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Forms and mappings. II. Degree 3

Abstract. The main problem of [2], namely a description of Ker(hR), is solved here for 
m =  3, and consequently the module of all 3-applications can be found in certain cases. 
Sections 2 and 5 yield conditions implying the injectivity of the natural transformation h3R. 
A description of Ker (hR) on the subcategory of all free modules is given in Sections 3 and 4. 
An important role in the paper is played by the ideal I(R) =  (r — r2; reR ).

1. Preliminaries. Recall some definitions of [2] in the case of degree 3.
Let M, N  be R-modules and let / :  M -> N  be a mapping satisfying 

/(0) = 0. Write

(x, y) = (A2f)(x , y) = f ( x  + y ) - f ( x ) - f ( y ) ,
(x, y, z) = (A3f){x, y, z) = / (x  + y + z ) - / ( x  + y ) - /(x  + z )- /(y  + z) +

+f(x)+f{y)+f(z)
= {x + y, z ) - (x ,  z)-{y, z) = (x, y + z)-(x , y)-(x , z).

f  is called a 3-application if /(rx ) = r3/ ( x ) for reR, x e M  and A3f  is 3- 
linear. The functor ApplJ(M, — ) of 3-applications on M  is represented by 
the module A\(M) generated by the values of the generic 3-application <53 on 
M. The key problem of the paper is to determine the kernel of the standard 
homomorphism h3 = d |(M )-» Г3м (М\ h3(ô3(x)) = x{3), where
Г|(М ) denotes the third divided power of M. (See [2] for a motivation.)

L em m a  1.1. h\{R/I) is an isomorphism for any ideal I cz R.
Proof. Because of [2], Section 2, it suffices to prove that A3(I) = D3(I), 

where A3 (I) and D3 (/) are ideals generated respectively by the values and by 
the coefficients of the polynomials (X + y)3 — X 3, ye I. Evidently, A3(I) 
= (3(x2y + x>’2), y3; x e R ,  y e l)  а  (Зу, y3; y e l)  — D3(I) and the converse is 
also true since 3y = 3(y + y2)(l — y) + 3y3.

Recall that A3R and Г\  are functors of degree 3 such that AR'3 = ГR'3, 
Ar,2(M, N) c  AR(MÇp>N) is generated by (x, y) = (A2S3){x, y) for x e M  
and yeN , Г3К’2{М, N ) = (T|(M)®iV)0(M®rJ(Ar)) c  Tj(M©N) and 
hR’2: A3’2 -  Г3*2 carries (x, y) to x(2)y-l-xy(2) (see [2], Section 4). Write 
Im(/?|’2) = r j ’2, Coker(hR'2) = / ’J*2. All the functors commute with localiza­
tions. Lemma 1.1 shows that the investigation of hi on direct sums of
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cyclic modules reduces to the study of hR’2 (R/I, R/J) for 1, J cz R (this will 
be used in Section 5 below).

The most important case of a free (even a flat) module is in fact the 
study of hR — hR2(R, R). Write AR = Ar 2(R, R) etc. so that hR: AR -> r R with 
Im(/iR) = Fr and Coker(hR) = TR. Any ring homomorphism R-> S induces 
in the natural way an R-homomorphism AR -> As (see [2], Corollary 3.4) and 
r R -> r s . Let x and y denote generators of the two copies of R. Then 
hR(rx, sy) = r2 sy21 +rs2 y12, where y21 = x(2)y and y 12 = xy(2). Moreover, it 
follows from [2], Theorem 5.9, that TR = R(y21 + y12)0 /(R )y 21 
= R(y21 + y12)©/(R)y12 »  R@/(R) and hence f R^R/7(R), where I(R) 
— I2(R) is defined in [2], Section 5, as follows:

I(R) = (r — r2; re R) = (rs2 — r2 s\ r, se R) = n  {Me Max(R); |R/M| = 2).

C o ro lla ry  1.2. (1) 2e/(R),
(2) I(R) = R o Tr — O o R  has no quotient field isomorphic to Z 2<=>l(A) 

= A for any R-algehra A<=>1 (A) — A for some polynomial algebra over R,
(3) I(R) = 0 o  R is a Boolean ring. The functor R i-+R/I(R) is left adjoint 

to the imbedding of Boolean rings into commutative rings.
R em ark 1.3. I(R) = (r + r2; reR) = (rs2 + r2s; r, se R) = (r2 + r3; re R) 

= (r2s3 + r3s2; r, se R) = (r2 — r3; re R) — (r2 s3 — r3 s2; r,seR).
In fact,

(rs2 + r2s) — ((r + s)2 + (r 4- s)3) — (r2 + r3) — (s2 + s3) — ( 12 + l 3) (rs + rs2 + r2 s).
In particular, R is a Boolean ring if and only if r2 = r3 for any reR.

It is proved in [2], Lemma 5.1, that I = / 2 commutes with localizations 
and reductions modulo ideals. Note also

L em m a  1.4. I f  A is an R-algebra generated by the set S c; A, then 1(A) 
= I(R) A+(s — s2; seS).

Proof. It is easy to see that / preserves direct limits. Hence it suffices to 
assume that S is finite, and next, by induction, that S = {s}. Then 1(A) is 
generated by elements of the form

X ri s‘ -  (Z ri = Z  ri (s‘ “  s2<) + Z  (r« “  rf) S2i + 2a e I (R) A + (s — s2).
i i i i

R em ark 1.5. The same proof gives us the following formula: 

Л « [ С Ч Ы  = (И«). T j - T f ; j e J ) .

