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Forms and mappings. II. Degree 3

Abstract. The main problem of [2], namely a description of Ker(hg), is solved here for

=3, and consequently the module of all 3-applications can be found in certain cases.

S¢stions 2 and S yield conditions implying the injectivity of the natural transformation hj.

A description of Ker(h}) on the subcategory of all free modules is given in Sections 3 and 4.
Ar important role in the paper is played by the ideal I(R) = (r—r?; reR).

1. Preliminaries. Recall some definitions of [2] in the case of degree 3.
Let M, N be R-modules and let f: M — N be a mapping satisfying
f(0) = 0. Write

(x, y) =(421)(x, y) = f (x+ ) =L () —f ),
(x, 9, 2) =(43f)(x, y, 2) = f(x+y+2)~f (x+y)=f (x+2)—=f (y+2) +
+f () +f W+ (2)
= (x+y’ Z)'—(X, 2)“()’, Z) = (x’ y-l-z)——(x, ,V)"(x, Z).

f is called a 3-application if f(rx) =r3f(x) for reR, xe M and 43f is 3-
linear. The functor Apply(M, —) of 3-applications on M is represented by
the module 43 (M) generated by the values of the generic 3-application §° on
M. The key problem of the paper is to determine the kernel of the standard
homomorphism  h* = hx(M): 43(M)— I'} (M), h*(63(x)) =x», where
'y (M) denotes the third divided power of M. (See [2] for a motivation.)

Lemma 1.1. h3(R/I) is an isomorphism for any ideal I c R.

Proof. Because of [2], Section 2, it suffices to prove that A;(I) = D;(J),
where A5 (I) and D, (I) are ideals generated respectively by the values and by
the coefficients of the polynomials (X +y)®—~X3, yel. Evidently, A;(I)
=(3(x*y+xy?), y*; xeR, yel)= (3y, y*; yeI) = Dy (I) and the converse is
also true since 3y = 3(v+y?)(1—y)+3)°.

Recall that 43 and I'j are functors of degree 3 such that 433 = I'y?3,
4¥*(M, N) < Ax(M®N) is generated by (x,y) =(426%(x, y) for xeM
and yeN, Ty¥*(M, N)=(T3(M)QN)®(M®TI2(N)) < 'y(M®N) and
hy?: Ay* — T'y? carries (x, y) to x@y+xy? (see [2], Section 4). Write
Im(h}?) = I'y?, Coker(hy?) = I'y2. All the functors commute with localiza-
tions. Lemma 1.1 shows that the investigation of h3 on direct sums of
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cyclic modules reduces to the study of hy2(R/I, R/J) for I, J < R (this will
be used in Section 5 below).

The most important case of a free (even a flat) module is in fact the
study of hg = h¥?(R, R). Write 4z = A% *(R, R) etc. so that hg: Az — I'p with
Im(hg) = T and Coker(hg) = I'r. Any ring homomorphism R— S induces
in the natural way an R-homomorphism 4 — 4 (see [2], Corollary 3.4) and
I'r— I's. Let x and y denote generators of the two copies of R. Then
hg(rx, sy) = r?sy?* +rs?y*2, where y?! = x!?y and y!? = xy'®. Moreover, it
follows from [2], Theorem 59, that TIg=R(y*'+y')®I(R)y*
=RG*+y'H®I(R)y*'*~ R®I(R) and hence ['r=x R/I(R), where I(R)
= I,(R) is defined in [2], Section 5, as follows:

I(R)=(r—r%,re R) = (rs>—r?s;r, se R) = n | Me Max(R); |R/M| = 2}.

CoroLrary 1.2. (1) 2eI(R),

(2) 1(R) = R<> Ty = 0<«> R has no quotient field isomorphic to Z <> 1(A)
= A for any R-algebra A<>I1(A) = A for some polynomial algebra over R,

(3) I(R) = 0< R is a Boolean ring. The functor R— R/I(R) is left adjoint
to the imbedding of Boolean rings into commutative rings.

Remark 13. I(R)=(r+r*;reR) =(rs*+r?s;r,se R)=(r*+r®;reR)
=(r2s>+r3s?; r,seR)=(r*—r3; reR) = (r*s>—r’s%; r. seR).

In fact,

(rs?+r%s) = ((r+ 9>+ +5)3)—(r*+r) = (2 +5°) = (1 + 1) (rs+rs? +r2 ).

In particular, R is a Boolean ring if and only if r? = r* for any reR.

It is proved in [2], Lemma 5.1, that I = I, commutes with localizations
and reductions modulo ideals. Note also

LemMa 14. If A is an R-algebra generated by the set S = A, then 1(A)
=I(R)A+(s—s?; s€ ).

Proof. It is easy to see that I preserves direct limits. Hence it suffices to
assume that S is finite, and next, by induction, that S = {s}. Then I(A4) is
generated by elements of the form

Yor si—(Zr; sP =Y ri(s'—s*)+ Z(ri—riz)s2i+2ael(R)A+(s—sz).

