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Uniqueness criteria for the solutions of the linear iterated
problems of parabolic type in arbitrary set

1. Introduction. The aim of the present paper is to give the uniqueness
criterion for the solution of the linear mixed iterated problem of parabolic
type with the operator

(1.1 P= i,jz=1 a;(x, £) Dy, ij+i=zl bi(x, ) D, +c(x, )= D,,

where x =(x,,..., X,), in an arbitrary (n+ l)-dimensional time-space,

Szarski’s set. For this purpose the method of transforming of higher order

problems to recurrent systems of the problems is used and the weak

maximum principle for parabolic differential inequalities from [1] is applied.
We consider here only real functions.

2. Preliminaries. The notation, definitions and assumptions given in this
section are valid throughout this paper. Some of them, useful to the first
iteration, are similar to those given by J. Szarski in [3].

We use the following notation: R =(—o0, + @), R"=Rx ... xR (n-
times), No = {0, 1,2, ...}, Ng = Ngx ... xNy (n-times), x = (xq, ..., X,).

Let t, be a real finite number and let 0 < T < oo or T = 0. We mean
by D a set contained in {(x, t): xeR", t >t,} and satisfying the following
conditions: '

(a) The projection on the t-axis of the interior of the set D is the interval
(to, to+T).

(b) For any (X, f)e D there exists r > 0 such that
0, 0: =0+ Y (—%)* <r.t<i}<D.

i=1

Let D = {(x, t): xeR", t <to+ T} be an arbitrary set such that D>D.
We put 9,D:=D\D.

By X we denote a subset (possibly empty) of (D\D) N (R" x(to, to+ T))
with the property that for every (x, t)e 2 a direction I(x, t) is given, such that
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[ is orthogonal to the t-axis and the interior of some segment starting at (x, t)
of the straight half line from (x, t) in the direction [ is contained in D.
Next, by Z, we denote an arbitrary fixed subset of 2 and by L we
denote an arbitrary fixed positive constant.
Moreover, we define the set (Z,)* by the formula

C=Z,n{x,0: Ix|<L, —0 <t<to+T].

We put o := Y «;, where a =(ay, ..., 2,)e Nj.

i=1

Finally, we assume that m is an arbitrary fixed natural number.

A function u is called (Z,)G,)- regular in D if the derivatives D% D! u (|«|
+2B < 2(m—1)) are defined on D and continuous in D, the derivatives
DiDfu (2(m—1) <|o|+2B < 2m) are continuous in D, the derivatives
%D" Dfu (ja|+2B < 2(m—1)) are finite on (Z,)" and additionally for m > 2
the derivatives D%Dfu (ja|+ 2B < 2(m—1)) are finite on (Z,)~

A (2,6 regular function in D is called (Z,)"-regular function in D.

If a set X, is bounded and a constant L is so large that the sets (X,)"
and X, are identically equal, then the definitions and theorems which will be
given in the sequel for (Z,),-regular functions in D are true for functions
called (Z,)m-regular in D.

If a set X, is empty, then (Z,)i;-regular function in D is called (m)-
regular function in D. Particularly, if the set X, is empty, then (X,)"-regular
function in D is called a regular function in D.

According to the definitions given above, if 2, is an empty set then the
definitions and theorems which will be given in the sequel for (2 ), -regular
functions in D are true for (m)-regular functions in D.

The definition of (Z,)§,-regular function in D is a modified
generalization to the case m > 1 of the definition of XZ-regular function in D
given in [4] and [1].

We mean the partial derivatives with respect to the variable ¢ in the
sense of left-sided derivatives: Instead, we mean the partial derivatives with
respect to the spatiali variables in the usual sense.

For given functions a;; (= aj), b; (i,j=1,2,..., n), ¢ we denote by P
the operator given by formula (1.1).

AssuMPTION A. Let i, j =1, 2, ..., n. We assume that the coefficients q;;
b;, ¢ of the operator P have the followmg properties:

1° If m =1, the coefficients a;;, b;, ¢ are defined on D.

