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Uniqueness criteria for the solutions of the linear iterated 
problems of parabolic type in arbitrary set

1. Introduction. The aim of the present paper is to give the uniqueness 
criterion for the solution of the linear mixed iterated problem of parabolic 
type with the operator

П П
(1.1) P = X ai M » t) Dxi DXj+ X M x, t)Dx. + c{x, t) — Dt,

i , j = l  i =  1

where x =  (xl5 ..., x„), in an arbitrary {n+ l)-dimensional time-space, 
Szarski’s set. For this purpose the method of transforming of higher order 
problems to recurrent systems of the problems is used and the weak 
maximum principle for parabolic differential inequalities from [1] is applied. 

We consider here only real functions.

2. Preliminaries. The notation, definitions and assumptions given in this 
section are valid throughout this paper. Some of them, useful to the first 
iteration, àre similar to those given by J. Szarski in [3].

We use the following notation: R = ( — oo, + 00), Rn = R x . . .  x R  (n- 
times), N 0 = {0, 1, 2, ...}, N n0 =  N 0 x ... x N 0 (n-times), x = (xl5 ... ,  x„).

Let t0 be a real finite number and let 0 < T  < 00 or T — 00. We mean 
by D a set contained in {(x, t): x e R ", t > t0} and satisfying the following 
conditions:

(a) The projection on the t-axis of the interior of the set D is the interval 
(t0, tQ+ T).

(b) For any (x, t)eD  there exists r > 0 such that

П
{(x, t): ( t - t ) 2+  X  U . - * , ) 2 <  r, t <  7} cz D.

i =  1

Let D a  {(x, t): x e R n, t ^ t 0+ T }  be an arbitrary set such that D zd D. 
We put dpD :=  D\D.

By I  we denote a subset (possibly empty) of (D \ D ) n  (R" x(r0, t0+ T)) 
with the property that for every (x, t ) e l  a direction /(x, t) is given, such that
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/ is orthogonal to the t-axis and the interior of some segment starting at (x, t) 
of the straight half line from (x, t) in the direction / is contained in D.

Next, by Z* we denote an arbitrary fixed subset of Z and by L we 
denote an arbitrary fixed positive constant.

Moreover, we define the set (Z*)L by the formula

( r +)L = Z* n  {(x, t): |x| ^  L, — oo < t ^  t0 + T}.
n

We put |a| :=  £  a,-, where a =  (al5 ... ,  ol̂ e N q.
i = 1

Finally, we assume that m is an arbitrary fixed natural number.
A function и is called (Ẑ .)[m)-regular in D if the derivatives DxDfu  (|a| 

+ 2 /?^2(m  — 1)) are defined on D and continuous in D, the derivatives 
DaxD? и (2(m— 1) <  \а\ + 2р ^  2fn) are continuous in D, the derivatives

^ D xD^u (|a| +  2/? ^  2(m—1)) are finite on (Z*)1, and additionally for m ^  2

the derivatives DxD?u (\<x\ + 2 f  ^  2(m—1)) are finite on (Z*)L.
A (Z ^ j-regu lar function in D is called (Zf)L-regular junction in D.
If a set Z* is bounded and a constant L is so large that the sets (Z+)L 

and Z* are identically equal, then the definitions and theorems which will be 
given in the sequel for (Z J^-regu lar functions in D are true for functions 
called (Z^ \ m)-regular in D.

If a set Z* is empty, then (Z*)^-regular function in D is called (m)- 
regular function in D. Particularly, if the set Z* is empty, then (Z+)L-regular 
function in D is called a regular function in D.

According to the definitions given above, if Z* is an empty set then the 
definitions and theorems which will be given in the sequel for (Z^^-regular 
functions in D are true for (m)-regular functions in D.

The definition of (Z*)^-regular function in D is a modified 
generalization to the case m ^  1 of the definition of Z-regular function in D 
given in [4] and [1].