Remark 1.5. The same proof gives us the following formula:
HR[[T])jw) = U(R), T,—T7; jeJ).

2. First observations and examples. Let f: M— N be a 3-application
over R and x, ye M. In the most important case when f = §*: R?— 43(R?)
we assume that x, y form the standard basis of R2. Then 4y is generated by
(rx, sy) for r, seR.
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ProrosiTion 2.1.

(1) (rx, ry) = r*(x, y),

(2 (rx, V)+(=rx, y) = r2(x, x, ) = r*((x, Y +(—x, ),
(rx, Y)—(=rx, y) = r(x, y, y) = r((x, ) —(=x, y),

3 (rx, sy)+(sx, ry) = (r* s+r5*)(x, y),

(rx, sy)—(sx, ry) = (r*s—rs})(—x, y),
4) (r2s—rs?)(tx, y)+(s2t—st®)(rx, y)+(t2r—tr?)(sx, y) = 0,

- (s=sY)(rx, »—(r—rd(sx, y) = (r*s—rs?)(x, y),
@D (s+5H)(rx, Y =(r+r3)(sx, y) =(*s—rs?)(—x, y).

Proof. (1) is evident.

(2) _(rx’ )’)—(—’x’ Y) =(I’X, —rx, .V) =r2(x’ —X, y) =r2<(09 _V)—(X, y)_(—x’ y))’
—(rx, ) —=(rx, =y) =(rx, y, =y) =r(x, y, =y) =r((x, O=(x, y)—(x, —y)).
Next use (1).

3 (+s)’(x,y= ((r+35)x, (r+5)y) = (rx, ry)+(rx, sy)+(sx, ry)+(sx, sy)+
+(rx, sx, ry)+(rx, sx, sy)+(rx, ry, sy)+(sx, ry, sy) = (rx, sy)+(sx, ry)+
+(r?+5%)(x, )+ s+rs?)((x, x, Y)+(X, y, y)).

Hence (2) gives us the first formula of (3). For the second, change the

signs of r and x and use (1).

(4) Substitute x by —1rx in the second formula of (3) and next add the
three equalities given by the cyclic permutations of r, s and t. This gives us
the first formula. For the second put t = 1, and for the third change the signs
of r, s and x.

COROLLARY 2.2. (x, sy)+(sx, y) = (s +5%)(x, y) for any se R. In particular,
(rx, sy) = (s+5%)(rx, y)—(rsx, y) and hence Ay is generated by the elements
(rx,y), reR.

CoroLLARY 2.3. (r?x, y)=(r+r)(rx, y)—r3(x,y) for any reR. By
induction:
(r"x, )y =r" A +r+ o+ Yox, )=t A4+ L+ Y (x, ),
reR, n=1.

If A is an R-algebra generated by the set S, then A, is generated over A by the
elements (rs,...s;x, y) for reR and s, ..., 58, k= 0.

ExampLE 2.4. Suppose that 2 is invertible in R. Then Proposition 2.1 (3)
gives us the following formula:

(2.2) (rx, sy) =4rs(r+s)(x, y)+3rs(r—s)(—x, y), r,seR.
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This is also true over Z (more generally, if r, se Z-1). In fact, observe that
(rxa Y) = ((r—l)xa _V)+(x, y)+((r_ l)x’ X, y)
=((r=1x, y)+r(x, )+ =1(=x, y),

by Proposition 2.1 (2). An induction proves (2.2) for r 20 and s = 1. For
r <0 change the signs of r and x. For arbitrary s, use Corollary 2.2.

Suppose that 2 is invertible in R or R =Z. Then 4; is generated by
(x, y) and (—x, y). Since 2 is a non-zero divisor, it follows that hg(x, y) =
+7'? and hg(~x, y) = y*! —91% are linearly independent over R. Hence
hg: Ag = 'z and, consequently, h3 is a monomorphism on the subcategory
of free R-modules. Moreover, it is easy to see that any 3-application in n
variables over R is a linear combination of the “generic” 3-applications: r,
Lrs(r+s) and rst.

ExampLE 2.5. Suppose that R is a Z-algebra generated by the set S. It
follows from Example 2.4, Corollary 2.3 and Proposition 2.1 (2) that 4 is
generated by (—x, y) and (s,...s; x, ) for any finite subset {s;, ..., s} = S.
For example, let R=Z[i]. Then 4, is generated by (x, y), (ix, y) and
(—x, y). Moreover, Corollary 2.3 (for r = i) shows that (—x, y) = (i—1)(ix, y)
+i(x, y). Since hg(ix, y) = —y*' +iy'? and hg(x, y) = y*' +y'? are linearly
independent, it follows that hg: 4z > I'z. An easy verification in I'y (or a
transformation of (2.2) over the field of fractions) shows that

rs(ri+s) rs ( s)

151 (x, y)—

13 %)

(rx, sy) =

The above coefficients, r* and rst are the “generic” 3-applications over Z [i].