2. First observations and examples. Let / :  M -*■ N  be a 3-application 
over R and x, yeM .  In the most important case when /  = <53: R2-* Ar (R2) 
we assume that x, у form the standard basis of R2. Then AR is generated by 
(rx, sy) for r, se R.
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P r o po sitio n  2.1.

(1) (rx, ry) = r3(x, y),

(2) {rx, v) + { - r x ,  y) = r2{.x, x, y) = r2((x, y) + ( - x ,  y)),
{rx, y) ( rx, y) = r{x, y, y) = r({x, y ) - ( - x ,  y)),

(3) (rx, sy) + (sx, ry) = (r2s + rs2)(x, y),
(rx, sy)-{sx, ry) = {r2 s - r s 2){ - x ,  y),

(4) (r2 s - r s 2)(tx, y) + {s2 t - s t 2){rx, y) + {t2r - t r 2){sx, y) = 0,

( s - s 2)(rx, v) (r r2) {sx, y) = ( r2 s - r s 2){x, y),
(2Л)

(s + s2)(rx, y )-(r + r2)(sx, y) = (r2s - r s 2) ( -x ,  y).

Proof. (1) is evident.
(2) -  (rx, y) -  ( -  rx, y) = (rx, -  rx, y) = r2 (x, -  x, y) = r2 ((0, y) -  (x, y) -  ( -  X ,  y)), 
-(rx , y) (rx, -y )  = (rx, y, -y )  = r(x, y, y) — r((x, 0)-(x , y) (x, -y)).

Next use (1).
(3) (r + s)3 (x, y) = ((r + s) X ,  (r + s)y) = (rx, ry) + (rx, sy) + (sx, ry) + (sx, sy) + 

+ (rx, S X ,  ry) + (rx, sx, sy) + (rx, ry, sy) + (sx, ry, sy) = (rx, sy) + (sx, ry) +
+ (r3 + s3)(x, y) 4"(r2 s -j- rs2) ((x, x, y) + (x, y, y)).

Hence (2) gives us the first formula of (3). For the second, change the 
signs of r and x and use (1).

(4) Substitute x by —tx in the second formula of (3) and next add the 
three equalities given by the cyclic permutations of r, s and t. This gives us 
the first formula. For the second put t = 1, and for the third change the signs 
of r, s and x.

C o ro llary  2.2. (x, sy) + (sx, y) = (s + s2)(x, y) for any seR. In particular, 
{rx, sy) — {s + s2){rx, y)—{rsx, y) and hence AR is generated by the elements 
(rx, y), reR.

C o ro lla ry  2.3. (r2x, y) = (r + r2)(rx, y) —r3(x, y) for any reR. By 
induction:

(r"x, y) = r"~1 (1 4-r + ... +r"~ 1)(rx, y) —r"+1( l- f r+  ... +rn~2){x, y),

re R, n$s 1.

I f  A is an R-algebra generated by the set S, then Aa is generated over A by the 
elements {rsx ...skx, y) for reR  and s1? ..., ske S, к ^  0.

E xa m ple  2.4. Suppose that 2 is invertible in R. Then Proposition 2.1 (3) 
gives us the following formula:

(2.2) (rx, sy) = ^ rs(r  + s)(x, y) + i r s ( r - s ) ( - x ,  y), r ,s e R .



312 A. Prôszyriski

This is also true over Z (more generally, if r, s e Z - 1). In fact, observe that 

(rx, y) = ((r — l)x, y) + (x, y) + ( ( r - l)x , x, y)

= ( ( r - l)x , y) + r(x, y) + { r - l ) ( - x ,  y),

by Proposition 2.1 (2). An induction proves (2.2) for r ^  0 and s = 1. For 
r < 0 change the signs of r and x. For arbitrary s, use Corollary 2.2.

Suppose that 2 is invertible in Я or R = Z. Then AR is generated by 
(x, y) and ( — x, y). Since 2 is a non-zero divisor, it follows that hR(x, y) = y21 
+ y12 and hR( — x ,y)  = y21—y12 are linearly independent over Я. Hence 
hR: Ar Д TR and, consequently, h\ is a monomorphism on the subcategory 
of free Я-modules. Moreover, it is easy to see that any 3-application in n 
variables over R is a linear combination of the “generic” 3-applications: r3, 
^rs(r±s) and rst.

Example 2.5. Suppose that Я is a Z-algebra generated by the set S. It 
follows from Example 2.4, Corollary 2.3 and Proposition 2.1 (2) that AR is 
generated by ( —x, y) and ...skx, y) for any finite subset {sl5 ..., sk) a  S. 
For example, let Я = Z [/]. Then AR is generated by (x, y), (/x, y) and 
( —x, y). Moreover, Corollary 2.3 (for r = i) shows that ( —x, y) = (i— l)(ix, y) 
+ i(x, y). Since hR(ix, y) = — y21 + iy12 and ^ (x ,  y) = y21 + y12 are linearly 
independent, it follows that hR: AR^  PR. An easy verification in PR (or a 
transformation of (2.2) over the field of fractions) shows that

rs(ri + s) vs (r s)
(rx, sy) = -.(x, y)---------- — -

l + i  l + i
(ix , y).

