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Boundary value problems for Poisson equation 
in the domain E *

1. The aim of this paper is to construct the solutions of certain 
boundary problems for Poisson equation

(1) A u ( X ) = f ( X ) ,

where X  = (xl5 x„) denotes a point of n-dimensional Euclidean space E„
n

(n ^  2) and A — Y, Dx. denotes the Laplace operator, in the domain
i=i

E t  — D =  {X: xt >  0, i — 1, . n) ;

/  is a given function defined for X e D .  Let

S t  = {X- xt = 0, xk > 0, k e {  1, n) \ {i}}, i =  1, n.

We shall look for the solutions of equation (1) which are regular or 
biregular in D u  S t  и  ... и  S t  ■ and satisfy on subsets S t  (i = 1, ..., n) of the 
boundary of D the Dirichlet or Neumann conditions or the boundary value 
conditions of the third kind. To construct the solutions of those problems we 
shall use the suitable Green’s functions. Green’s functions for Poisson 
equation and boundary-value problem of the third kind in £ 3  were 
presented in [2]. The boundary value problems of all three kinds for 
equation (1) were solved in [5] and [6] for £ 3  and E t ,  respectively. The 
solutions of Dirichlet and Neumann problems for the Laplace equation in 
E t  and the solution of Dirichlet problem for equation (1) in £ 3  were given 
in [8]. Green’s function for Laplace equation in £ 3  with boundary 
conditions of the third kind on S t , S t  and with the Dirichlet condition on 
S t  was presented in [9]. The object of this paper is a generalization of 
results of [2], [5], [6], [8]. Following [3], [4], we introduce the operation о 
and we derive with its help the general formulae representing the Green’s 
functions and certain boundary problems for (1) in E t . These general 
formulae may also be used for representation of particular Green’s functions 
and boundary problems defined in [2], [5], [6], [8].
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2. Let us consider the sets N  =  {1, n}, Щ = {0, 1, иг}, where v, > 0,
i eN.  Let A — Wx x ... x W„, В = W x  ... x IT^-times). We shall consider the 
subsequences (vni, ..., v„k), ke N ,  of the sequence (u1? v„) and the subsets 
A„t ч  of the set Л \£  defined as follows:

where

Cdn

A l .... nk =  C l ( " l ’ • • • ’ Пк) X ••• ХС„(ПЬ tlk),

i [ Vi ) for i E w*},
\ w  for i e N \ { n u  ..., nk],

In virtue of the foregoing definitions we obtain the equality \J An t„k 
= A\ B,  where we sum over all subsequences (wl5 nk) of the sequence
(1, n). Let us denote by (e1, . .., e„) the basis of the space E„ of the form
ex = (en , ... ,  ein) with eH =  1 and eik =  0 for i Ф к (i, keN).  The elements a 
= (ûj, . . an) e A  will be identified with the vectors al ex +  ... +ane„. Let 

X  e En, X a = (x"1 xann), where

» x,- for =  0,

xf1 = < — x, for Щ — 1,
I  — x, — vt for a{ = Vi

and lim x”' =  — x,, i eN,  X (0t_ t0) = X.  Let Y = (ylt ..., y„)eEn and let ra
vi -+0 +

n

= \Y—X a\ = [X  O'l “ Я?1')2] 1/2 denote the distance of the points X a and Y,
i = 1

r(o,...,o) = r = |T— X\. Let V(r) be a function defined for r > 0. We shall write 
Уa f ° r v (ra) (aeA).

Let a e A ni" „̂k (keN)  and let

(2) I(Va)=(2h)k j  Кае х р [ /ф И1+ ... +v„k)]dvni ... dv„k,
R +"1.....nk

where h is a fixed negative number, and

К 1г....пк = {(»И1, • • • » v„k): v„. ^  0 (i = 1, ..., k)} (keN).

Let us assume that the functions Va (aeA), I(Va) (ae,A\B)  depending on 
variables X,  Y, v1, . . . , v„  are defined in some non-empty set A cz E2„
x ЯГ,

D efinition 1. In the set of all functions Va, I(Va.) where aeA,  a ' eA \ B ,  
we define the operation о as follows: 

l0 K ° K ' =  K+a' for а’,яа + а'еА,
2° VaoI(Va.) = I(Va+a.) for aeB,  a’e A \ B ,  a + a’e A \ B ,
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3° l(Va)oI(Va,) = I(Va + af  for a, a', a + a ' eA\ B ,
In virtue of Definition 1, the operation о is commutative and associative 

and has a neutral element V. We shall assume that this operation is also 
distributive with respect to addition and that the fixed factors may be taken 
outside the operation and multiplied.

