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Introduction. In this note we consider the bounds for periods of periodic 
solutions of difference equations in normed linear spaces with Lipschitz 
continuous right-hand sides. As a consequence of an obtained result we get a 
theorem on bounds for periods of periodic solutions of differential equations 
in Banach spaces, giving thus a generalization of the result which has been 
obtained in a different way by Lasota and Yorke in [2].

An approach applied in the note, consisting in considering first the 
discrete cases and then passing to the limit, has been used previously in 
similar situations by Ky Fan, Taussky and Todd in [1].

The existence of a lower bound for the periods of periodic solutions of 
differential equations has also been studied by Li [4], Vidossich [5] and 
Yorke [6].

I wish to thank Professor Stanislaw Sçdziwy for his kind advice and 
guidance.

1. Notations. N, Z, R will denote, respectively, the sets of all natural, 
integer and real numbers. E will denote a real normed linear space with the 
norm I |. Let G = Z  or R. A map x: G -> E is called p-periodic i f 'xl iy-f / ;)  
= x{g) for each geG. If G = Z  we will write x, instead of x(i).

For peN,  set

Clearly, w(p) is natural.

2. The discrete case. The results of this paper come as the consequence 
of the following fundamental lemma:

L e m m a . I f  v: Z  —> E is a p-periodic and non-constant map satisfying the 
condition
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( 1 )
i= 0
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then

( 2) A ^ l  0(Р)\а4<|p_T>
p - 1 p-1

w/теге a = X + P=  Z  M-
i = 0 i = 0

Proof. In the proof we use ideas similar to those used in [1], § 5.
к

For k , le Z ,  l, set a* = £  \vj + l — Vj\.  Since v  is p-periodic, 
p— l j~i

a = Z  Ity+j+i — ty+J f°r апУ te Z ,  which implies that
j = 0

p~ i
(3) Y , ak+q = a(r —g-fl) for all r, qeZ , r ^  q.

k= о
s— 1

From the inequality |rs — ^  Z  Ity+i- tyl we get for s> *gZ, s > i

(4) ip .-t’i K a T 1.
To simplify notations we will write w, 6 instead of w(p), <5(p). Let ke N  and к 
< p .  Using the identities

W W
° =  Z  v k + J  +  ( l - 0 ) v k +  w + 1 ,  p v k =  £  yk+( l - ^) f k

j = - w j= -w
and (4), we obtain

w

P k ! = |P ^ K  Z  \vk+j-Vk\+(l~d)\vk + w+l- v k\
j= - w

< Z  ( a kk + j - l  +  a kk l j ) H l - ô ) a kk +  ” .
j= i

Summing it over к = 0, p — 1 and applying (3), we have
p — 1 w

/?p = Z  PKI ^  Z  2a/ + (l — <5)a(w-l- 1) = a(w+ l)(w + 1 — <5)
k= 0 j = 1

P2-Ô  
~ a 4

Since i; is non-constant, fi #  0. Consequently,

<5(p)\a
4 <  I P ~

p / 0 '
Q.E.D.

R em ark. The estimate in the statement of Lemma is the best possible.
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In fact, for any beE , b Ф 0, the p-periodic map v: Z-+E  defined by the 
formula

f(w + l — p)b for i = 0, . . w,
v>i = л[(w+l)b for i = w + 1, . . p— 1,

where w is defined as above, satisfies (1) and (2) with equality sign.
T h eo rem  1. Let f : E x E x Z - ^ E  satisfy the Lipschitz condition with 

constants K, L, M

(5) If{a, b, n)—f(c , d, k)\ ^  K\a — c\ + L\b — d\ + M\n — k\ 

for all {a, b, n), (c, d, k)e E x E x Z.
I f  x: Z-+E is a p-periodic and non-constant solution of a difference 

equation

(6) xn+1 - x n = f ( x n, n) for each n e Z,

then
p-1

4 ^  ( p - S (p)/p)• (K + L+Mp/(l), where 0 =  £  |xi + 1 - x,|.
, i=0

p -1
Proof. For neZ,  define vn = xn+l—xn and set a = £  \vi + 1— »£|. Note

i= 0 
P~ 1

that since x is p-periodic, v is p-periodic, too, and ]T vt = 0. Moreover,
i= о

Z  |u,-| = X lyi-il = /?• Let *ez , by (5) and (6),
i= 0 i = 0

к’«+1-У{| = |/(Xf+i, Xh i+ 1 )- /(* ; , X,_i, 01

^  К |y,-| + L|y,-_ О + M .