The above coefficients, r3 and rst are the “generic” 3-applications over Z [i].
Example 2.6. Suppose that I ( R )  = 0  (i.e., Я is a Boolean ring). Then 

Corollaries 2.2 and 2.3 show that (rx, sy) = rs(x, y) in AR. Since hR(x, y) 
= y21 + y12 is linearly independent, it follows that hR: AR^*TR. Moreover, 
Гк «  Я, and hence t R(M) is projective if so is M. Consequently, ApplR(M, — ) 
= HornR(M, — ) for any projective Я-module M (see [2], Section 1).

The most useful relation is (2.1), as follows below. Let us introduce the 
following homomorphism:

P: AR^ > r R -̂* I(R), (rx, sy)h->rs2 yi2 + r2sy21 &rs2— r2 s.

In particular, P(rx, y) = r — r2.
Proposition 2.7. (1) Ker(P) = Ker (hR)®R(x, y), Im(P) = I(R ).
(2) P(u)v —P(v)ue R(x, y) for any u, veA R.
(3) I (R) (Ker (hR)) = 0. In other words, Ker(/iR) is an R/I (R)-module. 
Proof. (1) Evidently Ker(p) = Я(у12 + у21) = RhR(x, y), and hence

Ker(P) = Kzr(hR) + R(x, y). This sum is direct since hR(x, y) is linearly 
independent. The second part is evident.
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(2) follows from Corollary 2.2 and formula (2.1).
(3) Let veKer(hR) and rel(R). Since r = P(u) for some ueAR it follows 

that rv — P(u)v — P ( v) u e  R(x, y) by (2). Hence (1) shows that rv = 0.
T h eo rem  2.8. Suppose that I(R) = R. Then hR: AR^>rR and hence 

hR{M): A\(M)^> r R(M) for any R-module M.
Proof. Use the above proposition and [2], Corollary 2.5.
C oro llary  2.9. I f  R is von Neumann regular, then hR{M): AR(M) 

Д PR(M) for any R-module M.
Proof. It suffices to prove this locally, i.e., in the case of a field. Apply 

Theorem 2.8 and Example 2.6 (or [3], Theorem 4.4).
Returning to the general case define for any r , s e R  the following 

element of AR :

A(r, s) = {rx, sy )-r{x , sy)-s{rx, y) + rs(x, y)

= -(rsx, y) + r(sx, y) + s2(rx, y ) - rs 2(x, y)

(see Corollary 2.2). It is easy to see that A{r, s)eKer(hR), but A(r, s) can be 
non-zero, as follows from

T h eo rem  2.10. I f  / (R )# R  and S = R[_X, У], then 0 #  A(X, У) 
e Ker {hs).

Proof. Consider the following mapping:

/ :  S2-» S//(S), f (F x  + Gy) =

Observe that (in the simplified notation)

f{H(Fx + Gy)) = (H2(FG))XY +1 (S) = H2(FG)XY + I(S)

= H3(FG)XY + I(S) = H3f(F x  + Gy)

since 2 and H2 — H3 belong to I(S). Moreover, A2f  is Z-bilinear because 
{Fx + Gy, Px + Qy) = (FQ + GP)xy +I(S), consequently A3f  = 0. This proves 
that /  is a 3-application, and hence /  induces the following homomorphism:

9 : As -+ S/I(S), g(Fx, Gy) = (.FG)XY + I(S).

Evidently, g(A(F, G)) = (FG)XY-F G XY-G F XY + I(S) = Fx GY + FYGx + I(Sy, 
in particular, g(A(X, У)) = 1 #  0 (Corollary 1.2). This completes the proof.

3. Ar = Ker (hR). Consider the submodule AR of AR generated by A(r, s) 
for all r, seR. Recall that AR a  Ker{hR). We will prove below that it is in 
fact an equality, but first we state some auxiliary results. As above, x and y 
form the standard basis of R2.

L em m a  3.1. (1) P(M)N + R(x, y) = P(N)M + R(x, y) for any submodules 
M, N cz Ar . In particular, P{N)AR c= N + R(x, y).
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(2) I f  ueA R, then u=(P(u)x, y)mod(I (R) AR +R(x, >)4-/4л).
Proof. (1) follows directly from Proposition 2.7 (2).
(2) First observe that (rx, y) = ((r — r2)x, y)+(r2x, y) + (r — r2)r2(x, x, y) 

= ((r — r2)x, y) because of Corollary 2.3. Consequently:

( s ( r - r2)x, y) = s ( ( r - r2)x, y )+ (r-r2)2(sx, y ) - s ( r - r 2)2(x, y ) -

— A(s, r — r2) = s{rx, y).

Let now w = £s,(r,x , y). The above computation shows that
i

U =  X (st- (rf -  rf) x, y) = (X St (rf -  rf) x ,  y) = (P(u) X ,  y)
i  i

since A3 S3 is 3-linear and the coefficients belong to I(R).
P r o po sit io n  3.2. Let N be a submodule of AR. The following conditions 

are equivalent:
(1) Ar = N + R{x, y) + AR,
(2) d* = N + Ker(P),
(3) P{N) = / (R).
Proof. Evidently (1)=>(2)=>(3). (3)=>(1): Let ueAR. Then P(u) = P(v) 

for some veN. Consequently, и = (P(u)x, y) = (P(v)x, y) = vmod(I{R)AR + 
+ R{x, у) + >1л), by Lemma 3.1. Moreover, I(R)Ar = P(N)AR c  N + R(x, y), 
and hence ue N + R(x, y) + AR as required.

