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The Faedo-Galerkin method in thermal stresses theory

Abstract. Five boundary-initial value problems for thermal stresses equations of classical
and generalized thermomechanics describing inhomogeneous, anisotropic medium occupied
bounded domain G <= R (r = 1, 2, 3) have been formulated according to the classification of the
V. D. Kupradze. The solvability and properties of the weak solutions of these boundary-initial
value problems in the Sobolev spaces have been investigated using the Faedo-Galerkin method.

1. Introduction. The initial-boundary value problems in the -thermal
stresses theory have been investigated by V. D. Kupradze (cf. [24]), W.
Nowacki (cf. [34], [35], [37], [38], [39]), J. C. Podstrigag (cf. [45])"in the
class of smooth functions using the method of integral transformation and
the method of integral equations. The initial-boundary value problems in
classical linear thermoelasticity have been studied by C. M. Dafermos (cf.
[51) using the method of Hilbert space and by G. Duvaut and J. L. Lions (cf.
[9]) using the method of the variational inequalities.

In this paper, using the Faedo—Galerkin method, the solvability and
properties of the weak solutions of the five boundary-initial value problems
for thermal stresses equations of classical and generalized linear
thermomechanics have been investigated in anisotropic Sobolev spaces.
These boundary-initial value -problems have been formulated according to
the classification of V. D. Kupradze (cf. [24]). We restrict our attention to
classical and generalized linear thermal stresses equations for inhomogeneous
anisotropic materials.

After an introductory section in which the initial-boundary value
problems are formulated we proceed to investigate existence and uniqueness
of weak solutions. We prove the existence and uniqueness theorems of the
weak solutions and the continuous dependence of these solutions on given
data for the five boundary-initial value problems for the thermal stresses
equations of classical and generalized linear thermomechanics (Sections 4 and
5), respectively.

In the final sections, we study the regularity of the weak solutions with
respect to the space and time variables in the case of classical and
generalized thermal stresses theory (Sections 6 and 7).

Basing on the proved theorems, we have obtained the sufficient
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conditions in order to make the weak solution of the first boundary-initial
value problem in the case of isotropic and homogeneous medium the
classical solution (Example 6.1 in Section 6).

The proofs of all existential theorems have been camed out using the
Faedo—Galerkin method.

2. Sobolev spaces. By r we denote the dimension of the Euclidean space
E’ in which the configuration of the thermoelastic medium is embedded. The
analysis will be carried out for general r though the model is physically
meaningful only for r =1, 2, 3. By x we denote the typical point of E" and
by x,,..., x, the coordinates of x with respect to a fixed Cartesian
coordinate system. By a = (ay, ..., «,) we denote multiindex and by jo| = «;
+ ... +a, its length. We introduce the following notation for derivatives with
respect to the space variables.

0*=07"...9,, where §;=20/ox; forj=1,...,r

Time derivatives are denoted by & = &°/0t°, where s =1, 2.

Let G be an open bounded set in E" (cf. [12], p. 13) with regular
boundary 4G.

I?(G) is the space of (!) (equivalence classes of) measurable functions u
such that (p being given with 1 < p < o)

@.1) ll gy = ( j[u(x)l"dx)”" <w, 1<p<ow,
(22) il gy = €55 suplu (), p=oco,

Taken with the norm (2.1) or (2.2), I?(G) is a Banach space; if p =2,
I?(G) is a Hilbert space, where the scalar product corresponding to the norm
(2.1) (where p = 2) is given by

(2.3) : (u, V)26 = fu(x)v(x)dx
The Sobolev space W,"(G) (cf. [4], p. 29-38, [48], p. 53-64), 1 < p < o0,

consists of functions u belonging to I7(G) with weak derivatives 0% u, |a| < m,
belonging to I7(G)

24 W (G) = {u: ue IZ(G): 0" ue IZ(G); la| < m},
With the norm
(2.5) lellwma) = (' 'Z; lIo* ”LP(G))UP

it is a Banach space.

(") All functions considered here are real-valued.
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The case p =2 is fundamental. To simplify the writing, we shall put
W7 (G) = H™(G);

with the scalar product

(2‘6) 2 (u$ U)Hm(G) = Z (yu, azv)LZ(G)
la] <m
it ié a Hilbert space. The norm in this space is given by
. 1/2
27 el gy = ( 3 N ull25)"".
. laf€m

Let CP(G) denote the space of infimtely differentiable real-valued
functions defined on G consisting of those elements with compact support
contained in G. By H{E(G) we denote the Hilbert space obtained as the
completion of C{(G) by means of the norm ||| H7(G) given by (2.7). H(G) is
the subspace of the space H™(G).

By I>(G) (H™(G)) we denote the r-fold Cartesian product of I?(G)
(H™(G)), respectively. We denote the scalar product and norms in the spaces
LZ(G)9 LZ(G) (Hm(G)’ Hm(G)) by (" ')L25 (‘5 ')LZ ((’ ')Hrm (" ')Hm) and ”.“LZ’ ”“LZ
(Il gm> 1l gm), Tespectively.

In this paper we shall investigate the solvability of evolution problems
using the Faedo—Galerkin method in the space I*(I, X), where I = (0, 9) = R
(0 < & < o0) is the time interval, X the Banach space with its norm denoted
by |1x (cf. [8]).

By I¥(I, X) we denote the space of (classes of) functions t— f(t)
from (0, 9) - X measurable for the measure dt such that

(28) [ (jnu(r)npdr)”" 1<p<oo,

(29) il g, = €55 iupnu(r)nx, p=co.
te

This is a Banach space.

. W}, X), ke N, denotes the space of the measurable functions u: I — X,
with d"u/di"e I2(I, X) for 0 < n <k (derivatives in the weak sense). The
norm in Wi(I, X) is given by:

k 3
(2.10) Il = 2 gnd" u()/de"|z dt.

n=0

The space WX(I, X) is the Hilbert space (cf. [53], p. 168).
Let V and H be two Hilbert spaces over R with norms ||y, |I'lx,
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respectively, their scalar product in H being written (-, )5; we assume that
V < H, V dense in H (?).