3. Now let us consider the following sets:

Di = {X: Xi > 0}, Sf = {X: x, = 0}, ie N; D = D и  S t  и  ... u  Sn+.

It is well known that the fundamental solution of Laplace’s equation is of the 
form

U(r) = (2л)-1 ln(r-1 ) for n = 2,
U  U{r) = [_(n-2)Qn] - l r~n + 2 for n > 2,

where Q'n denotes the measure of the surface of the unit n-dimensional ball. 
Let us consider the following integrals

(4) H (D»x UJ  =  (2h)k f Di Ua exp [A + «.,)] dv4  ... dvv
R +

where а е А п^ „ к, k e N ,  ot denotes a multiindex (ab ..., a„), Dx denotes the 
derivative ... of the order |a| = ax + ... -f a„, |a| = 0 , 1, 2, ...

Let Na = {i e N : at Ф 0]. We shall prove the following 
Lemma 1. I f  i e N a, then
1° the integrals H(Dx Ua) given in (4) are locally uniformly convergent at 

every point (X , У) e Д  x (Д  u  S;) [(Д u  S;) x Д ],
2° D°x I(U a) = H(DX Ua) for (X, Y)eDi х (Д  u S (), [(Д и Sf  x Д ]. 
P roof. Let K(X,  rj) denote the ball with centre X  = (xl5 ..., x„) and 

radius r\ >  0, 77) с :Д ,  i e N a, and let K(Ÿ,  g j  denote the ball with
centre Ÿ = (ÿl5 у„)еД  and radius > 0 .

While

(5)
ra >Xi-r]  for X e K { X ,  д), У еД  u S (, (v4 , ...,
ra ^  M (rni+ ... +vnk) for Х е К { Х , д ) ,  YeK(Ÿ ,  f/j) п (Д  u 5 (),

(s = \ , к),

where M, M 1 are suitably chosen positive constants, then due to (3) and (5) 
we obtain

\Ua\ ^ M 2 if n ^  3,

ID* Ua\ ^  M2 if n ^  2, |a| ^  1,
(6)
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for X e K(X,  f]), Y e D i u S i ,  (vni, ... ,  and

I (!> + . . . + О  for n = 2, Y e K(Ÿ,  g) n  (Di uS,),
(7) _

v„s ^ M u  s =  1, X e K { X , vi),

M, (i = 2, 3) being convenient positive constants.
From (6), (7) it follows that the integrals (4) are locally uniformly 

convergent at the point (X, У )еД  ieiVr
The proof of local uniform convergence of the integrals (4) at any point 

(X, 7 )е (Д  и 5 ,)х Д ,  ieiVa is analogous.
2° is a consequence of Г.
Let us consider the following functions:

Gle. = Gle. (X , Y )  = U + U ei,

(8) G2ei = G2e.(X, Y) = U - U e.,

0 3ei = G3e.(X, Y) = U+ Ue. + I(U Vie.)

for i eN;  the function U is given in (3).
We shall prove the following
Lemma Ъ The functions Gke. {k — 1, 2, 3; ieN),  given by (8) have the 

following properties:
1° Gke. are defined and of class C00 for X  Ф Y,

( X , Y ) e Di x (A- u  Sd m  u  St) x Д ] .

2° Gke. satisfy Laplace equation with respect to Х е Д , X ф YEDi^jSi ,  

3° (a) Dx. Gle. -> 0, (b) G2e; —> 0, (c) (Dx. + h) G3e. -  0 as X - X .  eS,, 
X e D {, Y is a fixed point belonging to the set S{, i eN,  У /  X.

4° (a) Dy. Gle. 0, (b) G2e. 0, (c) (Dy. + h) G3e. ^  0 as Y -> У e Д  ,
X is a /ixcd point o f the set Dt, Y Ф X, iEN.

