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Abstract. This paper is the second part of the paper under the same title which was also
published in Commentationes Mathematicae [12]. The paper contains two sections III and IV.
In Section III we present properties of Ky class. Ky is a closed linear subspace of the space
{(Hy, |I*lly>- The space (Ky, ||-lly> is separable, in contradiction to the space (Hy, ||-{lx>-
Section IV contains a study of the separability of Hardy—Orlicz space of analytic functions in
the half-plane.

The paper is a continuation of paper [12]. We adopt the notation and
continue the section numbering of paper I. We cite the results of both parts,
I and II, writing the number of the section and the number of the result in
the section: within the same section, the section number is omitted.

I1I. Space Ky

1.1. By K we denote the class of functions Fe Hy for which a boundary
function F(i-) is continuous on the whole real axis and satisfies the
condition: F(it)— 0 as |t} > .

1.2. THEOREM. Ky is a closed linear subspace of the space (Hy, ||"|Ix>.

Proof. It is clear that Ky is a linear subspace of Hy. Let now {F,} be a
sequence of elements of the subspace Ky which is convergent in norm || ||y
to the function Fe Hy; i.e., such that ||F,— F||y — 0, as n— . Then we have
|Fo—F,lly— 0 as n, m— oc. Since the functions F, for n =1, 2, ... possess
continuous boundary functions, so, in virtue of Lemma 1.2 of Section II, we
have

IFy= Fully 3 IFa— Folloo = sup {|F,(w)— Fp(w)|: Re w > 0}

Hence we deduce that the sequence {F,} is uniformly convergent in the half-
plane Q* = we C: Re w > 0}. Therefore the function F being the limit of
the sequence |F,] possesses a continuous boundary function F(i-) on the
whole number axis. Also, it is clear that the condition F,(it) - 0 as |t| - o
which is true for n =1, 2, ..., passes by the uniform convergence of the
sequence |F,(i-)! into the limit F(i-). Thus FeKjy.
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1.3. THEOREM. (K, ||*lI§D> is a separable space, and the set of functions of
the form
2 w—1
= P
0 = (1)

where F means a polynomial with complex rational coefficients is dense in

CKns - in>-
Proof. Let Fe Ky. Then, let us observe that the function

F(1+2)/(1-2) for zeD and z # 1,

Gm:{o for z=1,

is analytic in D and, in virtue of Lindeldf’s Theorem, continuous in the
closed disc D. Let the function G have the expansion in a power series
G(z)=dp+a,z+ ... +d,z"+... for zeD.
We write
S.(2) =do+a,z+ ... +a,z"

and further

| . ~ -
&, (2) = ;'—_i_—-l—(So(z)+S1 @+...+S,(z)) form=0,1,2,...

We observe that functions ®,,(e®) of the real variable 6 are Cesaro means of
a Fourier's series of the function G(¢®®) of the real variable (see [2], p. 16).
Since the function G (¢®) for reals 0 is continuous and 2n-periodic, thus on
the ground of Fejér’s Theorem ([2], p. 23 and [13], Chapter III, (3.4)), the
sequence {®,(¢'%)} is uniformly convergent to the function G(¢'%). By means
of the Maximum Principle, we have

sup |G (2)— G, (2)|: ze D} = sup {|G ()~ B, (e”): OeR}.

Therefore the sequence |®,,(z)! is uniformly convergent to the function G(z)
with respect to ze D. Further, let

2 1+z 2 4 _
G(z)=(1~z)2F(l—z>=i1-—z)zG(z) for ze D and z # 1.

Since the function F belongs to H! in Q, thus in view of Theorem 1.9 of
Section II the function G belongs to H! in D. Let the function G have the
expansion in a power series

G@Ez)=ap+a,z+ ... +a,z"+ ... for zeD.
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We write

Spa(zy=ag+a, z+ ... +d,z"
and further

1
Gn(2) = TH(SO(Z)+S1(Z)+ s+ 8,(2) form=0,1,2,..

In range of the real variable 6 the functions ,,(¢’) are Cesaro means of a
Fourier’s series of the function G(e'®). Since the function G (') is integrated
in the interval [0, 2r), thus by means of Fejér’s type Theorem ([13], Chapter
1V, (5.5)), we have

2n
() [ 1G(€®)— 6, (¢)]d0 -0 as m— co.
[¢]

In virtue of the connection G(z) =3(1—2)>G(z) for zeD we have the
dependence

a,=%(a,~2a,_,+a,.,) forn=0,1,2,...
under the adoption that a_, =a_, =0. We observe that
L1-228,2) =8, (2)+4(=2a,+dp_,) 2" ' +1-a,, 272
for m=0,1,2,... In that case for zeD and m=0, 1, 2, ... we have
3(1=2)* S (2) = S (2)] < 32Nl +lm— D I2I™H " + S |ty - |27 2
< 3(2lap| +ldm- 1) +% 1l

