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Boundary value problems for Poisson equation
in the domain E,

1. The aim of this paper is to construct the solutions of certain
houndary problems for Poisson equation

1) Au(X) = f(X),

where X = (x4, ..., x,) denotes a point of n-dimensional Euclidean space E,

| 4

(n>2) and 4 = ) D3 denotes the Laplace operator, in the domain
i=1

Ef=D={X: x>0,i=1,...,n};
f is a given function defined for XeD. Let
S§§=1{X: =0, x,>0, ke{l,....n}\{i}}, i=1,..,n

We shall look for the solutions of equation (1) which are regular or
biregular in D U S U...US, .and satisfy on subsets S (i =1, ..., n) of the
boundary of D the Dirichlet or Neumann conditions or the boundary value
conditions of the third kind. To construct the solutions of those problems we
shall use the suitable Green’s functions. Green’s functions for Poisson
equation and boundary-value problem of the third kind in Ej were
presented in [2]. The boundary value problems of all three kinds for
equation (1) were solved in [5] and [6] for EJ and E;, respectively. The
solutions of Dirichlet and Neumann problems for the Laplace equation in
E; and the solution of Dirichlet problem for equation (1) in E were given
in [8]. Green’s function for Laplace equation in E; with boundary
conditions of the third kind on §;, S; and with the Dirichlet condition on
S7 was presented in [9]. The object of this paper is a generalization of
results of [2], [5], [6], [8]. Following [3], [4], we introduce the operation o
and we derive with its help the general formulae representing the Green's
functions and certain boundary problems for (1) in E, . These general
formulae may also be used for representation of particular Green’s functions
and boundary problems defined in [2], [5], [6], [8].
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2. Let us consider the sets N = {1, ..., n}, W, = {0, 1, v;}, where v; > 0,
ieN.Let A=W, x... xW,, B=Wx ... x W(n-times). We shall consider the
subsequences (v, , ..., U,), k€N, of the sequence (vy, ..., v,) and the subsets

A of the set A\ B defined as follov/v,s:

nl,...,nk

—_— \
\Anl,...,nk = Cl (nl’ PR nk) X ... ch(nla ey Mgy,

where
C.( | {v,) for ieiny, ..., m},
(ny, ..., m) = i
P k w for ieN\{ny, ..., n},
In virtue of the foregoing definitions we obtain the equality U A,,, ..,

= A\B, where we sum over all subsequences (n,, ..., i) of the sequence
(1, ..., n). Let us denote by (e, ..., e,) the basis of the space E, of the form
e, =(ey, ..., e, with e; =1 and e; =0 for i # k (i, ke N). The elements a

=(ay, ..., a)eA will be identified with the vectors a;e;+ ... +a,e,. Let
XeE,, X,=(x{',..., x."), where

ieN.

xi for ai = 0,

@
X' =<4 =X for q; =1,
—-x;—v; for g, =v;

and lim x;'= —x;, ieN, Xq,..0=X. Let Y=(yy, ..., y)€E, and let r,

v; 0+

=|Y-X,| = [Z (y1 —x)*]"? denote the distance of the points X, and Y,

.....

o =F= |Y— X|. Let V(r) be a function defined for r > 0. We shall write

V, for V(r,) (ae A).
Let aeA,,, ., (keN) and let

(2) 1(V,)) = (2h)* j Voexp[h(vy, + ... +v,)]dv, ... dv,,
nl,...,nk

where h is a fixed negative number, and

Ry = 0ngs s V) 0, 20 (=1,...,k)}  (keN).

Nyseenst = U

Let us assume that the functions V, (aeA), 1(V,) (agA\B) depending on
variables X, Y, v,,...,v, are defined in some non-empty set A < E,,
XR1+,...,n~

DeriniTiON 1. In the set of all functions V,, 1(V,) where ac A, a’'e A\ B,
we define the operation o as follows:

1° VoV, =V, for a,d, a+d €A,

2 V,ol(V,) =1(V,+n) for aeB, ad € A\B, a+a'eA\B,
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¥ IVy)ol(V,)=1(V,,,) for a,a’, at+a' eA\B,

In virtue of Definition 1, the operation © is commutative and associative
and has a neutral element V. We shall assume that this operation is also
distributive with respect to addition and that the fixed factors may be taken
outside the operation and multiplied.