ExampLE 2.6. Suppose that I(R) =0 (i.e, R is a Boolean ring). Then
Corollaries 2.2 and 2.3 show that (rx, sy) = rs(x, y) in 4g. Since hg(x, y)
=921 49'2 is linearly independent, it follows that hg: Ag — I'r. Moreover,
Iz ~ R, and hence '3(M) is projective if so is M. Consequently, Applz(M, —)
= Hom} (M, —) for any projective R-module M (see [2], Section 1).

The most useful relation is (2.1), as follows below. Let us introduce the
following homomorphism:

P: Ax™5Tx LI(R),  (rx, sy) ors?y 2 +r syt Bors?—p2s,

In particular, P(rx, y) =r—r2.

ProrposiTion 2.7. (1) Ker(P) = Ker(hg)® R(x, y), Im(P) = I(R).

(2) P(Wyv—P(w)ue R(x, y) for any u, ve 4.

(3) I(R)(Ker(hg)) = 0. In other words, Ker(hg) is an R/I(R)-module.
Proof. (1) Evidently Ker(p) = R(y'?+7*') = Rhg(x, y), and hence

Ker(P) = Ker(hg)+ R(x, y). This sum is direct since hg(x, y) is linearly
independent. The second part is evident.
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(2) follows from Corollary 2.2 and formula (2.1).

(3) Let veKer(hg) and re I(R). Since r = P(u) for some ue 4y it follows
that rv = P(u)v—P(v)ue R(x, y) by (2). Hence (1) shows that rv = 0.

THeOREM 2.8. Suppose that I(R)=R. Then hg: Ag> 'y and hence
h3(M): 43(M)3 I'3(M) for any R-module M.

Proof. Use the above proposition and [2], Corollary 2.5.

COROLLARY 29. If R is von Neumann regular, then hy(M): A3 (M)
3 T3 (M) for any R-module M.

Proof. It suffices to prove this locally, i.e., in the case of a field. Apply
Theorem 2.8 and Example 2.6 (or [3], Theorem 4.4).

Returning to the general case define for any r, se R the following
element of 4g:

A(r, s) = (rx, sy)—r(x, sy)—s(rx, y)+rs(x, y)
= —(rsx, y)+7(sx, y)+5>(rx, y)—rs’(x, y)
(see Corollary 2.2). It is easy to see that A(r, s)e Ker(hg), but A(r, s) can be
non-zero, as follows from
TueoreM 2.10. If I(R)# R and S=R[X, Y], then 0 A(X,Y)
€ Ker (hg).
Proof. Consider the following mapping:

: 02(FG
f: 82> S/1(S), f(Fx+Gy) =5)%6—Y)+1(S).

Observe that (in the simplified notation)
f(H(Fx+Gy)) = (H*(FG))xy + 1(S) = H*(FG)xy +1(5)
= H*(FG)xy +1(S) = H*f (Fx+Gy)

since 2 and H?>—H? belong to I1(S). Moreover, 4%f is Z-bilinear because
(Fx+ Gy, Px+Qy) = (FQ +GP)xy +1(S), consequently 4°f = 0. This proves
that f is a 3-application, and hence f induces the following homomorphism:

g: As— S/1(S), g(Fx, Gy) = (FG)xy +1(3).

EVident]y, g(A(F, G)) = (FQ)XY_FGXY—GFXY +I(S) == FX Gy+FY Gx+I(S);
in particular, g(A4(X, Y))=1# 0 (Corollary 1.2). This completes the proof.

3. Ag = Ker(hg). Consider the submodule A of 4, generated by A(r, s)
for all r, se R. Recall that Az = Ker(hg). We will prove below that it is in
fact an equality, but first we state some auxiliary results. As above, x and y
form the standard basis of RZ.

Lemma 3.1. (1) P(M)N+R(x, y) = P(N) M+ R(x, y) for any submodules
M, N < Ag. In particular, P(N)Ag = N+ R(x, y).
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(2) If uedg, then u=(P(u)x, y)mod(I(R) dg+ R(x, y)+ Ag).

Proof. (1) follows directly from Proposition 2.7 (2).

(2) First observe that (rx, y) = ((r—r?x, y)+(?x, p)+(r—rd)ri(x, x, y)
= ((r—r*x, y) because of Corollary 2.3. Consequently:
2)2

(str—rHx, y)=s(r—rdx, y)+r—r)*(sx, y)—sr—r?)*(x, y)—

—A(s, r—r) = s(rx, y).

Let now u =) s;(r;x, y). The above computation shows that
i

u=y(stri=r?)x, y) = QCstri—r))x, y) = (P()x, y)

since 4333 is 3-linear and the coefficients belong to I(R).

ProrosITION 3.2. Let N be a submodule of Ag. The following conditions
are equivalent:

(1) A = N+R(x, y)+ Ag,

(2) A4g = N+Ker(P),

(3) P(N)=1I(R).

Proof. Evidently (1)=(2)=(3). (3)=(1): Let ue 4z. Then P(u) = P(v)
for some ve N. Consequently, u = (P(u)x, y) = (P(v)x, y) = v mod (I (R) 4g +
+R(x, y)+ Ag), by Lemma 3.1. Moreover, I(R)4g = P(N)4g = N+R(x, y),
and hence ue N+ R(x, y)+ Ag as required.

