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On the construction of fundamental matrices 
of systems o f linear differential equations with constant

coefficients

The purpose of this paper is to present a new simple method for 
calculating a fundamental matrix of the homogeneous linear differential 
equation

(1) x’ = Ax,

where A is a matrix of real numbers (a0) with n rows and n columns. In 
contrast to the known constructions of fundamental matrices (cf. [  1 ]—[4]), we 
do not use the Jordan canonical form of A.

We introduce the following notations:
/ — the unit matrix;
wA(X) = det(/4 —//) — the characteristic polynomial of A;

A (A) = (A — Xlf  — the matrix (</,,(/.))> where с1у(Х) is the algebraic 
complement of (/, i)Ah element of A —XI; it is well known that

First we shall prove the following
L e m m a . Suppose that X0 is a characteristic root of a matrix A with 

multiplicity k. Then

(2) A(X) (A-XI )  = {A-XI)A{X) = wA(X)I.

Rank A{k ^(Ao) = k.

Proof. The proof proceeds by induction on k.
1° Let к =  1. We choose a nonsingular matrix P such that

( 3 ) A — P 1 BP, where

Then

(4) A(X) = P - 'B (X )P
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and

(5)

Since

(6)

B{A) = wc (A)
0 l^o — А) С (Я)

wA(À) = (A0 -A)wc (A),

we have wc (A0) # 0. Thus, by (5) and (4), we get

Rank A(A0) = Rank B(A0) = !•

2° Assume now that the lemma is true for some k. Let A0 be a 
characteristic root of a matrix A with multiplicity k + 1. Choose a 
nonsingular matrix P in such a way that (3) holds. As

((A0 -  A) C (A)f> = (A0 -  A) C(k> (A) -  /cC(k~ (A ),

it follows from (5) that

(7) B{k) (A0) = wc ] (Ao)
0 -A.C‘-»U0)

On the other hand, in view of (6), A0 is a characteristic root of C with 
multiplicity k. Therefore, owing to our assumption,

Rank C(k~ п(Ао) = к.

Moreover, (A0) Ф 0. By (4) and (7), we conclude that 

Rank Л(к)(А0) = Rank B(k)(A0) = fc + 1.

This completes the proof.
Our fundamental result is given by the following 
T heorem. Suppose that A0 is a characteristic root of A with multiplicity k. 

Let aJl(A), ..., aj (A) be columns of A (A) such that the corresponding columns
of /Tk-1)(A0) are linearly independent (the existence of these columns follows 
from the above lemma). Then the functions

(8) t ->xm( t )=  X ( k IW (A 0)f* " i" 1<?v  (m = 1, k)
i = о V ' /

are linearly independent solutions of (1).
Corollary. Let Al5 ..., As be the distinct roots of A, and suppose that A, 

has multiplicity k{ (i = 1, ..., s). Then, by applying the above theorem, for each 
A, we can calculate k( linearly independent solutions xn , xik. of (1). 
Consequently, we obtain a fundamental matrix X  of (1), namely

X (X j  i , . . . ,  -Хцс^ , . . . ,  xsl, . . . ,  xŝ ).
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Proof. It follows from (2) that

( A - U )A ^ { X ) - iA (i- l ) (À) = wÿ(A)/.

As w^^o) = 0 for i = 0, 1, . . к— 1, this implies that 

( A -A 01)A(10) =  0 and (A — A01) A(i) (A0) = L4(i-1)(A0) (i =  1, k - l ) .

Hence, putting Bt = Ç ^ ^ (A o ), we have

(.A - A 0I )B0 = 0 and (Л -А 0/)В, = ( k - i )B i. l (i = 1, . . к -  1).

This shows that the function

t ->Z{t )  = Bot ' - '  + Bt tk~2+ ...

is a solution of the matrix equation Z'  — (A — A0 /) Z, so that the function

f -  Y(c) =  Z (t)e i0' =  V ("С“ 1')/4"'|(Я„)г‘ - ' - 1 
.= (Л * /

satisfies the matrix equation Y' — AY. Consequently, the functions x1, ..., xk, 
given by (8), are solutions of (1), because they are corresponding columns of 
Y. Suppose that these functions are not linearly independent. Then there exist 
constants ol1, ..., otk not all zero such that

ai * i (0 +  ••• +akxk(t) = 0 for all f.

In particular, for t — 0, we obtain

ai flii_1)(^o)+ ••• +ocka%~1){A0) = 0.

This is impossible, since af~ ̂ (Aq), ..., af~ ̂ (Aq) are linearly independent.
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