E xa m ple  3.3. Suppose that I(R) = (s — s2; seS). Then AR = {(sx, y); 
seS} +R(x, y\+AR. In particular, let (R, M) be a local ring with \R/M\ = 2. 
If M = (ml5 ..., m„), then M = (тл — mj, ..., m„ — m2) (Nakayama Lemma), 
and hence AR = R {(m, x, y), ..., (m„x, у), (x, у)} + Тл. On the other hand,
if \R/M\ Ф 2, then s — s2$M  for some seR, and hence AR = R [(sx, y),
(x, y)} (use Theorem 2.8).

Lem m a  3.4. Suppose that N a  AR is a submodule and P(mi), ..., P(un) 
form a regular sequence on R/P(N). Then

(N + R{uu  ..., un}) nKer(P) c  N + R{x, y).

Proof. Since (x, y)eKer(P), it can be assumed that (x, y)eN. Let n = 1, 
Ui = u. Suppose that v e N , r e k  and v — гмеКег(Р). Then rP(u)
= P ( v) e P(N) ,  by the regularity r = P(w) for some weN, and hence ru 
= P(w)u = P(u)w + s{x, y)e N  as required. For n > l  put N' = N + 
+ and observe that P(u„) is regular on R/P(N'). An
induction completes the proof.

C o ro lla ry  3.5. I f  P ^ j) , ..., P(u„) form a regular sequence in R, then 

R{ui, •••, un, (x, y)} n  Ker(P) = R(x, y), P{ub ..., u„, (x, у)} n  Кег(/1л) = 0.
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Proof. Put N = R(x, y) in the above lemma. Use Proposition 2.7 (1). 
Proposition 3.2 and the above corollary give us the following 
T heo rem  3.6. Suppose that I(R) is generated by a regular sequence 

Р Ы ,  ..., P(un). Then Ar = R{ult ..., un, (x, y)}©/lR and AR = Ker(hR).
C o ro lla ry  3.7. I f  (R, M) is a regular local ring, then AR = Ker(hR) is a 

direct summand of AR. I f  moreover, \R/M\ — 2 (the only non-trivial case), then 
the complementary direct component can be chosen as R{(ml x, y),_... 
..., (m„x, y), (x, y)}, where mly ..., mnform a minimal set of generators of M.

Any commutative ring Я is a homomorphic image of a polynomial ring 
over the ring of integers. Since the required equality AR = Ker (hR) holds for 
R = Z (Theorem 3.6 or Example 2.4), it suffices to examine polynomial 
extensions and quotient rings.

L em m a  3.8. Let S = R'[Tf\jeJ. Then
(1) In the natural way AR is contained in As as a direct summand (over R) 

and hR is the restriction of hs .
(2) I f  N a  AR is a submodule, then SN n  Ker(/is) = S(iVn Ker {hR)). 
Proof. (1) follows from Section 1 since R is a retract of S.
(2) Let и = f  щeK er(hs) for some f e S  and ute N c z A R. Then

i

0 = Y jfh s (ui) = £ У ^ я (м«')’ by (1). Let be the coefficient of f  at a
i i

fixed monomial. Then rt hR («,) = 0, м, еА  nKer(/zR), and hence
1

и e S (N n  Ker (hR)). The second inclusion is evident.
P r o po sitio n  3.9. Let S = R[Tf\jeJ. Then
(1) Ar = N@Ker(hR) and (x, y)eN  =>AS = Ns@Ker(hs), 

where Ns = SN + S {(7}x, y)',jeJ}.
(2) Ar = Ker (hR) =>AS = Ker (hs).
Proof. (1) Suppose that AR = N + Ker(hR) and (x ,y)eN .  Then I(S) 

= (I(R), T j — Tj2; jeJ )  — (P(N), P(TjX, y);jeJ)  by Lemma 1.4, and hence 
As = Ns + As = Ns + Ker(hs) by Proposition 3.2. Observe that any finite 
sequence of elements Tj—Tj2 is regular on S/P(SN) — S/SI{R) 
^ lR/I(Rj)[Tj]j&j. Consequently, Ns nKer{hs) = SN nKer(/is) = S(NnKer(hR)), 
by Lemma 3.4 and 3.8. This completes the proof of (1).

(2) Put N = Ar in the proof of (1). Since As — Ns + As and Ns r\Ker(hs) 
— SAR a  As it follows that Ker(/is) = As .

P r o po sit io n  3.10. I f  AR = Ker (hR), then As = Ker(hs) for any S = R/J. 
Proof. This can be proved locally. Consequently, it can be assumed 

that (R, M) is a local ring, J a  M and \R/M\ = 2 (because of Theorem 2.8). 
Then I(R) = M and I(S) — M/J. Consider P'R\ A'R = A ^ A ^ R i x ,  y)) 
-*I(R) induced by PR. It follows from Proposition 2.7 (1) that P'R is an 
isomorphism; it suffices to prove that so is P's . Observe that AR-^ As
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(Section 1) induces an Я-homomorphism A'R -> A's, and hence we can 
complete the following diagram:

p r  1M = I(R) - ^ - ^ A R

ï  Ï
M/JM = I{R)®r S — f— A’s .