P roof. We shall prove assertions l°-4° only for the function G3e.
because the proof for the other functions* is similar. While the functions U, 
Uei, Uv.e. satisfy the Laplace equation as the functions of Х е Д  with fixed
Y e Д , X #  Y, then in virtue of Lemma 1 the function G3e. has properties 1°, 
2°. We shall prove that the function G3e. satisfies the boundary condition 3°. 
By Lemma 1 and the rule of integration by parts for the integral Dx. I(Uv.ei) 
we obtain

(9) (Dx. + h) G3e. = Dx. Gle. + hGle. -  2hUe. for X, Уе Д , X  Ф Y.

In virtue of (8), (9), 3°(a), we get 3°(c). The proof of 4°(c) is analogous. That 
completes the proof.
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Let Ф = (1, 2, 3] x ... x {1, 2, 3] (n-times) and let cp = (<рь  tp„) 
= (p1e1+ ... +(pne„ be a fixed point of the set Ф. Consider the function Gy 
of the form

(10) G ^ G J X ,  Y) = G(Piei(X,  7 )o .. .o G v J I ,  Y),

where Gy.e., i eN,  is given by (8).

Lemma 3. The functions Gy given by (10), where tp =  tpl el + ... + (рпепеФ 
have the following properties:

1° Gv are defined and of class C™ for (X, Y ) e D x D

[D xD , { D v S ? ) x ( D\ S ? ) ,  (D\S,+ )x (D u S ,+)], X Ф Y, i eN;

2° Gy satisfy Laplace equation as the functions of X e D  with fixed YeD,  
Y ф X;

3° (a) for ^  =  1, Dx. G y  -> 0, (b) for <pt =  2, G y  -> 0; (c) for q>t =  3, (Dx. 
+ h ) G y ^ 0  as X  X t e S f , X e D , Y e D \ S f ,  X  ф Y, i eN;

4° (a) for ^  = 1, Dy. Gv -* 0, (b) for <jpf = 2, G  ̂ 0, (c) for <pf = 3, (Dy. 
+ /?) G  ̂—► 0, as T ^ e S , + , TeD, X e D \ S f ,  Y Ф X, i eN.

Proof. By (8), (10) and Definition 1 of the operation о the function Gv 
(<реФ) is a linear combination of the functions Ua and I{Ua>), where aeB,  
a ' eA\ B .  Then in virtue of Lemma 1 and the fact that Ua (a e A ) satisfies the 
Laplace equation as the function of Xe D ,  X  Ф Y with fixed YeD,  we obtain 
thesis Г and 2° of Lemma 3. To prove 3° we shall show only that the 
function Gy satisfies boundary conditions 3° in the case i = 1. The proof that 
Gy satisfies boundary conditions 3° for i e N  \ {1 j is analogous. The function 
Gy is a linear combination of the functions Gyie io U b and Gv e o I ( Ubf  
where b = (0, b2, ..., bn)eB,

b' = (0, b'2, Ь'п)еА„Ь'" Пк, \nu ..., nk] cz N \ \  1).

By Definition 1 and Lemma 1, the following equalities hold:

G<Plel oU b = Gy \Xi = xbi, i e N \ \  1),.
( И ) Gyie io I ( Ub.)

= 1(Щк j  С*1в1ехр[/1(17И1+ ... +V„k)']\Xi=xbi,ieN\{lldvni . . . dvn 
R +

" 1 ......nk

for X e D u S t ,  Y e D \ S t .
Thesis 3° of Lemma 3 follows now from Lemma 1, 3° of Lemma 2 and 

formula (9). The proof of 4° is analogous. That completes the proof.

4. To construct the solution of the boundary-value problems we shall 
avail the function Gv given in (10) and their properties proved in Lemma 3. 

Let ÿ  = (yl9 ..., y,_ i, yi + j, ... ,  yn) denote the projection of the point Y
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on the plane yt = 0 (i e N ), if we identify this plane with the space En- l . We 
shall write Z, for the set

z , =  { /: yt >0,  keN\ { i } } ,  i eN.