3. Now let us consider the following sets:
D;={X: x>0}, S8;={X:x=0, ieN;D=DuS}u...uS;.

It is well known that the fundamental solution of Laplace’s equation is of the
form

U(r)=Q2n) " 'In(r™Y for n =2,

) Urr)=[n-2Q,] 'r "% for n>2,

where Q, denotes the measure of the surface of the unit n-dimensional ball.
Let us consider the following integrals

@)  HOYU) =W | DiUsexplh(vy, + ... +v,)1doy, ... dv,,
R

nl,...,nk

where aeA,,ly___,,,k, ke N, a denotes a multiindex (a4, ..., «,), D% denotes the
derivative Dill Di: of the order |a| =a;+ ... +a,, || =0,1,2, ...
Let N, = {ieN: g; # 0}. We shall prove the following

LEmma 1. If ieN,, then

1° the integrals H(D% U,) given in (4) are locally uniformly convergent at
every point (X, Y)eD; x(D; u S;)[(D; v S;) xD;],

22 D3¥I(U)=H(D5U, for (X, Y)eD; x(D;uS;), [(D; US;)xD;].

Proof. Let K(X, n) denote the ball with centre X =(x,, ..., X,) and
radius #n >0, K(X,n) < D;, ieN,, and let K(Y, ;) denote the ball with
centre Y =(¥,, ..., ¥.)eD; US; and radius 5, > 0.

While
(5) _
r, 2 X, —n for XeK(X,n), YeD;US,, (U5 - V)RS i
re < M(v, + ... +v,) for XeK(X,n), YeK(Y,n)n(D;uS),
v, = M, (s=1,..., k),

where M, M, are suitably chosen positive constants, then due to (3) and (5)
we obtain

[Ud< M, if nz3

3
© !
DU <M, ifn>2, |of>1,
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for XeK(X,n), YeD; US;, (v,, ... v, )€R,, . and
UJ < M3(v, + ... +v,) for n=2, YeK(Y, n)n(D;US),
v, =2M,, s=1,...,k XeK(X,n),

s

™

M; (i = 2, 3) being convenient positive constants.
From (6), (7) it follows that the integrals (4) are locally uniformly
convergent at the point (X, Y)eD; x(D; US;), ieN,.
The proof of local uniform convergence of the integrals (4) at any point
(X, Y)e(D; U S;) xD;, ie N, is analogous.
2° is a consequence of 1°
Let us consider the following functions:
Glei = Glei(Xa Y) = U+ Uei’
) Gye; = G2, (X, Y) =U-U,,
GSe,- = G3ei (Xi Y) = U+ Uei+I(Uuie,~)

for ie N; the function U is given in (3).

We shall prove the following

Lemma 2. The functions Gy, (k =1, 2,3; ieN), given by (8) have the
Jollowing properties:

1° Gy, are defined and of class C* for X # Y,

(X, Y)eD; x(D; uS)[(D; u S;) xD;].
2° Gy, satisfy Laplace equation with respect to XeD;, X # YeD; US;,
3° (a) Dy Gy, — 0, (b) Gy, — 0, (©) (Dy+h)G3,;—0 as X — X,€8,,
XeD,;, Y is a fixed point belonging to the set S;, ie N, Y # X.
4 (a) D, Gy, — 0, (b) Gy, — 0, (¢) (D, + W G3,;, » 0 as Y - YeS;, YeD,
X is a fixed point of the set D;, Y # X, ieN.
Proof. We shall prove assertions 1°-4° only for the function Gj,,

because the proof for the other functions*is similar. While the functions U,
U, Uy, satisfy the Laplace equation as the functions of XeD; with fixed

YeD;, X # Y, then in virtue of Lemma 1 the function Gj,, has properties 1°,

2°. We shall prove that the function Gj,, satisfies the boundary condition 3°.
By Lemma 1 and the rule of integration by parts for the integral D, I(U,,)
we obtain

9 (Dy+MGy,, =Dy, Gy +hGy, —2hU,,  for X, YeD;, X # Y.