Evidently, f((r  — r2) mod JM ) = ((r mod J)x, y). It remains to prove that we 
can complete the following diagram:

0  ► J / J M -------► M / J M ------ ► M / J  ► 0

i.e., that f \j/JM = 0. This is evident since r = (r — r2)mod JM  for any reJ. 
The above considerations prove the main result:
T h eo rem  3.11. AR = Ker (hR) for any commutative ring R.
C o ro lla ry  3.12. I f  Ker (hR) — 0, then Ker (hs) = 0 for any S = R/J. 
Proof. Observe that AR-+ As, (rx, y)i->(rx, y), induces an epimorphism 

Ar ~* As . Next apply Theorem 3.11.
In the next section we examine the condition AR = 0.

4. The form A. Recall that A: R xR ->  AR,

A(r, s) = (rx, sy) r(x, sy) 5 (rx, y) + rs(x, y)

= (rsx, y) + r(sx, y) + s2(rx, y ) - rs 2(x, y),

and I(R) annihilates AK = RA(R xR). In particular, tA(r, s) = t2 A (r, s) and 
2A (r, s) = 0. Moreover, observe that A(r, 1) = 4(1, s) = 0.

Proposition 4.1. (1) Let A'(r, s) =  (rx', sy') — r(x', sy') —s(rx', y') +
+ rs(x', y'), where x ' =  tx and ÿ  = му for some t, ueR. Then A' is biadditive, 
alternating and hence symmetric. Moreover,

A'(r, s) = A(rt, su) — rA(t, su) — sA(rt, u) + rsA{t, u) ~ A((r — r2)t, (s — s2)u).

(2) A(rt, u) + A(t, ru) = tA(r, u) + uA(r, t). More generally,

A(rt, su) + A(st, ru) — rtA(s, u) + ruA(s, t) + stA(r, u) + suA(r, t).
(3) A(rt, ru) = r(tA(r, u) + uA(r, t) + rA(t, u)).

In particular, A (r, rt) = rA (r, t).
(4) A(r2t, u) = r2 A(t, u) = rA(t, u). In particular, A(r2, u) = 0.
Proof. (1) Since ((r + r')e, lf) — {re, tf) + (r’e, tf) + rr't(e, e , f )  it follows

that A’ is biadditive. It is alternating, by Proposition 2.1 (1) and Corollary
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2.2. The left-hand side and the middle term of the required equality are both 
equal to

((rtx, suy) — su(rtx, y) — rt(x, suy) + rstu(x, y)) — r((tx, suy) — su(tx, y) —

— t(x, suy) +  stu(x, y)) — s((rtx, U)̂ ) — u(rtX, y) — rt(x, uy) +  rtu(x, y)) +

+ rs((tx, uy) —u(fx, y) t(x, uy) +  tu{x, y)).

The second equality (not used later) follows from (4).
(2) The symmetry of A' defined in (1) means that:

A(rt, su) + /4(sr, ru) = r(A(t, su) + A(st, ы)) + s(A(rt, u) + A(t, гы)).

The case of s = 1 gives us the first formula of (2). This can be used to 
complete the computation.

(3) It follows from (1) that A(rt, ru) = r(A(t, ru) +A{rt, u)) + r2 A{t, u). 
Next use the first formula of (2).

(4) It follows from (2) that A(r2t, u) + A(rt, ru) = rtA(r, u) + uA{r, rt) 
and (3) completes the proof.

C o ro lla ry  4.2. The form A: R x R -* A r is alternating, symmetric, and 
bilinear over the subring Z R 2 =  (X ni rl'-> и,- e Z , r(e R) ci R.

i

R em ark 4.3. (1) 2R c= Z R 2 since 2r = (r+1)2 —r2 — l 2. Hence Z R 2 = R 
if 2 is invertible in JR.

(2) If 2 = 0 in R, then Z R 2 — R2. Hence Z R 2 = R for any perfect field 
of characteristic 2.

(3) It is easy to see that Z(R  [w])2 = (ZJR2) [w2] + 2R [vv2] w. For 
example, Z (Z [w])2 = Z [1, 2w} if w2eZ, and Z (JR [T])2 = JR [T] if and only 
if 2 is invertible in R.

(4) R is finitely generated as a ZR2-algebra if and only if it is so as a 
ZR2-module.

The last statement allows us to prove the following complement of [2], 
Proposition 2.11:

P r o po sit io n  4.4. I f  R is a finitely generated Z-algebra, then AR is a 
finitely generated R-module. Hence AR(M) is finitely generated over R if so 
is M.

Proof. Since R is finitely generated over Z R 2, it follows from Corollary 
4.2 that Ar = Ker(hR) is finitely generated over R. Hence so is AR because 
TR «  R2 and R is Noetherian. This proves the first statement, and then the 
second for free modules (see [2], Section 4). Next apply Remark 2.4 of [2].

The key result of this section is following:
P r o po sit io n  4.5. (1) AR is generated by A(I(R), I(R)).
(2) Ar — 0 provided that I(R) =(Q, t), where Q c= Z R 2 and teR .
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Proof. (1) Observe that A(r, s) = A (r — r2, s — s2), by Proposition 4.1.
(2) It follows from (1) that AR is generated by the elements A{ru, sv) for 

r, seR  and u, v e Q u \ t ) .  Since I(R)Ar =0, it follows from Corollary 4.2 
that A(ru, sv) — 0 if и or v belongs to Q c  Z R 2. Moreover, A(rt, st)etAR 
= 0, by Proposition 4.1 (3). This completes the proof.