Let <p — (<Pi,. . . ,  <p„) be a fixed point of Ф. Consider the functions

(12) ui(X)  =  ( - l f '  Y)I о dyi,
zj

where = 0 for q>j = 1, 3; p(p. = 1 for cpj = 2; f p { y j) being a given function 
defined on Zj- ( j e N ), and the function

(13) z9{ X ) = - S f { X ) G 9(X,Y)dY.
b

We shall prove that under suitable assumptions on the functions f p , j e N ,  f, 
that the function

(14) w9(X) = z9 (X) + u9{X), 

where

(15) «„(*) = Î »j,m,
i= 1

is a solution of equation (1) satisfying the following boundary conditions:

DXj w9(X) = fj{xt) as (pj = 1 ;

(16) w9{X) = fj2{xj) as cpj = 2,

(DXj + h) wv (X)= f f  (xj) as q>j = 3

for X e S p  j e N .

5. In this section we deal with the functions uJv (jeN )  and the function 
Uy given in formulae (12), (15). We shall prove under suitable assumptions on

the functions f p  ( jeN)  that the function иv is a solution of Laplace equation 
satisfying the boundary conditions (16).

Let us consider the functions

DXiDPyp G y i X , Y) as (Pi = 1,

(17) D y p G ^ X ,  Y) as (Pi = 2,

{Dx. + h)D%G9(X, Y) as (Pi = 3,

where q> =  {<pu  . .. ,  (рп)еФ, {X, Y ) e D x S f , 7'e N \ {
We shall prove the following. ,
L em m a  4. The functions defined in formula (17) tend to zero as X  

->X i e S p  X e D , j e N \ { i ] ,  i e N .
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Proof. We shall prove Lemma 4 only for the case j e  N \ \  1} because for 
j e N \ { i ) ,  i = 2, n, the proof is similar. When tpj = 1, 3; j e N \ { l j, the 
thesis of our lemma follows from Lemma 3, immediately. Now let tpj = 2, 
j e N \ {  1]. While the functions G^ defined in (10) are linear combinations of 
the functions G(Pieio U b and Gv e o I ( Ubj  given in (11), then it is sufficient 
to show that the functions

(18) DXiD (Gleio U b), Dyj(G2ei о Ub), (DXl + h)Dy.(G3ei о Ub)

and the functions

(19) Dx l Dyj(GU l o I ( Ubj), Dy.(G2eio I ( Ub')), (Dxl + h)Dyj(G3eio I ( Ub.))t

where (X, Y)eD x S f ,  b = (0, b2, ... ,  bn)eB,  b' = (0, b'2, ..., b'n)e A n̂ _ t„k, 
\n1, nk) a  N \  {1, j ) , j e N \ \  1 ) tend to zero as X  —<■ e S j , X  eD.

Let M (r) = r~x Dr U (r), Gl e i = M  + Mei, G2ei= M - M ev G3ej = M 
+ Mei+1(Mviei). By Lemma 1 and Definition 1, we obtain the equalities

b:+ 1(20) Dy.{G(Piei o U b) = ( -  1)J Xj{G9ieio M b)

= ( - i ) bj+1 XjGp I bs, s e N \ {  1]
XS = X S

for (X,  L )e D x S /,  and

(21) Z)y.(G<Pieio / (G J )

= ( - l ) bj+i xj(2h)k f G(f>ieiQxp[h(vni+ ... +^„fc)]|xs=^s,s6N\{i Idvni ... dv„k
R + '

for (X, Y)eD x S f  .
In a similar way as in the proof of thesis 3° of Lemma 2 (for the 

function G ^ ^ )  we may prove that the functions DXl Gle , G2, (DXi + h)G3ei 
tend to zero as X , Y e D x, Х Ф  Y Hence, by (20), (21), the
functions defined in (18), (19) tend to zero as X —>X1eSjb, X e D .  That 
completes the proof.

Let |У| denote the distance from the point У C/eX) to the point 
(0, ... ,  0 )e£ „ -!.

Lemma 5. I f  the function f j{ÿ)  is measurable and bounded on Zj ( j e N )
and

f 1/НУ)1 d ÿ  < oo for j e  N = J1, 2, ... ,  n) , 

if n — 3, 4, 5, ... and [ \fj(yj)\ |У| dyd < oo for j e N  = {1, 2}, and, moreover, q>
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Г the integrals

j f j ( y i)Dl’ D’x G<p(X, Y%r 0 J ÿ ,
Zj

where \a\, \fi\ =  0, 1, 2, . . are local ly uniformly convergent at any point  
X e D \ S /  ( j e N ) ,

2° D‘x j f j W D f y G J X ,  Y)\rj=0dyJ
Zj

= f f j  ( / )  d y Щ  Gy (X, Y )I 0 dyj  ■(j  e N ).