Identifying H with its dual (H = H*) (3), H is then identified with a
subspace of the dual V* of ¥, whence

(2.11) V<cHcV*
The spaces V, H, V* which have property (2.11) form the Gelfand triples (cf.
(81, [53).

In this paper we shall use the following inequalities:
1. The Poincaré inequality (cf. [12], p. 14)
(212) lliZm < C Y [l0*u?dx, YueH3(G),
la| <m G
where C = C(G, m).
2. The Korn's second inequality (cf. [8], p. 110)

gl

(2.13) {e;Wewdx+ [uudx > Clluli? Yue H (G),
v G G

where &;(u) = 3(6;u;+ ;u;) and C = C(G), C >0.

3. Gronwall's inequality (cf. [26], p. 298). Let g, ¢ be functions with the
properties g, 0eC ([0, 9]), g, ¢ = 0 and let g be a non-decreasing function. If
o satisfies the inequality

t
(2.14) o) <g()+Cyfelo)ds, 0<t<3, Co=const,
0

then there exists a constant C; = C,(C,, 9) such that
(2.15) o) < Cig(n), Viel0, 9]

4. The Garding’s inequality (cf. [33], p. 192). Let A be a strong elliptic
operator of order 2m. Then there exist constant og, 49 (g > 0, 4y > 0) such
that

(2.16) (= 1)"Re(Au, u) > a0||u||fim—,10||u||i2 for Vue C(G).
Remark 2.1. The spaces used in our consideration form the Gelfand
triples, for example in the case (cf. Theorem 4.2) of the first boundary-initial

value problem we use the spaces H{(G), [Z(G), H '(G) which form the
Gelfand triple.

3. Statment of the problems. In this introductory section we formulate

(%) Therefore, there exists a constant ¢ such that {jvlly < c|lolly, VeV
(®) By V* we denote the dual space to the space V.
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the initial-boundary value problems for the equations of thermal stresses of
classical and generalized thermomechanics.

In the case of r-dimensional (r = 1, 2, 3) linear thermoelasticity theory,
the equations of thermal stresses of classical thermomechanics for the
inhomogeneous anisotropic medium - covering bounded domain G < E'
(r=1,2,3) (cf. [23], [34], [35], [49]) have the following form:

(3.1 u=A(x, du+B*(x, O T+F,
(3.2) o T =al(x, ) T+q,

where u = (uy, ..., u,) is the displacement vector field of the medium, T the
temperature of the medium, F =(F, ..., F,) the body force, g intensity of
heat sources. We denote by A(x, ¢) the matrix differential operator r xr of
the form (%)

(3.3) A(x, 0) = (ah ajhkt(x) al)j,k= 1,.r

which is a strong elliptic, self-adjoint (formally) operator. Its coefficients are
continuously differentiable in a bounded domain G with smooth boundary
0G (cf. [1], p. 63) and satisfy the following (cf. [34], [49]) conditions:

(3.4 ajhkl(x) = ahjkl(x) = djpik (%) = ayn(x), VxeG.
The scalar differential operator a(x, d) has the form
(3.5 a(x, 0) =0y ay(x) 0,

and is strong elliptic (formally), self-adjoint. We denote by B* (x, 0) the one-
column matrix differential operator r x1 of the form

(3.6) BY (:’Ca 0 = ("‘ & blh(x))hz 1.

The coefficients by, are bounded, continuously differentiable (cf. [49], p. 188)
and satisfy the following conditions:

(3.7) biy(x) = by (x), VxeG.

For equations (3.1), (3.2) we formulate (cf. [24], p. 55, 56, 600; [34], p. 69,
[5] five boundary-initial value problems in which the boundary conditions
have the following forms:

@ » Urxoe =U;  Tlixee =0;
(D) Sl =Srs & Tliwa =9;
(111) Uixae =U; 06, Tlixec =95
Iv) S Mo = Sk; Thieae = ©;

(*) We adopt the summation convention.
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V) dhreas, =Us Shlixag, =Sx; @8 T+ Dlixeg =0 ()
(V") |
uIIXaGI =0’ (S'n+ku)|1x0661 = 09 TII x0Gy = 0’ (aay T+ﬁT)|1 xéGcz = 0;

where stress vector S-n and the transversal derivative 0, T are given by

(3.8) S-n= ("j Sji)i= Liyr = (”j aijkl(x) 0 uk)i= 1,0rs
(3.9) 5}, T = (n, am (x) 6;, T);
n=(ny, ..., n) is the unit exterior normal to 0G; U, S, 6, g are given

functions, a, f, k are real positive constants,
oGS = 0G—0G,, OGS =0G—0G,, I=(0,9) (9<o0).

With the system of conditions (I), ..., (V) we associate the following initial
conditions:

(3.10) u(+0) =up, Ou(+0) =u;, T(+0)=T,.

In the case of r-dimensional (r=1,2,3) linear generalized
thermomechanics the equations of thermal stresses for the inhomogeneous
anisotropic medium (cf. [45], p. 21, [49], p. 199) have the form (%)

(3.11) 62u = A(x, du+B* (x, ) T+F,
(3.12) 1,32 T+0,T=a(x, ) T+0Q,

where u = (u,, ..., u,) is the displacement vector field of the medium, T the
temperature of the medium, F = (F,, ..., F,) the body force, Q the intensity
of heat source, 1, the constant of relaxation (7). The operators A(x, 9),
a(x, 0), B (x, 0) are designated by (3.3), ..., (3.6) (cf. formulas (3.3), ..., (3.6)).
For equations (3.11), (3.12) the boundary conditions have the form

~

(D . ulyxoe = U; Tl xo6 = O;
(ﬁ) R S nlva = Sg; a’yT'IxéGz —lg;
(1T Uyo =U; 8, Tlxa = —lg;
(I~V) S nlixee =Srs  Tlixae =0;
)

u|1x001 =U; S'nllxan‘;SR; (ayT+asT+TrasatT)|IxaG=O (8);

(°) The boundary condition (V¥), designates heat flux through the surface (cf. [34], p. 22)
aG.

