. Hence (uk(t), v(t)) = \v(t)\g„k{t), g-a.e. on 
T. Integrating over T  yields (uk, v) =  (g„k, M). Hence we get (\u\-g„k, |i?|) =  (и
— uk, v), k = 1 ,2 , . . .  Therefore ( u - u k,v)-> 0, as k —>oo, and ||мк||ф

9 — Prace Matematyczne 27.1
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= Wĝ Wy ^  |N|. Thus from (a) it follows that \\u — м*||ф-»0 as к -* oo. On the 
other hand, we have inequalities 1 <  Iv ((\u\-gnk)/e) = 1<р ((M — |м*|)/е) <  Iv ((u 
-  uk)/e) so that we obtained a contradiction.

Now we assume to be of arbitrary sign, where n = 1, 2, ... Let Т / 
=  îteT : gn{t) ^  0} and 7;~ =  T \T n+, </ + = д„Хт^ Яп = ЯпХт~- Clearly, gn 
^Яп+Яп  and ||0и+||* <  1Ы* < IIMII*- Also (\u\-gn, \v\) = (\u\-g+, \v\) 
+ (\Яп\, H) ^  (M~ôC> M) ^  0, since (̂ „+, |i?|) 5$ N U N !* , (\Яп\, M) < IMUNI* 
and (\u\, |e|) =r INUMI*. Thus (|w|-g„ , |r|) — 0. Hence, by the above result, |||u| 
- 0 И+Н*7 0, /w o o . Moreover, (|u|- g n\v\) > (\u\-\gn\, |i?|) ^  0. Hence (|m| 
-\Я П\, M)->0 as n -* 00 and simultaneously ||^„||(p ^  II |m| 11̂,- Hence, again by 
the above result, |||u| —\gn\\\v -> 0, as n-* 00. To end the proof let us now note 
that because of | |M - |0„lll* ^  | | | N w e  obtain that \\g~\\v 0, as
n —* 00. But we have m - g n W ^ m - g : ^  + \\я„ IL? and the proof is finished.

R em ark . It is very important for our further purposes that the proof 
given above remains still true if the function v, from T  into X* is scalarly 
measurable only. In other words, without additional assumptions in the 
theorem it is still true if one considers instead of the space L0 (/1 , X*), a space 
L0 (p, X*) of all scalarly measurable functions v from T  into X* such that 
I0 (olv) is finite for suitable scalar a depending on this function.

Our next task is to describe strongly exposed points in L0(p, X) in 
terms of strongly exposed points being the values of a given function. Such 
characterization will be available under some additional assumption on 
Lyig, R). This a new aspect in comparison with the Lp case considered in
[4].

Theorem 4.2. Let, moreover, X* have the Radon-Nikodym property. Let 
0 Ф u e L 0(p, X). I f  и is a strongly exposed function, then either u(t) is strongly 
exposed or и (t) = 0, p-a.e. on T.

R em ark . If the above Orlicz space reduces to Bochner Lp-space with 1 
< p < 00, then the Radon-Nikodym property for X* can be dropped. It was 
found and proved by P. Greim in [4], Theorem 4. We expect that his 
approach will be still effective in the case of Orlicz spaces as well. A solution 
of this problem needs some additional material about characterization of 
L0(p, X)* in terms of L%tfp ,  X*) and singular functionals. Therefore, the 
Radon-Nikodym property for X  seems to be superfluous (see [12]).

P roo f. Let и be strongly exposed in L0(p, X) and let S =  supp(M). Then 
u\s is a strongly exposed function in the Orlicz space L 0(p\s, X) over cr-finite 
measure space (S, Z|s , p). Since X  has the Radon-Nikodym property and (p 
satisfies condition A2, the dual space L0(p, X)* can be identified with 
L0*(g, X*), [14], [10]. Thus there exists a functional, now determined by a 
function v e L 0*(p, X*), strongly exposing the element u|s . To end the proof it 
suffices to recall Theorem 4.1.
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D e f in it io n  4.3. We say that a normed linear space has strongly exposing 
property (abbreviation: SE property) if the unit sphere consists only of 
strongly exposed points.

T heorem  4.4. Assume that the assumptions from the beginning of this 
section are satisfied and, moreover, let the Orlicz space Ltf)(p, R) have the SE 
property. Let О Ф и е Ь ф(р, X ) and

(*) 5 IIM l|„nV G u, R ) / 0 .

I f  u(t) is strongly exposed p-a.e. on supp(n), then и is strongly exposed. 
Moreover, if (T, I ,  p) is a-finite, then condition (*) can be omitted.

R em ark . For the Bochner Lp-case, 1 < p < oo, this theorem has been 
proved by P. Greim [4] with smooth X. Thus we dispose of this assumption 
in the Bochner Lp-case as well. Let us note that assumption (*) is now 
superfluous However, recall that X- is now separable.

P roof. Let u(t) be strongly exposed in X, p-a.e. on S = supp(n). Our 
approach will be by considering the following set-valued mapping Г : S -*'2X:

r(t) — {x* e S x*: V 3 V <x, x*> ^  |n(r)| — 3, or |w(0~x| < e,
e >  0 ô > 0 x eX

or \x\ >  |w(t)|).