Proof. We shall prove thesis 1° only for the case j  = 1 while the proof 
for the other cases (j Ф 1) is similar. Observe that the definitions of the 
function Gy and of the operation о (cf. Definition 1) yield that it is sufficient 
to prove local uniform convergence of the following integrals /,, / = 1 , 2  of 
the form

I i ( X ) =  f f i i y ^ D i D b U J l ^ o d y 1 for a E B ,

h { X ) =  \  h { y l) ^ YD \ l { U a) \ y ^ o d y l for a ' eAHl....„fc, /ceiV

at any point X e D \ S By Lemma 1, we have

D ^ D \ l ( U a) ^ { 2 hf  J exp [ M s
R +

for a ' E A nv_ „ k, X e D \ S U  Y e D vjS Î  .
Let K(X,  t/) be a ball with centre X  = ( x l , ... ,  xn) e D \ S t  and radius 

g >  0, K ( X ,  g) c z D x. Then the following inequalities hold:

(22)
ra > x i - * 1 > 0  for a E B ,  X e K ( X ,  g), Y e St ,

ra ^  M | / |  for a E B ,  X e K ( X ,  g), | / |  ^ ^ > 1 , ^ = 0

and

(23)

га> >  x - L - g  >  0 for a ' e A 4 ....„k, X E K ( X , g ) ,  Y e S t ,

....Bjk.

ra' ^  M 2{\y1\ +  v4 +  ... + v „ k) for a ' E A „ v _ „ k,

X e K ( X ,  g), 1/1.^  M 3 >  1, y x =  0, vn. ^ M 4 (i =  1, . . . ,  k),

where M,-M, (i =  1, 2, 3, 4) are suitable positive constants. By the 
assumptions of our lemma and formulas (3), (22), (23) it follows that the
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integrals / l5 / 2, are locally uniformly convergent at any point X e D \ S Î .  
Thesis 2° is a consequence of Г. That completes the proof.

In virtue of Lemmas 4, 5 and 3 (thesis 2°) we obtain the following

Lemma 6. Let <p ~{tp i , (р^еФ and let the function f p { y j) be measur­
able and bounded on Zj (j e N ). Furthermore, let

!' If P ( / ) l 1/1 dyj < go for q>j = 1, 3, j e N  = {1, 2], 
i i

f \ f p{y j)\ dyj <oo for <Pj = 2 , j e N = { \ , 2 } ,
Zj

f \ fP(y j)\ dyj <oо for j e N  = \\, 2, 3, ..., n) if n ^  3.
Zj

T hen
1° 1 he functions uf for j e N  given in (12) satisfy the Laplace equation in 

the domain D,
2° the functions иJv for j e N  satisfy the following boundary conditions: 

DXiK( X)  = 0 for X e S ?  if (p{ = 1, 

иЦХ) = 0 for X e S f  if tpi = 2,

(Dx. + h)uip(X) = 0 for X e  S f  if ^  = 3, for i e N \  sj ) , j e N ,

We cite the following lemma from [1].
Lemma 7. I f  the function f  (yj) is measurable and bounded on Zj and 

continuous at the point x j = (xl5 Xj~i, xj + 1 , x n) e Z j  and, moreover, 
\ \ f j (yj)\dyj < oo, j e N ,  then the function 

Zj

Lj(X) = 2 \ f j (yj)DyjU(r)\yj=0dyj 
z j

tends to the function f j (xj) as X  —► Xj, where Xj — (x1? Xj_l5 
0, xj+i, ..., xn) e S f ,  j e N .

Now we shall prove the following
Lemma 8. I f  the function f ( y l) is measurable and bounded on Z { and

f I f  (/)l dÿ  < со (ie  N), then j f  ( / )  Dy. Ub\y. = 0 dÿ  -  0 and 
i i  z,

\ f W ) d ÿ  f Dy. Ub.\y. = 0exp[h(vni+ ... +v„k)jdvni . . . dvnk~+ 0

as X - ^ X i e S f ,  Xe D ,  for b e B \  {(0, 0), e-t\, ....„k,
\"i, ..., nk) CZ N\{i ] ,  i e N .