We mean the partial derivatives with respect to the variable t in the 
sense of left-sided derivatives.- Instead, we mean the partial derivatives with 
respect to the spatiaK variables in the usual sense.

For given functions (=  ajj, b, (i , j — 1, 2, ... ,  n), c we denote by P 
the operator given by formula (1.1).

Assumption Let i , j  =  1, 2, . . . ,  n. We assume that the coefficients au, 
bh c of the operator P have the following properties:

1° If m = 1, the coefficients atj, bh c are defined on D.
2° If m ^  2; the coefficients au, b(, c are (Z+)J;_ ^-regular functions in D.
By 0>m we denote the class of systems of functions tq, . .. ,  um such that 

uk (k = 1, 2, ... ,  m) are, respectively, (Z*)^-regular in D and such that they 
satisfy, respectively, the equations of the form uk{x, t) = Pm~ku(x, t) (k



Solutions of the linear iterated problems 9

= m) for (x , t )eD,  where the function и depends on the system
M j , um.

3. Mixed problems and regular solutions. Given the functions a and b 
defined and positive on (Z*)L and given the functions f  f ,  gг (i = 0, 1, ... ,  m 
— 1) defined respectively on D, дрО\(Е^)ь, (I*)L, the mixed iterated problem 
of type (Pm) in D consists in finding (!*)£„)-regular function и in D, bounded 
together with P u  (i = 1, 2, ... ,  m — 1) in D, satisfying the equation

(3.1) Pmu{x, t) = f ( x ,  t) for (x, î) gD 

and initial-boundary conditions

(3.2) P u (x ,  t) = f ( x ,  t) for (x, t)EdpD \{ X J L {i =  0, 1, ..., m -1 ) 

and
I

d P u ( x , t )
(3.3) b (x, t ) P u  (x, t )~ a  (x, t)-----—------= g-, (x, t)

for (x, r)g(I*)L (t =  0, 1, ... ,  m — 1).

A function и with the foregoing properties is called (I^)(m)-regular 
solution in D of the above problem.

Given the functions a and b defined and positive on (Z*)L and given the 
functions u0, cpk, фк (к — 1, 2, ... ,  m) defined respectively on D, dpD \( l ^ )L, 
(Z'S)C)L, the system of functions ult . .. ,  um is called (I^)\m)-regular solution in D 
of the recurrent system

(3.4) Puk(x, t) = uk- i{x ,  t) for (x, t)eD (k = 1, 2, ... ,  m),

(3.5) uk{x, t) = (pk(x, t) for (x, t )edpD \ ( Z J L (k = 1, 2, ... ,  m),

duk(x, t) , ,
(3.6) b (x, t) uk (x, t) — a (x, t)----—----= фк (x, t)

for (x, f)e(I*)L (k = 1, 2, . .. ,  m)

if the functions uk (k = 1, 2, . .. ,  m) are bounded in D and respectively (I*){h- 
regular in D and if they satisfy the each mixed problem of this recurrent 
system, respectively.

4. Relation between the solutions of the mixed iterated problem and the 
solutions of the recurrent system of the mixed problems. For a function w and 
for the coefficients a^, bt (i , j =  1, 2, ... ,  n), c of the operator P we put the 
following denotation (under the assumption that this denotation is not
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meaningless)

(4.1) DpxD?labc]DrxDst w

:= (  П  Dt ‘ D f  Df bt)(D% D? c)(Drx D‘ wj,
i , j =  1 i = l

where
p — (pi l i P12, . . . ,  pnn, p \  p2,■ •••> P", P),

q

<4lyII , . . . , q n\ q \ q 2,■ <?),

PijeN"0, p‘ eiV"o 0 , 7 =  1 , 2 , . . . , n), peN"0,

qije N 0, f e N o 0 , 7  =  1, 2,  . . . , n), q e N o,

Moreover, let

Ipl := i  \p“\ + i  Ip'l +  lpl, M :=  Î  qu+ i q l + 4-
i , j =  1 1 = 1  i , j =  1 i = l