ExampLE 3.3. Suppose that I(R)=(s—s%;seS). Then 4p = {(sx, y);
se€S)+ R(x, y)+ Ag. In particular, let (R, M) be a local ring with |R/M| = 2.
If M=(my,...,m,), then M =(m,—m}, ..., m,—m?) (Nakayama Lemma),
and hence 4z = R{(m, x, y), ..., (m,x, y), (x, y)} + Ag. On the other hand,
if |[R/M|# 2, then s—s*¢ M for some seR, and hence Ai = R {(sx, y),
(x, y)} (use Theorem 2.8).

LemMMa 34. Suppose that N < Ag is a submodule and P(u,), ..., P(u,)
form a regular sequence on R/P(N). Then

(N+R{uy, ..., u,}) nKer(P) =« N+ R(x, y).

Proof. Since (x, y)e Ker(P), it can be assumed that (x, y)e N. Let n =1,
u; =u. Suppose that veN, reR and v—rueKer(P). Then rP(u)
= P(v)e P(N), by the regularity r = P(w) for some we N, and hence ru
=PWu=Puw+s(x, yeN as required. For n>1 put N =N+
+R{uy,...,u,_y} and observe that P(u,) is regular on R/P(N’). An
induction completes the proof.

CoroLrArY 3.5. If P(u,), ..., P(u,) form a regular sequence in R, then
Riuy, ..., uy, (x, Y} " Ker(P) = R(x, y), R{uy, ..., 4y, (x, y)} " Ker(hg) = 0.
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Proof. Put N = R(x, y) in the above lemma. Use Proposition 2.7 (1).
Proposition 3.2 and the above corollary give us the following

THEOREM 3.6. Suppose that I(R) is generated by a regular sequence
P(uy), ..., P(u,). Then Ag = R{uy, ..., u,, (x, y)}@®Ag and Ag = Ker (hg).

CoroLLARY 3.7. If (R, M) is a regular local ring, then Ag = Ker(hg) is a
direct summand of Ag. If, moreover, |R/M| = 2 (the only non-trivial case), then
the complementary direct component can be chosen as R{m;x,y),...
o (Myx, y), (x, )}, where my, ..., m, form a minimal set of generators of M.

Any commutative ring R is a homomorphic image of a polynomial ring
over the ring of integers. Since the required equality Az = Ker(hg) holds for
R =Z (Theorem 3.6 or Example 24), it suffices to examine polynomial
extensions and quotient rings.

Lemma 3.8. Let S = R[T;];;. Then

(1) In the natural way Ag is contained in Ag as a direct summand (over R)
and hg is the restriction of hg.
(2) If N < 4y is a submodule, then SN n Ker (hg) = S(N n Ker (hg)).

Proof. (1) follows from Section 1 since R is a retract of S.
(2) Let u=) fiu,eKer(hs) for some fieS and w;e N < 4g. Then

0=Y fihs(u) =Y fihg(w), by (1). Let r; be the coefficient of f at a

fixed monomial. Then Y rihg(u) =0, Y riu;e NnKer(hg), and hence

ueS(N nKer(hg)). The second inclusion is evident.

ProposiTioN 3.9. Let S = R[T};;. Then

(1) 4g = N®Ker(hg) and (x, y)e N = Ag = Ng®Ker (hy),
where Ng = SN+S{(T;x, y);jeJ}.

(2) Ag = Ker(hg) = Ag = Ker(hy).

Proof. (1) Suppose that A = N+Ker(hg) and (x, y)e N. Then I(S)
=(I(R), T,—T?;jeJ) =(P(N), P(T;x, y); jeJ) by Lemma 14, and hence
dg = Ng+ Ag = Ng+Ker(hg) by Proposition 3.2. Observe that any finite
sequence of elements T,—T7? is regular on S/P(SN)=S/SI(R)
x (R/I(R))[T;];os- Consequently, NgnKer(hs) = SN nKer(hs) = S(N nKer(hg)),
by Lemma 3.4 and 3.8. This completes the proof of (1).

(2) Put N = Ay in the proof of (1). Since 4¢ = N5+ Ag and Ny~ Ker (hg)
= SAz « Ag it follows that Ker(hg) = As.

ProrosiTioN 3.10. If Az = Ker(hg), then Ag = Ker(hg) for any S = R/J.

Proof. This can be proved locally. Consequently, it can be assumed
that (R, M) is a local ring, J « M and |R/M| = 2 (because of Theorem 2.8).
Then I(R)=M and I(S)= M/J. Consider Px: Ay = Ag/(Ar@®R(x, %))
— I(R) induced by Py. It follows from Proposition 2.7 (1) that Py is an
isomorphism; it suffices to prove that so is Pg. Observe that Ag— 4g
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(Section 1) induces an R-homomorphism A4i— A5, and hence we can
complete the following diagram:

pg!
M = I(R) —/— 4z

! |
M/IM = [(R)®pg S ——-L- - 4.