Hence from the above remarks and inequality it follows that

(7) а ^ К Р  + L f  + Mp.

Since x is non-constant, ft Ф 0. Applying Lemma and (7) we get 

4 ^  (p -  b (p)/p) ‘(K + L+ Mp/p) Q.E.D.

It is clear that similar result can be obtained for equations 

x„+1 xn f  (x„, Xn— j , ..., n)

with /  Lipschitz continuous with respect to all variables.

3. The continuous case. As a consequence of Lemma we get the extension 
of Theorem 4 of Lasota and Yorke [2].
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T heorem 2. Let В be a Banach space with the norm | |. Let F: В x В xR  
-> В be Lipschitz continuous
(8) |F(y, 2, t) — F(w, и, 5)| ^  К \y-w\ + L \z-u\ + M\t — s\

for all (y, z, t), (w, u, s )eB xB  xR, where K , L, M are constants. Let t: R-+ R 
be a C1 map. I f  x: R-* В is a p-periodic and non-constant solution of a delay 
differential equation

(9) x'(f) = F(x(f), x(t(0), t) for each t e R ,

then

(10) 4 ^  p(K + Ly/f}+ Mp/P),

where p — Jjx'(5)|^s, у = J|(xoT)'(s)|<is. 
о о

Proof. For each k e N  define a map vk: Z-* В by the formula

vk(ri) = x (n+l)p
к

— x
np
T

for neZ .

к -  1
Since x is p-periodic, it follows that vk is k-periodic and £  vk (/) = 0 for each

y=o
keN .  From (8) and (9) it follows that

\vk{n + \ ) - v k{n)\ =

(n+ 2)p/k (n+l )pjk

x'(s)ds— J x'(s)ds

(n+l )p/k  np/k

(n+ 1 )p/k

[ F  (x  (s +  p/k) , x  (t  (s +  p/к)), s +  p /k ) -

np/k

— F  (x (s), x (t (s)), s)] ds

(w+ 1 )p/k (n+ 1 )p/k

^ К j |x ( s -f  p/к) — x(s)\ds + L j \x(x{s + p/k))-

np/k np/k

— x(t(sj^ds + M • p2/k2 for all k e N , neZ .
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Summing it over n = 0, к 
l à(k)(11) 4 s d /c ----^ | x

1 and using the lemma, we get

p p
(’ К I x (s + p/k) — x (s)| ds + f L |x (r (s 4- p/k)) — x (r (s))| ds + M • p2/k

Z  |*((«+И /# ) -*(wp/fc)|
n= 0

= p(l —ô(k)/k2) x

K f |x (s + p//c) — x (s)\/(p/k) ds + L f |x (t ( s  + p/k)) -  x (t (s))\/(p/k) ds + Mp
__6 _______________________b_________________________ ____

Z  \x({n+i)p/k)-x(np/k)\

for each keN .  From Lebesgue dominated convergence theorem [3], p. 487, it 
follows immediately that

(12) $\x{s + p/k)-x{s)\/(p/k)ds-+.fi (/c-> oo),
о

(13) J |x ( t  ( s  + p/k)) — x ( t  (s))\/(p/k) ds -* у (к -> oo). 
о

From the formula for the length of a C1 -curve in Banach space [3], p. 618— 
625, we get

k -  1
(14) Yj |х ((л+ l)p/k) — x(np/k)\ -> fi (k—► oo).

n = 0

Clearly p Ф 0, since x is non-constant.
Passing in (11) to the limit for k-* oo and applying (12), (13) and (14) we 

obtain finally

4 ^  p(K + Ly/P + Mp/P). Q.E.D.

R em ark 1. The right-hand side of estimate (10) in Theorem 2 depends 
on the solution of (9) which is usually not known. But making some 
assumptions about the functions F and т we can express the estimate of the 
period p in terms connected exclusively with these functions.

For instance, if there exist b, c, deR  such that

0 < c ^ \F (y ,  z, 0| ^  d for all (y, z, t ) e B x B x R  
and

|t'(0I < b for each teR ,
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then

4 ^  p(K + L-db/c + M • 1/c).

Rem ark 2. Consider an autonomous delay differential equation

(15) x'(t) = F(x(t), x(t — <?(f))) for each teR ,

where the function g : JR-» R is positive and bounded.
If the assumptions of Theorem 2 are satisfied, we obtain from Theorem 

1 of Li [4] the estimate for the period of the solution of (15)

4

which may be better than estimate (10) if y/fi > 1. However, if g is constant, 
then our estimate is the same as the estimate of Li.
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