In virtue of (8), (9), 3°(a), we get 3°(c). The proof of 4°(c) is analogous. That
completes the proof.
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Let ®=1{1,2,3}x...x[1,2,3] (ntimes) and let ¢ =(¢,,..., @,
=@ e+ ... +@,e, be a fixed point of the set @. Consider the function G,
of the form

(10) G, =G,(X,Y) =G, (X, Y)o...0G,, (X, Y),

?re1

where G ieN, is given by (8).

eiej’

LemMA 3. The functions G, given by (10), where ¢ = ¢, e, + ... + ¢, e,e P
have the following properties:

1° G, are defined and of class C* for (X, Y)eD x D

[DxD, (DUST)x(D\S"), (D\S7)x(DUS)], X #Y, ieN;

2 G
Y # X;

3° (a) for ¢; =1, D, G, =0, (b) for ¢; =2, G, — 05 (¢) for ¢; =3, (D,
+hG,—0as X— X;eS', XeD, YeD\S}, X #Y, ieN; ’

4° (a) for @; =1, D, G,—0, (b) for p; =2, G,—0, (c) for ¢; =3, (D-Vi
+h)G,—0, as Y- YeS’, YeD, XeD\S/', Y # X, ieN.

Proof. By (8), (10) and Definition 1 of the operation o the function G,
(ped) is a linear combination of the functions U, and I(U,), where aeB,
a’'e A\ B. Then in virtue of Lemma 1 and the fact that U, (ae A) satisfies the
Laplace equation as the function of XeD, X # Y with fixed Y e D, we obtain
thesis 1° and 2° of Lemma 3. To prove 3° we shall show only that the

function G, satisfies boundary conditions 3° in the case i = 1. The proof that
G, satisfies boundary conditions 3° for ie N\ {1} is analogous. The function

» satisfy Laplace equation as the functions of X e D with fixed YeD,

GZ is a linear combination of the functions G, . oU, and G, . ol(Uy),
where b =(0, b,, ..., b,)eB,
b'=(0,b5, ..., b €An m> s m) < N1
By Definition 1 and Lemma I, the following equalities hold:

Gprey OUp = Gy o lxi=xbi, i€N\ 1],
(i -Gy, 01(Uy)

= [(zh)kRJ Gyyey XpLh(v, + ... +Unk)]|Xi=x{?f,ieN\<1}dUn, oo duy,

P——

for XeDuS{, YeD\S;.
Thesis 3° of Lemma 3 follows now from Lemma 1, 3° of Lemma 2 and
formula (9). The proof of 4° is analogous. That completes the proof.

4. To construct the solution of the boundary-value problems we shall
avail the function G, given in (10) and their properties proved in Lemma 3.
Let y' =y, .., Yi—1»> Vi+1s ---» V) denote the projection of the point Y
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on the plane y; = 0 (ie N), if we identify this plane with the space E,_,. We
shall write Z; for the set
Z; =1y y».>0, keN\li}}, ieN.
Let ¢ =(¢,, ..., ¢,) be a fixed point of ¢. Consider the functions
; . . . Pop . .

(12) Cup(X) =(=1" jfjw’(Y’)Dyf’ G (X, Y)ly=0 dy’,

Zj :
where p,, =0 for ¢; =1, 3; p,, = 1 for ¢; = 2; f;7(¥’) being a given function
defined on Z; (je N), and the function

(13) : z,(X) = [f(X)G (X, Y)dY.

We shall prove that under suitable assumptions on the functions fj‘p", JEN, f,
that the function

(14) Wo (X) = 2, (X)+u,(X),
where
(15) u,(X) = Y up(X),

i=1
is a solution of equation (1) satisfying_the following boundary conditions:
D, w,(X)=f;i(x)  as ¢;=1;
(16) wo(X) = f(x))  as ¢;=2,
(D, +hyw, (X) = fF(x)  as ¢;=3
for XeS;, jeN.

5. In this section we deal with the functions u, (je N) and the function
u, given in formulae (12), (15). We shall prove under suitable assumptions on

the functions f;’/ (je N) that the function u, is a solution of Laplace equation
satisfying the boundary conditions (16).
Let us consider the functions

Dy DGy (X, V) as =1,
(17) fo’ G,(X,Y) as¢=2,
(D, +M DG, (X, Y) as ¢ =3,

where ¢ = (¢, ..., p)ed, (X, Y)eD xS}, jeN\{i}, ieN.
We shall prove the following.