2° If m > 2; the coefficients a;j, b;, ¢ are (X,){,- 1) -regular functions in D.
By £, we denote the class of systems of functions uy, ..., u, such that
u, (k=1,2,..., m are, respectively, (Z,)i-regular in D and such that they

satisfy, respectively, the equations of the form u,(x, )= P" *u(x, ) (k

ijo
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=1,...,m) for (x,t)eD, where the function u depends on the system
Upy ooy Uy, '

3. Mixed problems and regular solutions. Given the functions a and b
defined and positive on (Z,)* and given the functions f, fi, g; (i=0,1,..., m
—1) defined respectively on D, d,D\(Z,)", (Z,)", the mixed iterated problem
of type (P™) in D consists in finding (Z,){,-regular function u in D, bounded
together with P'u (i=1,2,..., m—1) in D, satisfying the equation

(3.1) P"u(x,t)= f(x,t) for (x,t)eD
and initial-boundary conditions
(3.2) Pu(x,t)=fi(x,t) for(x,0)ed,D\(Z)" (i=0,1,...,m—1)

and
!

dP'u(x, 1)

(3.3) b(x, t) Pu(x, t)—a(x, r)——T— =g;(x, 0

for (x,ne(Z)" (i=0,1,...,m—1).

A function u with the foregoing properties is called (Z,)i.,-regular
solution in D of the above problem.

Given the functions a and b defined and positive on (Z,)" and given the
functions ug, @, ¥, (k =1, 2, ..., m) defined respectively on D, 6,D\(Z,)",
(2,5 the system of functions uy, ..., u,, is called (Z,){,-regular solution in D
of the recurrent system

3.4) Pu(x,t) =u_,(x,t) for (x,t)eD (k=1,2,...,m),
(33 w(x, =g (x,1) for (x,0)ed,D\(Z)" (k=1,2,...,m),

duk (X, t)

(3.6 blx, ulx, D—alx, )~

=Y (x, 1)
for (x,Ne(Z) (k=1,2,...,m)

if the functions u, (k = 1, 2, ..., m) are bounded in D and respectively (Z,)§,-
regular in D and if they satisfy the each mixed problem of this recurrent
system, respectively.

4. Relation between the solutions of the mixed iterated problem and the
solutions of the recurrent system of the mixed problems. For a function w and
for the coefficients a;;, b; (i, j =1, 2, ..., n), ¢ of the operator P we put the
following denotation (under the assumption that this denotation is not
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meaningless)

(d.1) DrDi[abc]D,Diw

:= (I b2’ D& a)(T] DE Df b)(DLDT ) (D D} w),

ij=1 i=1
where :
p=p" p'% ™ P P P D),
a=(q"q'%....q4" ¢, a* ... 4" 9.
pieNs, peNy (,j=1,2,...,n), peNp, reNp,
qd’eNy, qeNy (i,j=1,2,...,n), JeNgy, seN,.
Moreover, let -

pl:= Y P9+ Y 1P+, lal:= Y 47+ ) ¢+4q.
i=1

ij=1 i,j=1 i=1
We say that the product of the derivatives DZ D?{abc] D} Diw, given by
formula (4.1), is of the [2(k—1), 2k] order (k is a fixed natural number) if the
inequalities
ipl+2lql < 2(k—1), |rl+2s<2k, |pl+Ir+2(lql+5) < 2k

are true.
Put

(4.2 w(x, 1) = P" *u(x,t) for (x,t)eD (k=1,2,..., m),
where P° denotes the identity operator, and put
4.3) ug(x,ty = f(x,t) for (x,t)eD.

Finally, let
44 ou(x, 1) = fuilx, 1) for (x,)ed,D\E)" (k=1,2,..., m)
and
4.5) Ui (x, 1) = gm-i(x, 1) for (x, NeZ) k=1,2,..., m).

Now we shall prove the following lemma.

LEmMA 4.1. Assume that the coefficients a;, b; (i,j =1, 2, ..., n), c of the
operator P satisfy Assumption R. Then the function u is (Z ), -regular in D if
and only if the functions w, (k =1, 2, ..., m), given by formulae (4.2), are
respectively (Z,)&-regular in D.