Proof. Let К ( Х {, <5) be a ball with centre X {e S f  and radius Ô > 0 such
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that the projection of K ( X h <5) on S, is contained in S f , i eN.  Then there 
exist such positive number ôx that the following inequalities hold:

rh ^ ô l for X e K ( X h <5)n(DuSf+), Y e S f ,  i e N ,

(24) rh>̂ 0 1 for X e K ( X h ô ) n ( D u S f ) ,  YeS,+ ,

By (3) and (24) we obtain the following inequalities

(25) |D,. Ub\ <  M x, |D,. l/fc.| <  Mx{

for X  e К (Xh <5) n  uSj+), Y e S f ,  where M is a suitable positive constant. 
In virtue of (25) and assumptions of our lemma we obtain the thesis of 
Lemma 8. That completes the proof.

Now we shall prove the following.
Lemma 9. I f  (p-=((p1, . .. ,  (рп)еФ and the function fp(y*) is continuous 

and hounded on Zj, and [ \ f j>J(yi)\dyJ < oo, j e N ,  then

-  f f> ( / )  DXj О,,',.. „ dy> -  1/ 1 v'l
Zj

if <Pj= b

Zj
if <Pi = 2,

f f j3 (У) {Dx +  h) Gv 1 о dyj - ,  f f  (*0
zi

if <Pj = 3

- X j e S f ,  j e N ,  Xe D .
P roo f. We shall prove only the case j  = 1 while for the other values of 

j  Ф 1 the proof is analogous. Observe that the function Gv is a linear 
combination of the functions Gv e i o U b, ei o l  (Ub>), where b 
=  (0, h2, ..., hn) e B, h' = (0, b'2, . .., b'n)e A ^  ^ , .  [nx, ..., nk j c N \ { l } .

The derivatives of those functions are given in the following formulas

(26) DXl(Gl' l o U b) = - D , l (GU l oU„)

= (DX1 +/i)(G3ei o U b) — 2DXI Ub =• —2Dyi Ub for X e D ,  Y e S t ,

(27) DXl(Gl e io I ( V b.))= - D n (G2eio I ( Ub.))

= (В,1+й)[03е1о/(1/(,.)]

= 2(2Hf f DXi CyexpIX r,,, + ... +»„ )]</»„ ... dv„k
R +

n X , . . . , n k

= - 2 ( 2 h)k f Dyi Uy exp[h(vni+ . . . +v„k)]dvni ... dv„k
R n 1, .. .,n k
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for XeD,  Y e S f  . Formula (27) is obtained due to Lemma 1. By (26), (27) 
and Lemmas 7, 8 we obtain the thesis of our lemma. That completes the 
proof.

From Lemmas 5, 6, 9 follows
T h e o r e m  1. Let tp =  (tpl , ... ,  <pn) be a fixed point of the set Ф. Let the 

function f p { y f  be continuous and bounded on Zj and

J Ifp iÿ ^ d y *  < oo for j e N  = {1, 2, 3, ..., n), n = 3; 4, ...,

f \ f p{y j)\yj \dyJ < oo for <pj = 1, 3, j e N  = [1, 2),
zj

f If p (У)1 dyj < oo for (pj = 2, j e N  = {1, 2}.
zj

Then the function uv given by (12) and (15) satisfies Laplace equation in D and 
boundary conditions (16).

6. In this chapter we shall consider the function z^iX) given by (13). We 
shall prove that under suitable assumptions on the function /  the function zv 
satisfies equation (1) in D and the homogeneous boundary conditions of the
form

DXiz,{X) = 0 for Vi = 1,
(28) z9{X) = 0 for (Pi = 2,

(Dx. + h)Z(p(X) =  0 for (pi = 3

if X e S f  (i e N ).
Now we shall prove two lemmas on the function m(X) defined as 

follows

(29) m(X)= - \ f { Y ) U { r ) d Y ,
b

where the function U (r) is given by (3).
L e m m a  10. I f  the function f  is measurable and bounded in D and 