We say that the product of the derivatives DpD^[abc]DxDst w, given by 
formula (4.1), is of the [2(/c — 1), 2fc] order (fc is a fixed natural number) if the 
inequalities

\p\ + 2\q\ ^  2 ( k -  1), |r| +  2s^2 /c , |p| +  |r| + 2{\q\ +s) ^  2/c

are true.
Put

(4.2) u*(x, t) = Pm~ku(x, t) for (x , t ) e D  (k =  1, 2, ... ,  m), 

where P° denotes the identity operator, and put

(4.3) u0(x, t) =  f ( x ,  t) for (x , t )eD .

Finally, let

(4.4) (pk(x, t) =  / m_k(x, t) for (x, t )edpD \{ Z J L (k =  1, 2, ... ,  m) 

and

(4.5) 0 = gm- k{x, t) for (x, t)e(^*)L (/c = 1, 2, . . . ,  w).

Now we shall prove the following lemma.
Lemma 4.1. Assume that the coefficients a^, bt (i , j — 1, 2, . .. ,  n), с о / the 

operator P satisfy Assumption Then the function и is ( I  ff(m)-regular in D if 
and only if the functions uk (к = 1, 2, . . . ,  m), given by formulae (4.2), are 
respectively (Z+)(k)-regular in D.

P ro o f. We shall consider two cases: I. m =  1, II. m ^  2.
In case I, Lemma 4.1 is the consequence of the definition of the func­

tion um.
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Consider case II. Assume for this purpose that the function и is (Z#)^-  
regular in D. Hence, in order to prove Lemma 4.1 in this case in one 
direction, it is sufficient to show that the functions uk (k = 1, 2, ..., m — 1) are 
respectively (Z+)^)-regular in D.

And so, the functions uk (k =  1, 2, ... ,  m— 1), as linear combinations of 
products of derivatives Dp Df [abc] Dx Dst и respectively of order at most [2 (m
— к — 1), 2(m — kf], are defined on D and continuous in D. Therefore, the 
derivatives DxDfuk (|a| -t-2/? ^  2(k — 1), к = 1, 2, ... ,  m— 1) are linear 
combinations of products of derivatives Dp Df [ahc] • Dx Dst и of order at most 
[2(m — 2), 2(m — 1)], and since these products are defined on D and 
continuous in D, the derivatives DxD^uk (|a| + 2fi ^  2(k — 1), к =  1 ,2 , . . . ,  
m — 1) also have these properties.

Next, the derivatives DXD?uk (2(k — 1) < \<x\ + 2fi ^  2k, k = 1 ,2 , . . . ,  
m — 1) are linear combinations of products of derivatives Dpx D? [abc] Dx D* и 
of order at most [2(m—1), 2m], which are continuous in D. Then the deriva­
tives DaxD?uk (2 (к — 1) < |a| + 2fi ^  2k, к — 1, 2, ..., m — 1) are also continuous 
in D.

At last, the derivatives — DXD?uk (|a| +  2j9 ^  2(k — 1), к =  1, 2, ..., m — 1) 

are finite on C£*)L as linear combinations of products of derivatives

\DpD?[abcV DxDfu, DlD?[abc]^-DrxDst u {l) of order at most [2(m 
al dl
— 2), 2(m— 1)], having finite values on (2*)L.

So the functions uk (k = 1, 2, ..., m — 1) are respectively (rjj^-regular 
in D.

The truth of Lemma 4.1 in case II in the second direction is obvious.

Now, using Lemma 4.1 and the method of transforming higher order 
problems to recurrent systems of problems, we shall prove Theorem 4.1. This 
method was applied a bit otherwise for some iterated problems of the elliptic 
and parabolic type in [5] and [2].