Proof. We shall consider two cases: 1. m=1, II. m > 2.

In case I, Lemma 4.1 is the consequence of the definition of the func-
tion u,,.
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Consider case II. Assume for this purpose that the function u is (£,),-
regular in D. Hence, in order to prove Lemma 4.1 in this case in one

direction, it is sufficient to show that the functions u, (k =1, 2, ..., m—1) are
respectively (Z,)§-regular in D.
And so, the functions u, (k =1, 2, . —1), as linear combinations of

products of derivatives D% Df [abc] D’ Dsu respectlvely of order at most [2(m

—k—1), 2(m—k)], are defined on D and continuous in D. Therefore, the

derivatives  DiDPu (lo)+2p <2(k—1), k=1,2,.. —1) are linear

combinations of products of derivatives DZD{ [abc]- D’ Dsu of order at most

[2(m=2), 2(m—1)]}, and since these products are defined on D and

continuous in D, the derivatives DiDfu, (ju|+26 <2(k—1), k=1, 2,
m—1) also have these properties.

Next, the derivatives DiDPu, (2(k—1) <|a|+2f <2k, k=1,2,...,
m—1) are linear combinations of products of derivatives D% Di[abc] D’ D;u
of order at most [2(m~— 1),2m], which are continuous in D. Then the deriva-
tives D2 D, (2(k—1) <|o|+2B <2k, k =1, 2, ..., m—1)are also continuous
in D.

p .

At last, the derivatives ED“ Dfuy (jal+2 <2(k—1),k=1,2,...,m—1)
are finite on (Z,)" as linear combinations of products of derivatives
d d
il {D2 D¢ [abc]} Dy D{u, DED{ [abc]ED; Diu (Y) of order at most [2(m
—2), 2(m—1)], having finite values on (Z,)~.

So the functions u, (k =1, 2, ..., m—1) are respectively (Z,) -regular
in D.

The truth of Lemma 4.1 in case Il in the second direction is obvious.

Now, using Lemma 4.1 and the method of transforming higher order
problems to recurrent systems of problems, we shall prove Theorem 4.1. This
method was applied a bit otherwise for some iterated problems of the elliptic
and parabolic type in [5] and [2].

THeoREM 4.1. Let the coefficients a;;, b; (i,j=1,2,...,n), c of the
operator P satisfy Assumption R, and let formulae (4.3}-4.5) hold. Then

(a) The function u is (X,)(n-regular solution of the mixed iterated problem
(3.1)43.3) of type (P™ in D if and only if the system of functions uy, ..., u,,
given by formulae (4.2), is a (Z,),-regular solution of the recurrent system
(3.4)(3.6) in D.

(b) The function u is the only one (£,)q,-regular solution of the mixed

dv dw
(*) We apply here the equation —(vu) = lw+ i
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iterated problem (3.1){3.3) of type (P™) in D if and only if the system of
functions u,, ..., u,, given by formulae (4.2), is the only one, in the class #,,
(2 )im-regular solution of the recurrent system (3.4)3.6) in D.

Proof. (a) Assume that the function u is (Z,)f,-regular solution of the
iterated problem (3.1)+3.3) in D. Then, according to the definition of the
functions u, (k =1, 2, ..., m), these functions are bounded in D. Besides,
from Lemma 4.1, the functions u, (k =1, 2, ..., m) are respectively (X)) -
regular in D. At last, respectively from formulae (4.2), (4.3); (4.2), (3.2), (44);
(4.2}, (3.3), (4.5) we obtain that the functions u, (k =1, 2, ..., m) satisfy the
foilowing equations