Theorem 4.6. Suppose that (1) R is a Dedekind domain or (2) R = S[w] 
and S = ZS2 (e.g. S = Z). Then Ker(hR) = 0 and hence hR: A\ -> t R is an 
isomorphism on the subcategory of fiat R-modules.

Proof. Use localization (in case (1)) or Lemma 1.4 (in case (2)) and 
Proposition 4.5. For the final statement, see [2], Corollary 2.2.

Rem ark 4.7. Let (R, M) be a local ring such that I{R) = M is finitely 
generated. Then R = A fu(l + M), Z R 2 c z Z l  + M2 and ZR2n M  
c:M 2u(2  + M2). Suppose that M = (Q, t) with Q c  ZR2 as in the above 
proposition. Then M /M 2 is generated by 2 and t ; consequently M = (2, /), 
by the Nakayama Lemma. In particular, R = Z R 2 if and only if M = (2) 
(see Remark 4.3 (1)).

T heorem 4.8. Let S = R [Tf]jsJ, where J is ordered by < and R = Z R 2. 
Then

(1) As = (SAR + Si(TjX, y);jeJ \)® A s ^  S@I(S)@As,
(2) As is a free S/I (S)-module with the following basis:

I f  |J| = n < oc, then the rank of As is 2n — n — l.
Proof. (1) follows from Proposition 3.9, Theorem 4.6 and Section 1.
(2) Let В denote the submodule of As generated by the above elements. 

It can be proved by induction on p + q that A(Ti{ ... 7J , TJx... for any
i'i , ..., ip, Л , . . . , j qe J , p , q ^  1 (use Proposition 4.1 (2)-(4)). Since R = ZR2, 
it follows that As = В because of Corollary 4.2. It remains to prove that 
the generators are linearly independent over S/I{S). For any subset (/) 
= [/1 < . . . <  j's} cr J  define the following mapping:

fa>: S2^S /I (S ) ,  f {i)(Fx + Gy) = (FG){i] + / (5) =
ds(FG)

г \ . . . д т (;
+ I(S).

The simple generalization of the proof of Theorem 2.10 shows that f (i) is a 3- 
application, and hence induces a homomorphism g(i)\ As -+ S/I(S) such that 
g(i)(A{F, G)) = (FG)U)-F G {i)-G F {i) + I(S). In particular,

(4.1) 0(0 (^0))
if (0 4  (/). 
if (0 = O'),
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where AU) — /4(7^, 7}2... 7}f) for (j) = {j1< . . .<  j t} cz J, t ^ 2 . Now suppose
that ]TSU) A(j) = 0, where s{j)eS/l(S), is a non-trivial relation. Let (i) be a

u>
maximal subset of J  satisfying s(i) ^  0. Formula (4.1) shows that s(i) = 0. 
Contradiction.

Rem ark 4.9. It can be computed that

А (Л G) = Z  ( I  r(ii'(j> « f  'GW -  FG(0 -  GF,,,))
0) (i)=(J>

min(i') =  min(7(

in the more general situation when F, GelZR2) ^ ] ^ ,  r^eR (r; denotes 
{~] )̂. In particular,
i e l

(1) A(F(r, s, t), G(r, s, r)) = (*/,s + tJ)/4(r, s) + (Jrt + sJ) Л(г, f) + J st Л(я, f) 
4-J/4(r, st), where Jrs — FrGs + FsGr is the Jacobian (modulo 2) and J 
= Fr Gst + FS Grt + F, Grs + Gr Fst + Gs Fn + GtFrs.

(2) /4(F(r, s), G(r, .s)) = (FrGs + FsGr) A(r, s).
(3) A(F(r)s, t) = (rF)r ,4(.s, t) + F,A(rs, t).
Observe that the most important formulas of Proposition 4.1 can be 

deduced from (1) above.

5. Generalizations. We will study h(I, J) — hR,2(R/I, R/J): A(I,J)  
= Ai'2{R /, R/J)-* F (I, J) = Fr 2(R/I, R/J) for I, J cz R, in order to 
investigate hR on direct sums of cyclic modules (see [2], Section 4). Note that 
/j((), 0) is nothing but hR studied above.

It follows from [2], (4.6) and (4.4), that A (I, J) = Ац/К(1, J) and F (I, J) 
= Fr/L(/, J), where (in the previous notation):

К (I, J) = R I(ix, sy), (rx,jy), (rx, ix, sy), (rx, syjy); i e l J e J , r, seR}

= R\(ix, y), (x j y ), t(x, x, у),Л*, У> У); i e l ,  je  J]

by Corollary 2.2, and

L(I, J) = (/ + Z)2 (J)) y12© (Z)2 (/) + J) y2:1 = (/ + 2J + J (2)) y12© (21 + / (2) + J)y21

by [4], Proposition 8, and the formula D2(I) — 21 + 1{2), I{2) = (i2; i e /), 
proved in [4], Proposition 2. Moreover,

(5.1) hR(K(l, J)) — R \ iyl2 + i2y2l, j 2y12+jy2lt 2iy2\  2/y12; ie l ,  j e  J}.