T heorem 4.1. Let the coefficients a^, (i, j  =  1, 2, ... ,  ri), c of the
operator P satisfy Assumption and let formulae (4.3)-{4.5) hold. Then

(a) The function и is ( Е ^ т)-геди1аг solution of the mixed iterated problem
(3.1)-(3.3) of type (Pm) in D if and only if the system of functions ul9 ... ,  um, 
given by formulae (4.2), is a ( I ^ m)-regular solution of the recurrent system 
(3.4H3.6) in D.

(b) The function и is the only one (Zf)(m)-regular solution of the mixed

e
d dv dw

) We apply here the equation — (vw) — — w +  u— .
dl dl dl
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iterated problem (3.1)—(3.3) of type (Pm) in D if and only if the system of 
functions Ml5 um, given by formulae (4.2), is the only one, in the class 0>m, 
( Z ^ m)-regular solution of the recurrent system (3.4)-(3.6) in D.

P roof, (a) Assume that the function и is (Z#)('m)-regular solution of the 
iterated problem (3.1)-(3.3) in D. Then, according to the definition of the 
functions uk {k = 1, 2, ... ,  m), these functions are bounded in D. Besides, 
from Lemma 4.1, the functions uk (к = 1, 2, ..., m) are respectively (2*)^- 
regular in D. At last, respectively from formulae (4.2), (4.3); (4.2), (3.2), (4.4);
(4.2) , (3.3), (4.5) we obtain that the functions uk (k = 1, 2, ..., m) satisfy the 
following equations

Puk(x, t) = P(Pm~k u(x, t)) =  Pm~{k~1) u(x, t) = мк_ t (x, t)

for (x , t ) e D  (k = 1, 2, ... ,  m), 

Uk (x , t) = Pm~ku(x, t) =  fm-k{x, t) = (pk(x, t)

for (x, t)e ôpD \(Z f\L (к = 1, 2, ... ,  m)

and

duk(x, t)
b(x, t)uk(x, t) — a(x, t)— j j ----

dPm~ku(x t)
= b(x, t) 'Pm ku(x, t) — a(x, t)---------— -—

dl
= 9 m - k ( x ,  t) =  фк (х , t) for (x, t)e(Z*)L {k = 1, 2, ... ,  m).

Assume now that the system of functions tq, ... ,  wm, given by formulae
(4.2) , is (I^ ^ -reg u la r  solution of the recurrent system (3.4H3.6) in D. Hence 
the function и is bounded in D and (Z^)^-regular in D. Next, from (4.3) and 
(3.4) we get

F  u,(x, t) =  / ( x ,  t) for (x, t)eD,
Pui+l{x, t) =  и,(х, t) for (x, t)eD,

Pum(x, t) =  um_ 1(x, t) for (x, t)eD

for i = 1, 2, ... ,  m.
Putting i = m in the above equations, we obtain that the function и 

satisfies equation (3.1). Next, respectively from formulae (4.2), (3.5), (4.4); and
(4.2), (3.6), (4.5) we obtain

Pi u(x, t) =  um-i (x, t) = (Pm—i (x, t) = f ( x ,  t)

for (x, t )edpD \ ( Z J L (i =  0, 1, ... ,  m -1 )
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and

d P u ( x , t )  f /  , , dum_,(x, t)
b(x, t)Plu{x, t) — a(x, t)----- —----- = b(x , f)um_,-(x, t ) - a ( x ,  t)------—------

a/ a/

= >km-i(x, t) = &(х, 0 for (x, t)e{Z*)L {i =  0, 1, m -1).