Pu(x, 1) = P(P" *u(x, t)) = P""* " Du(x, t) = u_(x, 1)
for (x,t)eD (k=1,2,...,m),
(X, 1) = P u(x, 1) = fui (X, 1) = @i (x, 1)
‘ for (x, Ned,D\(Z,) (k=1,2,...,m)
and ,
du (x, 1)
bix, uelx, )—alx, n L)
dl
dpm* t
=b(x, )y P" *u(x, H—a(x, t)——c—;;—(f—’—)
=gm-k (X, D =Y (x, 1)  for (x,NeZ) (k=1,2,...,m).
Assume now that the system of functions u,, ..., u,, given by formulae
(4.2), is (Z,)(n-regular solution of the recurrent system (3.4)+3.6) in D. Hence

the function u is bounded in D and (Z,),-regular in D. Next, from (4.3) and
(34) we get

Pu(x,t)= f(x,1) for (x, H)eD,
Pu; 1 (x, t) = u;(x, t) for (x, t)eD,

Pu,,(x,t) =up,_,(x,t) for (x,t)eD

fori=1,2,...,m
Putting i = m in the above equations, we obtain that the function u
satisfies equation (3.1). Next, respectively from formulae (4.2), (3.5), (4.4); and

4.2), (3.6), (4.5) we obtain

Piu(x’ t) = um—i(x9 t) = (pm—i(x’ t) = ﬁ(xs t)
for (x,0)ed,D\(Z)" (i=0,1,...,m—1)
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and

dPu(x, t) _ ‘ du,,_;(x,t)
—T - b(x9 t) um-i(x9 l) a(x9 t) dl

=Up-i(x, 1) =gi(x, 1) for (x,)e(Z)" (=0,1,...,m—1).

b(x, t) Plu(x, )—al(x, t)

This ends the proof of assertion (a) of Theorem 4.1.

Now, we shall prove assertion (b). Since this assertion is obvious for m
= 1, we shall take into account in the proof only the case m > 2.

Suppose that the function u is the only one (Z,){,-regular solution of
the iterated problem (3.1)+3.3) in D. Then, by assertion (a) of Theorem 4.1,
the system of functions wu,,...,u,, with u (k=1,2,..., m) given by
formulae (4.2), is (X, ), -regular solution of the recurrent system (3.4)+3.6) in
D, where the functions u,, @, ¥, (k =1, 2, ..., m) are defined, respectively,
by formulae (4.3}{4.5). To prove the uniqueness of the solution u,, ..., 4, in
the class 2, let us assume that there exists a second (X «Jm-Tegular solution
vy, ..., U, Of the recurrent system (3.4)+3.6) in D (with the functions ug, ¢,
Y, (k=1,2,,..., m) possessing the above properties) such that

(4.6) v(x, ) =P"*o(x,t) for (x,t)eD (k=1,2,..., m),

where v is (Z,)&,-regular function in D. Hence the following equations hold:
Pu, (x, t)=uk_1(x, 1) for (x,)eD (k=1,2,..., m),
w(x, ) = @, (x,t) for (x,0)ed,D\(Z) k=1,2,..., m),

@.7) | ;
Cb(x, D (x, ) —alx, z)"—“fi’;-’i) = Wi (x, 1)
for (x, he(Z ) (k=1,2,..., m)

and

Po (x, ) =v,_,(x, 1) (}) for (x,t)eD (k=1,2,...,m),

0, (x, 1) = @, (x, 1) for (x, )€ d, D\(Z) (k=1,2,..., m),
48
“5) dv (x, 1)

‘//k(x’ t)

b(x, v (x, t)—a(x, 1) F TR

for (x,e(Z ) k=1,2,...,m).

Since the first equations for k = 2, 3, ..., m in the recurrent systems (4.7) and

(3) Since vy, ..., v, is (Z,)E,-regular solution of the recurrent system (3.4)(3.6) in D, where
uo(x, t) = f{x, 1) for (x, tyeD, we have vo(x, t) = f(x, t) for (x, )eD.
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(4.8) are logic tautologies, these systems are equivalent to the following
system:

Pu,(x,t) = Poy(x,t) = f(x,t) for (x,t)eD,

u(x, ) = v, (x, ) = @(x, 1) for (x,0)ed,D\(Z )" (k=1,2,..., m),

du(x, 1) dv.(x, 1)
T - b(X,I) vk (X, t) a(xa t) dl

b(x, )u(x, )—a(x, t)
=Yi(x, 1)
for (x,)eZ )" (k=1,2,...,m).
Taking into account formulae (4.2), (4.6), (4.4) and (4.5), we have
P"u(x,t)=P"v(x,t)= f(x,t) for (x,t)eD,
P *u(x, t) = P" *u(x, 1) = fu_i(x, 1)

for (x, t)e ﬁpD\(f*)" k=1,2,...,m), °

dP™ *u(x, 1)

b(x, ) P" *u(x, )—a(x, t) yT

dP™ Fp(x, t
s

for (x, Ne(E ) (k=1,2, ..., m).

=b(x, ) P" *v(x, )—a(x, 1)

Since u is the only one (Z*)fm)—regular solution of the iterated problem (3.1)-
(3.3) in D, then from the above equations we get

u(x, ) =v(x, 1) for (x,t)eD
and consequently, by (4.2) and (4.6), we obtain

u(x, 1) =v.(x,1) for (x,)eD (k=1,2,..., m).

Assume now that the system of functions u,, ..., u,, given by formulae
(4.2), is the only one (), regular solution of the recurrent system (3.4)3.6)
in D, where the functions ug, @, ¥, (k = 1, 2, ..., m) are defined, respectively,
by formulae (4.3)-(4.5). Hence, by assertion (a) of Theorem 4.1, u is (Z,)m-
regular solution of the iterated problem (3.1)-(3.3) in D. To prove the
uniqueness of the solution u, suppose that there exists a second (Z,)i,-
regular solution v of the iterated problem (3.1)~3.3) in D. Then, by the above
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argumentation, by (4.2) and by assertion (a) of Theorem 4.1 applied to the
function v,
Puy(x, t) = P(P™ 'u(x, 1)) = P"u(x, 1) = P"v(x, 1) = P(P"" ' v(x, 1))

= f(x,t) for (x,t)eD,
ug (x, ) =vy(x, 1y =@ (x, 1) for (x,1)ed, D\(Z,)",

dvy(x, t)
dl

=y, (x, 1) for (x, )e(Z)"

Since, according to the assumption, u; is the only one bounded in D and
(2,6, regular function in D satisfying the above problem, we have

4.9) uy(x, t) = P" tu(x, ) = P 'u(x, 1) for (x,1)eD.

Next, by (3.4), (4.2), (4.9) and by assertion (a) of Theorem 4.1 applied to the
function v,

Puy(x, t) = P(P™ 2u(x, 1)) = P" tu(x, 1) = P" 'o(x, t) = P(P" ?v(x, 1)

u; (x, 1)

b(x, u, (x, )—a(x, t)d Ul =b(x, v, (x, )—a(x,1)

=u,(x,t) for (x,t)eD, ‘
Uy (x, 1) = vy (x, 1)y = @,(x, t)  for (x, )ed,D\(Z,)",

‘_1.11‘2%_’_0 =b(X, t)Uz(X, t)_a(x’ [)dv—zt(;{q_t)

=y,(x, 1) for (x, e(Z,)"

Since, from assumption, u, is the only one bounded in D and (Z,)%,-regular
function in D satisfying the above problem, we have

~ uy(x, £) = P 2u(x, 1) = P" %v(x,t) for (x, )eD.

b(x, Du,y(x, H)—a(x, t)

Repeating this argument recurrently, we obtain
(4.10) Up—1(x, t) = Pu(x, t) = Pv(x,t) for (x,t)eD

and we get finally, by (3.5), (3.6), (4.10) and by assertion (a) of Theorem 4.1
applied to the function v,

Pu(x,t) = Pv(x,t) =u,,_,(x,t) for (x, t)eD,
u(x, ) =v(x, 1) = @,(x, 1) for (x,)ed,D\(Z)",

du(x, 1) dv(x, 1)
dl = b(x, t)U(x, t)_a(x9 t) dl

for (x, )e(X )"

‘b(x, Hu(x, t)—a(x,t)
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Since, according to the assumption, u =u, for (x, t)eD is the only one
bounded in D and (Z,),-regular function in D satisfying the above problem,
we infer.

u(x, t) =v(x, 1) for (x,t)eD.