= %(3 lam[ + !am— l“
Thus for ze D we have

m

~ 1 ~
2(1=2)* 6p(2) = G (2) = i1 Y (3(1-2)*8,(2)-5,(2))

n=0

1 =z ~
<—— Y B(1-2?S8,(2)—
S "golz( 2)*S,(2)—S,(2)]

1 m m
< (3 'L B

m+1(2 ”golanl—LZ";l Ian ll)

2 m

<
m+1 ,nz::olanl

The function G(€') is integrable with respect 0¢e[0, 2n), thus, on the ground
of Riemann-Lebesgue Theorem ([8], Chapter I, (4.4)), the sequence of its
Fourier coefficients {a,} is convergent to zero. Hence we obtain

2 m
—— ) la|/—~0 as m— 0.
m+1n=0
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In that case the sequence {3(1—z)? 6,,(z)— ©,,(z)} tends to zero uniformly in
the closed disc D. Hence and from this that the sequence [®,(z)! is
convergent to G(z) uniformly in D, we get that the sequence {$(1 —2)* 6,,(2)]
is uniformly convergent to G(z) in D.

Now, let us take an arbitrary number ¢ > 0. Then from this what we
show up to here, we deduce that there exists an index m such that

sup {|G(2)—3(1 =2)? ©,(z)): zeD} < 3}s
and on the ground of () such that also
2n ] ]
[1G () = () db < 3.
(4]
We choose complex rational numbers by, by, b,, ..., b, such that

&

| <——— for k=0,1,2,...,m
4n(m+1)

(155 )a-

The polynomial P, (z)=bo+b,z+ ... +b,z" has complex rational
coefficients and

1
(6nle) = Palel = |27 T 52(= P

£
S+ ==
(m+ )41t(m+1) 4n

for all ze D, and thus the inequality holds
sup (|6, () — Pn(z)|: ze D! <f;;

In that case we have
sup {|G(2)=3(1 —2)? P, (2)|: ze D)
<sup!|G(2)—5(1—2)% 6,(2)|: ze D} +sup (1 —-z?6,,(z) —P,(2): zeD}

&
<z+3-2% ZE<F

me
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and
2n 2n 2n
G (€)= P(e)] d < JiG(e"")- G, (e%) d6 + j!(ﬁm(e“’)—l’m(e“’)l do
0 0 0
e £
< §+2n i e.

Let us denote

B 2 p (w—-l
CnW =z P Wi T )

By the first from the obtained inequality we get
”F—Qm”ao = 8sup “F(W)'_Qm(w)[ WEQ}‘
=sup {|G(2)—3(1—2)° P, (2)|: ze D} <z,

and from the second one, in view of Theorem 1.9 of Section Il and in virtue
of the fact that

G(z2) =(TF)(z) and P,(2) =(TQm(2) (zeD),

we have
2n
WF~Qully = IG=Pll; = [1G(€®)—Pn(e?) d0 <e.
0

So we obtain
IF —Qully = sup UIF = Qull s IF —Qulli} <&,
what concludes the proof.

1.4. LEMMA. Functions

(W_l)n—l
U,,(w)=(—w+—1)m for weQ and n=1,2, ...

belong to the class Ky.

Proof. We observe that these functions are analytic on the whole
complex plane except fot the point w= —1, thus, in particular, they are
analytic in the half-plane Q* = {we C: Re w > 0}. Since for x>0

(x+ 12 +y3) = ((x= 1) +y?) = 4x >0
and also

(x+1)2+yr =14y 21,

10 — Prace matematyczne 26.1
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therefore for w = x+iye Q* we have
() jw— 1)1 )w——l""l 1 ( x—1)2 42\t 1
* — . - .
w+1"1 T w+1 w4+ 12 (x+1)2+y? (x+1)2+)?
< ] < L <
TSPy 14y

From this inequality we deduce further that

' . Coc+ip) =1 [ dy
U,(x+iy)|dy = | —————=dy < = f >0
J U (x+iy)| dy J I(x+iy)+ll"“‘y J 42 n for x
also N

U, w1 for weQ.

This proves, in virtue of Theorem 1.4 of Section II, that U,e Hy.

Next, from the fact that the function U, in Q* is analytic, we get that
the boundary function U, (iy) is continuous on the whole real axis of variable
y. By inequality (x) we conclude that U,(iy) - 0 as |y| — o0. Hence and from
above we have U,e Ky for n=1, 2, .

IV. Separability of space H*
1.1. THEOREM. If Fe HY, then functions

/ n\2 1
(A, F)(w) = (1-—(1—)) F(—+w), where weQ and n=1, 2, ...,
w+ 1 n

are elements of space Ky, such that
0y (fs(F—A,F)—0 as n— x.