J |/ (T)| dY < oo for n = 3 ,4 , . . .  and j  |/ (T)| \ Y \dY< cc for n = 2, then
D D

1° the integral m(X) and the integrals

mi(X) = $ f ( Y ) D x.U(r)dY, i e N ,
D

are locally uniformly convergent at every point XeD,
2° the function m(X) is of  class C1 in D and

Dx.m{X) = mf X)  for X e D ,  i e N .
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Proof. By the definition of the function U(r) for n = 2 it follows that 
there exist positive constants R, M  such that

IU (r)| ^  Mr~s for w = 2, 0 < r ^  4R,  0 < s < 1,
(30)

IU (r)| ^  r for n = 2, r ^  2R,

Let К (X, 3R) be the ball with centre X e D and radius 3R. Then the integrals 
m(X) and mfiX) may be writen in the following form:

m ( X ) = -  f f ( Y ) U ( r ) d Y -  f f (Y)U(r)dY,
D n K ( X , 3 R )  D \ K ( X , 3 R )

m , W = -  j f ( Y ) D xtU(r)dY-  I f ( Y ) D x.U(r)dY.
Dr^K(X,3R)  D\ K( Xr3R)

Let X e K(X, R) .  For Y e K( X, 3R)  we have r < R  + 3R = 4R, for
Y e D \ K  (X,  3R) we have r ^  2R. By (30) and the definition of the function 
U(r) for n = 3, 4, ... we obtain

\m(X)\ ^  M 1 J r~sdY+ M 2 j’ |F(T)| \ Y\dY  for n = 2,
K(X, 3R)  D

\m(X)\ ^  Mj J r~n + 2dY+ M 2 $\F(Y)\dY for n ^  3,
K(X',3R) D

\mi( X ) \ ^ M l { r~n+l d Y + M 2 $\F(Y)\dY for n ^  2,
K(X',3R) D

i eN,  for X e K ( X , R) M{ (i — 1, 2) are suitable positive constants that yield 
that the integrals m(X), mfX) ,  i eN,  are locally uniformly convergent at 
every point X e D. Thesis 2° is a consequence of 1°.

That completes the proof.
L em m a  11. Let the functions f  (Y), Dy. f(Y) ,  i e N , he continuous and 

bounded in D and

\ \ f{Y)\  |Г| dY  <  со f o r n  = 2; $\ f (Y) \dY<  oo for n =  3 ,4 , . . .
d i>

T / i c / 7  r / i e  function m (X ) i s  о / c / a s s  C 2 in D and satisfies equation ( 1 )  in D. 
P roof. Let K ( X,  3R) be the ball with centre X e D and radius 3R > 0 

contained with its boundary in D. Let m(X) = f  (AT) + l2(X), where

I A X ) = -  j  f ( Y ) U( r ) dY f  l2(X) = -  j  f  (Y)U (r)dY.
K( X, 3R)  D\ K(X, 3R)

Let X e K(X,  R). For Y e D \ K ( X ,  3R), r ^  2R. By the definition of U(r), the 
function l2(X) is of class C2 in K( X ,  R) and the order of derivation and 
integration may be changed. While the function U (r) satisfies Laplace 
equation with respect to the point X  (X Ф Y), then the function l2(X) 
satisfies Laplace equation for X e K(X,  R). Due to Poisson theorem ([7], p.
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193), the function lx (X) is of class C2 in the ball К (X, R) and satisfies 
equation (1) for X e K ( X ,  R). That completes the proof.

L em m a  12. I f  the function f  is measurable and bounded in D and

$\ f  (Y) \ \Y\dY< oo for n = 2; $\ f (Y) \dY < oo for /7 ^ 3 ,
b  b

then
1° the integrals T£(X) = — (’ f ( Y ) D x (G(fl—U)dY, 0 ^  |a| are locally

b
uniformly convergent at every point XeD,

2° the function T ^ - ’0)(X) = TV(X) = -  f f ( Y ) [ G (p- U ^ d Y  is of  class C*
b

in D and D \ Tv (X) = Tf(X) for XeD,
3° the function 1̂ (X) satisfies Laplace equation in D.
Proof. The function Gv — U is a linear combination of the functions Ua 

and Ua', a e B \ { ( 0, . . . ,0 ) j ,  a 'e A nv_̂ „k (k e N ). To prove 1° and 2° it is 
sufficient to show the local uniform convergence at every point X e D  of the 
integrals

J’ (X) = j f (Y)D% U„dY
b

and

m X )  = \ f ( Y ) U ‘x n U a) d Y
D

= {2h)k $ f { Y )d Y  j  Dax Ua.Qxp[h(v4 + ... +v„ky]dvni ... dvnk.