This ends the proof of assertion (a) of Theorem 4.1.
Now, we shall prove assertion (b). Since this assertion is obvious for m 

=  1, we shall take into account in the proof only the case m ^  2.
Suppose that the function и is the only one (I^^ -reg u la r solution of 

the iterated problem (3.1H3.3) in D. Then, by assertion (a) of Theorem 4.1, 
the system of functions u1, . . . , u m, with uk (k =  1, 2, ..., m) given by 
formulae (4.2), is (Z*)fm) -regular solution of the recurrent system (3.4H3.6) in 
D, where the functions u0, cpk, фк {к = 1, 2, ..., m) are defined, respectively, 
by formulae (4.3)~(4.5). To prove the uniqueness of the solution ulf ... ,  um in 
the class let us assume that there exists a second ( r j^ - re g u la r  solution 
vt , ... ,  vm of the recurrent system (3.4)-(3.6) in D (with the functions u0, (pk, 
фк (к =  1, 2, , . . . ,  m) possessing the above properties) such that

(4.6) vk(x, t) = Pm~kv{x, t) for (x , t ) e D  (k =  1, 2, ... ,  m),

where v is (I*)^)^-regular function in D. Hence the following equations hold: 

Puk(x, t) = «*-!(•*, t) for (x , t ) e D  (к — 1, 2, ..., m),

uk{x, t) = (pk{x, t) for {x, t)GÔpD\(Z^)L {k = 1, 2, ... ,  m),
(4.7)

duk(x, t)
b(x, t)uk(x, t ) - a ( x ,  t)---- - j j ~  = if,k(x, t)

for (x, r)e(I*)L {k = 1, 2, ... ,  m)
and

Pvk(x, t) =  i;k_ 1(x, 0 (2) for (x, t )eD  (к = 1, 2, ... ,  m), 

vk{x, t) = cpk(x, r) for (x, f)GdpD \(2 :jL (k = 1, 2, . .. ,  m),

(4.8)
dvk(x, t) , ,

b(x, t)rk(x, t)-a(-x, —  =

for (x, f)e(Z*)j:' (k = 1, 2, ... ,  m).

Since the first equations for к = 2, 3, ..., m in the recurrent systems (4.7) and

(2) Since üj, . . . ,  vm is (£*)(*„,)-regular solution of the recurrent system (3.4H3.6) in D, where 
u0(x, t) =  f ( x ,  t) for (x, t)eD , we have v0(x, t) =  f ( x ,  t) for (x, t)sD .
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(4.8) are logic tautologies, these systems are equivalent to the following 
system:

Piq(x, t) = Pvt (x, t) = / ( x ,  t) for (x, t)eD,

uk (x, t) = vk (x, t) = <pk (x, t) for (x, t ) eêpD \{Z*)L {k = 1, 2, ... ,  m),

duk(x, t) , , „ dvk(x, t)
b{x, t)uk(x, t) — a(x, t)----------= b{x, t)vk(x, t ) - a ( x ,  t)----- --—

dl dl
= ФЛх, t)

for (x, r)e(Z'#)L (k = 1, 2, m).

Taking into account formulae (4.2), (4.6), (4.4) and (4.5), we have

Pmu(x, t) = Pmv(x, t) = / ( x ,  t) for (x, t)eD,

Pm~ku(x , t) = Pm~kv(x, t )=  f m_k(x, t)

for (x, t ) edpD \( I^ )L (k = 1, 2, ... ,  m),

_. dPm~ku(x, t)
b (x , t )P m k u(x, t) — a(x, t)----------------

dl

dPm~kv(x, t)
= b(x, r)Pm kf(x, t ) - a ( x ,  t)------- ---------=  Qm—k(x, f)

dl

for (x, r)e(£*)L (A: =  1, 2, ..., w).

Since m is the only one (Z ^^-regular solution of the iterated problem (3.1)-
(3.3) in Д  then from the above equations we get

n(x, t) =  t>(x, t) for (x, 1) e D

and consequently, by (4.2) and (4.6), we obtain

uk{x, t) =  î k(x, t) for (x, t )eD (k = 1, 2, ... ,  m).