Evidently, f((r—r?)mod JM) = ((r mod J)x, y). It remains to prove that we
can complete the following diagram:

0—»J/IM ——>M/IM —>M/) —>0

AN g

As

i, that fl|;,, =0. This is evident since r = (r—r?)mod JM for any reJ.
The above considerations prove the main result:
THeOREM 3.11. Agx = Ker(hg) for any commutative ring R.
CoroLLARY 3.12. If Ker(hg) = 0, then Ker(hg) =0 for any S = R/J.

Proof. Observe that 4z — 4, (rx, y) —(Fx, y), induces an epimorphism
Ag— Ag. Next apply Theorem 3.11.

In the next section we examine the condition Az = 0.

4. The form A. Recall that A: R xR — A,
A(r, 5) = (rx, sy)—r(x, sy)—s(rx, y)+rs(x, y)

= —(rsx, y)+r(sx, y)+s2(rx, y)—rs>(x, y),

and I(R) annihilates Az = RA(R x R). In particular, tA(r, s) = t> A(r, s) and
2A(r, s) = 0. Moreover, observe that A(r, 1) = A(1,5) = 0.

ProrosiTion 4.1. (1) Let A'(r,s)=(rx',sy)—r(x', sy)—s({x', y)+
+rs(x’, y'), where x' = tx and y' = uy for some t, ue R. Then A’ is biadditive,
alternating and hence symmetric. Moreover,

A'(r, 5) = A(rt, su)—rA(t, su)—sA(rt, u)+rsA(t, u) = A((r—rdt, (s—s?u).
(2) A(rt, wy+A(t, ru) = tA(r, uy+uA(r, t). More generally,

A(rt, su)+ A(st, ru) = rtA(s, u)+ruA(s, t)+stA(r, uy+suA(r, ).
(3) A(rt, ru) = r(tA(r, w+uA(r, t)+rA(t, u)).
In particular, A(r, rt)y =rA(r, t).
(4) A(r*t,u) =r2 A(t, u) = rA(t, u). In particular, A(r*, u) = 0.

Proof. (1) Since ((r+r)e, tf) =(re, tf) +(r'e, tf)+rr' t(e, e, f) it follows
that A4’ is biadditive. It is alternating, by Proposition 2.1 (1) and Corollary
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2.2. The left-hand side and the middle term of the required equality are both
equal to

((rtx, suy)—su(rtx, y)—rt(x, suy)+rstu(x, y))—r((tx, suy)—su(tx, y)—
—t(x, suy)+stu(x, y))—s((rex, uy)—u(rex, y)—rt(x, uy)+riu(x, y))+
+rs((tx, uy)—u(tx, y)y—t(x, uy)+tu(x, y)).

The second equality (not used later) follows from (4).
(2) The symmetry of A’ defined in (1) means that:

A(rt, su)+ A(st, ru) = r(A(t, su)+ A (st, w)+s(A@rt, w+ A(t, ru)).

The case of s =1 gives us the first formula of (2). This can be used to
complete the computation.

(3) It follows from (1) that A(rt, ru) = r(A(t, ru)+ A(rt, w)+r* A(t, u).
Next use the first formula of (2).

(4) It follows from (2) that A(r*t, w)+ A(rt, ru) = rtA(r, wy+uA(r, rt)
and (3) completes the proof.

COROLLARY 4.2. The form A: R xR— Ay is alternating, symmetric, and
bilinear over the subring ZR* ={Y n;r?;n;eZ, r,eR} c R.

Remark 4.3. (1) 2R < ZR? since 2r = (r+1)>—r*—12 Hence ZR?> =R
if 2 is invertible in R.

(2) If 2 =0 in R, then ZR? = R% Hence ZR? = R for any perfect field
of characteristic 2.

(3) It is easy to see that Z(R[w])> =(ZR?»[w?]+2R[w*]w. For
example, Z(Z [w])> = Z {1, 2w} if w?e Z, and Z (R[T])> = R[T] if and only
if 2 is invertible in R.

(4) R is finitely generated as a ZR?-algebra if and only if it is so as a
Z R*-module.

The last statement allows us to prove the following complement of [2],
Proposition 2.11:

ProrosiTioN 44. If R is a finitely generated Z-algebra, then Ag is a
finitely generated R-module. Hence A3(M) is finitely generated over R if so
is M.

Proof. Since R is finitely generated over ZR?, it follows from Corollary
4.2 that Az = Ker(hg) is finitely generated over R. Hence so is 4 because
I'r ~ R* and R is Noetherian. This proves the first statement, and then the
second for free modules (see [2], Section 4). Next apply Remark 2.4 of [2].

The key result of this section is following:

ProrosiTION 4.5. (1) Ay is generated by A(I(R), I(R)).

(2) Ag = 0 provided that I(R) =(Q, t), where Q = ZR? and teR.
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Proof. (1) Observe that A(r, s) = A(r—r?, s—s?), by Proposition 4.1.