This ends the proof of Theorem 4.1.

5. Uniqueness criterion for the solution of the mixed iterated problem.

TrEOREM 5.1. Suppose that

1° The coefficients a;, b; (i, ] = 1, 2,...,n), ¢ of the operator P satisfy
Assumption A.

2° The inequalities

Y Jay (o 0l < LIx2 Y lbGe 0l <Lk clx, )<L

i,j=1 i=1
are satisfied for (x, t)eD, |x| > L and the inequality
c(x,t) < L
is satisfied for (x, t)eD, |x| < L

3° The real quadratic form Y a;j(x,t)} 4; is non-negative for every
ij=1 .
(x, )eD. ’

Then the mixed iterated problem (3.1)+3.3) of type (P™) admits at most
one (X,)om-regular solution in D.

Proof. Assume that u is a (Z,)G,-regular solution of problem (3. 1H3 3)
in D. By Theorem 4.1 the system of functions uy, ..., u,, given by formulae
(4.2), is (2,){-regular solution of the recurrent system (3.4)—(3.6) in D, where
the functions u,, ¢, Y, (k=1,2,..., m) are defined, respectively, by
formulae (4.3)-(4.5).

Now, we shall prove that the system of functions u,, ..., u,, is the only
one in the class 2,, (£,)i,-regular solution of the recurrent system (3.4)—(3.6)
in D. To this purpose suppose that there exists, in the class #,, a second
(Z,)m-regular solution vy, ..., v, of the recurrent system (3.4)-(3.6) in D.
Particularly, this means for k = 1 that the functions u; and v, are two (Z,)*-
regular solutions in D of the after-mentioned problem ‘

Pu,(x,t)= f(x,t) for (x,t)eD,
uy(x, ) =@y(x, 1) for (x,1)ed,D\(Z,)",

du,(x, t)

= Yi(x, 1) for (x, )e(Z,)".

b(x, Hu,(x, t)—a(x, t)
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Then
Pu,(x,1) = Pvl(x,‘ t) for (x, t)eD,
u (x, 1) =v,(x, 1) for (x, t)ed,D\(Z,)",
b(x, tyu, (x, )—a(x, t)d—ul—g;’—t) =b(x, t)v,(x, t)—a(x, t)@i%

for (x, t)e(Z )"

Consequently, from the linear version of the proper modification of the non-
linear maximum principle, given in [1], we obtain"

u,(x, 1) =v,(x,t) for (x,)eD. .

Next, by the above equation and by the assumption that v,,..., v, is a
second, in the class 2, (2,)(,-regular solution of the recurrent system (3.4)-
(3.6) in D, the functions u, and v, are two (Z,)"-regular solutions in D of the
following problem:

Pu,(x,t) =uy(x,t) for (x,)eD,
uy(x, 1) = @y(x, 1) for (x,1)e 6,D\(Z)",

2 (X, t)

b(x, Du, (x, H—alx, )2 T = a () for (x, De(E, )

Hence
Pu,(x, t) = Pvy(x,t) for (x,t)eD,
U (X, t) = UZ(X, t) for (X, t)eapD\(z*)L,

W = b(X, t)vz(x, t)—a(x’ t)@g%

for (x, e(Z, )"

b(x9 t) uZixa t)~a(x9 t)

and, by the maximul_n principle,
u(x,t) =v,(x,t) for (x, t)eD.
Repeating this argumentation recurrently, we get
w,(x,t) =v,(x,t) for (x,t)eD, k=3,4,..., m.

Therefore, the system of functions u,, ..., u,, is the only one, in the class £,
(Z,)m-regular solution of the recurrent system (3.4)3.6) in D. Then, by
assertion (b) of Theorem 4.1, u is also the only one (Z,){,,-regular solution of
the iterated problem (3.1)3.3) in D.