Assume now that the system of functions iq, ... ,  um, given by formulae 
(4.2), is the only one (I* ^ -reg u la r solution of the recurrent system (3.4)-(3.6) 
in D, where the functions u0, q>k, фк (к = 1, 2, ... ,  m) are defined, respectively, 
by formulae (4.3)-(4.5). Hence, by assertion (a) of Theorem 4.1, и is (1*)^- 
regular solution of the iterated problem (3.1)—(3.3) in D. To prove the 
uniqueness of the solution u, suppose that there exists a second (<£*)£„)- 
regular solution v of the iterated problem (3.1)-(3.3) in D. Then, by the above
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argumentation, by (4.2) and by assertion (a) of Theorem 4.1 applied to the 
function v,

Pux (x, t) = P(Pm~1 u(x, t)) = Pmu(x, t) =  Pmv(x, t) =  P(Pm~1 v(x, t))

= f ( x , t )  for (x, t)eD,

ux (x, t) = vx (x, t) =  (px (x, t) for (x, t )edpD \(I* )L,

dui (x, t) , , 4 , dvx (x, t)
b{x, t)ux(x, t) — a(x, t)---- ------ = b(x, f)M*> t) — a(x, t)----- ------

dl dl

= «Ai(x, t) for (x, t )e(Z*)L.

Since, according to the assumption, ux is the only one bounded in D and 
( r j^ -re g u la r  function in D satisfying the above problem, we have

(4.9) ux(x, t) = p m~l w(x, t) = p m~1 v(x, t) for (x, t)eD.

Next, by (3.4), (4.2), (4.9) and by assertion (a) of Theorem 4.1 applied to the 
function v,

Pu2(x, t) = P(Pm~2u(x, Г)) = Рт~г u(x, t) = Pm~1v(x, t) = P(Pm~2 v(x, t)) 

= ux(x, t) for (x, t)eD,

u2 (x, t) = v2 (x, t) =  (p2 (x, t) for (x, t) g dp D \(r* )L,

du2(x, t) t /  , dv2(x, t)
b(x, t)u2(x, t) — a(x, t)— — ---- = b{x, t)v2{x, t ) - a ( x ,  t)----- --—

dl dl

= <A2(x, t) for (x, t)e(Z*)L.

Since, from assumption, u2 is the only one bounded in D and (Z^^-regular 
function in D satisfying the above problem, we have

>*N' u2(x, t) = Pm~2u(x, t) = Pm~2v(x, t) for (x, t)eD.

Repeating this argument recurrently, we obtain

(4.10) um_i(x , t) = Pu(x, t) = Pv(x, t) for (x, t)eD

and we get finally, by (3.5), (3.6), (4.10) and by assertion (a) of Theorem 4.1 
applied to the function v,

Pu(x, t) = Pv(x, t) =  wm_ 1(x, t) for (x, t)eD,

w(x, t) = v(x, t) = (pm{x, t) for (x, t)e dpD\(Z^)L,

du(x, t) dv(x, t)
b(x, t)u(x, t ) - a ( x ,  t)-----—  =  b{x, t)v(x, t)~a{x,  t)-----—  = y/m{x, t)

dl

for (x, 0 g(2:+)l .

dl
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Since, according to the assumption, и — um for (x , t ) eD  is the only one 
bounded in D and (I’+)(̂ t)-regular function in D satisfying the above problem, 
we infer.

u(x, t) = v(x, t) for (x, t)eD.

This ends the proof of Theorem 4.1.