(2) It follows from (1) that Ay is generated by the elements A (ru, sv) for
r, se R and u, veQu {t). Since I(R)Ag =0, it follows from Corollary 4.2
that A(ru, sv) =0 if u or v belongs to Q = ZR?. Moreover, A(rt, st)yetAg
= 0, by Proposition 4.1 (3). This completes the proof.

THEOREM 4.6. Suppose that (1) R is a Dedekind domain or (2) R = S[w]
and S = ZS? (eg. S = Z). Then Ker(hg) =0 and hence hy: Ax — 'y is an
isomorphism on the subcategory of flat R-modules.

Proof. Use localization (in case (1)) or Lemma 14 (in case (2)) and
Proposition 4.5. For the final statement, see [2], Corollary 2.2.

Remark 4.7. Let (R. M) be a local ring such that I(R) = M is finitely
generated. Then R=MuU(1+M), ZR*cZ 1+M? and ZR’nM
c M?U(2+ M?). Suppose that M = (Q, 1) with Q = ZR? as in the above
proposition. Then M/M? is generated by 2 and 7; consequently M = (2, 1),
by the Nakayama Lemma. In particular, R = ZR? if and only if M =(2)
(see Remark 4.3 (1)).

Tueorem 4.8. Let S = R [Ty, where J is ordered by < and R = ZR>.
Then

(1) 4 = (SAR+S:(7}X, y);jeJ}) )P As = SPI(S)® As,

(2) Ag is a free S/1(S)-module with the following basis:

VA(T; i1’ 12 ’I},);jl <...<j, t=2}.

If |Jl =n <, then the rank of Ag is 2"—n—1.

Proof. (1) follows from Proposition 3.9, Theorem 4.6 and Section 1.

(2) Let B denote the submodule of Ag generated by the above elements.
It can be proved by induction on p+q that A(T;, .. T,p, i I )eB for any
iy eeesipy J1sooesJg€J, Py q 2 1 (use Proposition 4.1 (2)-4)). Smce R = ZR?,
it follows that Ay = B because of Corollary 4.2. It remains to prove that
the generators are linearly independent over S/I(S). For any subset (i)
=iy <...< iy = J define the following mapping:

&*(FG)

&7, .oz, 1O

fa: 82> 8/1(S),  fo(Fx+Gy) =(FG)y+1(S) =

The simple generalization of the proof of Theorem 2.10 shows that f;, is a 3-
application, and hence induces a homomorphism g;;: 45— S/I1(S) such that

0 if( ),
@.1) 9o (Ay) = {1 :f 8 Z ((;;,
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where A = A(T;, T;, ... T;) for (j) = Ui <...<j}eJ, t =2 Now suppose

that ) s, A, =0, where s;e S/I(S), is a non-trivial relation. Let (i) be a
)
maximal subset of J satisfying s; # 0. Formula (4.1) shows that s; = 0.
Contradiction.
Remark 49. It can be computed that
AF, G =3( Y  rang(FGw—FGy—GF)) Ay

OEI
min(f) = mn(j}

in the morc general situation when F, Ge(ZR*)[r;)ies, r;eR (r; denotes
[1r)- In particular,

iel

(1) A(F(r, s, 1), G(r, s, D) =(J s+ 1) A(r, s)+ (T, +T)A(r, )+ T, A(s, 1)
+JA(r, st), where J,,=F,G,+F,G, is the Jacobian (modulo 2) and J
=F,G,+F,G,+F, G +G,F,+G,F,+G,F,.

(2) A(F(r.s). G(r,s)) =(F,G,+F,G,) A(r, s).

(3) A(F(r)s, t) =(rF), A(s, )+ F, A(rs, ).

Observe that the most important formulas of Proposition 4.1 can be
deduced from (1) above.

5. Generalizations. We will study h(I, J) = h}*(R/I, R/J): A1, J)
= A¥*(R, R/J)->T'(I,J)y=T%*R/I,R/J) for I,J<R, in order to
investigate hy on direct sums of cyclic modules (see [2], Section 4). Note that
h(0, 0) is nothing but hy studied above.

It follows from [2], (4.6) and (4.4), that A(I, J) = Ax/K (I, J) and I'(I, J)
= [g/L(I, J), where (in the previous notation):

K, J) = R{(ix, sy), (rx, jy), (rx, ix, sy), (rx, sy, jy); iel, jeJ, r, se R}
= R {(ix, y), (x, jy), i(x, x, y), j(x, y, y); i€l, je J}
by Corollary 2.2, and
LI, J)=(I+Dy(N)y"*® (D, ()+J)y*' =(I+2T +J?)y 2@ U+ 1P +J)y*!

by [4], Proposition 8, and the formula D,(I) =2+19, I'Y =(i*;iel),
proved in [4], Proposiiion 2. Moreover,

(5.1) he(K (U, J)) =R {iy*2+i2y?", j2y 24 jy2t, 2iy*!, 2jy* 25 e, je J}.