~ In this way, Theorem 5.1 is proved.

2 — Prace Matematyczne 27.1
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6. Uniqueness criteria for the solutions of the Fourier’s first and second
iterated problems. Given the functions f, f;, g; (i =0, 1, ..., m—1) defined
respectively on D, d,D\(Z,)" (£,)" mixed iterated reduced problem of type
(P™ in D consists in finding (X ,){,-regular function u in D, bounded together
with Plu (i=1,2,...,m—1) in D, satisfying (3.1), (3.2) and boundary
conditions

dPu(x, 1)

(6.1) T

=gi(x,1) for (x,Ne() (i=0,1,...,m=1) ().

A function u with the foregoing properties is called (Z,)i,-regular
solution in D of the above problem.

Applying an analogous argument as in the proof of Theorem 5.1, we get

THEOREM 6.1. Under the assumptions of Theorem 5.1, the mixed iterated
reduced problem of type (P™) in D admits at most one (Z,)im-regular solution in
D.

If X, = Q[X, =Z2] in the mixed iterated reduced problem of type (P™),
then this problem is called Fourier’s first [second] iterated problem of type
(P™).

From Theorem 6.1 we obtain

TueOREM 6.2. Under the assumptions of Theorem 5.1 the Fourier's first
[second] iterated problem of type (P™) admits at most one (m)-regular [(Z,)om-
regular] solution in D.

7. Uniqueness criteria for thg solutions of the iterated modified problems.
In this section we always put D = D.
AssumpTioN #. Let i,j=1,2,...,n. We assume that the coefficients
b;, ¢ of the operator P have the following properties:
1° If m =1, the coefficients g;;, b;, ¢ are defined on D.

jo
2° If m > 2, the derivatives D% D a;;, D2 D?b,, D2Df ¢ (ja]+ B < 2(m—1))

Gij»
ijs

_ X d
are continuous in D and the derivatives D%Dfaq;;, :ﬁD; Dfa;, D3D!b,,
d d .
EI—D'}CD? b;, D>D#c, zi—lDiD{’c (ol + B < 2(m—2)) are finite on (Z,)"

It is seen that the considerations from the above sections, given for
[(X,)im-regular] (m)-regular functions in D, are true for the functions

_ d
belonging to [C?*™(D) and possessing the finite derivatives ED‘;D? u (Jof
+p < 2(m—1)) on (£,)*] C*™(D). Particularly, we have

(®) This problem is not a particular case of the mixed iterated problem of type (P™).
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THEOREM 7.1. Let the coefficients a;, b; (i,j=1,2,...,n), c of the
operator P satisfy Assumption R, and let assumptions 2° and 3° of Theorem 5.1
hold. Then for the given functions f, f, g; (i=0,1,...,m—1) defined
respectively on D, 8,D\(X,)" (Z,)", there exists at most one function

_ d
ue C*™(D) possessing finite derivatives i DiD}u(loj+ B < 2(m—1)) on (Z),
bounded together with Plu (i=1,2,...,m—1) on D and satisfying formulae
(3.1), (3.2) and (6.1).

8. Remark. Suppose that P is an operator with constant coefficients of
the form

P:: Z a,‘ijl.ij-f»Zb,‘Dxi-l-C—D,.

ij=1 i=1

Since

Pdu(x,t) dPu(x,t)

L _ _
o 1l for (x,)e(ZYF (i=0,1,...,m=1)

in the class of (Z,){,-regular functions u in D having additionally continuous
derivatives D% Dfu(lo| +2B < 2m—1, a # 0) on (£,)%, it follows that all the
considerations from Sections 5 and 6 are true also, in the above class of
functions u, for the iterated problems of type (P™) with conditions (3.3)
replaced by the following conditions:

Pdu(x,t)
dl =4 (x7 t)

for (x,)e(Z) (i=0,1,...,m—1).

b(x, t) Plu(x, t)—a(x, t)

An analogous remark is true for the iterated problems in the
formulation of Section 7.
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