5. Uniqueness criterion for the solution of the mixed iterated problem.
T heorem 5.1. Suppose that
1° The coefficients au, bt (i , j  = 1, 2, ..., n), c of the operator P satisfy 

Assumption 01.
2° The inequalities

Z  K ( x ’ 01 <  В Д 2, t  Ibi(x, t)\ ^  L\x\, c(x, t ) ^ L
i,j— 1 i— 1

are satisfied for (x, t)eD, |x| >  L and the inequality

c(x, t) ^  L

is satisfied for (x, t)eD, |x| ^  L.
П

3° The real quadratic form £  а^(х, ty fÀj  is non-negative for every
u= i

(x, t)eD.
Then the mixed iterated problem (3.1)—(3.3) of type (Pm) admits at most 

one {L^)[m)-regular solution in D.
P roo f. Assume that и is a ( r +)(Lm)-regular solution of problem (3.1 H3.3) 

in D. By Theorem 4.1 the system of functions ult ... ,  um, given by formulae 
(4.2), is (2*)fm) -regular solution of the recurrent system (3.4)-(3.6) in D, where 
the functions u0, <pk, фк {к =  1, 2, . . . ,  m) are defined, respectively, by 
formulae (4.3)-(4.5).

Now, we shall prove that the system of functions ul5 ... ,  um is the only 
one in the class 0>m, (I* )£„>-regular solution of the recurrent system (3.4)-(3.6) 
in D. To this purpose suppose that there exists, in the class ^ m, a second 

-regular solution v1, . . . , v m of the recurrent system (3.4)-(3.6) in D. 
Particularly, this means for к =  1 that the functions Wj and are two ( I r ­
regular solutions in D of the after-mentioned problem

Pu1(x, t) =  f ( x ,  t) for (x, t)eD,

M * , t) =  <Mx, t) for (x, t )edpD \ ( Z J L,

du t (x, t) r
b(x, t)u1(x, t) — a(x, t) -------= ^x(x, t) for (x, r)e(I*) .
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Then

Pu1(x, t) = Pvi(x, t) for (x, t)eD,

Щ (x, t) = Vi (x, t) for (x, t )eôpD \(I* )L,

dut (x, t) dVi (x, t)
b(x, t)Ui(x, t) — a(x, t)---- ------ = b{x, t)vi(x , t ) - a ( x ,  t)----- ------

dl dl

for (x, f)e(X'5)6)L.

Consequently, from the linear version of the proper modification of the non­
linear maximum principle, given in [l] , we obtain

Ui (x, t) = vt (x, t) for (x, t)eD.  .

Next, by the above equation and by the assumption that V i , . . . , v m is a 
second, in the class i^w, (Z^my-regular solution of the recurrent system (3.4)- 
(3.6) in D, the functions u2 and v2 are two (I'!|c)L-regular solutions in D of the 
following problem:

Pu2(x, t) = Ui(x, t) for (x, t)eD,

u2(x, t) = (p2(x, t) for (x, t )edpD \ ( Z J L,

, du2(x, f) r
b(x, t)u2{x, t) — a(x, t)--- —-----= ф2(х, t) for (x, t)e (Z JL.

Hence

Pu2(x, t) = Pv2(x, t) for (x, t)eD,

u2 (x, t) = v2 (x, t) for (x, t)e dpD \(I* )L,

« / \ / \ ( ,du2(x, t) dv2{x,t)b(x, t)u2(x, t) — a{x, t)-----—---- = b(x, t)v2(x, t) — a(x, t)------ -----
dl dl

for (x, t ) e {Z JL

and, by the maximum principle,

n2(x, t) = v2(x, t) for (x, t)eD.

Repeating this argumentation recurrently, we get

uk(x, t) =  ^ (x , t) for (x , t ) e D , к = 3, 4, ... ,  m.

Therefore, the system of functions ux, . . . ,  um is the only one, in the class &m, 
(£*)(m) -regular solution of the recurrent system (3.4)-(3.6) in D. Then, by 
assertion (b) of Theorem 4.1, и is also the only one (Z^ m)-regular solution of 
the iterated problem (3.1)—{3.3) in D.

' In this way, Theorem 5.1 is proved.