It is easy to see that L(I, J) is generated modulo hg(K (I, J)) by Iy'*®Jy*';
hence

(5.2) L(I,J) = hg (K (I, ))<= 172, Jy** < he(K (I, J)).
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Consider the following commutative diagram with exact rows and
columns:

O0—-K(I.J)> 4 - 4(1.J)>0

l th lh(l,l)
0— L(I,J)—> I'x—T(,J)—0
(5-3) | ! !
CU,J)> Tg> T, 1)-0
! ! i
0 0 0

The snake lemma gives us the following exact sequence:
(54) 0- K(I, J)n Ker(hg)
ﬂKMMMKﬂWLM*CMﬂLnanHaQ

The above modules are all zero if I(R) = R (Theorem 2.8). For I(R) # R
assume that I, J < I(R). Then L(I, J)< I(R)y'*@®I(R)y*! = T'x = Im(hg)
(see Section 1), hence f = 0 and therefore C(I, J) = Coker(g). Observe that
in the local case the above assumption is not satisfied only for I = R or
J = R (then the right column of (5.3) is zero).

Lemma 5.1. Let (R, M) be a local ring such that I1(R) =M (i.e., |R/M|
= 2). Then the following conditions are equivalent:

(1) g: Ker(hg)— Ker(h(I, J)) is an epimorphism for any I, J < R,

@ C,))=0 for any I,J = M,

(3) C((r), 0) =0 for any re M,

(4) r2e(2r) for any re M,

(5) D,(I) =21 for any I < M.

Proof. Evidently, (1)<>(2)=(3), (4)<=>(5). (4)=(2) by (5.2) and (5.1).

(3)<>(4): We prove that C((r), 0) = 0<>r?e(2r) for any fixed re R. Since
srpt2 4 (sr)2 2t = s(ryt2+r?p2!) +(s2 —s)r2y?! it follows that hg(K((r), 0)) is
generated by ry'2+4r2y2!, Mr2y?! and 2ry*!. Then condition (5.2) means that
% = a(ry' 2+ r? 92+ mr?y2' 4+ 2bry?*! for some a, be R and me M. This
gives us r=ar and O = ar’+mr?+2br, equivalently (1+m)r*e(2r), and
finally r’e(2r).

CorOLLARY 5.2. If hy is a monomorphism on the subcategory of direct
sums of cyclic modules, then so is h? for any quotient ring S.

Proof. It is easy to see that the statement can be proved by
localization. Hence we can assume that (R, M) is local and I(R) = M (by
Theorem 2.8). In the case of a free module use Corollary 3.12. Lemma 5.1
completes the proof because condition (4) is preserved by epimorphisms.
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Remark 5.3. Let R be as in Lemma 5.1. Observe that (4) is satisfied if
M =(2). On the other hand, suppose that char(R) =2. Then R=Z,&M
and (4) means that M = 0.

Example: R = Z,®V, where V is a Z,-space and V? = 0.

Some additional assumptions allow us to improve Lemma 5.1 (we will
not repeat all previous conditions):

THEOREM 54. Let (R, M) be a local Noetherian ring such that I(R)
=M & 3(R) (= the set of zero-divisors). Then the following conditions are
equivalent:

(1) hz: Az3 T,

(2) hx is a monomorphism on the subcategory of direct sums of cyclic
modules,

(3) h{d, J) is @ monomorphism for any I, J < R,

(4) r?e(2r) for any re M,

(5) M =(2),

(6) R = ZR?,

(7) R is a discrete valuation ring with the prime element 2.

Proof. Evidently, (1) = (2)<=(3) (see [2], Section 4). (3)=(4) by Lemma
5.1 and (5)<>(6) by Remark 4.7.

(4)=(5): If r*> = 2ra, then r(r—2a) = 0. Hence M < (2)u 3(R) and the
assumptions show that in fact M =(2) (see [1], Theorems 80 and 81).

(5)=>(7): Observe that 2¢3;(R) and ()(2") =0 (Krull intersection

theorem). Hence any non-zero element of R has the form u2", where u is
invertible. Consequently, R is a domain such that (2"), n > 0, are the only
non-zero ideals. This proves (7).

(7)=(1): It follows from Theorem 4.6 that Ker(hg) = 0. Moreover, R
satisfies (4), and hence (3) and (2), by Lemma 5.1. It suffices to apply
Corollary 2.2 of [2], since any finitely generated R-module is a direct sum of
cyclic modules.

CoroLLARY 5.5. Let R be Noetherian (or locally Noetherian) and
I(R) ¢ 3(R). The following conditions are equivalent:

() hy: 43> T3,

(2) I(Ry) = Ry or 2Ry, for any maximal ideal M < R,

(3) I(R) = (9 +1(R)*

Proof. Since h* I and the condition I(R) ¢ 3(R) are preserved by
localizations, it can be assumed that R is a local ring. Then (1)<>(2) by
Theorems 2.8 and 5.4; (2)<>(3) by the Nakayama Lemma.