LeEmMA 4. The functions defined in formula (17 tend to zero as X
— X;eS', XeD, jeN\{i}, ieN.
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Proof We shall prove Lemma 4 only for the case je N\ {1} because for
jeN\{il, i=2,...,n the proof is similar. When ¢; =1, 3; jeN\{l}, the
thesis of our lemma follows from Lemma 3, immediatcly. Now let ¢; =2,
jeN\{1}. While the functions G, defined in (10) are linear combinations of
the functions G, oU, and G ol(U,) given in (11), then it is sufficient
to show that the functions

(18) Dxl Dyj(Glel OUb)’ Dyj(GZel oUb)’ (Dx1+h)Dyj(G3eloUb)

?1€1

and the functions
(19) Dxl Dyj(Glel OI(Ub’))9 Dyj(GZel OI(Ub’))’ (Dxl +h) Dyj(GSel OI(Ub’))9

where (X, Y)eDxS;, b=(0, by ..., b)eB, b =(0,b5 ..., b)e A,  n.

ing, ..., m) = N\{1,j}, jeN\ {1} tend to zero as X — X, €Sy, XeD
Let M(r)=r"'D,U(r), Glel—M+Mel, Groy=M-M,,, Gy, =M

+M, +1(M,,.,). By Lemma 1 and Definition 1, we obtain the equalities

200 D, (G, . oUy)=(—1)""x;(G

Yi

oM,)

P1eq ?1e1

_(_1)1 ~lel' bsa SGN\ZI}
for (X, Y)eD xS}, and )

(21)  Dy,(Gyye, 01 (Uy)

P1€1

—(= 1)bj+1 x;(2hy* . [ G¢191 expLh(v,, + ... +v,,k)]l,cfxl;;,semmdv,,1 ... dv
R
nl,...,nk

"

for (X, Y)eD xS} .
In a similar way as in the proof of thesis 3° of Lemma 2 (for the
function G, . ) we may prove that the functions D, Gy, G, (D, +h) G,

tend to zero as X - X,e8;; X, YeD,, X # Y. Hence, by (20), (21), the
functions defined in (18), (19) tend to zero as X — X, eS8/, XeD. That
completes the proof. .

Let |y/| denote the distance from the point 3 (je N) to the point
©,...,0€E, ;.

Lemma 5. If the function f;(y’) is measurable and bounded on Z; (je N)
and '

[1071dy <o for jeN =1{1,2,...,n},
Zj

ifn=3,4,5,... and flfj(y’)l [yldy’ < oo for je N = {1, 2}, and, moreover, ¢

= (@1r s GIED, theh
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1° the integrals

‘ f;(y]) De Di’ G(p (X’ Y)ijzodyj’
Z.

J

where ||, 1Bl =0,1, 2, ..., are locally uniformly convergent at any point
XeD\S] (jeN),
20 i’ ‘ f:i(yj) D{i/ G(p (X, Y)'yj=0dyj
7z

J

\

= [iGNDEDY G (X, Y)y=ody)  (EN).
Zj
Proof. We shall prove thesis 1° only for the case j = 1 while the proof

for the other cases (j # 1) is similar. Observe that the definitions of the
function G, and of the operation o (cf. Definition 1) yield that it is sufficient
to prove local uniform convergence of the following integrals I;, i =1, 2 of

the form

I (X) = f fl(yl)D‘}]’D:;('Ual)q:Odyl for aeB,
Zy

LX) = [ i) DYDY I(Up)ly =0dy' for d€A, > keN
Z,

at any point XeD\S;. By Lemma 1, we have

DiDYI(Uy) = (2hy* | DDy Uy exp[h(v,, + ... +v,)]dv, ... dv
+

R
nl,...,nk

for d' €A, ., XeD\S{, YeDUSY.
Let K(X,n) be a ball with centre X =(X,, ..., X,)e D\S; and radius
n>0, K(X,n <D,. Then the following inequalities hold:

g

r.=2x,—n>0 for aeB, XeK(X,n), YeS{,

(22
’ ra < Mly'| for aeB, XeK(X,n), y'| =M, >1, y, =0
and
ry = fl‘n > 0 fOI' a/eAnl,...,nka XGK(X" 7’[), YGS;,
(23) (unls LR an)eR:l,.,.,nka

For < M2 (|y1|+vn1+ +vnk) fOI‘ aleAﬂln--,"k’