2 — Prace Matematyczne 27.1



18 L. Byszewski

6. Uniqueness criteria for the solutions of the Fourier’s first and second 
iterated problems. Given the functions f  f ,  g{ (i — 0, 1, m — 1) defined 
respectively on D, dpD\(Z^)L, (Z*)L, mixed iterated reduced problem of type 
(Pm) in D consists in finding (Z^^-regular function и in D, bounded together 
with P u  (i = 1, 2, m — 1) in D, satisfying (3.1), (3.2) and boundary 
conditions

dP u(x ti
(6.1) ----- — l — = gi(x, t)  for (x, t ) e ( Z J L O' = 0, 1, . .. ,  m -1 ) (3).

A function и with the foregoing properties is called ( I ^ m)-regular 
solution in D of the above problem.

Applying an analogous argument as in the proof of Theorem 5.1, we get 
Theorem 6.1. Under the assumptions of Theorem 5.1, the mixed iterated 

reduced problem of type (Pm) in D admits at most one ( I ^ m)-regular solution in 
D.

If =  0  [I*  = I ]  in the mixed iterated reduced problem of type (Pm), 
then this problem is called Fourier's first [second] iterated problem of type 
(Pm).

From Theorem 6.1 we obtain
Theorem 6.2. Under the assumptions of Theorem 5.1 the Fourier's first 

[second] iterated problem of  type (Pm) admits at most one (m)-regular [ ( ^ ^ i r ­
regular] solution in D.

7. Uniqueness criteria for the solutions of the iterated modified problems.
In this section we always put D = D.

Assumption Let i , j  — 1, 2, . .. ,  n. We assume that the coefficients 
a^, bh c of the operator P have the following properties:

1° If m =  1, the coefficients аи, bh c are defined on D.
2° If m ^  2, the derivatives D“ Df aijf DaxD^biy DaxD^c (|a| + /l ^  2(m —1))

are continuous in D and the derivatives DaxZ)fa^, — DXD^ а{], DxD^bh

é ^ b , .  DIDfc,  ± D i D f e  (М +  Л < 2(m-2))  are finite on {I , f .

It is seen that the considerations from the above sections, given for 
-regular] (m)-regular functions in Д  are true for the functions

belonging to [ C2m(D) and possessing the finite derivatives (|a|

+ fl <  2(m— 1)) on (Z*)L] C2m(D). Particularly, we have

(3) This problem is not a particular case of the mixed iterated problem of type (Pm).
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T heorem 7.1. Let the coefficients ai}, bf (i,j  — 1, 2, ... ,  n), c of the 
operator P satisfy Assumption Ê, and let assumptions 2° and 3° of Theorem 5.1 
hold. Then for the given functions f  f ,  gt (i = 0, 1, ..., m— 1) defined 
respectively on D, ôpD\(I^.)L, (Z*)L, there exists at most one function

u e C 2m(D) possessing finite derivatives Df u(|a| +  /l ^  2(m—1)) on (I*)1',

bounded together with Pl u (i = 1, 2, ..., m — 1) on D and satisfying formulae
(3.1), (3.2) and (6.1).

8. R em ark . Suppose that P is an operator with constant coefficients of 
the form

P =  X au DxiDx:+ Z  biDXi + c - D t.
ij= i i=i

Since

Pidu(x , t ) dPi u (x , t )
Jl = Jl for (x, t) e (Z*)L (i =  0, 1, ... ,  m — 1)

in the class of (Г ^)^ -regular functions и in D having additionally continuous 
derivatives D%Df м(|а| + 2/1 < 2m—1, а Ф 0) on ( r +)L, it follows that all the 
considerations from Sections 5 and 6 are true also, in the above class of 
functions m, for the iterated problems of type (Pm) with conditions (3.3) 
replaced by the following conditions:

Pldu{x, t)
b(x, t )F u (x ,  t) — a(x, t) ----- ------ = 0,(x, t)

dl

for (x, t)G(r*)L (i == 0, 1, ... ,  m— 1).

An analogous remark is true for the iterated problems in the 
formulation of Section 7.
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