(°) Exactly Q = lg (cf. [45], p. 21), where [ =147, d,.

(") For metals 7, = 107! [sec] (cf. [45], p. 7).

(%) The boundary condition (V9), follows from the generalized heat low (cf. [45], p. 8).
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V9 Ul xoo, =05 (S n+ku)l;cags =05
TII x0G = 0; (ay T+as T+T,.as 6, T)II XﬁG‘i == 0;

where a, is the coefficient of thermal expansion,”k the constant (cf. [5]). With
the boundary conditions (I), ..., (V) we associate the initial conditions:

(G13) u(+0) =uy, Bu)(+0)=u,, T(+0)=T,, (B TN(+0)=T,

where ug, u,, Ty, T; are given functions on G.

From now on, the boundary-initial value problems with boundary
conditions (1), ..., (V) (D), ..., (V)) for equations (3.1), (3.2) ((3.11), (3.12)) and
with initial conditions (3.10), (3.13) we shall call (I), ..., (V), (D), ..., (V)
problems of classical (generalized) linear thermomechanics.

Problem (V¥ is the most general problem for thermal stresses equations
of the classical thermomechanics. Similarly, (V¥ problem is the most general
problem for thermal stresses equations of the generalized thermomechanics,
because problems (I), ..., (IV) are its particular cases.

In the present paper, the existence and uniqueness of the weak solution
of problem (V% and (V% is proved using the Faedo-Galerkin method in
Sobolev space I?(I, H' (G)). The proofs of these theorems imply the proofs of
the theorems about existence and uniqueness of the weak solutions for
problems (1), (I), (III), (IV), (V?) and (T), (1), (11), (IV), (V?), respectively.

We shall describe the Faedo-Galerkin method in the next section (see
the proof of Theorem 4.1).

4. Existence and uniqueness of the solations of the boundary-initial value
problems for thermal stresses equations of classical thermomechanics. In the
present section we investigate the solvability of the boundary-initial value
problems for thermal stresses equations of classical thermomechanics. At
first, we study problem (V¢ because it is the most general problem for
equations (3.1), (3.2). In order to do it, we start with the definition of the
weak solution of this problem.

DeriNiTION 4.1 (a weak solution of problem (V?). The pair
(41) (ua T)ELZ(I’ VO) XL2(15 Vl)

will be called a weak solution of problem (V°) if (u, T) satisfies the following
identities

(4.2‘) (B2 u(ty, w)+ay (u(t), w) = (Pe(0), w)+(B" T(1), w), Ywel,,

@3) (& T, v)+ay(T(1), v) = —g J T(t)vdé+(q(1), v), Vvel,

oG
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with initial conditions
(4.4)
u(+0) =iy =uy—P(+0), @Cu(+0)=i,=u,—0e(+0, T(+0)=T,

where forms a, (-, *), a, (-, ©) and functional ¥ (:) appearing in (4.2), (4.3) are
given by:

4.5 ag (u(1), w) = f Ayt (X) 6wy B widx,
G
(4.6) ay(T(1), v) = {ay(x) & To,vdx,
G .
4.7) (Pe(t), w) = | Sgwdl+(F (1), w)—(07 @(1), w)—a, (P(1), w),
oG

where @(1)e H' (G) with the -property @(t)l,;, = U(t) and
48) doeV,, #,el}(G), TyeV,, FelX(I, ()
qel?(1, V*), Sge*(I, [*(0G)).
By V,, V; we denote the spzices defined as follows:
4.9 Vo = (we H' (G): Wiy, =0},
(4.10) V, = lve H(G): (20,v+ Pu)lag = 0.

Let us notice that the spaces V,, I2(G), Vg and V,, I?(G), V;* form (cf. [52],
[53]) the Gelfand triples. The symbol (-, -) denotes the forms of duality on (¥,
Vg) and (V;, V;*), respectively, which on the Cartesian product I?(G) x I*(G) or
on the product I?(G) x 12(G) becomes the scalar product in the spaces I? (G) or
I2(G), respectively.

Tueorem 4.1. Let Wi, q satisfy

4.11) ‘ Yee W, V), qel?(1, V).
Then there exists a unique weak solution (u, T) of problem (V9), with the
properties
4.12) quel?(I, (G)), 0dluel*(I,Vy), o Tel*(, V),
and it depends on the given functions uy, uy, Ty, U, Sg, F, q, continuously.

Remark 4.1. In order that the functional ¥, given by (4.7) ought to
satisfy condition (4.11), it is sufficient that Fe W, (I, I>(G)) and the extension
Sz, U (cf. [20]) to I xG of the functions Sz and U have the properties:

Selixag€ Wi (I, 2(6G)), Ul xaae W5 (I, H'2(3G)) ().

(°) The definition of the space H'?(dG) may be found in [26], p. 48-53.
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Outline of the proof of Theorem 4.1. The proof is divided into
two parts. In the first part we proof the existence of the solution of problem
(V¥ using the Faedo—-Galerkin method and show the continuous dependence
of the solution on given data.