XEK(Xs ’1)’ !y1‘> M3 > 1’ Y1 =Os Uni> M4 (l= 1, L) k)’

where M, M, (i=1,2,3,4 are suitable positive constants. By the
assumptions of our lemma and formulas (3), (22), (23) it follows that the
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integrals I,, I,, are locally uniformly convergent at any point XeD\S;.
Thesis 2° is a consequence of 1°. That completes the proof.
In virtue of Lemmas 4, 5 and 3 (thesis 2°) we obtain the following

LEmMA 6. Let ¢ = (@4, ..., ¢,)e P and let the function f}’ (yf) be measur-
able and bounded on Z; (je N). Furthermore, let

(1570NYIdy < oo for @;=1,3, jeN =11, 2],

Zj
[} 177 dy <o for @; =2, jeN = {1, 2],
Zj
[Ny <o for jeN =11,2,3,...,n) if n>3.
Zj
leer}

1° ¢he functions ul, for je N given in (12) satisfy the Laplace equation in
the domain D,
2° the functions ul, for je N satisfy the following boundary conditions:

D, ul,(X)=0 for XeS" if ¢;=1,
w(X)=0 for XeS if ¢; =2,
(D, +hul(X) =0 for XeS if ¢; =3, for ieN\lj}, jeN,

We cite the following lemma from [1].

Lemma 7. If the function f(y') is measurable and bounded on Z; and
continuous at the point ¥ =(X,, ..., Xj~1> Xj+1, --» X)€Z; and, moreover,
| If;(0)ldy’ < o0, je N, then the function
Zj

Li(X) =2 [ ;") D,, U (")l dy’
Zj

tends to the function fi(X) as X—u?j, where X'j =(Xy, -.os X1,
0, .)?j+1, ey )?,,)ESJT, jEN.
Now we shall prove the following

LemMma 8. If the function f;()") is measurable and bounded on Z; and
[I£0)dy <o (ieN), then [ fi(y)Dy, Uply=ody' — 0 and
Z; Z;

:fﬁ(yi)dyi . I Dy, Uyly=oexp[h(vn, + ... +v,)]dv, ... dv, —0

Z Rnl,...,nk
as X - X, es,+, XeD, for beB\{0,...,0),¢!, becA
ing, ..., m) < N\\i}, ieN.

Proof. Let K (X, 0) be a ball with centre X,eS;" and radius é > 0 such
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that the projection of K(X;, 5) on S; is contained in S;7, ie N. Then there
exist such positive number &, that the following inequalities hold:
ro=0, for XeK(X,, )n(DuS/), YeS/, ieN,
(24) re =6, for XeK(X;, &)n(DuUS}), YeS;,
(nys s v,,k)eR,f1

By (3) and (24) we obtain the following inequalities

(25) Dy, Uyl < Mx;,  |D,, Uy < Mx;

for XeK(X;, 5))n(DuUS), YeS;", where M is a suitable positive constant.
In virtue of (25) and assumptions of our lemma we obtain the thesis of
Lemma 8. That completes the proof.

Now we shall prove the following.

Lemma 9. If @ =(@y, ..., p,)e® and the function f;7(y') is continuous
and bounded on Z;, and [|f"(y)ldy’ < o, jeN, then
Zj

j}l %) ij Gwl,\’j=0dyj_’fjl o) if ¢; =1,

sz(yj) Dyj Gwlyj=0dyj“’fj2(xj) if =2,

— Zj |
z'[-

~ [ O)Dy+h)Gyly=0dy’ = () if  @;=3
Zj

as X - X;e8;, jeN, XeD.

Proof. We shall prove only the case j = 1 while for the other values of
Jj# 1 the proof is analogous. Observe that the function G, is a linear
combination of the functions G, 0U,, G, 0l(Uy), where b

=(0, by, ..., b)€B, b'=(0, b, ..., b)e Ay, m» (e, ..., m) = N\{1}.
The derivatives of those functions are given in the following formulas

(26) D, (Gy,, 0U,) = =D, (Gy, 0U,)
=(D,, +h)(Gs,, 0U,) = 2D, U, = —2D, U, for XeD, YeS;,
(27) D4, (Gy., 01(Uy)) = =D, (G, 0 1(Uy))
= Dy, + 1[Gy, 1 (Uy)]