By Lemma 1.2 (c) for К = B|u(f)( =  { x e l :  |x| ^  |n(r)|} a functional x*eX *  
(or in the unit sphere Sx*) strongly exposes u(t) precisely when x*eT(t), so 
that dom(F) =  S. Let us note that, by virtue of the remark given below, 
Lemma 1.2 both £ > 0 and <5 > 0 can be rational. Further

Graph (Г) = fl U П ( А и В и С ) ,
£ >  0  ^ > 0  xeX

C = {(t, x*)eS x S x*: \x\ > |m(0I},

В = {(t, x )eS  x S x*: \u(t) — x\ <e},

A = {(t, x): S x S x*: <x, x*> ^  |n(r)| —

Since £ and Ô are rational and X  is separable; Г is a multifunction from S 
into Sx with Graph (Г) in Г|5 xA$Sx... Moreover, the unit ball in X* is now 
separable and metrizable in <5(3f*, X) topology of X*. Applying Aumann’s 
selection theorem, we obtain that there is a weakly measurable selector 
x(t)er(t), p-a.e. on S.

Let g be in intersection (*). By the SE property of Lv (p, R) the function 
|u| is strongly exposed by g. Let us define v(t) = g(t)x*{t), p-a.e on T. Clearly, 
v(t) still' strongly exposes '  и (t), p-a.e. on S, since supp(g) => S (see remark 
below Definition 1.3).

Further, (•, M) = (•, g) defines a linear and continuous functional on
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L^ig) which strongly exposes \u\. Moreover, given w e L 0(g, X ) we obtain 

|(w, v)\ =  \$g(t) <w(t), x*(t))dgj ^  |И |ф|Ыи,
T

i.e., (•, v) defines a linear and continuous functional on L0(g, X). Our task is 
to prove that this functional (we identify it with v) strongly exposes u. Let us 
note that

<n(f), v(t)} = g(t) (u(t), x*(t)) = lu(t)\g(t) = \u(t)\ |t?(f)|,

and hence (u, v) =  (|u|, |r|) =  ||м|!Ф||^||*. Now, the remainder of the proof runs 
.quite analogously to the proof of the implication (b)=>(a) for Theorem 4.1. 
This is so because the weak measurability of the function v does not lead to 
additional difficulties. Thus, with this remark, the proof is finished.

R em ark . Let us note that assumption (*) in the theorem can be 
replaced by a stronger one, namely by L(p(g, R)* s  L^fig, R). 'As it was 
already mentioned, it is satisfied when (T, Z, g) is <5-finite and q> satisfies A2 
condition. When (T, Z, g) is non-atomic, from the remarks given in Section 
1, it follows that the SE property for L ^ g ,  R) can be replaced by strict 
convexity of q>, since A2 condition is satisfied. Indeed, as mentioned, by [9] 
we know that now for L ^ g ,  R) the SE property and strict convexity of q> 
coincide, because this last property means strict convexity of L^ig, R) when 
A2 condition for q> is satisfied [13], [14].

R em ark . When X  is smooth a little shorter proof is possible. However, 
much more is available, namely the separability of X  can be dropped, as in 
[4]. We will formulate a suitable theorem with a sketch of proof.

Theorem 4.5. Let the assumption from the beginning of this section be 
satisfied except for the separability of X  and let L^ig, R) have the SE 
property. Let О Ф u e L 0(g, X) and let

w  a n i u | i i » n v ( ^ * ) # o .
I f  X  is smooth and u(t) is a strongly exposed point g-a.e. on supp(u), then и is 
a strongly exposed function. I f  (T, Z, g) is о-finite, then condition (*) can be 
omitted. ^

P roof. Since X  is smooth, then given a function w e L 0{g, X) we get 
that the following mapping

S 3 t  -> (w(t), Vu(t)) =  lim (Iи (r) +  Aw(f)| — u{t))/À 
л-*о

is a measurable function with respect to (S, Г|5, g), where S = supp(u) and 
V\u(t)\ denotes a gradient of the norm | | at u(t). We have now d|n(r)| 
= {P|u(0|}, g-a.e. on S. On the other hand, L ^ g ,  R) has the SE property 
and therefore there is a function g from intersection (*) strongly |w|. Let us 
define I?(f) =  g(t) V\u(t)\, g-a.e. on S and v(t) — 0 on T\S .  Since X  is smooth,

4
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the gradient V\u(t)\ must strongly expose u(t), as u(t) is strongly exposed. 
The same is true for v(t), where t is in S up to a set of zero measure. 
Moreover, |F|u(t)|| =  1, thus as a constant function is measurable on S. By 
Proposition 3.3 we can always assume that g > 0, /z-а.е. on supp(gr) as in the 
proof above. Moreover, S a  supp(g). Thus, we have all we need to continue the 
proof along the lines of the preceding proof.

A theorem of P. Greim follows as a corollary, which was mentioned in 
the remark below Theorem 4.4.

C o r o l l a r y  4.6. Let Lp(p, X )  be a Bochner Lp-space, where 1 <  p <  o o ,  

over a measure space (T, X, p). Let 0 Ф u e L p(p, A) and be strongly exposed in 
X, p-a.e. on supp(n). Then и is strongly exposed in Lp(p, X).

P roof. It suffices to remark that the dual to Lp(p, R) is Lq(p, R), and 
therefore condition (*) in Theorem 4.4 can be dropped. Moreover, Lp(p, R), 
1 <  p < + o o ,  is uniformly convex and therefore has the SE property.
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