In the second part we proof the uniqueness of the solution of above
problem. L

[. Let {w™: meN! be a linear, independent and complete system in
and let |v,: meN] be a linearly independent and complete system in
Vi (19,

We define the Galerkin approximations of the solution (u, T) by

(4.13) u"(t) =Y. g7 (Ow; T (0) = ) ha(0)v),
j=1 j=1
where g}"('),'hmj(j are chosen in such a way that they satisfy (cf. [20]) the
following system of equations:
(4.14) (612 u™ (1), Wl),_2+01 (um(t)a Wl) = (WF(’), WI)L2+(1Tr T,.(1), Wl)Lza

I1<i<m,

@19 (@ Tyt (T v) =

J Tm([) l’1d§+((1(f), Ul)a
oG

1<i<m,
with initial conditions

m m
un(+0) =ag = Y yopw;s  (Gu(+0)=aT = ) )fyw;
i=1 J=1

4.16) m
T,(+0)=Tg" = Z 10; V55
j=t
where
Z yo;w g in Vo, yiw — i, in L (G),
i1 j=1

4.17) =

m
an!jvj_”’[b ln l/l lfm-*OO.
i=1

The system of equations (4.14), (4.15) with initial conditions (4.16) is a
system (cf. [20]) of ordinary linear differential equations and has a global
solution on interval I = (0, 9) (3 < o). Thus, the Galerkin approximation

(*°) The spaces ¥, and V; (cf. [26]) are separable.
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sequences (U™),n and (7,)..y are uniquely determined by system (4.14),
(4.15).

By multiplying equations (4.14) and (4.15) by (G,g) (1) and h,, (1),
respectively, and taking the sum over [ for 1 < /< m, we obtain:

(4.18)
(07 u™ (1), G u™(1),2+ay (W™ (1), 6,u™ (1) = (Pr (1), O u™(1),2

+ (B - Tm (T), 6{ u™ (t))LZ s

B

4.19) (6, (1), Tn(1)) 2+ a2 (T (0), T,,(0) = - J'(R(I))zdva(Q(l), T.(1))-

oG

Using the éimple transformation and integration on the interval (0, 1) (t < 9)
and applying Korn’s second inequality (cf. [8], p. 110), Schwarz’s inequality
and taking into account the inequalities (cf. [8], p. 99)

[ lol?dé <ellollZ; +c.lloll?2,  VveH'(G),

G
and

2 1 2
2|ab| < ea®*+-b*, Ve>0,
S

we get the following estimates:
4.20) |16, um Iz + oy W™ @17,

< Cor (188117, + T2+ ¥r ONPs + PR (T + {1185 Pr (@l ds)
0

+Cy [(10,u™ SN2 +llu™ (7 ,)ds+ C [l T ()17, ds,
0

0

421) Tl 2+ [T (s)lIZ, ds
0

t t
< Coz (I TSNT, + [lla (S)I¥; ds)+ C2 [T, ()12, ds,
0 0

where a,, Co, C,, Coy, C, are various positive constants independent of m.
After applying Gronwall’s inequality (cf. [26], p. 298) to inequalites (4.21),
(4.20) we get:

4.22) I T (@)lI?2 < Co, €, for any meN and re[0, #,
(4.23) N6, u™ ()12, < Co; €,  for any me N and te[0, 9].
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The estimates (4.22), (4.23), (4.20), (4.21) imply:
(U™ e bounded in  I*(I, V),
(4.24) (6,u")ney  bounded in  IZ(I, (G)),
(T men bounded in I?(I, V) and in I}(I, Z(G)).
Consequently, there exist weakly convergent subsequences (u""), (&,u"™),
(T.,) of the sequences (U™)pen, (6, ™) mens (Tr)men (they will be denoted by the
same symbols as the Galerkin sequences, i.e, (U"),en> (G U4wens (Thnen)-
Without loss of generality we may assume that:
(u") —z (weakly) in IZ(1, Vp),
(4.25) (G u")—z' (weakly) in (I, (G)),
(T,) ~Z(weakly) in I*(I, V}) and in (I, *(G))
for n — co0. Obviously, z' = 6,z (cf. [53]) and since u"(+0) — z(0) in ¥, we get
z(0) = u,. Let #eC=®(I) such that ®(9) =0. We put ®'()=d()w', &,()
=o()v.
Multiplying (4.14), (4.15) by @(-), taking m =n > | and integrating by

parts on the interval (0, 3) we have:
3

(4.26) ;(a (), 8, (1) 2 de + [ a, (u (1), D'(0))dr
0

9 S
j Ve (1), 9 (1),2dt+(0,u"(+0), D(0),,+ [(B* T, (1), ¢'(1)),2 dt
0

427) - j (T,(0), O, ®y(1)), , dt + f ay (T, (1), D,(1))dt

(0] 0
S 3

= H—g J T, (1) @:(t)dé]dw J(q(t), @,(t))dt +(T,(0), ¥,(0)), .
oG

0 0
In Vxew of (4.25), taking n—' o0 in (4.26), (4.27) we get:

(4.28) —j (Gz(t), 6, <I>’(t))dt+fa1 (z(r), ®'(1))dt

= (4, d>’(0)) j"('l’,.-(t) <15’(1,‘))dt-|-j(B+ (t), @' (1))dt,
s

@29) - J (Z(1), 8, ®,(0)de + Jaz Z(), 9,())d

Y]
S

S
_ ﬂ b fzu)qb, t)dé]dwfq(t) 1(0)dt+(T, ,(0).
o

0 G
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In f)articular, the above equations are true for any @ Cg (I). Thus it
follows from (4.26)(4.29) that:

(4.30) (2 z (1), w)Hay (z(1), w') = (Pr(t), W)+ (BT Z(1), w'),
4.31) (& Z(@), v)+ay(Z(2), v) = ——g [Z(t) v dé Jr(({(t), v)
oG

for arbitrary w'e (w”: me N}, v;e {v,,: meN].
From (4.28), (4.29) after integrating by parts we obtain:

43 (8,2(0), W) ®(0) = (i, w)) D (0),
433 - (Z(0), 1) ®(0) = (T, v) (0)

for any w', v;; so 3,z(0) =1i,, Z(0) = Ty.