=2(2hY | Dy Upexp[h(v,, + ... +v,)]dv, ...dv,

R’
nl,...,nk
==202W* [ D, Upexp[h(v, + ... +v,)]dv, ... dv,
Rnl,...,nk
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for XeD, 'YeSf‘. Formula (27) is obtained due to Lemma 1. By (26), (27)
and Lemmas 7, 8§ we obtain the thesis of our lemma. That completes the

proof.
From Lemmas 5, 6, 9 follows

TueorEM 1. Let @ = (¢4, ..., ¢,) be a fixed point of the set ®. Let the
. Qi i .
Sunction f;7(y') be continuous and bounded on Z; and

[15709dy <o for jeN={1,2,3,...,n}, n=314, ..,
Z:

J

[7VIdy <o for ¢;=1,3, jeN={1,2},
Zj
170 dY < oo for ¢;=2, jeN=1{1,2}.
Zj

Then the function u, given by (12) and (15) satisfies Laplace equation in D and
boundary conditions (16).

6. In this chapter we shall consider the function z,(X) given by (13). We
shall prove that under suitable assumptions on the function f the function z,
satisfies equation (1) in D and the homogeneous boundary conditions of the
form

D, z,(X)=0 for ¢; =1,
(28) z,(X)=0 for ¢, =2,
Dy, +h)z,(X)=0 for ¢; =3

if XeS' (ieN).
Now we shall prove two lemmas on the function m(X) defined as
follows

(29) m(X) = — [ f(Y)U(r)dY,
D

where the function U(r) is given by (3).
Lemma 10. If the function f is measurable and bounded in D and
flf(V)dY <o for n=3,4,... and [[f(Y)|Y|dY < o0 for n=2, then
D D .
1° the integral m(X) and the integrals
m(X) = [f(Y)D,U(MdY, ieN,
D
are locally uniformly convergent at every point X eD,
2° the function m(X) is of class C' in D and
D, m(X) =m(X) for XeD, ieN.
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Proof. By the definition of the function U (r) for n = 2 it follows that
there exist positive constants R, M such that

Mr=° for n=2, 0 <r <4R, .i)<s<1,

(30)

<
<r for n=2, r 2 2R,

Let K (X, 3R) be the ball with centre X e D and radius 3R. Then the integrals
m(X) and m;(X) may be writen in the following form:

mX)=- [ f(MU@dY- | [f(Y)U(rdY,
D~K(X,3R) D'\K(X,3R)

m(X)=~- [ f(Y)D,UMdY— | f(Y)D,U(rdY.
D~K(X,3R) D\K(X.3R)

Let XeK(X,R). For YeK(X,3R) we have r <R+3R =4R, for
YeD\K (X, 3R) we have r > 2R. By (30) and the definition of the function
U(r) for n=3,4, ... we obtain

mX) <M, | r*dY+M, [[F(V)|Y|dY for n=2,

K(X,3R) D

m(X) <M, [ ro"t2dY+M, [IF(Y)|dY for n>3,

K(X,3R)

{
D

m (X)) <M, [ ro"ttdY+ M, [IF(Y)dY for n>2,
D

K(X,3R)

ieN, for XeK(X, R) M; (i = 1, 2) are suitable positive constants that yield
that the integrals m(X), m;(X), ie N, are locally uniformly convergent at
every point X eD. Thesis 2° is a consequence of 1°.

That completes the proof.

Lemma 11. Let the functions f(Y), D, f(Y), ieN, be continuous and
bounded in D and

fIf(IYdY <00 for n=2; [|f(Y)ldY<oo for n=3,4,...
D D
Then the function m(X) is of class C? in D and satisfies equation (1) in D.

Proof. Let K(X, 3R) be the ball with centre X eD and radius 3R > 0
contained with its boundary in D. Let m(X) =1, (X)+/,(X), where

LX)=— | fMMHUMAY;y LX) =- [ [f(HUMAY.
K(X,3R) D\K(X,3R)
Let XeK (X, R). For Ye D\K (X, 3R), r > 2R. By the definition of U (r), the
function [,(X) is of class C? in K(X, R) and the order of derivation and
integration may be changed. While the function U(r) satisfies Laplace
equation with respect to the point X (X # Y), then the function /,(X)
satisfies Laplace equation for X e K (X, R). Due to Poisson theorem ([7], p.
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193), the function [, (X) is of class C? in the ball K(X, R) and satisfies
equation (1) for X eK (X, R). That completes the proof.