It is easy to see that L(I, J) is generated modulo hR(K(I, J)) by /y12®Jy21; 
hence

(5.2) Ц /, J) = h«(K(I, J ) ) o f y ‘2, Jy2‘ <=hK(K(/, J)).
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Consider the following commutative diagram with exact rows and 
columns:

0 -+ K(LJ)~* Ar - d ( /, J)-* 0
I hRi hU.J)

0 -  L(l,J)-> r R J)-+ 0
t 1 1

С(1 , л Л  r K J)-> 0
I 1 i
0 0 0

The snake lemma gives us the following exact sequence:

(5.4) 0-+ K{I, J )n  Ker (hR)

-  Кег(йя) Д Ker (h{I, J ) ) -  C(J, J) Л f  (/, J) -  0.

The above modules are all zero if I(R) = R (Theorem 2.8). For I(R) Ф R 
assume that I, J a  I{R). Then L(I, J) <=. I(R)y12®I(R)y21 <= TR = lm{hR) 
(see Section 1), hence /  = 0 and therefore С(/, J) — Coker (g). Observe that 
in the local case the above assumption is not satisfied only for I = R or 
J = R (then the right column of (5.3) is zero).

Lemma 5.1. Let (R, M) be a local ring such that I(R) =  M (i.e., \R/M\ 
= 2). Then the following conditions are equivalent:

(1) g: Ker{hR)~* Ker (h(I, J)) is an epimorphism for any I, J c: R,
(2) C(I, J) =  0 for any I, J  c= M,
(3) C((r), 0) = 0 for any reM ,
(4) r2e(2r) for any r&M,
(5) D2 (I) = 21 for any / c  Af.
Proof. Evidently, (l)-«>(2) =>(3), (4)<=>(5). (4) =>(2) by (5.2) and (5.1).
(3)o(4): We prove that C((r), 0) = 0 o r 2e(2r) for any fixed reR. Since 

sry12+ (sr)2 y21 — s(ry12 + r2 y21) + (s2 — s)r2y21 it follows that (AT((r), 0)) is 
generated by ry12 + r2y21, Mr2y21 and 2ry21. Then condition (5.2) means that 
ry12 = a(ry12 + r2y21) + wr2y21 + 2bry21 for some a ,b e R  and meM. This 
gives us r = or and 0 = ar2 + mr2 4- 2br, equivalently (1 + m)r2e(2r), and 
finally r2e{2r).

C o ro lla ry  5.2. I f  h\ is a monomorphism on the subcategory of direct 
sums of cyclic modules, then so is hj for any quotient ring S.

Proof. It is easy to see that the statement can be proved by 
localization. Hence we can assume that (R, M) is local and I(R) = M (by 
Theorem 2.8). In the case of a free module use Corollary 3.12. Lemma 5.1 
completes the proof because condition (4) is preserved by epimorphisms.
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R em ark 5.3. Let R be as in Lemma 5.1. Observe that (4) is satisfied if 
M = (2). On the other hand, suppose that char(R) = 2. Then R = Z 2@M 
and (4) means that M(2) = 0.

Example: R — Z2© К where F is a Z2-space and V2 = 0.
Some additional assumptions allow us to improve Lemma 5.1 (we will 

not repeat all previous conditions):
Theorem 5.4. Let (R, M) be a local Noetherian ring such that I(R) 

— M Ф 3(R) (=  the set of zero-divisors). Then the following conditions are 
equivalent :

(1) h\: Ar TR,
(2) hR is a monomorphism on the subcategory of direct sums of cyclic 

modules,
(3) h(I, J) is a monomorphism for any I, J cz R,
(4) r2e(2r) for any reM ,
(5) M = (2),
(6) R = Z R 2,
(7) R is a discrete valuation ring with the prime element 2 .
Proof. Evidently, (1) => (2)<=>(3) (see [2], Section 4). (3)=>(4) by Lemma 

5.1 and (5) <=>(6) by Remark 4.7.
(4) =>(5): If r2 — 2ra, then r(r — 2a) = 0. Hence M e  (2) u 3(R) and the 

assumptions show that in fact M  = (2) (see [1], Theorems 80 and 81).
(5) => (7): Observe that 2 ^ 3  (JR) and p)(2”) = 0 (Krull intersection

n

theorem). Hence any non-zero element of R has the form u2n, where и is 
invertible. Consequently, JR is a domain such that (2"), n ^  0, are the only 
non-zero ideals. This proves (7).

(7)=>(1): It follows from Theorem 4.6 that Kev{hR) = 0. Moreover, R 
satisfies (4), and hence (3) and (2), by Lemma 5.1. It suffices to apply 
Corollary 2.2 of [2], since any finitely generated R-module is a direct sum of 
cyclic modules.

C o ro lla ry  5.5. Let R be Noetherian (or locally Noetherian) and 
I(R )f$ (R ). The following conditions are equivalent:

(1) h%: A3R^ n ,
(2) I(RM) = Rm or 2RM for any maximal ideal M a  R,
(3) I (R) = (2) + / (R)2.
Proof. Since h3, /  and the condition I(R)<£$(R) are preserved by 

localizations, it can be assumed that R is a local ring. Then (1)<=>(2) by 
Theorems 2.8 and 5.4; (2)<*>(3) by the Nakayama Lemma.