Therefore the pair (z, Z) is the weak solution of problem (V¢ in the
meaning of Definition 1. Under the foregoing assumptions it can be proved
(cf. {26], Chapter 1) that:

zeC(I, Vo), @zeC(l, B(G), ZeC(I, 2(G)).

From inequality (4.21), after taking n— oo and using a simple
transformation, we obtain:

3 9 3
@349 [IZOly, de+ [, Z Ol di < Co[ITollf, + [llg I, de],
0 0 0

where C, is a constant independent of m.
Similarly, taking m — oo in inequality (4.20) and using Gronwall’s
inequality, we get:

(435) 142002+ Iz (0],

9 3
< C [l 12, ol + 1 W (O3, + I1Pe (9N ds+ 110, Wr ()13 ds
o 0

9
HITOIIP, + [llg (Ol dt].
0

Integrating (4.35)' on the interval (0, t), using the definition of the
functional ¥ (") and the trace theorem (cf. [26], [21] and [3], p. 376, formula
(7.17)), we obtain estimates, which show that the solution (u, T) depends
continuously on given data. -

I1. The proof of the uniqueness of the solution to the above problem is
performed (cf. [20]) classicaly and is based on Korn’s second inequality (cf.
[8], p. 110, [12], p. 75, (2.13)).



Faedo-Galerkin method in thermal stresses theory 95

Now we introduce the existence-uniqueness theorems for the boundary-
initial problems (I), (1), (IIT), (IV), (V?)."

Problem (I) with homogeneous boundary conditions is a particular case
of (¢G, = @, B— o) problem (V?). Therefore, we get the definition of the
solution of this problem from Definition 4.1 putting

(4.36) Vo =Ho(G), Vi=H3(G), @()=0, Ye(t)=F(1)

and substituting the forms a,(-, ?), a(-, ) by forms (A(-, 9 -, ") (a(-, d -, ")
and neglecting the integral which is on the right-hand side of (4.3). The
following (cf. [15], [19]) theorem is true.

Tueorem 4.2. Let ug, uy, Ty, F, q satisfy
(437) uoe Ho(G), u e?(G), . Toe Hy(G), FelX(l, (),
' ge (I, H™1(G)).

Then problem (1) has a unique solution (u, T)
(u, T)e L2(I, HY(G)) x (B (I, H(G)) n (1, I2(G)))

with properties
(4.38) ouel*(I, LZ(G)), GFuel(I, H'(G), &Tel(I,H '(G)
and it depends continuously on given data uy, u,, Ty, F, q. !

The proof of Theorem 4.2 runs similarly to the proof of Theorem 4 1. In
order to obtain the suitable estimations of sequences of the Galerkin
approximation we apply to the strong elliptic operators A(:, &) and a(, d)
Garding’s inequality (cf. [33], p. 192, (2.16)).

Problem (II) with homogeneous boundary conditions (II), is the specific
case (0G, = @, o — o0) of problem (V.

Putting in Definition 4.1

Vo=H'(G), @0 =0, (¥Ye(),w)= [ Sgwdl+(F(1),w),

%Gy

V, = ve H'(G); 0,v|6 =0}

(4.39)

and omiting the integral on the right-hand side of (4.3), we have the
definition of the solution of problem (II). For this problem the following
thgorem is true:

TueoreM 4.3. Suppose that
uoe H'(G), u,eB(G), TeV,, YreW!(L(H'(G)), qel{, V.
Then there exists a solution (u, T) of problem (1)

(440) - (u, TYe 2 (I, H' (G) x (I, V)
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with properties
441)  Qquel*(I, 2(G), &tuel?(I, HY(G)*), o Tel*(, V),

where u is designated with occuracy to the rigid displacement.

The proof of Theorem 4.3 follows from the first part of the proof of
Theorem 4.1.

Problem (III) with homogeneous boundary conditions (III) is a
particular case (6G, = @, « — o) of problem (V“‘). So, in that case putting in
Definition 4.1

4.42)
Vo=Hs(G), V,=weH(G), ,vlag =0}, @(1)=0, ¥:()=F(@)
and substituting .the form a(:, -) by the form (A(-, &) -, ) and neglecting the

integral occurring on the right-side of (4.3) we obtain the definition of the
solution of problem (III).

THEOREM 4.4. Let uq, u,, Ty, F, g satisfy

(4.43)
uoe HY(G), u,el?(G), TeV,, FelX(I,2(G), qel*(, V).

Then problem (111) has a unique solution (u, T)
(4.44) (w, e B(I, HY(G)) x B (I, V)
with properties
(445  Quel*(I, I(G), <dtuel?(I, H'(G)), ¢ Tel*(I, V)

and it depends continuously on given data uy, uy, Ty, F, g.

The proof of Theorem 4.4 runs similarly to the proof of Theorem 4.1.
The difference lies in the fact that in order to get the suitable estimations the
sequences of the Galerkin approximations we apply Garding’s (cf. [20])
inequality to the strong elliptic operator A(:, 0).

The definition of the solution of problem (IV) with homogeneous
boundary conditions (IV), as a particular case (6G; = @, B — o) of problem
(V%) is obtained from Definition 4.1 taking :

Vo=H'(G), Vi=H(G), &@0)=0,

(Pr(D, w) = | Sk wdé +(F (1), w),
G

(4.46)

exchanging the form a,(:, ") by the form (a(-, 0), ‘) and neglecting the
integral occurring on the right-hand side of (4.3).
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THEOREM 4.5. Suppose that

upe H'(G), u, € 2(G), Tye HY(G), ¥re Wi (I, (H (G))), ge I2(I, H™1(G)).
Then there exists a solution (u, T) of problem (1V)

(4.47) , (u, TYe Z(I, H'(G)) x (I, H}(G))

with properties

(4.48) due*(I, I*(G)), od*ruel*(l, (Hl(G))*), & Tel2(I, H'(G)),

where u is designated with occuracy to the rigid displacement.