Let К (X, rj) cz D. Then there exist a positive constant Ô > 0 such that ra ^  <5,
ra- ^  Ô for XeK(X, r j ) ,  YeD,  (i? ....„k)e Æ* >>>n and positive constants
M, M x such that

rtt' < M{\Y\ + vn, + ... +u„k) ra ^ M \ Y \  ,

for XeK(X , r j ) ,  \ Y \ > M U vn > M x (n = \ , . . . , k ) .

The local uniform convergence of the integrals If (i = 1, 2) at the point X e D  
follows from the foregoing inequalities, definition of the function U and 
assumptions of our lemma. Thesis 2° is a consequence of 1°. While G^ — U 
satisfies Laplace equation with respect to X e D  for fixed УeD, X  Ф Y and 
by 2° we obtain

ATtp(X)=  — j / (Y)A(G4> — U)dY = 0 for X eD . 
b

That completes the proof.
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Let us consider the function z^fX), (p ={(p1, (р„)еФ given by (13). 
We shall prove the following lemma

L em m a  13. I f  the assumptions o f Lemma 12 are fulfilled, then 
1° the integrals

\ f { Y ) D x. G X i. i dY, J / (  Y) G„|„. - 2 ‘IY, J /  ( Y) (Dx. + h) С„|„. = 3 d Y
b  b

are locally uniformly convergent at every point X e S f ,  i eN,
2° the function z(p(X) given by (13) satisfies the boundary conditions (28).

P roof. While the function is a linear combination of the functions 
Ua and Ua>, aeB,  a ' eA \ B ,  then due to Lemmas 10 and 12 to prove 1° it is 
sufficient to show that the integrals^

S f W I b U ' d Y ,
b

(31)
J f ( Y ) d Y  J D%Ua.explh(v„t + - - + % ) l d v . l . . .dv, l ,
D R +

n l , . . . , n k

where |a| = 0, 1, a e B \ { ( 0, ... ,  0), c,j, a ' e A ni... „k, \nu  ..., щ ) c  N\[i] ,  are
locally uniformly convergent at every point X e S f  (ieN).  Let K(X,  rj) be the 
ball with centre X e S f  and such a radius ц > 0 that its projection on Sj- is 
contained in S f . Then there exists positive numbers Ô, M,  Mj such that the 
following inequalities hold: ra ^  <5, ra> ^  8 for X e K ( X ,  rj) n (D u ), YeD,
(^«1 ’ • • • ’ .....nk •

Then

ra < M\ Y \ ,  ra. ^ M ( \ Y \  + vni+ . . .+v„k)

for X e K ( X , r j ) n ( D x i S t+), \ Y \ ^ M l , v„^  M 1? s = l , . . . , k .  From the 
foregoing and the assumptions of our lemma it follows that the integrals (31) 
are locally uniformly convergent at the point X e S f ,  i eN.  By 1° of Lemma 
13 and 2° of Lemma 12 we obtain thesis 2° of Lemma 13.

That completes the proof.
In virtue of Lemmas 11, 12, 13 we obtain the following theorem. 
T heo rem  2. Let (p = (</>l5 <pn) be a fixed point o f Ф, let the functions 

f  (Y), Dy. f (Y)  ( j e N ) be continuous and bounded in D and let

j \ f (Y ) \ \ Y \ dY  < 00 for n = 2; J!f {Y) \ dY  < 00 for n ^  3.
D Ь

Then the function z ^ X )  given by (13) satisfies equation (1) in D and the 
boundary conditions (28).

By the Theorems 1 and 2 it follows the fundamental
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T heorem 3. I f  the assumptions o f Theorems 1 and 2 are fullfilled, then the 
function w<p(Ar) given *by formulas (12)—(14) satisfies equation (1) in D and 
boundary conditions (16).
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