Example 5.6. Let R be a Dedekind domain and I(R) Ф 0 (i.e., R jb Z2). 
Then I(R) ф з(/?) and the above condition (3) means that R = (2)/(R ) - 1  +
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+ I(R). This gives us I(R) = R if char(P) = 2. Suppose that char(P )#2 . 
Then I{R) = Pi . . .P n and (2) = Pi. .P„Qi- .Qm, where P, and Qj are 
maximal ideals, and (3) means that P, #  Qj for any i, j. In other words, 
hR: d* A r i  if and only if P2 )({2) for any prime P such that |P/P| = 2.

Example 5.7. hR: is an isomorphism for R — Z  but not
for R = Z [T ], since /(Z [T ]) = (2, T -  T2) £  (2, (T -  T 2)2) = (2) + /(Z [T ])2. 
Recall that is an isomorphism on the subcategory of flat modules
(Theorem 4.6).

Example 5.8. Let R be the integral closure of Z in Q (yjd) for some 
square-free integer d. It is well known that R = Z[w], where w = 4(1 + x/d) 
for d = 1 (mod 4) and w = x d for d = 2 or 3 (mod 4). In the first case I(R) 
= (2, w — w2) = (2, i ( l  — d)) = R or 2R and hence hR: AR >̂ PR. In the 
second case I{R) = (2, d + £  (2) = (2, d + d2) = (2) + /(P )2 and hence h*
is not injective (but it is so on the subcategory of flat modules).

Example 5.9. More generally, let R — Z  [T]/(p), where p is an irreducible 
polynomial (for example, R = Z  [w], where w is integral over Z). Observe 
that I(R) = (2) + /(P )2<=> T -  T 2e{2, ( f -  T 2)2) in R o T -  T2e(2, (T— T2)2, p) 
in Z i n < > T - T 2e ( ( T - T 2)2,p) in Z 2[T ]^g .c .d . ( ( T -T 2)2,p) | T - T 2 
= T ( i - T )  in Z 2[7] o T2^  and 1 - T 2 = ( 1 - T ) 2pp in Z 2[T].

Let p = Y^di Г , dteZ .  Then p = ]T<f2fc + £ d2k + l Tmod(l -  T2), and
i

hence hR: d* A T\  if and only if p satisfies the following conditions:
(i) d0 and d1 are both not even,
(ii) Y*d2k and £ d 2* + 1 are both not even.
In particular, if R = Z[w] is a quadratic extension, w2 — aw + b, then 

the above conditions are satisfied if and only if a is odd. (This can be proved 
directly since (2)4-/(P)2 = (2, ab).)

To conclude this section we study Ker(/i(/, J)) for fixed proper ideals /, 
J  in a discrete valuation ring.

Theorem 5.10. Let (R,(p)) be a discrete valuation ring, \R/(p)| = 2, 
(2) = (pc), / = (ps) and J = {p% where s ^  f and e, s, t e {1, 2, ..., со] (p* is 
assumed to be zero). Then

Proof. The first isomorphism follows from (5.4) because Ker(/iK) = 0 
(Theorem 4.6) and /  = 0. Since (rjf)y12+ (rps)2 y2i = г2(р*)’12-Ь p2sy21) 
+ (r — r2)psy12 (and similarly for the second ideal), it follows that

otherwise.
if e ^  s < t or s ^  t ^  2s,

hR(K(I,J))
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In particular, p* y21 = (p2t y12 + p' y21) — p2t s 1 (ps+1 y12)e hR (К(I, J)). It remains 
to examine the condition psy12ehR(K(I, J)), or, explicitly,

j f y l2 = a(psyl2 + p2sy2i) + b(p2ty12 + p’y2l) +

-\-cps+1 y12 + dp, + i y21 +/ps+€y21 +grf+ey12•

In other words, we ask when the following system of equations:

ps = af  + bp2t + cps + 1+g[/ + e, 0 = ap2s + bp* + dpt + 1 +fps+e

is solvable. The first equation shows that a is invertible; then the second 
gives p2se(p\ ps+e), i.e., 2s ^ r  or s + e. Conversely, if p2s + bpl+fps+e = 0, 
then the above system is satisfied for a = 1, d = g = 0 and c = — bp2t~s~x. 
Finally, observe that C(I,J)  is a cyclic Z 2-module (it is annihilated by p).

R em ark 5.11. Diagram (5.3) shows that Ker(/i(/, J)) is generated by 
p2s(x, ÿ), where x and ÿ are the generators of R/I and R/J, respectively.

R em ark 5.12. Let R be a PID and M be a finitely generated R-module. 
Then M is a direct sum of modules R/(ps) for prime pe R and 
se{ l, 2, ..., oo}. Hence the investigation of hR(M) reduces to the study of 
/i((ps), (pO) (see [2], Corollary 4.3), and next, by localization on (p), to 
Theorems 2.8 and 5.10. The result depends on the ramification indexes (over 
2) of the primes p satisfying |R/(p)| = 2. Let us examine the simplest non­
trivial case when 2 = p2 and |R/(p)| = 2. (For example, R = Z  [i], p = (1 + i), 
or R = Z [ V/ 2], p = (2 + y/2).) Then it suffices to consider only the 
localization on (p). Since e = 2, it follows that Ker(hR(M)) = 0 if and only if 
the sum of the free and the p-primary part of M has the form ®R/(p*), where 
the set of all appearing exponents is contained in [1, 2} or {2, 3, ..., ocj.
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