The proof of Theorem 4.5 follows from the first part of the proof of
Theorem 4.1. The definition of problem (V?) is a modification of Definition

4.1.
Putting in Definition 4.1

Vo= w: weH'(G): wlg, =0}, @) =0,

(4.49)
Vi = (v: ve H'(G): vy, = 0], We() =0,

and adding on the right-hand side of (4.2) the term of the form —k | uwdé
%9

and exchanging 0G by dG$ in the integral taking place in formula (4.3) we get
the definition of problem (V?). For this problem the following theorem is true:

THeOREM 4.6. Let uy, u,, Ty, F, q satisfy

(4.50)
uoeVy, wuell(G), ToeVy, FeW,(l,(G), qel’(,Vy).
Then problem (V®) has a unique solution (u, T)

(4.51) (u, TYeI*(I, Vo) xI2(1, V})

with properties
(4.52) ouel(I, P(G), &uel?(I,Vs), & Tel*(, V¥

and it depends continuously on given data uq, u,, Ty, F, q.
The proof of Theorem 4.6 runs similarly as the proof of Theorem 4.1.

5. Existence and uniqueness of the solution of the boundary-initial value
problems for thermal stresses equations ‘of generalized thermomechanics. In
this section we formulate the existence-uniqueness theorems of the boundary-
initial value problems for the thermal stresses equations of generalized
thermomechanics. At first, we consider problem (V¥ because it is the most
general problem for equations (3.11), (3.12). Now, we proceede to the
definition of a weak solution of problem (V).

7 — Prace Matematyczne 27.1
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DerFiNITION 5.1. (a weak solution of problem (V%). The pair
(5'1) (ua T)EIJZ(I’ %)XLZ(I’ Vl)

will be called a weak solution of problem (V%) if (u, T) satisfies the following
identities:

(520 (3Fu(), w)+a, (u(®), w) = (¥Pe(), w)+(B* T(1), w), Vwel,
(53)  1,(@2 T(t), )+(3 T(0), v)+as (T (1), v) |
+1,.0, [ O T()vdé+a, [ T()vds = (Q(1), v), VeV,
i P

with initial conditions
54 u(+0) = dp = up— ®(0);  (d,w)(+0) = &, = u; — 3, ®(0),
' T(+0)=T,, (& T(+0) =T,

where forms a, (-, ), a, (-, ) and functional ¥ (t) occurring in (5.2), (5.3) are
given by (4.5), (4.6), (4.7) and the spaces V, and V; are defined as follows:

(5.5 Vo = (we H' (G); Wi, =0},
(5.6) . Vi = {v: ve H'(G)}
and

hoe Vo, G,el3(G), TyeV,, T,eI2G),
Fe?(I, 2(G)), Qel?(I, }(G), Srel*(I, (3G)),
where @(t)e H'(G) with the property (cf. [8]) D)o, = U ).
Let us notice first that in this case the spaces V,, IZ(G), Vg, V;, 2(G),

V¥ also form (cf. [52], [53]) Gelfand triples.
In this case (cf. [20], [19]) the following theorem is true.

THEOREM 5.1. Let T, T,, ¥r, Q satisfy
(58) a(, D e 2(G), TieV,, YreW}(LVS), QeW, (I, (G).

(5.7)

Then there exists a unique weak solution (u, T) of problem (V%) with the
properties

duel?(I, P(G), duel’(, V),

(5.9)
aTel(, V), &el(l, B(O)

and it depends continuously on given data uy, u,, Ty, T;, U, Sg, F, Q.
Remark 5.1. In order the functional ¥ to satisfy conditions (5.9), the
functions F, Sg, U ought to satisfy the conditions mentioned in Remark 4.1.

The proof of Theorem 5.1 is (cf. [20]) analogous to the proof of
Theorem 4.1.
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Now we introduce the existence-uniqueness theorems for problems M,
M, (), av), (V®). We obtain the definitions of these problems from
Definition 5.1 using a similar consideration as in Section 4. We restrict
ourselves to the formulation of the theorems for these boundary-initial value
problems.

THEOREM 5.2. If we assume that
uoe H3(G), ue2(G), ToeHy(G), T e (G),

then problem (I) with homogeneous boundary conditions (1) possesses a unique
solution (u, T)

(5.10) (u, TYe (I, H3(G)) x I2(I, Hy(G))

with properties

5.11) duel?(I, 2(G), &uel’(I, H'(G),
6 Te?(I, (G), @& Tel*(I, H *(G)),

and it depends continuously on given data uy, u,, Ty, T;, F, Q.

The proof of Theorem 5.2 follows from (cf. [16]) the proof of Theorem
5.1

THEOREM 5.3. Suppose that ‘

uoe H'(G), u,el?(G), T,eH'(G), T, el?(G),

Yee WA (I, (H'(G)*), QeWi(I, I2(G), geW;(I, 2(3G)).
Then there exists a solution (u, T) of problem (1)

(5.13) (u, TYe (I, H*(G)) x 2(I, H'(G))

with properties

(5.12)

duel?(I, B(G), @uel?(l,(H'(G)"),
o, Tel?(I, X(G), @& Tel(I, (H(G))

where u is designated with accuracy to the rigid displacement (cf. [34], [8]).

The proof of Theorem 5.3 follows from (cf. [20]) the first part of proof
of Theorem 5.1.

THEOREM 5.4. Let uqy, uy, Ty, Ty, F, Q, g satisfy
uoe H§(G), u,el(G), TeH'(G), T el(0),
Fe}(I, B(G), QeWi(l,2(G), geW, (I, Z(0G)).