Proof. Before we pass to the basic proof of the theorem, we shall
consider the following functions

w n\2
V,(w) = (1—(w—w)> , where n=1,2,...
w+1

These functions are analytic on the whole complex plane except at the point
w = — 1, thus, in particular, are analytic in the half-plane Q* = ‘we C: Re w
2 0]. Let w = x+iye Q*. Since

((1+x2+y)—(x2+y?) = 1 +2x > 0,

therefore we have

X4y
(0 \/(1+x)2+y
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From this inequality we deduce further that

(2) V,w)—»1 as n— o
also
w n\ 2
3 Vwl < 14+ ) <4
® oot < 1+
and
4 |1- —lz(w ' /"'Fl
() n(W)I_ W+1 W+1 =~ W+1
We observe that
w Y\ 1 "
1-— = nok,
(w+1) (w+])"k;(k)w
Hence, on the ground of inequality (1) and inequality
w+1 = Jl+x)2+y2 > J1+y2 =1,
we get
w \ 1 " /n
1_ < n—k
| (w-H) |w+1|"k§1(k>|W|
1 " /n , w "k 1
i Z ()' ’ PE
w+1],2 kw41 lw+1]
1 d (n 2" 2"
L5 ()<
w11,E W S Wt 1y
and further
5 Vo0l < —
( ) "(W = 1+y2

Now, let Fe HY. From the fact that the function F in Q is analytic we
get that the function F(l1/n+w) in the half-plane Rew > —1/n is also
analytic. In particular, the function F(1/n+w) is analytic in *. On the
ground of 4.6 of Section 1 we have the estimation
" 9y (F)

IF (w)| < w—l(n-Re W—) for we Q.

Thus

F
|F(1/n+w) <y~ ! (ﬁ—g%/n)+wj) <y! (%QﬂF}) for we Q*,
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. n . i . ..
Taking M, = ¢! (;Qw (F)), we write down the above inequality in the form

(6) [F(l/n+w)| < M, for weQ*,
By inequalities (3) and (6), we get
(A4, FYw)| = [V,(w)|-IF (1/n+w)l < 4M,  for we Q*,

in particular for we Q, what proves that A,F e H* Whereas by inequalities
(5) and (6) we have

oo}

J (4, F)(x+iy)dy = J [V, (x+iy)l - |F(1/n+x+iy) dy

for x > 0, what proves that also A,Fe H'. Thus A,FeH' "H® = Hy. The
function A4, F as the product of functions V, and F(1/n+-) analytic in Q* is
analytic in this half-plane, also. Hence we get that the boundary function
(A, F)(it) is continuous on the whole real axis of variable t. In virtue of
inequalities (5) and (6) we have the inequality

(A, F)(in)] = |V, (i0)| - [F (1/n+it)] < 4" M [(1+13),
from which it follows that

(A, F)(i) >0 as |f| > 0.

In this way we have shown that A, Fe Ky for an arbitrary positive integer n.
Further, from inequality (4), for an arbitrary real number r and positive
integer n we have

¥ (3 |F (i) =V, (i) F(in)l) = (511 = ¥, ()] - [F 0)]) < ¥ GIF Go)l) < ¢ (|F o)),

and on the ground of (2) for almost all real number ¢
Y (&|F(i)—V, (i) F(i)) >0 as n— o0.

Since the function ¥ (JF(i*)]) is integrable; in the interval (— oo, o0), thus by
Lebesgue Theorem we get

QW B(F—V,F) = [ Y@GIF— V() Fl)di >0 as n oo.

— a0
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On the ground of inequality (3) we have

ey (3(V,F—A4,F)) = ? W (& IVa (i) F (i)~ V, (it) F (1/n+ir))dt

o

= [ W@V, [F (i)~ F (1/n+ir)l)dt

e o}

< [ VBIFG)—F (Un+in))dt

=0, B(F(i-)=F(1/n+i-)).

As n — o0, the right-hand side of this inequality tends to zero, in virtue of 4.7
of Section I. Thus

0y (§(V,F—A,F))>0 as n— .
Now, by the inequality
0 (T6(F~A4,F)) = 0, (3 $(F =V, F)+}-§(V,F — A,F))
<30 (R(F=V,F)+30,(3(V,F = A, F))
we obtain
oy(f6(F—A,F)—0 as n— 0.

1.2. THeoreM. If Fe HY, then {A,F) is a sequence of elements of space
Ky such that

|IF~A,Fll, -0 as n— oo.

Hence it follows that Ky is a norm dense set in the space H%.

Proof. Let Fe H%. We take an arbitrary number k > 0. Since 16kF
€ HY and the operators A, are linear, therefore on the ground of Theorem 1.1 we
have

0y (k(F—A,F)) =0, ({6 (16kF — A,[16kF])) >0 as n— oo.