ExampLE 5.6. Let R be a Dedekind domain and I(R) # O (i.e, R # Z,).
Then I(R) & 3(R) and the above condition (3) means that R = (2)I(R)™! +
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+I(R). This gives us I(R) = R if char(R) = 2. Suppose that char(R) # 2.
Then I(R)=P,...P, and (2)=P,...P,Q,...Q,,, where P; and Q; are
maximal ideals, and (3) means that P, Q; for any i, j. In other words,
hy: A3 5 T3 if and only if P? ¥(2) for any prime P such that |[R/P| = 2.

ExampLe S5.7. hy: A3 — T3 is an isomorphism for R =Z but not
for R=Z[T], since (Z[T]) =2, T-T?) (2, (T-TH*) =Q)+1(Z[T])>
Recall that hy;p; is an isomorphism on the subcategory of flat modules
(Theorem 4.6).

ExaMpLE 5.8. Let R be the integral closure of Z in Q (\/d) for some
square-free integer d. It is well known that R = Z [w], where w = (1 +\/d)
for d = 1 (mod 4) and w = d for d =2 or 3 (mod 4). In the first case I(R)
=(2,w—w?)=(2,4(1—-d)=R or 2R and hence hi: 43> T'z. In the
second case I(R) = (2, d+\/:1) 22 =(2,d+d* =()+I1(R)* and hence h}
is not injective (but it is so on the subcategory of flat modules).

ExampLE 5.9. More generally, let R = Z [ T]/(p), where p is an irreducible
polynomial (for example, R = Z [w], where w is integral over Z). Observe
that I(R) = (2)+I(R)? <« T—T?¢(2, (T-T??) in R« T—T?*e(2, (T-T?»?2, p)
in Z[T)«T-T*e((T-T»?,p) in Z,[T]<ged. (T-T»* p) T-T?
=T(1-T)in Z,[T]<T*pand 1-T>=(1-T)> yp in Z,[T].

Let p=Yd, T, dieZ. Then p=)Y dy+Y dy,s Tmod(1—T?, and

hence hy: 433 TI'3 if and only if p satisfies the following conditions:

(i) do and d, are both not even,

(i) Y dy and Y d, ., are both not even.

In particular, if R = Z[w] is a quadratic extension, w? = aw+b, then
the above conditions are satisfied if and only if a is odd. (This can be proved
directly since (2)+1(R)* = (2, ab).)

To conclude this section we study Ker(h(I, J)) for fixed proper ideals I,
J in a discrete valuation ring.

Tueorem 5.10. Let (R, (p)) be a discrete valuation ring, |R/(p) =2,
2 =%, I =(p) and J =(p'), where s<t and e, s, tel{l,2,..., 0} (p™ is
assumed to be zero). Then

0 fe<s<tors<t<s,
Ker(h(l, )~ C(I, )) = {Zz otherwise.

Proof. The first isomorphism follows from (5.4) because Ker(fg) =0
(Theorem 4.6) and f =0. Since (rp)y'2+(rp)2y*' =r2(p*y'2+p*y?")
+(r—r?)p*y'? (and similarly for the second ideal), it follows that

2t ,,12 t.,21 ste.21
2

= R{ps,y12+p2s,y21’ p2y +p y2t, p.s+1,y12’ pt+1y21’ p Y PHLE'}’IZ}-
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In particular, pfy2! = (p*y*2+p'y*" )~ p* >~ (p°* 1 y'3) e hg (K (I, J)). It remains
to examine the condition p*y'2ehg(K (I, J)), or, explicitly,

p.s,ylz — a(ps,y12+p2 ,y21)+b(p2t.y12+pt 21)
+Cps+1 12+dp1+1 21+fps+e 21+gp’+ey12.
In other words, we ask when the following system of equations:
ps — aps+bp2t+cps+1+gpt+e, 0= ap25+bpt+dpt+l+fps+e

is solvable. The first equation shows that a is invertible; then the second
gives p¥e(p', p*°), ie., 25 =1 or s+e. Conversely, if p*+bp'+fp°*¢ =0,
then the above system is satisfied for a=1, d =g =0 and ¢ = —bp? ™7,
Finally, observe that C(I, J) is a cyclic Z,-module (it is annihilated by p).
Remark 5.11. Diagram (5.3) shows that Ker(h(l, J)) is generated by

p* (X, ¥), where X and ¥ are the generators of R/I and R/J, respectively.
Remark 5.12. Let R be a PID and M be a finitely generated R-module.
Then M is a direct sum of modules R/(p®) for prime peR and
sell,2,..., o). Hence the investigation of hj(M) reduces to the study of
h((p°), (p')) (see [2], Corollary 4.3), and next, by localization on (p), to
Theorems 2.8 and 5.10. The result depends on the ramification indexes (over
2) of the primes p satisfying [R/(p)] = 2. Let us examine the simplest non-
trivial case when 2 = p? and |R/(p)| = 2. (For example, R = Z [i], p = (1 +i),
or R= Z[f] p= (2+\/—)) Then it suffices to consider only the
localization on (p). Since e = 2, it follows that Ker (hx(M)) = 0 if and only if
the sum of the free and the p-primary part of M has the form @ R/(p®), where
the set of all appearing exponents is contained in {1, 2} or {2, 3, ..., oc}.
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