(5.14)

Then problem (ITI) with homogeneous boundary condition (ITII) has a
unique solution (u, T)

(5.16) (u, TYe I2(I, HY(G) x (I, H' (G))
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with properties
s17 duel?(l, 2(G), @&uel(l,H '(G)),
47 o, TeX(I, 2(G), @Tel*(l, (H'(G)"),

and it depends continuously on given data uy, uy, Ty, T,, F, Q.
The proof of Theorem 5.4 runs similarly as the proof of Theorem 5.1.
THeOREM 5.5. Suppose that '

upe H'(G), w,el(G), TeHyG), Tel(0),
Yee W) (I, (HY(G)Y), Qel2(l, Z(G).

Then there exists a solution (u, T) of problem (ﬁ/) with homogeneous
boundary condition (IV)

(5.19) (u, T)e I2(I, H'(G)) x I2(I, H}(G))

(5.18)

which has the following properties

520 duel*(I, B(G), &tuel?(I, (H'(G)"),
20)

( 4 6 Tel? (I, I2(G), & Tel*(I, H'(G)),

where u is designated with occuracy to the rigid displacement (cf. [34], [8]).
The proof of Theorem 5.5 follows from the first part of the proof of

Theorem 5.1. In the case of problem (V?) the following theorem is true.

THEOREM 5.6. Let uy, u;, Ty, Ty, F, Q satisfy

uoeVy, uel?(G), TyeV,, T, el*G),
al, ) Tye 2(G). FeW; (I, B(G). QeW} (I, I2(G).

Then problem (V?) has a unique solution (u, T),
(5.22) (u, TYe I2(1, Vy) x I2(1, V}),
with properties

quel?(1, 2(G)), &FuelZ (1, V§),

629 8 Tel2(, V), RTel2(l, I2(G),

and it depends continuously on given data ugy, uy, Ty, T;, F, Q.

Remark 5.2. The spaces V, and V; appearing in Theorem 5.6 are given
as follows: V, by formula (5.5) and V; = {v: ve H'(G): VoG, = 0}.

The proof of Theorem 5.6 runs similarly (cf. [20]) as the proof of
Theorem 5.1.

6. Regularity of the solution of the boundary-initial value problems for
thermal stresses equations of classical thermomechanics. In this section we

.~
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introduce the theorems about the regularity of the solutions for the
boundary-initial value problems for thermal stresses equations of classical
thermomechanics. :

At first, we formulate two theorems about regularity of the solution to
problem (I). '

THEOREM 6.1. (regularity with respect to t). If the following supplementary
conditions are satisfied

(6.1) FeW} (I, B(G), qeWi '(I, H'(G), k=1,
(6.2) dueHYNG) for 1=0,... . k—1; &u(0)e2(G);
(6.3) O T()eHYNG) for 1=0,..., k—1,

then under these additional hypothesis the solution (u, T) of problem (1) has the
additional regularity

64 (w, TYe Wi~ (I, H5(G)) x Wi~ 1 (I, HS(G)),
 Fuel2(I, B(G), & 'uel*(I, HY(G), & Tel*(I, H'(G)).

Remark 6.1. Conditions (6.1)6.3) are conditions of the regularity for
U, uy, To, F(0), q(0).

The proof of Theorem 6.1 is carried out using the principle of
mathematical induction and basing (cf. [17], [18]) on Theorem 4.2.

THeEOREM 6.2. (regularity with respect to x). Let uq, u,, Ty, F, q be so
regular that the solution (u, T) of problem (1) satisfies the condition

(6.5) (u, Tye WE(I, HY(G)) x W (I, H)(G)).
Moreover, it is assumed that
(6.6) FeWf (I, H"(G)), qeWs (I, H"(G), m>1.

Then under this additional hypothesis the solution (u, T) of problem (1) has
the additional regularity

(67)  (u, TYe W5~ 2(I, H*(G) n H}(G)) x Wi~ (I, H**1(G) n H§(G))

Jor le N satisfying the conditions 21 < k and 21—1 < m.

The above theorem folllows from regularity theorems for elliptic (cf. [53],
[32]) differential operator.

ExampLe 6.1. From Theorems 6.1, 6.2 and Sobolev’s imbedding
theorem (1) (cf. [48], p. 77-78, [53], p. 184) it follows that if the following

(") WA((0, 9), W(G)) < C"([0, 9D x G) if [—1' > (r+1)/2,
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conditions are satisfied:
Fe W2 (I, I2(G) n W1, H? (G)),
(6.8) q=Wil(I, H*(G), da'*qel?(1, H'(G)),
uge H*(G), u, e H"?(G)nHY' (G), Toe H*(G)nHE(G),
F(0)e HS (G), 0,F(0)eH'*(G)nH}(G), &}F(0)eHJ(G),
(3,3F(0)er‘(G)ﬁHZ)(G), @ F(0)eH)(G), & F(0)eH®(G)n HY(G),
& F(0)e H3(G), 9] F(0)e H*(G) nH3(G), & F(0)e H5(G),

a; F(0)e H*(G) N Hg(G),
O°F(0)eH)(G), 0''F(0)e£*(G), q(0)eH* (G)nHF(G),

4 4(0)eH'®(G)nHF'(G), & q(0)eH"(G)nH(G),
R qOeH (G)nHY G, & q(0)eH"*(G) nH(G),
& q(0)e H''(G) n Hy*(G),
o q(0)e H(G) nHy' (G), &/ q(0)e H(G) N H3(G), & q(0)e H(G) N H{(G),

. & q(OeH*(G)nH3(G), §°q(0eH (G) nH3(G), &'q(0)eH(G).

Then the solution (u, T) of problem (I) for homogeneous izotropic
medium (r = 3) (%) has the regularity

(6.10) (u, T)e C2([0, 9] x G) x C*([0, 9] x G).

Now, we mention the regularity theorems for problem (V¢).

THeoreM 6.3 (regularity with respect to t). If the following supplementary
conditions are satisfied

(611} lI/F€W2k(13 VO*)a qEWZk_l(I7 Vl*)7 k 2 1
Gu@eV, for1=0,...,k—1; u@ekl(G),

(6.12)
&TOeV, forl=0,.., k-1,
then the solution (u, T) of problem (V) has the additional regularity

(6.13) (u, Ye Wy~ (I, V) x Wi i1, vy,
FueZ(I, I(G), o uelZ(,Vy), & Tel2(, V).