Hence we obtain, in virtue of 4.9 of Section I, that ||F— A4, F||, - 0 as n— oo.
The fact that {A4,F} is a sequence of elements of space Ky follows from
Theorem 1.1.

1.3. THEOREM. Ky is a modular dense set in the space H*V.

Proof. Let FeH*. Then there exists the constant k > 0 such that
kFe HY. By means of Theorem 1.1 and from the fact that the operators are
linear, we get

0y (fsk(F—A,F)) = 0, ({s(kF — A,[kF]))» 0 as n— oo,

what proves that the sequence {A4,F} is modular convergent to F in H*V,



150 J. Szajkowski

The fact that {4, F} is a sequence of elements of Ky space follows from the
linearity of operators 4, and Ky space and also from Theorem 1.1.

Since H* > HY% > Hy o Ky, so by Theorem 1.3 we obtain as the
suggestion

1.4. THEOREM. H® is a modular dense set in the space H*V.

1.5. Tueorem. <HY, |||, is a separable space, and the set of functions
of the form

Ow) = 2 p ( w—1
() = (1+w)? \w+1)
where P means a polynomial with complex rational coefficients, is dense in
CHO 11+ [l >-

The theorem follows immediately from Theorems 1.2, 1.3 of Section III
and 1.8 of Section Il

1.6. THEOREM. H*Y is modular separable, and the set of functions of the
form

0(w) = 2 P (w— .
WEaEwE W)
where P means a polynomial with complex rational coefficients, is modular
dense in H*V.

The theorem follows clearly from Theorems 1.4 and 1.5.

1.7. TueoreM. <H*Y, ||*||,> is separable if and only if Y satisfies the
condition (4,).

Proof. If y satisfies the condition (4,), then H*¥ = H% and from
Theorem 1.5 we deduce that ¢H*Y, ||-||,> is separable.

Next, let us assume that  does not satisfy the condition (4,). Then
there exists a sequence of positive numbers {u,} such that

Y (2u,) > 2" (u,).

In the interval (—oc, o) we distinguish a sequence of pairwise disjoint sets
{E,} such that

mes E, = 1/2"{ (u
We define a sequence |g,) of real functions:

u, fortekE,,
In (t) = .
0 elsewhere in (— o0, o0).
We observe that

1

0y (9n) = J!//lg,,(tjl dt = Y (u,) mes E, = ¢(u")2"|/1( =%
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Subsequently, we define the family of real functions

4,0 =Y n.g,(t) for te(—oo, o),

n=1

where n = {n,} is an arbitrary sequence of terms 0 and 1. Let us observe that

0<yg,(0< Y gu(t) for te(—o0, ).
n=1 .

Thus, for functions of this family we have

2 1
ng(gn) (Z g,,(t) Z l//( n)z,,!//( ") g 5’

Now, let us take a sequence {f,] of real functions

1
L) = (""(')+1+)

In virtue of the convexity of the N-function ¢ and the fact that for 0 < u < 1
the inequality  (u) < ¥ (1)u holds, we get

[« o] ®
»

1
= | W= | (bt Ja

-~ a0 - ®

= T
<3 J Y {gy())de+3 w(i—ﬁ)dl

— a0 e o)

y v j dt

S10W)+ 5 | 1o

-

=30,(g)+imy(l) < x.

Next, similarly as in the proof of Theorem 1.7 of Section II, we state that
there exists the integral

Ilnf,,(r)l
1412

-

and further that the functions defined by the formula

€O

F,,(w)=exp(% th+1 lnfn(!) [)

t+iw 1442

halle o]
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are analytic in  and such that |F,(ir)) = f,(t) for almost all ¢ from the
interval (— oo, o). Moreover, in view of 4.8 of Section I, we state that the
identity holds

Q:[/(Fn) = Qll/(f;,)

Hence we deduce that F,e HY < H*" for each n. Now, let us take two
different sequences ' = {#;) and n” = {n}. Then there exists an index n such
that n, # n,. We state, taking into account 4.5 of Section I, that

0, (4(F,—F,)) = f W (41Fy (it)—F . (ir)]) dt
> f¢(4||p,,, (i0) ~ |F - Gir)|) dt
= f!//(4|f,,' ()=t (D)) dt
= fW(Zlg,,'(t)—g,,r'(r)l)dtz f«#@gn(t))
> ¥ (2u) mes E, > 2" (u 3

o
2 ()

This proves that ||F, —F,{, >%. Thus there exists in H*Y continuum
elements whose distances are > . Hence the space (H*Y,||-||,> is not
separable.

I am very much indebted to Dr. R. Le$niewicz for his kind criticism and
helpful remarks.
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