LemMma 12. If the function [ is measurable and bounded in D and

(If(YNIY|dY <o for n=2; [If(Y)dY<oco for n>3,
D

D
then
1° the integrals T;(X)= —|[f(Y)D%(G,—~U)dY, 0<|x are locally

D
uniformly convergent at every point X eD,

2° the function T,*?(X) = T,(X) = — [ f(Y)[G,—U]dY is of class C*
D
in D and D% T,(X) = 1;(X) for XeD,

3° the function T,(X) satisfies Laplace equation in D.

Proof. The function G,— U is a linear combination of the functions U,
and U,, aeB\|(0, ..., 0)}, de€A,, . (keN). To prove 1° and 2° it is
sufficient to show the local uniform convergence at every point X € D of the
integrals

11(X) = bff(Y)D?r U,dY

and

3(X) = [ S(Y)DXI(Up)dY
D

nk'

=W [f()AY | DiUgexplh(v,, + ... +v,)]dv, ... dv
D

Rnl,“.,nk

Let K(X, ) < D. Then there exist a positive constant & > 0 such that r, > §,
rp =0 for XeK(X,n), YeD, (Vn,,...n) € R,Tl and positive constants

M, M, such that
re S M(Y|+v, +...4+0v,) r,<SM|Y] |

sl

for XeK(X,n), |Y| > M, v, =M, (n=1, ..., k).

The local uniform convergence of the integrals I? (i = 1, 2) at the point XeD
follows from the foregoing inequalities, definition of the function U and
assumptions of our lemma. Thesis 2° is a consequence of 1°. While G,—U
satisfies Laplace equation with respect to XeD for fixed YeD, X # Y and
by 2° we obtain

AT,(X) = — [ f(Y)4(G,~U)dY =0 for XeD.
D

That completes the proof.
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.Let us consider the function z,(X), ¢ =(¢,, .:., 9,)e ® given by (13).
We shall prove the following lemma

Lemma 13. If the assumptions of Lemma 12 are fulfilled, then
1° the integrals

ff(Y)Dx, G(pltp,-=1dY’ “‘f(Y)Gwlwi:ZdY, j‘f(y)(Dt,%'h) G«rl(pi=3dY

D D D

are locally uniformly convergent at every point XeS;, ieN,
2° the function z,(X) given by (13) satisfies the boundary conditions (28).

Proof. While the function G, is a linear combination of the functions
U,and U,, aeB, a'e A\B, then due to Lemmas 10 and 12 to prove 1° it is
sufficient to show that the integrals

[f(Y)D% U, dY,
) .

(1)

.

[ f(Y)dY . | DxUyexp[h(v, + ... +v,)]dv,, ... dv,,

D Rnl,....nk

where |a| = 0, 1, aeB\ (0, ..., 0), &}, d' €Ay, .m> M5 - i) < N\i], are
locally uniformly convergent at every point X eS;" (ie N). Let K (X, 1) be the
‘ball with centre XeS;" and such a radius # > O that its projection on S, is
contained in S;". Then there exists positive numbers §, M, M, such that the
following inequalities hold: r, > 6, r,, = & for XeK(X,n)n(DuUS;), YeD,

+
(U"I ERR Unk)e Rnl,...,nk-

Then
r, <MJY|, rp< M(IY]+U,,1+ ...+v,,k)

for XeK(X,nn(DuSH), |YI=M,, v,>M,, s=1,....,k. From the
foregoing and the assumptions of our lemma it follows that the integrals (31)
are locally uniformly convergent at the point XeS;', ie N. By 1° of Lemma
13 and 2° of Lemma 12 we obtain thesis 2° of Lemma 13.

That completes the proof.

In virtue of Lemmas 11, 12, 13 we obtain the following theorem.

THEOREM 2. Let ¢ = (¢, ..., @,) be a fixed point of ®, let the functions
f(Y), Dyjf(Y) (je N) be continuous and bounded in D and let

[IfMNYIdY <00 for n=2; [|f(Y)dY<oco for n>3.

Then the function z,(X) given by (13) satisfies equation (1) in D and the
boundary conditions (28). .

By the Theorems 1 and 2 it follows the fundamental
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THEOREM 3. If the assumptions of Theorems 1 and 2 are fullfilled, then the

function w,(X) given :by formulas (12)(14) satisfies equation (1) in D and
boundary conditions (16).

(1]
(2]

(3]
(4]
(5]
[6]
(7]
(8]
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