(*?) In this case A(, & = A(d) = (~+pgraddiv+pd, B*(, ) = B" () = ygrad, a(-, 0
=a(0) = 4, where 4 = 6}?1- (cf. [34], [44]). j=1,...,r.
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Remark 6.2. In order that the functional ¥;() to satisfy conditions
(6.11) it is sufficient that Fe W5 (I, I*(G)) and the extensions U, Sg (cf. [20])
to I xG of the functions U ana Si have the properties

Ulrxoc€ WET2(I, HY2(3G)),  Sli«oae WE(I, 2(3G)), k= 1.

The proof of Theorem 6.3 is similar to the proof of Theorem 6.1.

THEOREM 6.4. (regularity with respect to x). Let uqg, uy, Ty, ¥r, q be so
reqular that the solution (u, T). of problem (V® satisfies the following
conditions:

(6.14) (u, DeW;, Vo) x Wi (I, V).
Moreover, we assume that
(6.15) Yee WS 31, H™(G)), qeW; '(I, H*(G), m>1.

Then under this additional hypothesis the solution of problem (V°) has the
additional regularity

(6.16) (u, Tye W3 2!(1, H*(Q))x W3~ '(I, H*'*1(G))

for le N satisfying the conditions 2l < k, 21—1 < m, where G < G.

The above theorem follows from the theorem of internal smoothness for
the elliptic operators (cf. [12], p. 24, [32], p. 2395).

Remark 6.3. The proofs of the theorems on regularity with respect to ¢
of the solution of problems (II), (IIT), (IV), (V®) run similiarly to the proofs of
Theorems 6.1 and 6.3. The proofs of the theorems on regularity with respect

to x of the above problems are analogous to the proof of the Theorems 6.2,
6.4.

7. Regularity of the solution of the boundary-initial value problems for
thermal stresses equations of generalized thermomechanics. Below we
introduce theorems about the regularity of the solution of the boundary-
initial value problems for thermal stresses equations of generalized
thermomechanics. '

In the case of problem (I) with homogeneous boundary conditions (I)
the following theorems (cf. [19]) are true:

THeorReM 7.1 (regularity with respect to t). If the following supplementary
conditions are satisfied ‘

(7.1) FeWs (I, B(G), QeWs '(I,2(G), k=1,
(7.2) du(0)eHYG) for 1=0,...,k-1; du(0)e?(G),
(7.3) & TO)eHLYG) for 1=0,...,k—1; & T(0)e2(G),

then under this additional hypothesis the solution (u, T) of problem (1) has the
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additional regularity
(v, TYe Wy~ (I, Hy(G)) x Wi~ 1 (I, H3(G)),
(74 dFuel?(I, 2(G), &tluelZ(I, H1(G)),
KTel*(I, Z(G), o' Tel?(I, H'(G)).

The proof of the above theorem runs in the same way as the proof of
Theorem 6.1.

THEOREM 7.2. (regularity with respect to x). Let ug, uy, Ty, Ty, F, Q be
so regular that the solution (u, T) of problem (1) satisfies the following
conditions

(7.5) (u, TYe W5 (I, Hy(G)) x W (I, Hy(G)).
Moreover, we assume

7.6 FeWs 2(I, H™(G)), QeWt 2(I, H™(G), m>1.

Then under this additional hypothesis the solution (u, T) of problem (1) has
the additional regularity

(17)  (u, T)e WE=2(I, H*(G) n HA(G)) x WA=2(I, H2+1(G) n H)(G))

for le N satisfying the conditions: 21 <k and 2I—1 < m.
The proof of Theorem 7.2 is similar to the prbof of Theozem 6.2.
Now we formulate the regularity theorems for problem (V¥).
THEOREM 7.3 (regularity with respect to t). If the following supplementary
conditions are satisfied

(78) YIFe VVZk(I’ VO*)’ Qe VVZk(Ia LZ(G))’ k = 11
(19) dueVy forl=0,..., k=1, &u0)el(G)
(7.10) ATO)eV, forl=0,..., k-1, &T0)el?G),

then the solution (u, T) of problem (\7") has the additional regularity
(u, THYe Wy~ (I, Vo) x WE~ (I, V)),
(7.11) Guel2(I, B(G), & tuel2(, V),
FTel (I, 2(G), o*TrTel’*(, V).

Remark 7.1. In order that the functional ¥ (}) should satisfy condition

(7.8) it is sufficient that F, Sk, U satisfy the same conditions as in Remark
6.1.

The proof of Theorem 7.3 is similar to the proof of Theorem 6.3.
THEOREM 7.4. (regularity with respect to x). Let ug, u;, Ty, T,, F, Q be
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so regular that the solution (u, T) of problem (\7") satisfies the conditions
(7.12) (u, TYye Wi, Vo) x Wi (I, Vy).

“Moreover, we assume
(7.13) Yee WS 2(I, H"(G)), QeWs (I, H"(G)), m=>1.

Then under this additional hypothesis the solution of problem (V%) has the
additional regularity

(7.14) (u, TYe W5~ 2(I, H*(Q)) x W5~ 2'(1, H*'*1(Q))

for le N satisfying the conditions 21 < k, 21—1 < m, where G = G.

The above theorems follow from the theorem on internal smoothness for
the elliptic operators (cf. [12], p. 24, [32], p. 235).

Remark 7.2. The proofs of the theorems of regularity with respect to ¢
of the solution of problems (ﬁ), (ITI), (ﬁ/), (\7”) run similiarly to the proofs of
Theorems 7.1 and 7.3.

The proofs of the theorems of regularity with respect to x of the above
problems are analogous to the proofs of the Theorems 7.3 and 7.4.
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